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TWO-STEP INERTIAL TSENG’S TYPE ALGORITHM FOR
SOLVING NONCONVEX AND NONSMOOTH SEPARABLE
OPTIMIZATION PROBLEMS

XINGMIN JIA AND JING ZHAO

ABSTRACT. In this paper, we study an algorithm for solving a class of noncon-
vex and nonsmooth separable optimization problems. Based on Tseng’s type
algorithm, we propose a new iterative algorithm with two-step inertial extrap-
olation technique. By constructing appropriate benefit function, with the help
of Kurdyka-Lojasiewicz property we establish the convergence of the whole se-
quence generated by proposed algorithm. Finally, we apply the algorithm to
signal recovery and show the effectiveness of proposed algorithm.

1. INTRODUCTION

Many practical problems, such as image processing, support vector machines,
compressed sensing, low rank matrix recovery, standard phase retrieval [12] can be
transformed into the following separable optimization problems:

(1.1) min f(z) + h(z),
rzeR™

where f : R™ — (—o0,+00],h : R™ — R are the proper, lower semicontinuous
functions. In the full convex setting, there are a plenty of proximal algorithms for
solving problem (1.1) effectively; see, [13,16,18-21,23] The algorithms mentioned
before both are splitting algorithms. Splitting algorithms have the advantage that
the functions are evaluated in the iterative scheme separately. More precisely, a
forward step means an evaluation of the smooth part through the gradient, while a
backward step can evaluate the nonsmooth counterpart via its proximal operator.

Since nonconvex functions usually approximate the original problem better than
convex functions, a large number of problems require to solve nonconvex minimiza-
tion problems. In recent years, many scholars have paid attention to study non-
convex optimization problems, and some effective and stable algorithms have been
proposed. Many algorithms have been proved to possess convergence properties
also in the nonconvex case, see [1-3,6,8-11]. In this paper, we study optimization
problem (1.1) in full nonconvex setting. Let f : R™ — (—o0,400| be a proper,
lower semicontinuous function, h : R™ — R be a Fréchet differentiable function
such that Vh is L — Lipschitz continuous with L > 0 and f + h is bounded from
below. We note that the above-mentioned functions f and h don’t have the require-
ments of convexity. In this setting, the problem (1.1) is a nonconvex and nonsmooth
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optimization problem. Gao et al. [12] proposed an accelerated mirror descent algo-
rithm for problem (1.1) with a constraint condition and get convergence properties
by KLproperty of the benefit function. Attouch et al. [4] proposed the following
forward-backward algorithm for solving problem (1.1):

1
:mﬂeammmp@y+wmw0ww+m—wmﬂ
rER™ 20[n

(1.2) )
— arguin | (o) + 51—~ + 0, Vh(a) P
rER™ 20,
The convergence is obtained provided an appropriate regularization of the objective
function satisfies the KLproperty.

Inertial algorithm originates from the heavy ball method in physics dynamical
systems. By utilizing the information from the first few steps during the itera-
tion process, the computational complexity can remain basically unchanged and
the numerical performance of the algorithm can be improved. Therefore, this accel-
eration method is widely used in nonconvex and nonsmooth optimization problems,
see [14,15]. Tseng’s proximal algorithm fully utilizes the information of smooth
functions. Bot et al. [7] proposed the following inertial version of the Tseng’s type
algorithm for solving nonconvex and nonsmooth minimization problem (1.1):

Zn = Vh(fxn) + %(xn—l - xn)7

(1.3) pnewgmnfm»+vmxw+AJm—xmﬂ,
rER™

Tpt1 = pn + A (VR(zn) — Vh(pn)).

They proved that the generated sequence globally converges to critical point of the
objective function under the condition of the KLproperty.

In this paper, we study an algorithm for solving nonconvex and nonsmooth sep-
arable optimization problem (1.1). Based on Tseng’s type algorithm, we propose
a new iterative algorithm with two-step inertial extrapolation and get convergence
results in the full nonconvex setting. The methods used to prove the convergence
of the numerical scheme rely on the same three key elements as those used in other
algorithms for nonconvex optimization problems involving KL functions. More pre-
cisely, we demonstrate a sufficient decrease property for the iterates, establish the
existence of a subgradient lower bound for the iterates gap, and ultimately, leverage
certain analytical properties of the objective function to achieve convergence.

In Section 2, we review some concepts and important lemmas. We propose the
two-step inertial Tseng type algorithm in Section 3. We analyze the convergence of
the proposed algorithm in Section 4. Finally, in Ssction 5, the preliminary numerical
example on signal recovery is provided to illustrate the behavior of the proposed
algorithm.

2. PRELIMINARIES

Let us recall some notions and results which are needed in the following. Let
N:={0,1,2,...} be the set of nonnegative integers. For m > 1, the Euclidean scalar
product and the induced norm on R™ are denoted by (-,-) and || - ||, respectively.
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The domain of the function f : R™ — (—o0,4o0] is defined by domf = {x €
R™: f(x) < 4o00}. We say that f is proper if domf # .

Definition 2.1. The function f : R™ — (—o0, 00| is lower semicontinuous at the
point zg € domf, if f(xg) < liminf, .., f(z). f is lower semicontinuous function if
it is lower semicontinuous at each point in the domain of the function.

Definition 2.2. Let f : R™ — (—o00, +00] be a proper lower semicontinuous func-
tion.

(i) If z €domf, the Fréchet subdifferential of f at z is defined by
Of(z) = {x € R™ : lim inf LW @~y ) zo},

yFT Y= ly — =]

for z ¢ domf we set Of(x) = 0.
(ii) The limiting subdifferential is defined at a point z €domf by

Of (@) ={z* €R™: Jay — x, f(ay) = f(x), &x € Of (wk), & — 27},
while for x ¢ domf, one takes df(x) = 0.

Notice that in case f is convex, these notions coincide with the convex subdifferen-
tial, which means that 9f(x) = 0f(x) = {a* e R™: f(y) > f(z)+ (z*,y—z),Vy €
R™} for all 2 edomf.

Remark 2.3. We give some remarks on subdifferential.

(i) For each = € R™, df(x) C Of(x), where the first set is convex and closed

while the second one is closed.

(ii) Let o} € Of(xk) and limy_oo(zk, 25) = (z,2%), then z* € Of(x), which
means that df(x) is a closed set.

(iii) If z € R™ is a minimum point of f, then 0 € 9f(z). A point z is called the
critical point of f if 0 € df(x), the set of critical points is denoted crit f.

(iv) Let f : R™ — R U {400} be a proper lower semicontinuous function and
g : R™ — R be continuously differential, then O(f + g)(z) = df(x) 4+ Vg(x),
for all x € domf.

We turn now our attention to functions satisfying the Kurdyka-Lojasiewicz prop-
erty. This class of functions will play a crucial role in the convergence results of the
proposed algorithm.

Definition 2.4 (Kurdyka-Lojasiewicz property). Let f : R — (—o0,4o0] be a
proper lower semicontinuous function and € domf. Denote [ < f < 12| :=={z €
R™ :m < f(z) < nm2}. If there exists n € (0,+00), a neighborhood U of Z and a
continuous concave function ¢ : [0,77) — [0,400) such that

() 9(0) =0, |

(ii) ¢ is continuously differentiable on (0,7n) with ¢ (s) > 0(Vs € (0,7)),

(iii) for all z € UN[f(z) < f < f(Z) + n], the following Kurdyka-Lojasiewicz

inequality holds,

' (f(x) — f(2))dist(0,0f(x)) = 1.
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Then the function f is said to have the Kurdyka-Lojasiewicz (KL) property at = €
domf.

We call f is a KL function, if f satisfies the KL property at each point of domdf.
Denote ®,, the set of functions ¢ which satisfy (7)(i¢) in Definition 3. Then, we recall
the uniformized KL property established in [17] as follows, which is important for
further analysis.

Lemma 2.5 (Uniformity KL property [17]). Let Q be a compact set and let f :
R™ — (—o00, +00] be a proper and lower semicontinuous function. Assume that f is
constant on ), and f satisfies the KL property at each point of Q). Then there exist
€>0,7>0,p€ ®y, such that for all T € Q and for all v € {x € R" : dist(x,Q) <
e} N[f(@) < f < f(z)+n], the following inequality holds

¢ (f(x) — f(2))dist(0,0f (x)) = 1.

In practical applications, many functions satisfy KL properties [6], such as semi
algebraic functions, strongly convex functions, real analytic functions, sub-analytic
functions, etc.

In the following, we present two convergence results that will play a crucial role
in the proof of the results provided in section 4. The first result has frequently been
used in the literature in the context of Fejér monotonicity techniques for estab-
lishing convergence results of classical algorithms in convex optimization problems,
or more broadly, for monotone inclusion problems (see [5]). The second result is
likely already well-known; however, we include some details of its proof to ensure
completeness.

Lemma 2.6. Let {an} and {b,} be real sequences such that b, > 0 for all n >
1, {an} is bounded below and ant1 + by < ay for all n > 1. Then, {a,} is a
monotonically nonincreasing convergent sequence and -, -, by < +00.

Lemma 2.7. Let {{,} and {e,} be sequences in [0, +00) such that ), ~,en < +00
and Epq1 < alp+b€p_1+C€n_o+en foralln > 2, wherea € Ryb,c > 0,a+b+c < 1.
Then }_,~q&n < +00.

Proof. Fix a positive integer k > 2. Summing up the inequality from the hypotheses
for n = 2,...,k, we obtain

k k
Z fn—&-l < Z(afn + bfn—l + an—Q + 5n)-

n=2 n=2

We can simply transfer items to obtain

k
(1—a—b—0)Y & <& —&n+(1—a)i+(1—a)o—b(&+E&)

n=0

z
—c(G1+&)+ ) en
n=2
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Moreover, we get

k k
(l—a=b=0)) &<b+1-—a)i+(1—a)b—bo+ > en

n=0 n=2
Since a € R,b,c>0,a+b+c <1, ) ~5e, <400, and let k — oo, the conclusion
follows. - O

Lemma 2.8 (Descend Lemma). Let h: R™ — R be a Fréchet differentiable func-
tion and such that Vh is L — Lipschitz continuous with L > 0. Then,

(1) hly) < ha)+ (Vh@)y - 2) +olly -2l Viey) €RT X R™

3. TWO-STEP INERTIAL TSENG’S TYPE ALGORITHM

In this section, we propose a two-step inertial Tseng’s type algorithm for solving
nonconvex and nonsmooth separable optimization problems (1.1). Before this, we
give some assumptions and use the assumptions throughout the rest of the paper.

Assumption 3.1. f: R™ — (—o0, +00] is a proper, lower semicontinuous function,
h : R™ — R is a Fréchet differentiable function such that Vh is L — Lipschitz
continuous with L > 0.

Algorithm 3.1. Let zg, 71,29 € R™, @, a > 0, a1 > 0, as > 0, the sequences
{a1n},{azn}, {on} fulfill
0<ain<a,0<as, <as
and
O<a<a, <q,
consider the iterative scheme

Zn = Vh(mn) + al,n(xn—l - xn) + a2,n(xn—2 - xn—l)y

(3.1) Dn Gargmin[f(x)—i—(zma:)—f—%Ll]\;p—g;nH?}

zeR™

Tn+1 = Pn + an(Vh(xn) - Vh(pn))
In Algorithm 3.1, we notice that

. 1
pp, € argmin [f(x) + (zp,x) + Q—Hx — an2]
zER™ (677}

(3.2)

. 1
= argmin [f(a:) + —lz -z, + OénZnHQ] .
rER™ 20én

Remark 3.2. We give special cases of Algorithm 3.1.
(i) Let a1, = azy =0, the algorithm (3.1) becomes

pn € argmin [f(x) + ﬁHﬂU —Tp+ Oéth(fUn>H2] 1

zeR™

Tn+l = Pn + O‘n(Vh(l'n) - Vh(pn))a

which is the classical Tseng’s type algorithm in nonconvex setting.
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(ii) Let ag, =0, the algorithm (3.1) becomes
Zn = Vh(fn) + al,n(xnfl - xn)a

pnemgmnfu»+@mxw+gJu—xwﬂ,

zeR™
Tpt1 = Pn + an(Vh(xn) — Vh(pn)).
By variable transform «,, = \,, a1, = %’ it becomes algorithm (1.3)

proposed by Bot et al. [10].

4. CONVERGENCE ANALYSIS

In this section, we provide convergence analysis of the two-step inertial T'seng’s
type algorithm (3.1) proposed in this paper for solving nonsmooth and nonconvex
problem (1.1).

Lemma 4.1. Consider the sequences {zy},{pn},{xn} generated by Algorithm 3.1.
Then for every v,u,s > 0, the following inequality holds:

f(pn) + h(pn) + MIH«Tn - an2 < f(pn—l) + h<pn—1) + MZH«Tn—l - pn—1H2

(4.1)
+ Mjs||zp—2 — pn2]?,
where
1
(42) My — — (S + L 4+ ua; + ’UCLQ) ,

" 2a
—272 L L\ 2,2, @ —7\2
(4.3) My = (s + L + uay + vag)a”L* + 2—84—% a“L —l—%(l—i—aL),
2
2v
Proof. By Algorithm 3.1, fixing n > 3, we have

(4.4) Mz = —=(1+aL)?.

F(Ba) + D) + 515 = all® S f(Bu1) + {2, pn)

(4.5) 1 )
+ Enpn—l — Zn|
and
(4.6) (#n,Pn—1 — Pn) = (VR(2p),Pn—1 — pn) + al,n<xn—l — T, Pp—1 — Dn)

+ a2,n<xn—2 — ITn—1,Pn—-1 — pn>-
Combining (4.5) and (4.6), we get

1
f(pn) + ﬂ”pn - an2 < f(pnfl) + <Vh(33n)apn71 _pn>

+ al,n<xn71 — Tn,Pn—1 — pn>

4.7
( ) + a2,n<xn72 —Tn—-1,Pn—-1 — pn)

1
+ Eﬂpn—l — x|
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Moreover, according to Lemma 2.4, we have
(48)  hlpn) < hlpn1) + (Vh(Pa 1), oo~ pa) + 2 oo — Pl
Combining (4.7) and (4.8), we get
F0n) + o190 = 0l + 1a) < Fpa-1) + (V). oo = i)

+ a1,0(Tn—1 — Tn; Pn—1 — Pn)

+ o lpat = ol

+ a2 (Tp—2 — Tn—1,Pn—1 — Dn)

+ 2o pacal?

+ h(pnfl) + <Vh(pn71),pn - pn71>~
By Algorithm 3.1, we have the following inequality

(4.10) 20 = po—1ll < an—1Ll|zn-1 = pa-1l;

which implies

A1) lpn— puctlP < 2lpn — P + 202 L2 21— poa
According to (4.10), we get the following inequality

(4.12) [@n-1 = @nosll < (1 + anosl)[2n—s — pn_sl

and

(4.13) n = 21l (1 + an 1 L) 201 — prall

Taking arbitrarily v, u,s > 0, by Young’s inequality, we have

s L?
(4'14) <Vh(pn71) - Vh(mn)apn _pn71> < §||pn _pn71||2 =+ 278”1% _pn*1||2>

1 U
(4.15) <l‘n71 — TnyPn—1 — pn> < %H$n - $n71H2 + ngn - pnfl”2
and

1 2 , v 2
(416) <$n—2 — Tp—1,Pn—-1 — pn> < %”xn—l - xn—2H + §”pn—1 _an .

Combining (4.9), (4.12)-(4.16), we can simply transfer items to obtain

1
f(pn) + h(pn) + ﬂ”xn - pn||2 < f(pn—l) + h(pn—l)
n
s+ L+ uay p + vagy,

9 Hpn—l _an2
a]_7
(417) #0014 0, L s — o
a
+ 227’;7 (1 + Oénf2L)2 ”331172 _pnf2||2

(Bl LY, 2
— 4+ — | lwn — pr_1ll*
25 2an n — Pn—1
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Combining (4.10), (4.11) and (4.17), we get
f(on) + h(pn) + My, |7 — an2 < f(pn—1) + h(pn—1) + MZ,onnfl _pn71||2
+ M3,onn—2 - pn—2||27

where
In = 1 (s + L+ uayy +vazy,),
2au,
My, = (s + L +uay, +vagy)a_ L + <L2 - 1) o L2+ (1 4y L)?
’ ’ m/mn=l 25 2a,) "1 2u " ’
Mz, = 92,n (1 + Oln,QL)2.
’ 2v

Finally, by using the bounds given for the sequences of real numbers involved, we
easily derive that My, > My, My > M>,, M3 > Ms, and the conclusion follows.
O

We introduce the function H : R™ x R™ x R™ x R™ — R,
(4.18) H(b,c,d,e) = f(z1) + h(x1) + (M2 + Ms)|c = b||* + Ms||e — d||*.

Define a sequence {k"} = {(pn, Tn,Pn—1,Tn—-1)}, and use those throughout the rest
of the paper.

According to Lemma 4.1, we can obtain the monotonicity of the sequence { H(k™)},
if My > Ms + Ms. Next, it will be proven that selecting appropriate parameters
can satisfy the monotonicity of the sequence {H (x™)}.

Lemma 4.2. For arbitrary v,u,s > 0, chose a > 0,a1 > 0 and ag > 0 such that

L? 1
2(5+L+ua1+vag)a+2<8+L+ua1+va2+2+2> a’L?
s 2a
ai

+ 21 +al)a+ 21 +al)’a<1.
u v

Then, there exists & > 0 such that @ > « and the constants introduced in Lemma
4.1 fulfill My > My + Msy.

(4.19)

Proof. There exists p > 0 such that
J |
2(8+L+ua1+va2)(a+p)+2<5+L+ua1—|—va2—|—28—1-2a> (a+p)* L?
a a B
+ (Ut (atp) D (atp)+ 1+ (a+p) L) (a+p) <1

We define @ := a+ p and My > My + Ms follows straight forwardly from the above
inequality. g

We give now a decrease property which will be useful in the following.

Lemma 4.3. Suppose that f + h is bounded from below and let the sequences {x,}
and {pn} be generated by Algorithm 3.1, where v,u, s, @, ,a1,as are chosen as in
Lemma 4.2. The constants My, My and M3 are chosen as in Lemma 4.1. Then, the
following statements are true:

(i) the sequence {H (™)} is monotonically nonincreasing and convergent;
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(1) Yo 20— pall? < +00 and 3o llzss — 2ll? < +o00;
(iii) the sequence {(f + h)(pn)} is convergent.
Proof. From Lemma 4.1, we deduce that, for every n > 3,
(4.20) H(k™) + (My — My — M3) ||z, — pal|* < H(x"H).

The conclusion follows from Lemma 4.2, Lemma 2.2 and relation (4.13).

271

O

The following lemma provides an estimate for some elements in the limiting

subdifferential.

Lemma 4.4. Let the sequences {xy} and {py,} be generated by Algorithm 3.1. Then,

for everyn > 3,

(4.21) &n € O(f + h)(pn),
where

§n = Vh(pn) - Vh(l'n) + a1 nQn-1 (vh(l'nfl) - Vh(pnfl))

(422) + a2 nQn—2 (Vh(xan) - Vh(pnf2)) + ain (pnfl - :L'nfl)
1
+ az.n (pnf2 - -Tn72) - (pn - l'n) .
Qp
Moreover,

1
oy 160 = (L o) Il + o D) s~
. n

+ (a27n + a2,nan—2L) Hpn—Q - xn—2”-

Proof. Take n > 3. It follows from (3.1) that

0 € 0f(pu) + 2+ — (pn — )
=0(f +h)(pn) — Vh(pn) + Vh(zy)

+ al,n(ivnfl - wn) + a2,n(l‘nf2 - mnfl) + ; (pn - $n) .
n

Relation (4.21) follows from the above identity, by using also that
Tn—1 —Tp = Tp—1 — Pn—1 T Pn—1 — T
= (l'nfl - pnfl) - (anflv}L(l‘nfl) - an71Vh(pn71))
and
Tp-2 —Tp-1= Tp-2 — Ppn-2 + Pp—2 — Tn-1
= (xn—Z - pn—2) - (an—QVh(xn—Q) - an—QVh(pn—2)) .
The relation (4.21) follows from the definition of the sequence {&,}.

g

In the following, we use the notation w(p,) for the set of cluster points of the

sequence {p,}. Next, we will give some properties of this set (see [6]).

Lemma 4.5. Suppose that the function f + h is coercive(that is im0 (f +
h)(x) = +00), and let the sequences {z,} and {p,} be generated in Algorithm 3.1,
where v, u, s, o, a,ai,as are chosen as in Lemma 4.2. The constants My, My and

Ms are chosen as in Lemma 4.1. Then, the following statements are true:
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(i) 0 # w(pn) C crit(f + h);

(i) limy—s 400 dist(pn,w(pn)) = 0;

(iiil) w(py) is a nonempty, compact and connected set;
(iv) f+ h is finite and constant on w(py).

Proof. Since f+h is a proper, lower semicontinuous and coercive function, it follows
that inf,cgm [f(2)+h(z)] is finite and the infimum is attained (see [14]). Hence f+h
is bounded from below. According to Lemma 4.3, we have, for all n > 2,

(f + 1) () < (f + 1) (pn) + (Mo + M) |[2n — pall* + Ms||zp-1 — pa—1]?,
< (f +h) (p2) + (M2 + Ms)||z2 — pa* + Ms[|lz1 — p1*.
Since the function f+ h is coercive, its lower level sets are bounded and we conclude
that {p,} is bounded. Hence w(p,) # 0, {z,} and {z,} are bounded. Take arbi-
trarily p* € w(py). There exists a subsequence {py, } such that p,, — p*(k — +00).
We show in the following that limy_, 1 f(pn,) = f(p*). Note that the lower semi-

continuity of the function f ensures liminfy_, . f(pn,) > f(p*). Moreover, from
(3.1), we have that, for every k> 2,

P, = 2n, I* < F(07) + {ones 07) + lp* = @, |17

2 O, - ) 20,

By using Lemma 4.3, and by taking into consideration the bounds of the sequences
involved, it follows limsupy_, .. f(pn,) < f(p*), limp—oo f(Pn,) = f(p*). Further,
using the definition of &, in Lemma 4.4, we have &,, € O(f + h) (pn,), for & >
2. By using (4.22), it follows from p,, — p* that &,, — 0(k — o0). Since we
additionally have that limy_, o (f + h)(pn,) = (f + h)(p*), the closedness of the
graph of the limiting subdifferential operator guarantees that 0 € 9 (f + h) (p*),
thus p* € crit(f + h). Then () is proved.

The proof of (ii) and (iii) can be done in the lines of [7]. Next we prove (iv)
holds.

By Lemma 4.3, {(f + h)(pn)} is convergent. Let us denote its limit by [ € R.
Take arbitrarily p* € w(p,). There exists a subsequence p,, — p*(k — +00). As
shown in (i) one has that limg_,o(f + h)(pn,) = (f + h)(p*). On the other hand
limg o0 (f + h)(pn,) = I, hence (f + h)(p*) = I. Thus, the restriction of f + h to
w(pp) equals I. O

f(pnk) + <znk’pnk> +5

Lemma 4.6. Suppose that the function f+ h is coercive and let the sequences {x,}
and {pn} be generated in Algorithm 3.1, where v,u, s, @, a,a1,as are chosen as in
Lemma 4.2. The constants My, Mo and Ms are chosen as in Lemma 4.1. Then, the
following statements are true:

(i) 0 # w(k™) Cerit(H) = {(z,z,z,z) € R"XRT™XR™xR™ : x € crit(f+h)};

(ii) limp—stoo dist(k", w(k™)) =0;

(iii) w(k™) is a nonempty, compact and connected set;

(iv) H is finite and constant on w(k™).

Proof. The proof is similar to the one of Lemma 4.5, by noticing that
H(r") 4 (M1 = My — M3)||z, — pa|* < H(x" ),

(424) Cn = (gn + 2(M2 + M3)(pn - xn): 2(M2 + M3)(f17n - pn)a
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(4.25) 2M3(pn71 — l‘nfl), 2M3({L‘n71 — pnfl)) S 8H(/€n),
where n > 3, {¢,} is the sequence introduced in Lemma 4.4. O

We are now in position to prove the convergence of Algorithm 3.1 provided that
H is a KL function.

Theorem 4.7. Suppose that the function f 4+ h is coercive, the function H is a KL
function. Let the sequences {x,} and {pn} be generated in Algorithm 3.1, where
v,u, S8, Q,Q,a1,ay are chosen as in Lemma 4.2. The constants My, My and Mg are
chosen as in Lemma 4.1. Then,

(1) 2ps1 llzn —pull < +o0, 3251 Tn41 — 2| < +o00;
(ii) there exists x € crit(f + h) such that limy, oo X, = limy, 400 pp = .

Proof. According to Lemma 4.6, we can take an element x* = (p*,p*,p*, p*) €
w(k™). In analogy to the proof of Lemma 4.5 one can easily show that
limy, 400 H(k™) = H(k*). We consider two cases.
(i) There exists an integer m € N such that H (k") = H(x*). The decrease
property in (4.20) implies k"t = k" for any n > 7. It follows that x" = k*
for any n > 7 and the assertions hold trivially.
(ii) For all n > 1, we have H(k") > H(k*). Denote  := w(x"). Since H is
a KL function, from Lemma 4.6 and Lemma 2.1, there exist €, > 0 and
¢ € ¥, such that for all (x1,y1,22,y2) in the intersection

{(z1,y1,72,72) € R™ x R™ x R™ x R™ : dist ((x1,y1, x2,Y2), Q) < €}
(4.26) N{(z1,y1,22,92) € R x R™ x R™ x R™ :
H(p*,p*,p",p") < H(z1,y1,%2,92) < H(p",p",p",p") + 1},
the following inequality holds:

@ (H(x1,y1, %9, y2) — H(p*, p*,p*,p*))dist((0,0,0,0), 0H (x1, y1, T2, y2))

4.27
(4.27) > 1.
Take n; > 0 such that H(k") < H(k*) +n for n > ny. Take ny > 0 such
that dist(k™,Q) < € for n > ny. Let N = max {n1,n2}, thus k" is in the
intersection (4.24) for all n > N. Then the following inequality holds:
(4.28) ¢ (H (k") — H(k"))dist((0,0,0,0), 0H (k")) > 1.
Because of the concavity of ¢, the following inequality holds:
(4.29) p(H (k") — H(K")) — o(H (x" ) — H(r"))
. > ¢ (H(r") = H(s"))(H(x") = H(x")).
From (4.27) and (4.24), for alln > N
/ 1
(4.30) @ (H(K") = H(K")) =t
16 — O

where (,, is defined by (4.24). For the convenience of expression, let

A1 = @(H(K") = H(K")) — o(H (") — H(x")).
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Thus, from (4.27), (4.29) and (4.20), for all n > N, we have

[#n11 — pria|?
(431) An,n—l—l > (M1 — Mg — Mg) . ,
[1€nll
moreover, accoding to Young’s inequality, we have
5HCHH A, n+1
4.32 — < : ,

where ¢ > 0 satisfies

5\/[3(L + é + 2(Ma + M3))? + 4(Ms + Mg)Q] +

2

g <\/[3(a1 + ajalL)? + 8MZ] + V3(ag + agaL)> < 1.

From the definition of ¢, in (4.24), we can obtain

[¢nll < \/[3@ + é + 2(My + M3))? + 4(M; + M3)2] |7 — pnll

+ \/[3(a1 + a1a@L)? + 8MF]||zp—1 — pp1l|
+ \/g ((12 + CLZEL) Hxn—Q - pn—QH-
Combining this inequality and (4.31), we get

st = prostll < allzn = pall + b2 = pos ]| + cllwns — pusl
(4.33) N

T 2% (My — My — M)’
where
1) 1 2 2
a:= o[ |BL+ — +2(Mz + My))* + 4(My + My)? |,
) —
b= 5\/[3((11 + alOéL)2 + 8Mg?]>
V36

c:= T(ag + agall).

From the definition of A, 41, for all £ > 2,

k
S Apis < ¢ (H(K) — H(*))

n=2

This indicates that

Z An,nJrl < 400
25(M; — My — Ms) ‘

n>2

From Lemma 2.3, we have ), -, [|zn — pn|| < +oc. Combining this and
(4.13) we get >, <o [Tn+1 — 0| < +oo.
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We easily derive that {x,} is a Cauchy sequence, hence it is convergent. Let
lim, o0 ©, = z, then lim, ,0cp, = « from z, — p, — 0(n — +o0). We can
get the conclusion (i7) by Lemma 4.5 (7). O

5. NUMERICAL EXPERIMENTS

In all of the following experiments, the codes are written in MATLAB, using the
Windows 11 operating system, an R7 5700X3D CPU @ 3GHz and RAM 32GB.

The sparse signal recovery problem has been studied extensively. Supposed z is
an unknown vector in R™ (a signal), given a matrix A € R™*™ and an observation
b € R™, we plan to recover x from observation b such that x is of the sparsest
structure(that is, = has the fewest nonzero components). In this section, the sparse
signal recovery problem can be modulated by the following Lg-problem

min ||z]|o, s.t. Az = .
€T
The Lo-problem in the form of L;/; regularization can be described as

min 3| Az — b + nlla/2

where 17 > 0 is used to balance regularization and data fitting. ||z[[;/2 is the Ly,
quasi-norm of R™, defined by ||z||;o = (D7, |xi|1/2 )2. Now we illustrate how to
implement Algorithm 3.1 for solving the above model. Let f(z) = nﬂxH}g, h(z) =

5|lAz — b||3, thus we can obtain the explicit expression of the subproblem based on
Algorithm 3.1,

Zn = AT(Al'n - b) + al,n(xn—l - xn) + a2,n(xn—2 - xn—l)v

. 1
Pn € argmin [f(x) + (zn,z) + o |z — CCnH2:|
zER™M (679

2au,

=H (xn — QpZn, nan)

= argmin [f(:v) + |l — xn + ananz]

zeR™

and
Tn+l = Pn + ap (ATA(xn - pn)) .
For all © > 0, H (-,¢) is called half shrinkage operator [22] defined as
H(a,0) = {h(ar), ho(az), ... h(an)}",
with

I’LL(CLZ‘) =

2gi(l + (:os(%7T - %@L(ai))), |a;| > %L2/3’
0, otherwise,

and ¢,(a;) = arccos (é(%)*g’ﬂ).

In this experiment, each entry of A is drawn from the standard normal distribu-
tion, and then all columns of A are normalized according to L/, quasi-norm; we
generate a random sparse vector as x; the vector without noise b = Ax; the noise
vector w ~ N(0,1073I) and the vector b = Ax + w; the regularization parameter
n = 0.001 HATbHOO. In this experiment, we take a1, = 0.3,a2, = 0.3,a,, = 0.2 in
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TABLE 1. the algorithms’ performance while n = 80, m = 500

b= Ax b=Ax+w
n =380,m =500 iteration no. time(second) iteration no. time(second)
Alg (1.2) 2596 23.03 3126 26.01
Alg (1.3) 2010 20.59 2782 25.31
Alg 3.1 1742 16.67 2577 23.35

TABLE 2. the algorithms’ performance while n = 100, m = 600

b= Ax b=Ax 4w
n =100,m = 600 iteration no.  time(second) iteration no.  time(second)
Alg (1.2) 2288 25.53 3148 35.03
Alg (1.3) 1863 23.32 2510 30.78
Alg 3.1 1264 19.07 1870 25.37

algorithm 3.1, a1, = 0.3, 0, = 0.2 (i.e., A, = 0.2, 8, = 0.06) in algorithm (1.3) and
apn = 0.2 in algorithm (1.2). We take the origin point as the initial point for all
algorithms and use

Ep = ||Zns1 — xnl <1074
as the stopping criterion. In the following, we compare algorithm (1.2), algorithm
(1.3) and Algorithm 3.1 for matrix A of different dimension with (n, m) = (80, 500)
and (n,m) = (100, 600).

Table 1 and Table 2 report the number of iteration and CPU time for (n,m) =
(80,500) and (n, m) = (100, 600), respectively. Alg (1.2) represents algorithm (1.2),
Alg (1.3) represents algorithm (1.3) and Alg 3.1 represents Algorithm 3.1. From
Table 1 and Table 2, we can know that two inertial versions of Tseng’s type algo-
rithm are better than one inertial version of Tseng’s type algorithm and forward
backward algorithm.

6. CONCLUSIONS

In this paper, two-step inertial Tseng’s type algorithm is proposed to solve non-
convex and nonsmooth separable optimization problems. We construct appropriate
benefit function and obtain that the generated sequence is globally convergent to a
critical point, under the assumptions that auxiliary function satisfies the Kurdyka-
Lojasiewicz inequality and the parameters satisfy certain conditions. In numerical
experiments, the solutions of subproblems have colsed form for solving the sparse
signal recovery problem. Numerical results are reported to show the effectiveness
of proposed algorithm.

REFERENCES

[1] B. Azmi and M. Bernreuther, On the forward-backward method with nonmonotone linesearch
for infinite-dimensional nonsmooth nonconvex problems, Comput. Optim. Appl. 91 (2025),
1263-1308.



2]

8]

[4]

[5]
[6]
[7]
8]

[9]

(10]

(11]
(12]
(13]
(14]
(15]
(16]

[17]
(18]

(19]

[20]
(21]
(22]

23]

TWO-STEP INERTIAL TSENG’S TYPE ALGORITHM 277

H. Attouch and J. Bolte, On the convergence of the prozimal algorithm for nonsmooth functions
involving analytic features, Math. Program. Ser. B 116 (2009), 5-16.

H. Attouch, J. Bolte, P. Redont and A. Soubeyran, Prozimal alternating minimization and
projection methods for nonconver problems: an approach based on the Kurdyka—Lojasiewicz
inequality, Math. Oper. Res. 35 (2010), 438-457.

H. Attouch, J. Bolte and B.F. Svaiter, Convergence of descent methods for semi-algebraic and
tame problems: proximal algorithms, forward-backward splitting, and reqularized Gauss-Seidel
methods, Math. Program. Ser. 137 (2013), 91-129.

A. Beck and M. Teboulle, A fast iterative shrinkage-thresholding algorithm for linear inverse
problems, SIAM J. Imaging Sci. 2 (2009), 183-202.

J. Bolte, S. Sabach and M. Teboulle, Prozimal alternating linearized minimization for non-
convez and nonsmooth problems, Math. Program. Ser. A 146 (2014), 459-494.

R.I. Bot and E.R. Csetnek, An Inertial Tseng’s Type Proximal Algorithm for Nonsmooth and
Nonconvex Optimization Problems, J. Optim. Theory Appl. 171 (2016), 600-616.

Y. Chen, H. Liu, X. Ye and Q. Zhang, Learnable descent algorithm for nonsmooth nonconvex
image reconstruction, SIAM J. Imag. Sci. 14 (2021), 1532-1564.

E. Chouzenoux, J.C. Pesquet and A. Repetti, Variable metric forward-backward algorithm for
minimizing the sum of a differentiable function and a convex function, J. Optim. Theory Appl.
162 (2014), 107-132.

Y. Chen, L. Liu and L. Zhang, A learned proximal alternating minimization algorithm and
its induced network for a class of two-block nonconvexr and nonsmooth optimization, J. Sci.
Comput. 103 (2025): 56.

P. Frankel, G. Garrigos and J. Peypouquet, Splitting methods with variable metric for KL
functions, J. Optim. Theory Appl. 165 (2014), 874-900.

X. Gao, Y. Jiang, X. Cai and W. Kai, An accelerated mirror descent algorithm for constrained
nonconvex problems, Optim. 2025 (2025), 1-26.

A. Moudafi, Operator splitting schemes through a regularization approach, Commun. Optim.
Theory 2025 (2025): 2.

P. Ochs, Y. Chen and T. Brox, IPIANO : Inertial proximal algorithm for mon-convexr opti-
mization, SIAM J. Imaging Sci 7 (2014), 1388-1419.

B.T. Polyak, Some methods of speeding up the convergence of iteration methods, USSR Com-
put. 4 (1964), 1-17.

Y. Pei, Y. Chen and S. Song, A nowvel accelerated algorithm for solving split variational inclu-
ston problems and fized point problems, J. Nonlinear Funct. Anal. 2023 (2023): 19.

R.T. Rockafellar and R. Wets, Variational Analysis, Springer Berlin (1998).

H. Sadeghi, S. Banert and P. Giselsson, Forward-backward splitting with deviations for mono-
tone inclusions, Appl. Set-Valued Anal. Optim. 6 (2024), 113-135.

V.N. Tran, Y. Shehu, R. Xu and P.T. Vuong, An inertial forward-backward-forward algorithm
for solving non-convex mized variational inequalities, J. Appl. Numer. Optim. 5 (2023), 335—
348.

B. Tan and X. Qin, On relaxed inertial projection and contraction algorithms for solving mono-
tone inclusion problems, Adv. Comput. Math. 50 (2024): 59.

B. Tan and X. Qin, An alternated inertial algorithm with weak and linear convergence for
solving monotone inclusions, Ann. Math. Sci. Appl. 8 (2023), 321-345.

Z. Xu, X. Chang, F. Xu and H. Zhang, L,,o Regularization: A Thresholding Representation
Theory and a Fast Solver, IEEE Trans. 23 (2012), 1013-1027.

X. Zuo, S. Osher and W. Li, Primal-dual damping algorithms for optimization, Ann. Math.
Sci. Appl. 9 (2024), 467-504.

Manuscript received June 1 2025
revised August 23 2025



278 X. JIA AND J. ZHAO

X. Jia
College of Science, Civil Aviation University of China, Tianjin, China
E-mail address: jiaxingmin12240@163.com

J. Zuao
College of Science, Civil Aviation University of China, Tianjin, China
E-mail address: zhaojing2001030@163.com



