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TWO STRONG CONVERGENCE THEOREMS FOR ITERATIVE
METHODS FOR SOLVING THE SPLIT FEASIBILITY PROBLEM
WITH MULTIPLE OUTPUT-SETS IN HILBERT SPACES

YAXUAN ZHANG, YUMING GUAN, AND RUIXIN YANG

ABSTRACT. In this paper, a slightly generalized split feasibility problem with
multiple output-sets is presented in Hilbert spaces. Two iterative algorithms are
proposed to solve the problem. The strong convergence and the bounded pertur-
bation resilience for both the algorithms are established. Preliminary numerical
simulations are provided to show the validity of the algorithms.

1. INTRODUCTION

Let C' and @ be nonempty, closed and convex subsets of real Hilbert spaces H; and
Hy, respectively. Let A: Hi — Hs be a bounded linear operator and let A* denote
the adjoint of A. The split feasibility problem (SFP) is formulated as follows: Find
an element z* € C such that

(1.1) Az* € Q.

The SFP was first proposed by Censor and Elfving [4] for modeling certain inverse
problems. It has turned out to play an key role in many application fields, such as,
medical image reconstruction and signal processing (see[2]). Byrne’s CQ algorithm
(see[1]) is a famous method for solving the SFP, which is formulated as follows.

(1.2) Tnt1 = Po(zn — anA*(I — Pg)Axy,),

where the step size a,, € (0, 0 jng ), and Pc and Py stand for the metric projection

onto C' and @), respectively.

Several generalizations of the SFP have also been investigated. We mention,
for instance, the multiple-set split feasibility problem (MSSFEFP) (see [5, 12]), the
split common fixed point problem (SCFPP) (see [7, 16, 17]), the split variational
inequality problem (SVIP) (see [6, 13]) and the split common null point problem
(SCNPP) (see [3, 19, 18, 25]).

In 2005, the multiple-set split feasibility problem (MSSFP) was first introduced,
in finite-dimensional Hilbert spaces, by Censor et al.[5]. The problem is to find an
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element x* such that

t T
(1.3) eC=()C, ArreQ=()Q;
i=1 j=1
where C; C Hy,i = 1,2,...,t, and Q; C Ha,j = 1,2,...,r are nonempty closed
and convex sets. When ¢t = r = 1, the MSSFP (1.3) becomes the SFP.

In 2020, Reich and Tuyen [20] proposed the following split feasibility problem
with multiple output sets in Hilbert spaces. Let H, H;,j = 1,2,...,r be real Hilbert
spaces. Let Aj: H — H;,5 =1,2,...,r, be bounded linear operators. In addition,
let C' and @); be nonempty, closed,and convex subsets of H and H;,j =1,2,...,7,
respectively. The problem is to find an element z* such that

(1.4) zreS=0n([)41(Q) #0.
j=1

In other words, the aim is to find an 2* € C such that A;z* € @Q; for all j =
1,2,...,7. When r = 1, the problem (1.4) becomes the SFP. For more information
about this problem, please refer to references [23, 21, 14, 22].

In order to solve problem (1.4), Reich and Tuyen [20] introduced the following
iterative methods: For any zg,yo € C, let {z,} and {y,} be the two sequences
generated by

(1.5) Tni1 = Polon —m Y A5(I = Po,)Ajan),
j=1
(1.6) Ynt1 = anf(yn) + (1= an)Polyn — 1 Y A5(I — Po,) Ajyn].
j=1

where f : C — (' is a strict contraction with the contraction coefficient ¢ €
[0,1),{7} C (0,00) and {a,} C (0,1). They established the weak and strong
convergence of iterative methods (1.5) and (1.6) under appropriate conditions, re-
spectively.

Motivated by the above results, in this paper, we slightly generalize the prob-
lem (1.4) and propose two algorithms with strong convergence. The problem is
formulated as follows: Let H, H;,j = 1,2,...,r, be real Hilbert spaces and let
A; - H — Hj,j = 1,2,...,r, be bounded linear operators. Let C; and Q; be
nonempty, closed and convex subsets of H and Hj;,j = 1,2,...,r, respectively.
Find an element z*, such that

(1.7) ¥ el = ﬂcm(ﬂ AHQ)))-

That is to say, 2* € C; and Ajz* € Q; forall i =1,2,...,t,5=1,2...,7.

Remark 1.1. (i) When ¢t = 1,7 = 1, the problem (1.7) becomes the SFP.

(ii) When ¢ = 1, the problem (1.7) becomes the split feasibility problem with mul-
tiple output sets (1.4).

(iii) When A; = A, H; = Hy, the problem (1.7) becomes MSSFP (1.3).
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It is already known that the MSSFP (1.3) is equivalent to the following mini-
mization problem:

(1.8) min f(x Zz |z — Pe, ()| + Z)\ |Az — Py, (Ax)|?,

] 1
where Pg, and FPg; are the metric projections onto C; and @), respectively, and
li;i =1,...,t and A\j,7 = 1,...,7 are all positive constants such that Zgzl li +
> j=1Aj = 1. Similarly, the problem (1.7) is equivalent to the following minimiza-
tion problem:

(19)  minf(a Zzux Pe, ()2 + ZAnAx Po, (4)|%

] 1

So the gradient algorithm yields the following algorithm

(110) I+l = Tn — Tan(SUn),

where
t

(1.11) Vi@) = li(x— Pc,(x) +Z)\ AN — Pg,)Ajx
i=1 j=1

is St L+ > ie1 Aj||4;||? - Lipschitz continuous, and the step size 7, > 0. One
can prove the weak convergence of this algorithm under certain conditions on 7.

For numerical calculations, if the sets C; and @Q); are relatively simple sets, such
as ball or half spaces, etc, P¢; and Pg; have explicit expressions. However P¢; and
Pg; have no explicit expressions in general. So many authors adopted the relaxed
projection which is proposed by Yang [29] for solving SFP in finite dimensional
Hilbert spaces. The algorithm as follows:

(1.12) Tnt1 = Pon(xn — anA™(I — Pgn)Axy,),

where C™ and Q™, n > 1, are closed half spaces containing C' and @, respectively:
(1.13)
= {l' € Hy: C(fn) < <£na$n - $>}, Q" = {y € Hy: Q(Axn) < <CnaA$n - y>}7

where &, € 0c(z,) and ( € 9q(Axy,), and c(-) and ¢(-) are weakly lower semi-
continuous and convex functions such that

(1.14) C={zxeH ¢(x) <0}, Q={ye Ha:qy) <0}
We adopt the same idea to iteration scheme (1.10). Set
(1.15) Ci={reH:c¢x)<0}, Qj={yeHj:q(y) <0},
where ¢;(x),i=1,2,...,tand ¢;(y),j = 1,2,...,r are weakly lower semi-continuous

and convex functions. Define a series of closed half spaces C7' and Q;L, n > 1, by

:{xGHCl(Cﬂn) S < ?7xn7$>}’
Qp = {y € Hj : j(Ajmn) < (', Ajan — )},
where & € dci(xn), i =1,2,...,t and ¢} € dgj(Ajzn),j =1,2,...7.

(1.16)
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It is easy to verify that C7* O Cji = 1,2,...,t and QF D Qj,7 = 1,2,...,7,
n > 1. The iteration scheme becomes

(1.17) Tp4+1 = Tn — va(mn)v
where
t r
1 1
(1.18) fula) =5 2; lillz — Pen ()| + 5 2; NjllAjz — Pon (A;2)|1%,
1= J]=
t r
(1.19) V(@) = li(x — Pen(x)) + > AAG(I — Por)Aja.
i=1 Jj=1

To avoid the complex work on norm estimation of || A;||, several choice of the step
size are proposed. For instance, Yang [30] introduced the self-adaptive step size in
the CQ algorithms below

Pn
(120 S el
where {p,} is a sequence of positive real numbers satisfying > ° o, = 0 and
S o Pe < 400, f(z) = 3||(I — Pg)Az|>. In 2012, Lépez et al.[15] proposed the
following self-adaptive step size in the relaxed CQ algorithms

pnfn(xn)
— Y fulan) P
where p, € (0,4),fn(z) = 3||(I — Pon)Az|*>. Some scholar, such as Gibali et al.
([9]) applied the Armijo line search to obtain the step size.
To achieve a faster convergence of the algorithms, many references have inves-
tigated the inertial technique. Suantai et al.[24] introduced the following inertial
relaxed CQ algorithm for solving the multiple-sets split feasibility problems,

Tn+l = QU + (1 - an)(yn - Tnvfn(yn)),

1.22

( ) yn:xn‘kﬂn(xn_xnfl)a n > 17
where 3, is the inertial coefficient, fo(yn) = 230 lillyn — Pon (yn) |1
+% Z;:l >‘j||Ajyn - PQ}L (Ajyn)||2> and 7, = ||€7}{:E?(JZTS|)|2’ n > 1.

Another issue in the research of the algorithms is the bounded perturbation re-
silience. For example, Guo et al.[10] presented the following proximal gradient
algorithm with perturbation,

(1.23) Tpy1 = proxy,o(I — MeAV f + €)(zn),

and they proved that the sequence {x,} generated by the algorithm (1.23) con-
verges weakly to a solution. For more information about the bounded perturbation
resilience of the algorithms, please refer to references [27, §], etc.

Motivated by the previous works, we propose the following iterative algorithm
for solving problem(1.7),

Yn = Tn + €n, 77/217

(1.24) Tnt1 = ng(Yn) + (1 — an) (Yn — TV in(yn)),
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where e,, denotes the perturbation, {«,} C (0,1), g : H — H is a strict contraction
with the contraction coefficient ¢ € [0, 1), f,, is defined in (1.18), and 7, is the step
size, which has two different choices in Section 3.

The rest of the paper is arranged as follows. In Section 2, some useful concepts
and lemmas for our analysis are reviewed. We present our algorithms and prove their
strong convergence in Section 3. Finally, in Section 4, we exhibit several numerical
examples to illustrate our results and observe the performance of our algorithms.

2. PRELIMINARIES

In this section, we present some basic concepts and lemmas which will be used
in this paper. Let H be a real Hilbert space, and its inner product and norm be
expressed by (-, -) and ||-||, respectively. Besides, we use the symbol z,, — z (z, — z)
to express that the sequence {x,} converges strongly (weakly) to z. Recall that an
operator T': H — H is said to be nonexpansive if, for every x,y € H,

(2.1) [Tz =Tyl < |lz —yll;
T : H — H is said to be firmly nonexpansive if, for every x,y € H,
(22) |ITx = Ty|* < [lz = y[I* = |(I = T)a — (I = T)y|%,

where I is the identity operator. It can be proved that (2.2) is equivalent to the
following inequality

(2.3) |72 —Ty|? < (Tw - Ty,a — y),

for every z,y € H. It is known that T is firmly nonexpansive if and only if I — T
is firmly nonexpansive.

Let C be a nonempty, closed and convex subset of H. The metric projection
Po : H — (' is an important tool for our work in this paper which is defined by

(2.4) Po(z) = argmin ||z — y||?, z € C.
yeC

Moreover, we have
(2.5) (x — Po(z),y — Po(x)) <0, VexeH,yeCl.
It is well known that Pc is a firmly nonexpansive operator.

Definition 2.1. Let ¢ : H — R be a convex function. The subdifferential of ¢ at
x is defined as

(2.6) Op(x) ={£€ H:oy) >e)+(y—x),Vyc H}.

Definition 2.2. A function ¢ : H — R is said to be weakly lower semicontinuous
at z if x, converges weakly to x implies

(2.7) p(z) < liminf p(z,).

Definition 2.3. An algorithmic operator T is said to be bounded perturbations
resilient if the iterations x,,+1 = Tx, and zp+1 = T'(zy + Bnen) all converge, where
Brn > 0foralln >0, {e,} is a sequence in H, and M € R and satisfies

o
D B < 400, llenll < M.

n=0



302 Y. X. ZHANG, Y. M. GUAN, AND R. X. YANG

Lemma 2.4. [5] Let {C;}_, and {Q; 1 be closed convex subsets of Hi and Ha,
respectively, A : Hy — Hy is a bounded linear operator. Let f(x) be the function
defined as follows

28) @)= 2 lo— Pa@IP+ L YN Ae - Po,(42)]2
=1

] 1

Then V f(z) is Lipschitz continuous with Lipschitz constant L = Z i+ A|? Z Aj.

i=1

Lemma 2.5 (28]). Let {a,} and {c,}be sequences of nonnegative real numbers such
that

(2.9) an+1 < (1 —ap)an +bp +cp, n>1,

where {an} is a sequence in (0,1) and {b,} is a real sequence. Suppose that
Y oo2 ¢ < 00. Then the following results hold:

(1) If by, < apM for some M > O then {a,} is a bounded sequence.

(2) If Y0y = 00 andhmsup 2 <0, then hm an = 0.

n—oo

Lemma 2.6 (11]). Assume that {s,} is a sequence of nonnegative real numbers
such that

(2.10) Sn+1 < (1 —ap)sn + andn, n>1,
(2.11) Sn4l S Sn =M+, N =1,

where {ay} is a sequence in (0,1), {n,} is a sequence of nonnegative real numbers,
{0n} and {v,} are two sequences in R such that

(1) 2onZy an = 003

(2) lim Yn = 0;

(3) hm 0 Ty, = 0 implies limsup 6, < 0 for any subsequence {n;} of {n}.
k—ro00

Then hm sp = 0.
n—oo

3. MAIN RESULTS

In this section, we present the two algorithms for the problem (1.7) and prove
their strong convergence. Throughout this section, we assume that the following
three assumptions hold.

(A1) The solution set S of (1.7) is nonempty.

(A2) The functions ¢; : H1 — R and ¢; : H2 — R defined in (1.15) are convex
and weakly lower semicontinuous functions.

(A3) For any € H and y; € H;, at least one subgradient & € Jc;(x) and
n; € 0q;j(y;) can be calculated. The subdifferentials Oc; and dg; are bounded
on the bounded sets.

Algorithm 1.
Yn = Tn T €n, 77/217

(3'1) Tpyl = ang(yn) + (1 — an)(yn - Tnvfn(yn))7
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where {a,,} C (0,1), V f, is given in (1.19), 7,, is the step size, g : H — H is a strict
contraction mapping with the contraction coefficient ¢ € [0, 1).

Now we establish strong convergence theorems for Algorithm 1.

Theorem 3.1. Let H and H; be real Hilbert spaces, C;,i = 1,2,...,t and Qj,j =
1,2,...,7r be nonempty, closed and convex subsets of H and H;, respectively. Let
Aj:H — Hj,j=1,2,...,r be bounded linear operators with their adjoint denoted
by Aj. Assume that {an}, {en} and 7, satisfy the following conditions:

Cl) lim a, =0 and > >, a, = 00;
( — n=1

. 1 1
(€2) 0 <a<m <b<min{ st o AP
1<i<t 1<j<r 1

max Aj }’
<j<r

(C3) >0y llenl| <'+00,n@E&)§% =0.

Then the sequence {x,} generated by Algorithm 1 converges strongly to z € S,
where S = i_, CiN (Mj=1 A;l(Qj)), and z is the unique solution to the variational
inequality:

(3.2) (I=9)(2),y—2)>0, Vyes.

Proof. Note that g : H — H is contractive, so Pgg is also contractive, thus Pgg has
a unique fixed point z, which by (2.5) is the unique solution of (3.2).
It is obvious that

(3-3) 1y — TV fr(yn) — Z||2 = |Jyn — ZH2 + 73||an(yn)”2 =270V fu(Yn)s Yn — 2)
and that

t r
IV Faya)I? = 11D LI = Pop)yn + Y AAG(I = Por) Ajynl)?
=1 j=1

t r
(34) <2 Y U = Pep)yall® + 20 ) NA( = Por) Ajynl®
i=1 j=1

t r
<2t Y (I = Pop)ynll* +2r > N[IA5(I — Por) Ajynl|*.
=1 7j=1

The definition of f,, and the operators I — PQ;; being firmly nonexpansive ensure
that

<vfn(yn)7 Yn — Z>

t T
= (Y Ul = Pop)yn+ Y NASI — Pop) Ay, yn — 2)
=1 j=1

t T
= LI = Pop)yn,yn — 2) + Y \{(I = Por) Ajyn, Aj(yn — 2))
i=1 j=1

t T
>3 LI = Pyl + Y MU — Por) Ajuml >
i=1 j=1

(3.5)
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Substituting the inequality (3.4) and (3.5) into (3.3), we obtain
(3.6)

t r
lyn = 7V falyn) = 217 < llyn — 21> + 7226 D BT = Pop)yall® +2r Y NIAKI = Por) Ajyal®)
i=1 j=1

t T
— 27,3 LT = Pom)yall® + Y NI = Por) Ajynll?)
i=1 j=1
t
<yn = 201> = (2 — 2trs, max l;) > LI = Por)yal®
- =1

:

_ _ 112 4 (T — PorY A |12

(2 =207, g 14,17 e 35) 3C0IE = Pop) Al
]:

Thus we have from (C2) that

(3.7) lYn — TaV fu(yn) — 2| < |lyn — 2||.

The iterative scheme of Algorithm 1 shows that

(3.8) [yn = 2ll = [lon + en — 2[| < [lzn — 2] + llenll,

and hence

[2nt1 = 2]l = lomg(yn) + (1 = an)(Yn — 7V fulyn)) — 2|
< anllg(yn) — 2l + (1 = an)llyn — 7V fa(yn) — 2|l
< ancllyn — 2zl + anllg(z) — 2l + (1 — an)lyn — 2|
= [1 = an(l=)llyn — 2l + anllg(z) — 2|l
<[ =an(l=o)lflzn — 2 + [1 = an(l = o)]llen]| + anllg(z) — 2|
= [1 = an(l = o)]flzn — 2|

(3.9)

v a1 o180 =2+ g el
" 1—c¢ ’
According to (C3), we see that u, = 170‘;75}70)]]671\\ — 0. Hence the sequence
{pn} is bounded. Put
(3.10) (1= )M = max{flg(z) = 2l sup{pn}},
n>

then (3.9) can be rewritten as follows:

(3.11) [2nt1 = 2l < [1 = an(l = ¢)]

|zn, — 2| + an(l — c) M.

Applying Lemma 2.5 (1) and (C3), we conclude that {z,} is bounded, and hence
{yn} is bounded.
Next, we calculate the following estimates:

(3.12) lyn = 212 = llzn + en = 21* = llon — 21° + 2(z0 — 2,€n) + [lenll*.

1 1 1
(3.13) (@n = z,en) = =5 [lon — 2 — enl® + S llan — 217 + S lleal.
2 2 2
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Combining (3.12) and (3.13), we obtain:

lyn = 2017 = llzn = 21* + (=llen = 2 = el + lon = 21° + llenl|*) + lleall?

(3.14)
= 2w = 2l* + (l2n = 21* = 20 — 2 = eal®) + 2lea]*.

By (3.6), we obtain:

|Zns1 — ZH2 = (ang(Yn) + (1 = an)(Wn — TV fa(Yn)) — 2, g1 — 2)
= (1 = an){Yn — TV fulyn) — 2, Tn1 — 2)
+ an<g(yn) — 2, Tnp41 — Z>

11—«
< (g = 217 + llyn = 7V fa(yn) = 211%)
(&%
+ 5 (lgn) = 9(II* + llznsa = 211%)
+ an<g('z) — 2, Tn+l1 — Z>
11—«
< “(lznsr = 207 + lyn = 7V falyn) — 2[1%)
(3.15) a
+ 5 (llyn = 21 + llznss = 21%) + anlg(2) = 2, 2041 — 2)
1-a
< (e = 217 + flyn — 2]
t
= (2 = 207, max L) Z; LI (I = Per)ynl?
T
|2 , ) PN A 112
—Tn(2— 27“7711%1?% 1A4;]l 112?5 Aj) z; e Por )Ajynll%)
]:
(0%
+ 5 (ellyn = 217 + g = 21%) + anlg(2) = 2,211 = 2).
Let
t
En = 7a(2 = 2t7, max L) 2;1i||<1 — Pep)yn)®
(3.16) =

T
(12 , , PN A 112
+ 7a(2 = 27 max [|4] g?grxj);AJW Por) Ajynl|*.
j:

Then (3.15) can be rewritten as follows:

[Znt1 — zH2 < (1 —an)llyn — ZHQ — (1= an)Ey + ancllyn — 2”2
+ 20, (9(2) — 2z, Zp41 — 2)
=[1—an(l=)yn — 2> = (1 — ) En
+20,(g(2) — 2, Tpy1 — 2).

(3.17)
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Combining (3.14) and (3.17), we obtain

|zn41 = 217 < [1 = an(1 = )llllzn = 21° + (lzn = 2lI* = 2 — 2 — enl|?)

+2/len)?)
— (1 —an)Bn 4+ 20,(9(2) — 2, Tnt1 — 2)
(3.18) < 1= an(1 — O — 2]

+ 1 —an(l = )llenll(lzn = 2l + [l2n — 2 — enl])
+2[1 —ap(l - C)]HenH2 —(1—an)kn
+ 20, (9(2) — 2, Tpt1 — 2).

Set
sn = |lzn — z||2;
n =1 —an(l = o)][lenll([zn — 2[| + [zn — 2 — €nl])
+2[1 = ap(1 = o)]flen]
+ 2a,(9(2) — 2, Tpt1 — 2);
(3.19) lenl|
b = 1= (1 = )l =2l + = 2 = )

len]|? 2 ,
Oén(]_ 7 C) + 1— C<g(Z) 2y Tn+1 Z>7

+2[1 — an(1 —¢)]
M = (1 —ap)E,.

Then 7, > 0, lim,, 00 v, = 0, and (3.18) and (3.19) can be rewritten as the following
two inequalities

snt1 < [1—an(l=o)lsy + an(l —c)dy, n>1,
Sp41 < Sy — M+ Y, n =1

Let {ny} be a subsequence of {n} and suppose that

lim sup 7, <0,

k—00
i.e.,
limsup(l — oy, ) En, < 0.
k—o0
Then
E,, —0, k— oo,

and hence
(3.20) lim [|( — Pork )yn, || =0, i=1,2,...,t,

k—o0 i
(3.21) lim ||(I — Pan)AjynkH =0, 7=1,2,...,7

k—o0 J

Since dgj,j = 1,2,...,r are bounded on bounded sets and {z,,} is bounded,

there exists a constant p > 0 such that HC]"’“H < u,j=12...,r, k € N, where
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C]mc € 0¢j(yn,,)- Note that PQ;Lk Ajyn, € PQ;_%, (3.21) reads that

0j(Ajym) <G Ajyng = P (Ajyn, )

3.22
(3.22) < pll = Byr) Ajyn|l = 0, k= oo

Since {yn,} is bounded, there exists a subsequence {yn, } C {yn,} such that
Yny,, — * and

(3.23) limsup(g(z) — 2,Yn, —2) = lim (g(2) — 2,Yn,, — 2)-

k—o00

Notice that Ajy,, — Ajz* and g; is weakly lower semi-continuous, by (3.22) we
have

(3.24) gj(Ajz") <liminf g;(Ajyn,,, ) < 0.
Hence Ajz* € Q.

We next prove that z* € Cj,i = 1,...,t. By the definition of C}™,i = 1,...,t,
the assumption (A3) and (3.20), there exists a constant ¢ > 0 such that

(3'25) Ci(ynk) < <§zm€7ynk - PCZ.nk (ynk)> < 6Hynk - ‘DCZ_"I’C (ynk)H —0, k— oo

Then the weak lower semi-continuity of ¢; and the existence of {y,, } such that
Yny,, — 2 yields that

(3.26) ci(z™) < lini}nf ci(Yny,,) < 0.
Therefore z* € C;,i=1,...,t. Sox* € S.
From (2.5) and (3.23) we obtain:

limsup(g(2) — 2, Yn, — 2) = rry—%o@(z) — S Y, 2
(3.27) ko0

=(g(z) —z,2" — z) <0.
On the other hand, by (C3), we have
(3.28) |lyn — znll = |len|| = 0, n — occ.
A direct estimation gives that
241 — zn |
= [lan(9(yn) — zn) + (1 — an)(Yn — 7V fr(yn) — z0) ||
< anllg(yn) — 2all + (1 — an)|lyn — znll + (1 — an) T |V fu(yn)]l-

Thus
(3.29) |Zn+1 — Zn,l] = 0, Kk — oo
From (3.27), (3.28) and (3.29), we derive that
(3.30) ligl sup(g(z) — z,n,+1 — 2) < 0.
—o0
Then (C3) and (3.30) implies that
(3.31) lim sup 6, <0.

k—o0

Using Lemma 2.6, we conclude that x,, — z. The proof is complete.
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Next, we present the algorithm with the self-adaptive step size.

Algorithm 2.

Yn = Tp + €n,

3.32
( ) Tpt1 = ang(Yn) + (1 — an)(Yn — TaViin(yn)), n>1,
where {a,,} C (0,1), Vf, is given in (1.19), 7, = %, {en} is a sequence

of positive numbers, and g : H — H is a strict contraction mapping H into itself
with the contraction coefficient ¢ € [0, 1).
The strong convergence of Algorithm 2 is established in the following theorem.

Theorem 3.2. Let H and H; be real Hilbert spaces, {C;}._; and {Qj};T:l be
nonempty, closed and convex subsets of H and H;. Let Aj : H — H; be a bounded
linear operator with its adjoint Aj. Assume that {an}, {en}, {pn} satisfy the fol-
lowing conditions:

(C’4) lim a, =0 and Y 7| a, = 00;
mf pn(4 = prn) >0;

C5)
(06) Zn 1 ||€nH < +OO 11_}11(’)10 |len]] = O}
(C7) {en} is bounded.

Then the sequence {xy} generated by Algorithm 2 converges strongly to z € S,

where S = i_, CiN (g A;l(Qj)), and z 1is the unique solution to the variational
inequality:

(3.33) (I-9)(2)y—2)20 Vyes

Proof. Similar with the proof of Theorem 3.1, the variational inequality(3.33) has
a unique solution, denoted by z, such that z = Psg(z).

Since I — Por,i=1,2,...,t and I — PQ;L,j =1,2,...,r are firmly nonexpansive
and V f,,(z) = 0 for every n € N, we have

(Vfn(yn)yn — 2)

t T
= (O lilyn = Pop(yn)) + D NATU = Por) Ajyns yn — 2)
: p

t T
(3.34) =Y 1T = Pop)ynsyn — 2) + D NI = Por)Ajyn, Ajyn — Aj2)
i=1 j=1

t T
> Ul = Pep)yal® + DNl = Por)Ajyal?
i=1 j=1

= 2fn(yn)’
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So we obtain that

lyn — TV fru(yn) — ZH2
= ”yn - 2”2 + Tr%Han(yn)HZ - 27n<vfn(yn):yn —z)
< ”yn - 2”2 + Tr%van@n)HQ - 4Tnfn(yn)

@35) = ln == g e VW Ao e
BTN () N filym)
e B NS | LY N | E,

2
lyn = 21" = = o) (7 ) P 2

Since p, € (0,4), Vn € N, it follows that
(3.36) lyn — TV fu(yn) — 2|l < llyn — ||

Similar with the proof of Theorem 3.1, it holds that

1—apn(l—
lg(2) — 2 + =22l= e, |
1—c¢c ’

(3:37) [lzns1—2] < [1—an(l=c)l|lzn— 2]+ an(l—c)

and thus {z,} and {y,} are bounded.
By Lemma 2.4, we see similarly that

(3'38) van(yn)n = van(yn) - vfn(z)H < LHyn - Z||,

where L =3"0_ I; + > ic1 Aj||A;][2. That means {V f,(yn)} is also bounded.
Similar with (3.15), we have by (3.35) that

[Znt1 — 2|
= (1 = an)(¥n — oV fn(yn) — 2, %041 — 2) + an(9(Yn) — 2, Tng1 — 2)
l-—a
< 9 (A 2”2 + 1yn — 7V fu(yn) — ZHQ)

(3.39) + %(Hg(yn) —g(2)? + lzng1 — 2I1°) + anlg(z) — 2, n41 — 2)

IV fu(yn)lI? + en

o
+ 5 (ellyn = 2I° + lzngn = 21%) + anlg(2) = 2, 2011 = 2),

11—«
< = (s = 212 + g = 212 = pa(d = pu)

)

which is rearranged to obtain
(3.40)

fa(yn)
IV fu(yn) 1> + €n

lrnr = 27 = [1 = an(l = )lyn = 217 = (1 — an)pn(d — pn)‘

+ 200,(g(2) — 2, Tpy1 — 2).



310 Y. X. ZHANG, Y. M. GUAN, AND R. X. YANG

Substituting (3.14) into (3.40) yields that
(3.41)
|Zn+1 — ZH2
<1 —an(1 = O)[lan — 217 + (lzn — 2[° = lzn — 2 — enl?) + 2[len]?]
fayn)
— (1 —on)pn(4 —pn
(= an)onld = PG (P +
<1 —an(1 = O)llen — 21> + [1 = an(l = )l[lenll(lzn — 2]| + 20 — 2 — €nl])
fayn)
IV fu(yn) 12 + €

+ 20, (9(2) — 2, Tpy1 — 2)

+2[1 = an(1 = O)lllen]l* = (1 = an)pn(4 — pn)

+2a,(9(2) — 2, Tpy1 — 2).
Set
(3.42)
sn = [lon — ZH2§
o = [1 = an(1 = Ollenll(2n — 21| + 120 — 2 — enll) +2[1 = an(1 = &)]eal?
+2an(9(2) = 2, 2n41 — 2);

= — — C M Tyn — 2 Xy, — 2 — €
b = (1= a1t = Ao, =2l -+ o~ cal)
rof—an(t -t 2 iy e o)
" an(l—c) 1-c¢ g rontl ’
f2(yn)

Then (3.42) can be rewritten as follows:
Spt1 < [1 — an(l —c)lsp + an(l —¢)d,, n>1,
Snp1 < Sp —Mn+m, n=>1.
Let {n} be a subsequence of {n} and suppose that

lim sup 7, < 0.
k—o0

That is

f2 (yn )
limsup(1l — ay,, ) pn, (4 — pn LA ,
msnp(l = an o (4= P g7 0, SE T E, <

which by conditions (C4) and (C5) implies

lim nzk )

k=00 [V fy, (i) |I? + &

Since {||V fu,, (Yn,)||? + en} is bounded, then fn, (yn,) — 0,k — oo, which indicates
that

=0.

. um — P )yn, || =0, 1=1,2,...,1,
3.43 lim [|(1 — Pori)yn, || =0, i=1,2

k—o0 i

k—ro0 J
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Similar proof as Theorem 3.1 insures that any weak cluster z* of {yy, } satisfies
e Ci=1,2,...,t, Ajo* € Qj,j =1,2,...,r, and hence z* € S. It follows that
limsup(g(z) — z,yn, —2) = lim (g(z) — 2 Yy, — z)

(3.45) k=00 e
=(g(z) —z,2" — z) <0.

On the other hand, the condition (C6) reads that

(3.46) lyn — xnl| = |len]] = 0, n — oo.
Hence, we have
(3.47)

[Zn+1 — nl

= lan(g(yn) — 2n) + (1 = an)(Yn — TV ful(yn) — zn)||
< anllg(yn) — wull + (1 = an)llyn — 2all + (1 = an) 70|V fo(yn) ||

p fn(Yn)
" IV fa(yn)lI? + en

= anllg(yn) — zal + (1 = an)llen]| + (1 — an) IV fyn)ll;

which indicates that

(3.48) |Zn+1 — il = 0, Kk — oo.
Combining (3.45), (3.46) and (3.48) leads to

(3.49) limsup(g(z) — 2, Tp,+1 — 2) <0,

k—o0

which together with the condition (C6) yields that
(3.50) lim sup d,,, < 0.

k—o0

Using Lemma 2.6, we conclude that x,, — z. We thus complete the proof.
O

Remark 3.3. The strong convergence of the two algorithms still hold when e,, = 0.
This implies that the two algorithms are both bounded perturbation resilience.

Remark 3.4. It is easy to see that the two algorithms generalize some existed
iterative schemes. If A; = A,j =1,2,...,r and g is identity operator, Algorithms
2 is reduced to the algorithm for the MSSFP in [24]; if ¢ = 1 and e, = 0, the
Algorithm 1 is reduced to a variant of the algorithm solving the SFP with multiple
output sets in [20]; and if ¢ = j = 1, the algorithms are the reduced to solve the
SFP [29].

4. COROLLARYIES

4.1. The split common fixed point problem for nonexpansive mappings
with multiple output sets. Let H, H;,j = 1,2,...,r, be real Hilbert spaces and
let Aj: H— Hj,j7=1,2,...,r, be bounded linear operators. Let B; : H — H,1 =
1,...,tand T; : H; — Hj;,j = 1,...,r, be nonexpansive mappings. We consider
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the following split common fixed point problem with multiple output sets: Find an
element z* € H such that

(4.1) e S = m Fix(B;) N (h Aj_lFiX(Tj)),
j=1

=1

where Fix(B) denotes the sets of fixed points of operator B.

Let C; = Fix(B;),i = 1,2,...,t and Q; = Fix(T}),j = 1,2,...,r. Note that the
set of fixed points of a nonexpansive operator is closed and convex, then problem
(4.1) becomes Problem (1.7). Thus we obtain the following corollary for solving
Problem (4.1).

Corollary 4.1. Let {x,} be the sequence generated by Algorithm 1 with C; =
Fir(B;),i = 1,2,...,t and Q; = Fiz(Tj),j = 1,2,...,r, respectively. If the se-
quences {an}, {mn} and {en} satisfy the conditions (C1)-(C3), then the sequence
{zn} converges strongly to z € S, which is the unique solution to the variational
nequality

(I—=9)(2),y—2)>0, Vyesb.

Corollary 4.2. Let {x,} be the sequence generated by Algorithm 2 with C; =
Fir(B;),i = 1,2,...,t and Q; = Fiz(Tj),j = 1,2,...,r, respectively. If the se-
quences {an}, {pn}, {en} and {e,} satisfy the conditions (C4)-(C7), then the se-
quence {x,} converges strongly to z € S, which is the unique solution to the varia-
tional inequality

(I—=9)(2),y—2)>0, Vyeb.

4.2. Variational inequality problem with multiple output sets. Let A: H —
H be an operator from the Hilbert space H into itself and let D be a nonempty,
closed and convex subset of H. The variational inequality problem (VIP) is to find
an element z* € D such that

(4.2) (Az*,x —2*) >0, VzxeD.
We denote by VIP(A, D) the solution set of this problem.

It is known that VIP(A, D) = Fix(Pp(I — AA)), where A > 0. If A is a S-inverse
strongly monotone (ism for short) operator, that is, there exists a positive real
number S such that

(4.3) (A — Ay,a —y) > Bl Az - Ay|>, VayecH

then I — AA is a nonexpansive mapping for A € (0,20], and hence the solution set
VIP(A, D) is closed and convex.

Let H, Hj,j = 1,2,...,7, be real Hilbert spaces and let A; : H — H;,j =
1,2,...,r, be bounded linear operators. Let T; : H — H,¢ = 1,...,t, be (;-ism
operators and let B; : H; — Hj,j = 1,2,...,7, be Bj—ism operators. Let D;,i1 =
1,2,...,t be nonempty, closed and convex subsets of H, and Dj,j =1,2,...,r be
nonempty, closed and convex subsets of Hj, respectively. We consider the following
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variational inequality problem with multiple output sets: Find an element z* € H
such that

t T
(4.4) " € 8= (| VIP(T;, D;) n ([ ) A; 'VIP(B;, D;)).
i=1 Jj=1

Let C; = VIP(T}, D;),i = 1,2,...,t and Q; = VIP(B;,D;),j = 1,2,...,7. Then
problem (4.4) becomes Problem (1.7). Thus we obtain the following corollary for
solving Problem (4.4).

Corollary 4.3. Let {x,} be the sequence generated by Algorithm 1 with C; =
VIP(T;, D;),i = 1,2,...,t and Q; = VIP(B;, D;),j = 1,2,...,r, respectively. If the
sequences {an}, {Tn} and {e,} satisfy the conditions (C1)-(C3), then the sequence
{zn} converges strongly to z € S, which is the unique solution to the variational
inequality
(I=-9)(2),y—2) =20, Vyes

Corollary 4.4. Let {x,} be the sequence generated by Algorithm 2 with C; =
VIP(T;, D;),i = 1,2,...,t and Q; = VIP(Bj,Ej),j = 1,2,...,7, respectively. If
the sequences {an}, {pn}, {en} and {en} satisfy the conditions (C4)-(C7), then
the sequence {x,} converges strongly to z € S, which is the unique solution to the
variational inequality

(I-g)(2),y—2z)>0, VyeSs.

5. NUMERICAL EXPERIMENTS

In this section, we present some numerical simulations to show the validity of
Algorithm 1 and Algorithm 2. In the experiments, we set e, to be the inertial term,
ie., ep = Bp(zn — p—1), where

On

Bn = Hxn_xn—lu7
ena Hxn_xn—lH < 1.

||y, — xp_1]| > 1

It can be proved (see [26]) that if §,, > 0 and > 7,6, < +oo, the corresponding
algorithms are still strongly convergent.

The codes are written in Matlab R2018b and run on Inter(R) Core(TM) i9-12900H
CPU @ 2.50 GHz , RAM 16.00 GB.

Example. Consider the following problem: find an element z* € R® such that

where C; = {u € R® : (a;,u) < b}, Q; = {u € R : (e; u) < d;}, the
coordinates of a;, e; are randomly generated in the closed interval [—1,1], b;, d; are
randomly generated in the closed interval [0,1] for all: =1,2,...,¢, j =1,2,...,r,
and A; : R®> — R5U+D be bounded linear operators, of which the elements are
randomly generated in the closed interval [—5,5].
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Define the function TOL
1 t T

(5.1) TOL = W(; lzn — Peyzal? + ; 14j2n — Po; Ajzal®)
for all n > 1. Note that if at the n-th step, TOL = 0, then x, € S, that is, z,, is a
solution to this problem. Take TOL < 1075 as the stopping criterion.

Set t =20, r =30, pn = 0.3, an = =55, Op = 12, 60 = 0.1, g(x) = 0.7, I; =
Aj = H% and e the vector of corresponding dimension whose coordinates are all 1.

First, we examine the impact of different choices of step sizes and the inertial
terms on the convergence. Denote by Alg.1.1 and Alg.2.1 the proposed Algorithm
1 and Algorithm 2; and by Alg.1.2 and Alg.2.2 the ones without inertial term. We
choose different initial points and examine the convergence of the sequences {x,}
which is generated by Alg.1.1, Alg.2.1, Alg.1.2 and Alg.2.2 The results of numerical
experiments are reported in Table 1, Table 2 and Fig 1, Fig 2.

From the tables and the figures we know that the inertial perturbation can im-
prove the convergence of the algorithms, and that self-adaptive step size is more
efficient.

TABLE 1. The numerical results for Alg.1.1 and Alg.1.2

Alg.1.1 Alg.1.2
Initial Point n Time(s) | n Time(s)
To =11 = 5 %€ 12 0.1138 19 0.1755
To=x1=¢€ 48 0.3867 63 0.5679
xo =x1 = 2*rand(b, 1) 72 0.6326 90 0.8166
xo =1 = H*xrand(5,1) 97 0.8948 110 0.9863

TABLE 2. The numerical results for Alg.2.1 and Alg.2.2

Alg.2.1 Alg.2.2
Initial Point n Time(s) | n Time(s)
1o =11 = f5€ 8 0.0556 12 0.0769
Tog=x1=¢€ 22 0.1308 28 0.1589
xg =21 = 2*rand(5,1) 27 0.2000 32 0.2020
xo = x1 = H*rand(b,1) 32 0.2136 35 0.2382

Next, we consider the impact of «,, on the the convergence in Algorithm 1. For
oy = nTl,g), Qp = ﬁ or a, = ﬁ, with other parameters retaining the same values
as above, the numerical result is Fig. 3(a). It seems that the gradient descent part
dominates the convergence.

Now we consider the impact of p, in Algorithm 2, which is the parameter of the
self-adaptive step size. For p, = 0.3, p, =1, pp = 2, pp = 3 or p, = 3.95, with
other parameters retaining the same values as above, the result is shown in Fig 3(b).
It seems that the algorithm converges faster if the value of p, is taken around the
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(d) ®o = z1 =5 *rand(5,1)

FiGure 1. Comparison of different choices of initial point.

" 15 2 o 5 w15 2 EY
Number ofterations Number ofterations

(a) zo = w1 = 15e (b) zo=z1=¢ (¢) wo = 1 =2 *rand(5,1)

(d) o = x1 =5 *rand(5,1)
FiGure 2. Comparison of different choices of initial point.

midpoint of the interval (0,4), and that the error becomes smaller if p,, is closed to
4.

Example. Consider the following problem: find an element z* € R such that
e S=(Cn([)41(Q))),

where
C,={zx¢€ RO . |z — cZ-H2 < a?}
Q;j = {Ajz € ROV || Ajz — b < d?}
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(a) Different choices of o,  (b) Different choices of p,

FiGURE 3. Comparison of different choices of a,, and p,,.

where ¢; € R1Y) b; € R19G+1) | of which the coordinates are randomly generated in
the closed interval [—1,1]; a;,d; € R are randomly generated in the closed interval
[5,10] and [10,20], respectively; A; : R — RG] of which the elements are
randomly generated in the closed interval [—5, 5].

In this case, from (1.16), we can obtain C}' and Q7 as follows:

Cr ={z e R : ||z, — ¢||* — a? < 2(xy, — ciy 7y — 7)}
Q;.l ={ye R10G+1) . | Ajxn — ijQ — djz < 2(Ajzy, — bj, Ajz, —y)}.

Set t =10, r =20, pp = 0.3, an = 37, Oy = —13, &, = 0.1, g(x) = 0.7z, |; =
Aj = H%T, and e is a vector of corresponding dimension of which the coordinates are
all 1.

Take TOL < 10~* as the stopping criterion, the fuction TOL be given in (5.1).

The comparison of the convergence of the sequences {z,} which is generated
by Alg.1.1, Alg.2.1, Alg.1.2 and Alg.2.2 is carried out. The results of numerical
experiments are reported in Table 3, Table 4, Fig 4 and Fig 5. We see again that
the algorithms with inertial terms and self-adaptive step sizes has advantage over
the ones without them. However, it should also be noted that the convergence can
not always be obviously accelerated by the inertial terms. In this case, we might
need the the alternated inertial technique or two-step inertial technique, etc, which
will be discussed in future.

TABLE 3. The numerical results for Alg.1.1 and Alg.1.2

Alg.1.1 Alg.1.2
Initial Point n Time(s) | n Time(s)
xg = x1 = rand(10, 1) 18 0.2510 24 0.3320
xg = x1 = 5*rand(10,1) 38 0.5395 43 0.5828
xg = x1 = 10 x rand(10, 1) 48 0.6695 52 0.6908
xo = x1 = 20 x rand(10,1) 59 0.8556 62 0.8792

Acknowledgment. The authors would also like to thank the editors and the re-
viewers for their hard work and valuable comments.
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TABLE 4. The numerical results for Alg.2.1 and Alg.2.2

Alg.2.1 Alg.2.2
Initial Point n Time(s) | n Time(s)
xg = x1 = rand(10,1) 15 0.1516 22 0.2143
xg = x1 = 5*rand(10,1) 32 0.3337 37 0.3998
xo = x1 = 10 * rand(10, 1) 45 0.4794 49 0.5112
xo = x1 = 20 * rand(10, 1) 50 0.5218 53 0.5543

(a) o = 1 = rand(10,1) (b) zo = 1 = 5*rand(10,1) (¢) z0 = z1 = 10 =

rand(10,1)
(d) zo = x1 = 20 *

rand(10,1)

FIGURE 4. Comparison of different choices of initial point.
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