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optimization problem. Gao et al. [12] proposed an accelerated mirror descent algo-
rithm for problem (1.1) with a constraint condition and get convergence properties
by K Lproperty of the benefit function. Attouch et al. [4] proposed the following
forward-backward algorithm for solving problem (1.1):

(1.2)

xn+1 ∈ argmin
x∈Rm

[
f(x) + ⟨∇h(xn), x⟩ +

1

2αn
∥x− xn∥2

]
= argmin

x∈Rm

[
f(x) +

1

2αn
∥x− xn + αn∇h(xn)∥2

]
.

The convergence is obtained provided an appropriate regularization of the objective
function satisfies the K Lproperty.

Inertial algorithm originates from the heavy ball method in physics dynamical
systems. By utilizing the information from the first few steps during the itera-
tion process, the computational complexity can remain basically unchanged and
the numerical performance of the algorithm can be improved. Therefore, this accel-
eration method is widely used in nonconvex and nonsmooth optimization problems,
see [14, 15]. Tseng’s proximal algorithm fully utilizes the information of smooth
functions. Bot et al. [7] proposed the following inertial version of the Tseng’s type
algorithm for solving nonconvex and nonsmooth minimization problem (1.1):

(1.3)


zn = ∇h(xn) + βn

λn
(xn−1 − xn),

pn ∈ argmin
x∈Rm

[
f(x) + ⟨zn, x⟩ + 1

2λn
∥x− xn∥2

]
,

xn+1 = pn + λn(∇h(xn) −∇h(pn)).

They proved that the generated sequence globally converges to critical point of the
objective function under the condition of the K Lproperty.

In this paper, we study an algorithm for solving nonconvex and nonsmooth sep-
arable optimization problem (1.1). Based on Tseng’s type algorithm, we propose
a new iterative algorithm with two-step inertial extrapolation and get convergence
results in the full nonconvex setting. The methods used to prove the convergence
of the numerical scheme rely on the same three key elements as those used in other
algorithms for nonconvex optimization problems involving K L functions. More pre-
cisely, we demonstrate a sufficient decrease property for the iterates, establish the
existence of a subgradient lower bound for the iterates gap, and ultimately, leverage
certain analytical properties of the objective function to achieve convergence.

In Section 2, we review some concepts and important lemmas. We propose the
two-step inertial Tseng type algorithm in Section 3. We analyze the convergence of
the proposed algorithm in Section 4. Finally, in Ssction 5, the preliminary numerical
example on signal recovery is provided to illustrate the behavior of the proposed
algorithm.

2. Preliminaries

Let us recall some notions and results which are needed in the following. Let
N := {0, 1, 2, . . . } be the set of nonnegative integers. For m ≥ 1, the Euclidean scalar
product and the induced norm on Rm are denoted by ⟨·, ·⟩ and ∥ · ∥, respectively.
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The domain of the function f : Rm → (−∞,+∞] is defined by domf = {x ∈
Rm : f(x) < +∞}. We say that f is proper if domf ̸= ∅.

Definition 2.1. The function f : Rm → (−∞,+∞] is lower semicontinuous at the
point x0 ∈ domf , if f(x0) ≤ lim infx→x0 f(x). f is lower semicontinuous function if
it is lower semicontinuous at each point in the domain of the function.

Definition 2.2. Let f : Rm → (−∞,+∞] be a proper lower semicontinuous func-
tion.

(i) If x ∈domf , the Fréchet subdifferential of f at x is defined by

∂̂f(x) =

{
x∗ ∈ Rm : lim

y ̸=x
inf
y→x

f(y) − f(x) − ⟨x∗, y − x⟩
∥y − x∥

≥ 0

}
,

for x ̸∈ domf we set ∂̂f(x) = ∅.
(ii) The limiting subdifferential is defined at a point x ∈domf by

∂f(x) = {x∗ ∈ Rm : ∃ xk → x, f(xk) → f(x), x̂k ∈ ∂̂f(xk), x̂k → x∗},

while for x ̸∈ domf , one takes ∂f(x) = ∅.

Notice that in case f is convex, these notions coincide with the convex subdifferen-
tial, which means that ∂̂f(x) = ∂f(x) = {x∗ ∈ Rm : f(y) ≥ f(x) + ⟨x∗, y−x⟩, ∀y ∈
Rm} for all x ∈domf .

Remark 2.3. We give some remarks on subdifferential.

(i) For each x ∈ Rm, ∂̂f(x) ⊆ ∂f(x), where the first set is convex and closed
while the second one is closed.

(ii) Let x∗k ∈ ∂f(xk) and limk→∞(xk, x
∗
k) = (x, x∗), then x∗ ∈ ∂f(x), which

means that ∂f(x) is a closed set.
(iii) If x ∈ Rm is a minimum point of f , then 0 ∈ ∂f(x). A point x is called the

critical point of f if 0 ∈ ∂f(x), the set of critical points is denoted critf .
(iv) Let f : Rm → R ∪ {+∞} be a proper lower semicontinuous function and

g : Rm → R be continuously differential, then ∂(f + g)(x) = ∂f(x) +∇g(x),
for all x ∈ domf .

We turn now our attention to functions satisfying the Kurdyka- Lojasiewicz prop-
erty. This class of functions will play a crucial role in the convergence results of the
proposed algorithm.

Definition 2.4 (Kurdyka- Lojasiewicz property). Let f : Rn → (−∞,+∞] be a
proper lower semicontinuous function and x̄ ∈ domf . Denote [η1 < f < η2] := {x ∈
Rn : η1 < f(x) < η2}. If there exists η ∈ (0,+∞), a neighborhood U of x̄ and a
continuous concave function φ : [0, η) → [0,+∞) such that

(i) φ(0) = 0,

(ii) φ is continuously differentiable on (0, η) with φ
′
(s) > 0 (∀s ∈ (0, η)),

(iii) for all x ∈ U ∩ [f(x̄) < f < f(x̄) + η], the following Kurdyka- Lojasiewicz
inequality holds,

φ′(f(x) − f(x̄))dist(0, ∂f(x)) ≥ 1.
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Then the function f is said to have the Kurdyka- Lojasiewicz (K L) property at x̄ ∈
domf .

We call f is a K L function, if f satisfies the K L property at each point of dom∂f .
Denote Φη the set of functions φ which satisfy (i)(ii) in Definition 3. Then, we recall
the uniformized K L property established in [17] as follows, which is important for
further analysis.

Lemma 2.5 (Uniformity K L property [17]). Let Ω be a compact set and let f :
Rn → (−∞,+∞] be a proper and lower semicontinuous function. Assume that f is
constant on Ω, and f satisfies the K L property at each point of Ω. Then there exist
ϵ > 0, η > 0, φ ∈ Φη, such that for all x̄ ∈ Ω and for all x ∈ {x ∈ Rn : dist(x,Ω) <
ϵ} ∩ [f(x̄) < f < f(x̄) + η], the following inequality holds

φ′(f(x) − f(x̄))dist(0, ∂f(x)) ≥ 1.

In practical applications, many functions satisfy K L properties [6], such as semi
algebraic functions, strongly convex functions, real analytic functions, sub-analytic
functions, etc.

In the following, we present two convergence results that will play a crucial role
in the proof of the results provided in section 4. The first result has frequently been
used in the literature in the context of Fejér monotonicity techniques for estab-
lishing convergence results of classical algorithms in convex optimization problems,
or more broadly, for monotone inclusion problems (see [5]). The second result is
likely already well-known; however, we include some details of its proof to ensure
completeness.

Lemma 2.6. Let {an} and {bn} be real sequences such that bn ≥ 0 for all n ≥
1, {an} is bounded below and an+1 + bn ≤ an for all n ≥ 1. Then, {an} is a
monotonically nonincreasing convergent sequence and

∑
n≥1 bn < +∞.

Lemma 2.7. Let {ξn} and {εn} be sequences in [0,+∞) such that
∑

n≥0 εn < +∞
and ξn+1 ≤ aξn+bξn−1+cξn−2+εn for all n ≥ 2, where a ∈ R, b, c ≥ 0, a+b+c < 1.
Then

∑
n≥0 ξn < +∞.

Proof. Fix a positive integer k ≥ 2. Summing up the inequality from the hypotheses
for n = 2, . . . , k, we obtain

k∑
n=2

ξn+1 ≤
k∑

n=2

(aξn + bξn−1 + cξn−2 + εn).

We can simply transfer items to obtain

(1 − a− b− c)
k∑

n=0

ξn ≤ ξ2 − ξk+1 + (1 − a)ξ1 + (1 − a)ξ0 − b (ξ0 + ξk)

− c (ξk−1 + ξk) +

k∑
n=2

εn.
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Moreover, we get

(1 − a− b− c)
k∑

n=0

ξn ≤ ξ2 + (1 − a)ξ1 + (1 − a)ξ0 − bξ0 +
k∑

n=2

εn.

Since a ∈ R, b, c ≥ 0, a + b + c < 1,
∑

n≥2 εn < +∞, and let k → ∞, the conclusion
follows. □

Lemma 2.8 (Descend Lemma). Let h : Rm → R be a Fréchet differentiable func-
tion and such that ∇h is L− Lipschitz continuous with L > 0. Then,

(2.1) h(y) ≤ h(x) + ⟨∇h(x), y − x⟩ +
L

2
∥y − x∥2, ∀(x, y) ∈ Rm × Rm.

3. Two-step inertial Tseng’s type algorithm

In this section, we propose a two-step inertial Tseng’s type algorithm for solving
nonconvex and nonsmooth separable optimization problems (1.1). Before this, we
give some assumptions and use the assumptions throughout the rest of the paper.

Assumption 3.1. f : Rm → (−∞,+∞] is a proper, lower semicontinuous function,
h : Rm → R is a Fréchet differentiable function such that ∇h is L − Lipschitz
continuous with L > 0.

Algorithm 3.1. Let x0, x1, x2 ∈ Rm, α, α > 0, a1 > 0, a2 > 0, the sequences
{a1,n} , {a2,n} , {αn} fulfill

0 ≤ a1,n ≤ a1, 0 ≤ a2,n ≤ a2

and

0 < α ≤ αn ≤ α,

consider the iterative scheme

(3.1)


zn = ∇h(xn) + a1,n(xn−1 − xn) + a2,n(xn−2 − xn−1),

pn ∈ argmin
x∈Rm

[
f(x) + ⟨zn, x⟩ + 1

2αn
∥x− xn∥2

]
,

xn+1 = pn + αn(∇h(xn) −∇h(pn)).

In Algorithm 3.1, we notice that

(3.2)

pn ∈ argmin
x∈Rm

[
f(x) + ⟨zn, x⟩ +

1

2αn
∥x− xn∥2

]
= argmin

x∈Rm

[
f(x) +

1

2αn
∥x− xn + αnzn∥2

]
.

Remark 3.2. We give special cases of Algorithm 3.1.

(i) Let a1,n ≡ a2,n ≡ 0, the algorithm (3.1) becomes pn ∈ argmin
x∈Rm

[
f(x) + 1

2αn
∥x− xn + αn∇h(xn)∥2

]
,

xn+1 = pn + αn(∇h(xn) −∇h(pn)),

which is the classical Tseng’s type algorithm in nonconvex setting.
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(ii) Let a2,n ≡ 0, the algorithm (3.1) becomes
zn = ∇h(xn) + a1,n(xn−1 − xn),

pn ∈ argmin
x∈Rm

[
f(x) + ⟨zn, x⟩ + 1

2αn
∥x− xn∥2

]
,

xn+1 = pn + αn(∇h(xn) −∇h(pn)).

By variable transform αn = λn, a1,n = βn

λn
, it becomes algorithm (1.3)

proposed by Bot et al. [10].

4. Convergence analysis

In this section, we provide convergence analysis of the two-step inertial Tseng’s
type algorithm (3.1) proposed in this paper for solving nonsmooth and nonconvex
problem (1.1).

Lemma 4.1. Consider the sequences {zn} , {pn} , {xn} generated by Algorithm 3.1.
Then for every v, u, s > 0, the following inequality holds:

(4.1)
f(pn) + h(pn) + M1∥xn − pn∥2 ≤ f(pn−1) + h(pn−1) + M2∥xn−1 − pn−1∥2

+ M3∥xn−2 − pn−2∥2,

where

(4.2) M1 =
1

2α
− (s + L + ua1 + va2) ,

(4.3) M2 = (s + L + ua1 + va2)α
2L2 +

(
L2

2s
+

1

2α

)
α2L2 +

a1
2u

(1 + αL)2,

(4.4) M3 =
a2
2v

(1 + αL)2.

Proof. By Algorithm 3.1, fixing n ≥ 3, we have

(4.5)

f(pn) + ⟨zn, pn⟩ +
1

2αn
∥pn − xn∥2 ≤ f(pn−1) + ⟨zn, pn−1⟩

+
1

2αn
∥pn−1 − xn∥2

and

(4.6)
⟨zn, pn−1 − pn⟩ = ⟨∇h(xn), pn−1 − pn⟩ + a1,n⟨xn−1 − xn, pn−1 − pn⟩

+ a2,n⟨xn−2 − xn−1, pn−1 − pn⟩.

Combining (4.5) and (4.6), we get

(4.7)

f(pn) +
1

2αn
∥pn − xn∥2 ≤ f(pn−1) + ⟨∇h(xn), pn−1 − pn⟩

+ a1,n⟨xn−1 − xn, pn−1 − pn⟩
+ a2,n⟨xn−2 − xn−1, pn−1 − pn⟩

+
1

2αn
∥pn−1 − xn∥2.
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Moreover, according to Lemma 2.4, we have

(4.8) h(pn) ≤ h(pn−1) + ⟨∇h(pn−1), pn − pn−1⟩ +
L

2
∥pn − pn−1∥2.

Combining (4.7) and (4.8), we get

(4.9)

f(pn) +
1

2αn
∥pn − xn∥2 + h(pn) ≤ f(pn−1) + ⟨∇h(xn), pn−1 − pn⟩

+ a1,n⟨xn−1 − xn, pn−1 − pn⟩

+
1

2αn
∥pn−1 − xn∥2

+ a2,n⟨xn−2 − xn−1, pn−1 − pn⟩

+
L

2
∥pn − pn−1∥2

+ h(pn−1) + ⟨∇h(pn−1), pn − pn−1⟩.
By Algorithm 3.1, we have the following inequality

(4.10) ∥xn − pn−1∥ ≤ αn−1L∥xn−1 − pn−1∥,
which implies

(4.11) ∥pn − pn−1∥2 ≤ 2∥pn − xn∥2 + 2α2
n−1L

2∥xn−1 − pn−1∥2.
According to (4.10), we get the following inequality

(4.12) ∥xn−1 − xn−2∥ ≤ (1 + αn−2L)∥xn−2 − pn−2∥
and

(4.13) ∥xn − xn−1∥ ≤ (1 + αn−1L)∥xn−1 − pn−1∥.
Taking arbitrarily v, u, s > 0, by Young’s inequality, we have

(4.14) ⟨∇h(pn−1) −∇h(xn), pn − pn−1⟩ ≤
s

2
∥pn − pn−1∥2 +

L2

2s
∥xn − pn−1∥2,

(4.15) ⟨xn−1 − xn, pn−1 − pn⟩ ≤
1

2u
∥xn − xn−1∥2 +

u

2
∥pn − pn−1∥2

and

(4.16) ⟨xn−2 − xn−1, pn−1 − pn⟩ ≤
1

2v
∥xn−1 − xn−2∥2 +

v

2
∥pn−1 − pn∥2.

Combining (4.9), (4.12)-(4.16), we can simply transfer items to obtain

(4.17)

f(pn) + h(pn) +
1

2αn
∥xn − pn∥2 ≤ f(pn−1) + h(pn−1)

+
s + L + ua1,n + va2,n

2
∥pn−1 − pn∥2

+
a1,n
2u

(1 + αn−1L)2 ∥xn−1 − pn−1∥2

+
a2,n
2v

(1 + αn−2L)2 ∥xn−2 − pn−2∥2

+

(
L2

2s
+

1

2αn

)
∥xn − pn−1∥2.



270 X. JIA AND J. ZHAO

Combining (4.10), (4.11) and (4.17), we get

f(pn) + h(pn) + M1,n∥xn − pn∥2 ≤ f(pn−1) + h(pn−1) + M2,n∥xn−1 − pn−1∥2

+ M3,n∥xn−2 − pn−2∥2,
where

M1,n =
1

2αn
− (s + L + ua1,n + va2,n) ,

M2,n = (s + L + ua1,n + va2,n)α2
n−1L

2 +

(
L2

2s
+

1

2αn

)
α2
n−1L

2 +
a1,n
2u

(1 + αn−1L)2,

M3,n =
a2,n
2v

(1 + αn−2L)2.

Finally, by using the bounds given for the sequences of real numbers involved, we
easily derive that M1,n > M1,M2 > M2,n,M3 > M3,n and the conclusion follows.

□
We introduce the function H : Rm × Rm × Rm × Rm → R,

(4.18) H(b, c, d, e) = f(x1) + h(x1) + (M2 + M3)∥c− b∥2 + M3∥e− d∥2.
Define a sequence {κn} = {(pn, xn, pn−1, xn−1)}, and use those throughout the rest
of the paper.

According to Lemma 4.1, we can obtain the monotonicity of the sequence {H(κn)},
if M1 > M2 + M3. Next, it will be proven that selecting appropriate parameters
can satisfy the monotonicity of the sequence {H(κn)}.

Lemma 4.2. For arbitrary v, u, s > 0, chose α > 0, a1 > 0 and a2 > 0 such that

(4.19)
2(s + L + ua1 + va2)α + 2

(
s + L + ua1 + va2 +

L2

2s
+

1

2α

)
α3L2

+
a1
u

(1 + αL)2α +
a2
v

(1 + αL)2α < 1.

Then, there exists α > 0 such that α > α and the constants introduced in Lemma
4.1 fulfill M1 > M2 + M3.

Proof. There exists ρ > 0 such that

2(s + L + ua1 + va2) (α + ρ) + 2

(
s + L + ua1 + va2 +

L2

2s
+

1

2α

)
(α + ρ)3 L2

+
a1
u

(1 + (α + ρ)L)2 (α + ρ) +
a2
v

(1 + (α + ρ)L)2 (α + ρ) < 1.

We define α := α+ ρ and M1 > M2 +M3 follows straight forwardly from the above
inequality. □

We give now a decrease property which will be useful in the following.

Lemma 4.3. Suppose that f + h is bounded from below and let the sequences {xn}
and {pn} be generated by Algorithm 3.1, where v, u, s, α, α, a1, a2 are chosen as in
Lemma 4.2. The constants M1,M2 and M3 are chosen as in Lemma 4.1. Then, the
following statements are true:

(i) the sequence {H(κn)} is monotonically nonincreasing and convergent;
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(ii)
∑

n≥1 ∥xn − pn∥2 < +∞ and
∑

n≥1 ∥xn+1 − xn∥2 < +∞;

(iii) the sequence {(f + h)(pn)} is convergent.

Proof. From Lemma 4.1, we deduce that, for every n ≥ 3,

(4.20) H(κn) + (M1 −M2 −M3)∥xn − pn∥2 ≤ H(κn−1).

The conclusion follows from Lemma 4.2, Lemma 2.2 and relation (4.13). □
The following lemma provides an estimate for some elements in the limiting

subdifferential.

Lemma 4.4. Let the sequences {xn} and {pn} be generated by Algorithm 3.1. Then,
for every n ≥ 3,

(4.21) ξn ∈ ∂(f + h)(pn),

where

(4.22)

ξn = ∇h(pn) −∇h(xn) + a1,nαn−1 (∇h(xn−1) −∇h(pn−1))

+ a2,nαn−2 (∇h(xn−2) −∇h(pn−2)) + a1,n (pn−1 − xn−1)

+ a2,n (pn−2 − xn−2) −
1

αn
(pn − xn) .

Moreover,

(4.23)
∥ξn∥ ≤

(
L +

1

αn

)
∥pn − xn∥ + (a1,n + a1,nαn−1L) ∥pn−1 − xn−1∥

+ (a2,n + a2,nαn−2L) ∥pn−2 − xn−2∥.

Proof. Take n ≥ 3. It follows from (3.1) that

0 ∈ ∂f(pn) + zn +
1

αn
(pn − xn)

= ∂ (f + h) (pn) −∇h(pn) + ∇h(xn)

+ a1,n(xn−1 − xn) + a2,n(xn−2 − xn−1) +
1

αn
(pn − xn) .

Relation (4.21) follows from the above identity, by using also that

xn−1 − xn = xn−1 − pn−1 + pn−1 − xn

= (xn−1 − pn−1) − (αn−1∇h(xn−1) − αn−1∇h(pn−1))

and
xn−2 − xn−1 = xn−2 − pn−2 + pn−2 − xn−1

= (xn−2 − pn−2) − (αn−2∇h(xn−2) − αn−2∇h(pn−2)) .

The relation (4.21) follows from the definition of the sequence {ξn}. □
In the following, we use the notation ω(pn) for the set of cluster points of the

sequence {pn}. Next, we will give some properties of this set (see [6]).

Lemma 4.5. Suppose that the function f + h is coercive(that is lim∥x∥→+∞(f +
h)(x) = +∞), and let the sequences {xn} and {pn} be generated in Algorithm 3.1,
where v, u, s, α, α, a1, a2 are chosen as in Lemma 4.2. The constants M1,M2 and
M3 are chosen as in Lemma 4.1. Then, the following statements are true:
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(i) ∅ ̸= ω(pn) ⊆ crit(f + h);
(ii) limn→+∞ dist(pn, ω(pn)) = 0;

(iiii) ω(pn) is a nonempty, compact and connected set;
(iv) f + h is finite and constant on ω(pn).

Proof. Since f+h is a proper, lower semicontinuous and coercive function, it follows
that infx∈Rm [f(x)+h(x)] is finite and the infimum is attained (see [14]). Hence f+h
is bounded from below. According to Lemma 4.3, we have, for all n ≥ 2,

(f + h) (pn) ≤ (f + h) (pn) + (M2 + M3)∥xn − pn∥2 + M3∥xn−1 − pn−1∥2,
≤ (f + h) (p2) + (M2 + M3)∥x2 − p2∥2 + M3∥x1 − p1∥2.

Since the function f +h is coercive, its lower level sets are bounded and we conclude
that {pn} is bounded. Hence ω(pn) ̸= ∅, {xn} and {zn} are bounded. Take arbi-
trarily p∗ ∈ ω(pn). There exists a subsequence {pnk

} such that pnk
→ p∗(k → +∞).

We show in the following that limk→+∞ f(pnk
) = f(p∗). Note that the lower semi-

continuity of the function f ensures lim infk→+∞ f(pnk
) ≥ f(p∗). Moreover, from

(3.1), we have that, for every k ≥ 2,

f(pnk
) + ⟨znk

, pnk
⟩ +

1

2αnk

∥pnk
− xnk

∥2 ≤ f(p∗) + ⟨znk
, p∗⟩ +

1

2αnk

∥p∗ − xnk
∥2.

By using Lemma 4.3, and by taking into consideration the bounds of the sequences
involved, it follows lim supk→∞ f(pnk

) ≤ f(p∗), limk→∞ f(pnk
) = f(p∗). Further,

using the definition of ξn in Lemma 4.4, we have ξnk
∈ ∂ (f + h) (pnk

), for k ≥
2. By using (4.22), it follows from pnk

→ p∗ that ξnk
→ 0(k → ∞). Since we

additionally have that limk→+∞(f + h)(pnk
) = (f + h)(p∗), the closedness of the

graph of the limiting subdifferential operator guarantees that 0 ∈ ∂ (f + h) (p∗),
thus p∗ ∈ crit(f + h). Then (i) is proved.

The proof of (ii) and (iii) can be done in the lines of [7]. Next we prove (iv)
holds.

By Lemma 4.3, {(f + h)(pn)} is convergent. Let us denote its limit by l ∈ R.
Take arbitrarily p∗ ∈ ω(pn). There exists a subsequence pnk

→ p∗(k → +∞). As
shown in (i) one has that limk→∞(f + h)(pnk

) = (f + h)(p∗). On the other hand
limk→∞(f + h)(pnk

) = l, hence (f + h)(p∗) = l. Thus, the restriction of f + h to
ω(pn) equals l. □
Lemma 4.6. Suppose that the function f +h is coercive and let the sequences {xn}
and {pn} be generated in Algorithm 3.1, where v, u, s, α, α, a1, a2 are chosen as in
Lemma 4.2. The constants M1,M2 and M3 are chosen as in Lemma 4.1. Then, the
following statements are true:

(i) ∅ ̸= ω(κn) ⊆ crit(H) = {(x, x, x, x) ∈ Rm×Rm×Rm×Rm : x ∈ crit(f+h)};
(ii) limn→+∞ dist(κn, ω(κn)) = 0;

(iii) ω(κn) is a nonempty, compact and connected set;
(iv) H is finite and constant on ω(κn).

Proof. The proof is similar to the one of Lemma 4.5, by noticing that

H(κn) + (M1 −M2 −M3)∥xn − pn∥2 ≤ H(κn−1),

ζn = (ξn + 2(M2 + M3)(pn − xn), 2(M2 + M3)(xn − pn),(4.24)
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2M3(pn−1 − xn−1), 2M3(xn−1 − pn−1)) ∈ ∂H(κn),(4.25)

where n ≥ 3, {ξn} is the sequence introduced in Lemma 4.4. □

We are now in position to prove the convergence of Algorithm 3.1 provided that
H is a K L function.

Theorem 4.7. Suppose that the function f +h is coercive, the function H is a K L
function. Let the sequences {xn} and {pn} be generated in Algorithm 3.1, where
v, u, s, α, α, a1, a2 are chosen as in Lemma 4.2. The constants M1,M2 and M3 are
chosen as in Lemma 4.1. Then,

(i)
∑

n≥1 ∥xn − pn∥ < +∞,
∑

n≥1 ∥xn+1 − xn∥ < +∞;

(ii) there exists x ∈ crit(f + h) such that limn→+∞ xn = limn→+∞ pn = x.

Proof. According to Lemma 4.6, we can take an element κ∗ = (p∗, p∗, p∗, p∗) ∈
ω(κn). In analogy to the proof of Lemma 4.5 one can easily show that
limn→+∞H(κn) = H(κ∗). We consider two cases.

(i) There exists an integer n ∈ N such that H
(
κn

)
= H(κ∗). The decrease

property in (4.20) implies κn+1 = κn for any n ≥ n. It follows that κn = κ∗

for any n ≥ n and the assertions hold trivially.
(ii) For all n ≥ 1, we have H(κn) > H(κ∗). Denote Ω := ω(κn). Since H is

a K L function, from Lemma 4.6 and Lemma 2.1, there exist ϵ, η > 0 and
φ ∈ Φη such that for all (x1, y1, x2, y2) in the intersection

(4.26)

{(x1, y1, x2, y2) ∈ Rm × Rm × Rm × Rm : dist ((x1, y1, x2, y2),Ω) < ϵ}
∩ {(x1, y1, x2, y2) ∈ Rm × Rm × Rm × Rm :

H(p∗, p∗, p∗, p∗) < H(x1, y1, x2, y2) < H(p∗, p∗, p∗, p∗) + η} ,

the following inequality holds:

(4.27)
φ

′
(H(x1, y1, x2, y2) −H(p∗, p∗, p∗, p∗))dist((0, 0, 0, 0), ∂H(x1, y1, x2, y2))

≥ 1.

Take n1 > 0 such that H(κn) < H(κ∗) + η for n ≥ n1. Take n2 > 0 such
that dist(κn,Ω) < ϵ for n ≥ n2. Let N = max {n1, n2}, thus κn is in the
intersection (4.24) for all n ≥ N . Then the following inequality holds:

(4.28) φ
′
(H(κn) −H(κ∗))dist((0, 0, 0, 0), ∂H(κn)) ≥ 1.

Because of the concavity of φ, the following inequality holds:

(4.29)
φ(H(κn) −H(κ∗)) − φ(H(κn+1) −H(κ∗))

≥ φ
′
(H(κn) −H(κ∗))(H(κn) −H(κn+1)).

From (4.27) and (4.24), for all n ≥ N

(4.30) φ
′
(H(κn) −H(κ∗)) ≥ 1

∥ζn − 0∥
,

where ζn is defined by (4.24). For the convenience of expression, let

∆n,n+1 := φ(H(κn) −H(κ∗)) − φ(H(κn+1) −H(κ∗)).
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Thus, from (4.27), (4.29) and (4.20), for all n ≥ N , we have

(4.31) ∆n,n+1 ≥ (M1 −M2 −M3) ·
∥xn+1 − pn+1∥2

∥ζn∥
,

moreover, accoding to Young’s inequality, we have

(4.32) ∥xn+1 − pn+1∥ ≤ δ∥ζn∥
2

+
∆n,n+1

2δ(M1 −M2 −M3)
,

where δ > 0 satisfies

δ

2

√[
3(L +

1

α
+ 2(M2 + M3))2 + 4(M2 + M3)2

]
+

δ

2

(√[
3(a1 + a1αL)2 + 8M2

3

]
+

√
3(a2 + a2αL)

)
< 1.

From the definition of ζn in (4.24), we can obtain

∥ζn∥ ≤

√[
3(L +

1

α
+ 2(M2 + M3))2 + 4(M2 + M3)2

]
∥xn − pn∥

+
√[

3(a1 + a1αL)2 + 8M2
3

]
∥xn−1 − pn−1∥

+
√

3 (a2 + a2αL) ∥xn−2 − pn−2∥.

Combining this inequality and (4.31), we get

(4.33)

∥xn+1 − pn+1∥ ≤ a∥xn − pn∥ + b∥xn−1 − pn−1∥ + c∥xn−2 − pn−2∥

+
∆n,n+1

2δ(M1 −M2 −M3)
,

where

a :=
δ

2

√[
3(L +

1

α
+ 2(M2 + M3))2 + 4(M2 + M3)2

]
,

b :=
δ

2

√[
3(a1 + a1αL)2 + 8M2

3

]
,

c :=

√
3δ

2
(a2 + a2αL).

From the definition of ∆n,n+1, for all k ≥ 2,

k∑
n=2

∆n,n+1 ≤ φ
(
H(κ2) −H(κ∗)

)
.

This indicates that∑
n≥2

∆n,n+1

2δ(M1 −M2 −M3)
< +∞.

From Lemma 2.3, we have
∑

n≥2 ∥xn − pn∥ < +∞. Combining this and

(4.13) we get
∑

n≥2 ∥xn+1 − xn∥ < +∞.
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We easily derive that {xn} is a Cauchy sequence, hence it is convergent. Let
limn→∞ xn = x, then limn→∞ pn = x from xn − pn → 0(n → +∞). We can
get the conclusion (ii) by Lemma 4.5 (i). □

5. Numerical experiments

In all of the following experiments, the codes are written in MATLAB, using the
Windows 11 operating system, an R7 5700X3D CPU @ 3GHz and RAM 32GB.

The sparse signal recovery problem has been studied extensively. Supposed x is
an unknown vector in Rm (a signal), given a matrix A ∈ Rn×m and an observation
b ∈ Rn, we plan to recover x from observation b such that x is of the sparsest
structure(that is, x has the fewest nonzero components). In this section, the sparse
signal recovery problem can be modulated by the following L0-problem

min
x

∥x∥0, s.t.Ax = b.

The L0-problem in the form of L1/2 regularization can be described as

min
x

1

2
∥Ax− b∥22 + η∥x∥1/21/2,

where η > 0 is used to balance regularization and data fitting. ∥x∥1/2 is the L1/2

quasi-norm of Rm, defined by ∥x∥1/2 =
(∑m

i=1 |xi|
1/2 )2. Now we illustrate how to

implement Algorithm 3.1 for solving the above model. Let f(x) = η∥x∥1/21/2, h(x) =
1
2∥Ax− b∥22, thus we can obtain the explicit expression of the subproblem based on
Algorithm 3.1,

zn = AT (Axn − b) + a1,n(xn−1 − xn) + a2,n(xn−2 − xn−1),

pn ∈ argmin
x∈Rm

[
f(x) + ⟨zn, x⟩ +

1

2αn
∥x− xn∥2

]
= argmin

x∈Rm

[
f(x) +

1

2αn
∥x− xn + αnzn∥2

]
= H (xn − αnzn, ηαn)

and
xn+1 = pn + αn

(
ATA(xn − pn)

)
.

For all ι > 0, H (·, ι) is called half shrinkage operator [22] defined as

H (a, ι) = {hι(a1), hι(a2), . . . , hι(an)}T ,

with

hι(ai) =

{
2ai
3 (1 + cos(2π3 − 2

3φι(ai))), |ai| > 3
4 ι

2/3,

0, otherwise,

and φι(ai) = arccos
(
ι
8( |ai|3 )−3/2

)
.

In this experiment, each entry of A is drawn from the standard normal distribu-
tion, and then all columns of A are normalized according to L1/2 quasi-norm; we
generate a random sparse vector as x; the vector without noise b = Ax; the noise
vector ω ∼ N(0, 10−3I) and the vector b = Ax + ω; the regularization parameter
η = 0.001

∥∥AT b
∥∥
∞. In this experiment, we take a1,n ≡ 0.3, a2,n ≡ 0.3, αn ≡ 0.2 in
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Table 1. the algorithms’ performance while n = 80,m = 500

b = Ax b = Ax + w

n = 80,m = 500 iteration no. time(second) iteration no. time(second)

Alg (1.2) 2596 23.03 3126 26.01
Alg (1.3) 2010 20.59 2782 25.31
Alg 3.1 1742 16.67 2577 23.35

Table 2. the algorithms’ performance while n = 100,m = 600

b = Ax b = Ax + w

n = 100,m = 600 iteration no. time(second) iteration no. time(second)

Alg (1.2) 2288 25.53 3148 35.03
Alg (1.3) 1863 23.32 2510 30.78
Alg 3.1 1264 19.07 1870 25.37

algorithm 3.1, a1,n ≡ 0.3, αn ≡ 0.2 (i.e., λn ≡ 0.2, βn ≡ 0.06) in algorithm (1.3) and
αn ≡ 0.2 in algorithm (1.2). We take the origin point as the initial point for all
algorithms and use

En = ∥xn+1 − xn∥ < 10−4

as the stopping criterion. In the following, we compare algorithm (1.2), algorithm
(1.3) and Algorithm 3.1 for matrix A of different dimension with (n,m) = (80, 500)
and (n,m) = (100, 600).

Table 1 and Table 2 report the number of iteration and CPU time for (n,m) =
(80, 500) and (n,m) = (100, 600), respectively. Alg (1.2) represents algorithm (1.2),
Alg (1.3) represents algorithm (1.3) and Alg 3.1 represents Algorithm 3.1. From
Table 1 and Table 2, we can know that two inertial versions of Tseng’s type algo-
rithm are better than one inertial version of Tseng’s type algorithm and forward
backward algorithm.

6. Conclusions

In this paper, two-step inertial Tseng’s type algorithm is proposed to solve non-
convex and nonsmooth separable optimization problems. We construct appropriate
benefit function and obtain that the generated sequence is globally convergent to a
critical point, under the assumptions that auxiliary function satisfies the Kurdyka-
 Lojasiewicz inequality and the parameters satisfy certain conditions. In numerical
experiments, the solutions of subproblems have colsed form for solving the sparse
signal recovery problem. Numerical results are reported to show the effectiveness
of proposed algorithm.
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