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is a closed subset of X ×X equipped with the product topology. Let the operator
T : X → X be a self-mapping of X and suppose that the following assumption
holds true.

(A) For every pair of points u, v ∈ X, if (u, v) ∈ E(G), then (T (u), T (v)) ∈ E(G)
and

(2.1) ρ(T (u), T (v)) ≤ ρ(u, v).

Note that operators satisfying (A) were studied in [1, 3].
For every point ξ ∈ X and every nonempty set C ⊂ X, define

ρ(ξ, C) := inf{ρ(ξ, η) : η ∈ C}.

For every point ξ ∈ X and every number γ > 0, set

B(ξ, γ) := {η ∈ X : ρ(ξ, η) ≤ γ}.

For every operator S : X → X, set S0z = z for all z ∈ X.
In this paper we establish the following result.

Theorem 2.1. Let a sequence {xk}∞k=0 ⊂ X satisfy

(2.2) (T (xk), xk+1) ∈ E(G), k = 0, 1, . . . ,

and

(2.3)

∞∑
k=0

ρ(T (xk), xk+1) < ∞,

and let a subsequence {xik}∞k=1 of {xk} be given. Then the following assertions hold.
1. Assume that for every integer k, the sequence {T j(xik)}∞j=1 converges. Then

there exists the limit

x∗ = lim
i→∞

xi,

(x∗, T (x∗)) ∈ E(G), and if the operator T is continuous at x∗, then x∗ is a fixed
point of T .

2. Assume that there exists a nonempty set F such that for every natural number
k,

lim
j→∞

ρ(T j(xik), F ) = 0.

Then

lim
i→∞

ρ(xi, F ) = 0.

3. Assume that for every integer k ≥ 1, there is a nonempty compact set Ek ⊂ X
such that

lim
j→∞

ρ(T j(xik), Ek) = 0.

Then there is a nonempty compact set E ⊂ X such that limi→∞ ρ(xi, E) = 0.

Theorem 2.1 is established in Section 4.
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3. An auxiliary result

Lemma 3.1. Assume that {xk}∞k=0 ⊂ X and that

(3.1) (T (xk), xk+1) ∈ E(G), k = 0, 1, . . . ,

(3.2)
∞∑
k=0

ρ(T (xk), xk+1) < ∞,

and q, n are natural numbers. Then

ρ(xn+q, T
n(xq)) ≤

q+n∑
j=1+q

ρ(T (xj−1), xj).

Proof. In view of (3.1) and Assumption (A), for every integer p ≥ 0 and every
integer s ≥ 1,

(3.3) (T s+1(xp), T
s(xp+1)) ∈ E(G)

and

(3.4) ρ(T s+1(xp), T
s(xp+1)) ≤ ρ(T (xp), xp+1).

By (3.4),

ρ(xn+q, T
n(xq)) ≤

n∑
j=1

ρ(Tn−j+1(xq+j−1), T
n−j(xq+j))

≤
n∑

j=1

ρ(T (xq+j−1), xq+j) ≤
q+n∑

j=1+q

ρ(T (xj−1), xj).

Lemma 3.1 is proved. □

4. Proof of Theorem 2.1

Let ϵ ∈ (0,∞). Relation (2.3) implies that there is a natural number k for which

(4.1)
∞∑

j=ik−1

ρ(xj+1, T (xj)) < ϵ/4.

Lemma 3.1 and relations (2.2), (2.3), (3.1), (3.2) and (4.1) imply that for every
n ∈ {1, 2, . . . },

(4.2) ρ(xn+ik , T
n(xik)) ≤

ik+n∑
j=1+ik

ρ(T (xj−1), xj) < ϵ/4.

We prove the three assertions formulated in the statement of Theorem 2.1 one
by one.

We first prove Assertion 1. There exists

(4.3) y∗ = lim
j→∞

T j(xik).

By (4.2) and (4.3), for all sufficiently large positive integers n,

ρ(xn+ik , y∗) ≤ ρ(y∗, T
n(xik)) + ρ(Tn(xik), xik+n) < ϵ.
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Since ϵ is any element of the interval (0,∞), {xn}∞n=0 is a Cauchy sequence and
there exists

(4.4) x∗ = lim
n→∞

xn.

It follows from (2.3) and (4.4) that

(4.5) x∗ = lim
i→∞

T (xi).

Since the set E(G) is assumed to be closed, relations (2.3), (4.4) and (4.5) imply
that

(x∗, x∗) ∈ E(G).

If the operator T is continuous at x∗, then x∗ is a fixed point of T . Assertion 1 is
proved.

Next, we prove Assertion 2. By our assumptions,

lim
j→∞

ρ(T j(xik), F ) = 0.

When combined with (4.2), this implies that for every sufficiently large natural
number n,

ρ(xn+ik , F ) ≤ ρ(xn+ik , T
n(xik)) + ρ(Tn(xik), F ) < ϵ.

Since ϵ is any element of (0,∞), it follows that

lim
i→∞

ρ(xi, F ) = 0.

Thus Assertion 2 is also proved.
Finally, we prove Assertion 3. There exists a compact set E0 ⊂ X such that

(4.6) lim
n→∞

ρ(Tn(xk), E0) = 0.

By (4.2) and (4.6), for every sufficiently large positive integer n,

ρ(xn+ik , E0) ≤ ρ(xn+ik , T
n(xik)) + ρ(Tn(xik), E0) < ϵ.

This implies that each subsequence of the sequence {xi}∞i=0 has a convergent sub-
sequence. Let E be the collection of all subsequential limit points of {xi}∞i=0. It is
clear that E is compact and that

lim
i→∞

ρ(xi, E) = 0.

This completes the proof of Assertion 3 and of Theorem 2.1 itself.
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