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ON OPTIMALITY AND DUALITY FOR APPROXIMATE
SOLUTIONS IN NONSMOOTH INTERVAL-VALUED
MULTIOBJECTIVE SEMI-INFINITE PROGRAMMING

AKRITI DWIVEDI, SHASHI KANT MISHRA, JJANMING SHI, AND VIVEK LAHA

ABSTRACT. The paper focuses on investigating an interval-valued multiobjective
semi-infinite programming problem (IVMOSIP), where the involving functions
are locally Lipschitz. Initially, we introduce approximate versions of some con-
straint qualifications that exist in semi-infinite programming for the IVMOSIP.
Using these approximate constraint qualifications, we then derive necessary opti-
mality conditions for identifying solutions that are approximately quasi-efficient
for the IVMOSIP. Under the assumptions of approximate convexity, We derive
the conditions under which the KK T type necessary optimality conditions become
sufficient. An approximate dual model of Mond-Weir type is used to generate
primal-dual relations and to obtain duality results. The Clarke subdifferential
tool from nonsmooth analysis has been used to obtain the desired results, which
are well demonstrated by examples.

1. INTRODUCTION

Multiobjective semi-infinite programming (MOSIP) is a mathematical program-
ming framework that deals with optimization problems involving multiple objectives
and infinite sets of constraints. In MOSIP, the decision variables are subject to a
finite number of constraints, while the objective functions are optimized over an
infinite set of constraints. Kanzi and Nobakhtian [20] derived necessary and suffi-
cient optimality conditions for nonsmooth multiobjective semi-infinite programming
problems (MOSIP) involving locally Lipschitz functions using Clarke subdifferen-
tials. Kanzi [18] proved that under suitable constraint qualification of Maeda type
strong KKT optimality conditions can be derived for the MOSIP. Yu [42] investi-
gated strict minimizers of higher order for the MOSIP. Goberna and Kanzi [11]
analysed isolated efficient solutions for the MOSIP involving convex functions.
Kanzi [19] extended Caristi-Ferrara—Stefanescu result for MOSIP. Tung [38] pre-
sented strong KKT optimality conditions for the MOSIP via tangential subdiffer-
ential. Rezaee [35] characterized isolated efficient solutions for MOSIP. Tung [41]
explored dual models for MOSIP using tangential subdifferentials. Tung [40] stud-
ied convex MOSIP involving interval-valued functions for optimality conditions and
duality results. Su and Luu [37] obtained higher-order optimality conditions for
Borwein properly efficient solutions of the MOSIP.
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Interval-valued multiobjective semi-infinite programming (IVMOSIP) extends
interval-valued programming to handle multiple objectives and semi-infinite con-
straints. It provides a framework for finding Pareto optimal solutions in the pres-
ence of uncertainty and infinite sets of constraints, allowing decision-makers to make
robust and balanced decisions. Gadhi and El Idrissi [10] analysed interval-valued
MOSIP (IVMOSIP) using limiting subdifferentials. Huy Hung et al. [14] derived
optimality conditions and duality results for approximate quasi Pareto solutions in
MOSIP involving interval-valued functions. Jennane et al. [17] dveloped the KKT
type optimality conditions by using Abadie’s constraint qualification and convexifi-
cators for semi-infinite programs, where the multiobjective function and constraints
both are interval-valued but need not be locally Lipschitz. Tung [39] established
the KKT optimality conditions and investigated the duality problems for the semi-
infinite programming with multiple interval-valued objective functions. Antczak et
al. [7] studied the class of nondifferentiable semi-infinite vector optimization prob-
lems with both objective and constraints are interval-valued functions under appro-
priate invexity hypothesis.

IVMOSIP is a promising area of research that deals with optimization prob-
lems involving multiple objectives and semi-infinite constraints. While there have
been some notable contributions in IVMOSIP in previous works (7,10, 14,17, 39],
analogous results to those achieved in [18,20] have not yet been obtained, particu-
larly regarding approximate solutions as presented in [14]. Therefore, our research
aims to fill this gap by exploring MOSIP with locally Lipschitz interval-valued ap-
proximately convex functions. Our objective is to derive necessary and sufficient
optimality conditions and duality results, employing suitable constraint qualifica-
tions, in order to identify approximate solutions. By addressing these aspects, we
seek to advance the understanding and practical applicability of IVMOSIP.

The structure of the paper is as follows: in Section 2 some preliminary results re-
garding MOSIP are given. In Section 3, we introduce approximate variants of some
constraint qualifications given in [18,20] for IVMOSIP to derive the approximate
KKT type necessary optimality condition and strong approximate KKT optimality
condition for IVMOSIP to identify approximate quasi weakly efficient solution of
the MOSIP. Under the generalized approximate convexity assumptions, the suffi-
cient optimality condition is derived in Section 4. In Section 5, approximate duality
results in terms of Clarke subdifferentials are developed. The conclusions and future
research possibilities are matter of the last Section 6.

2. PRELIMINARIES

Consider a nonempty subset A of n-dimensional Euclidean space, denoted as R".
We represent the closure of A, convex hull of A, and convex cone (which contains the
origin) generated by A as cl(A), conv(A), and cone(A), respectively. Additionally,
we define the polar cone and the strict polar cone of A as follows:

A= ={deR" | (z,d) <0, Yz € A}

and
A% :={deR" | (z,d) <0, Vo € A},
respectively, where (.,.) indicates the standard inner product in R".
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The contingent cone and the Clarke tangent cone to A at T € cl(A) are defined
by
(A7) :={deR" | H{(tr,dr)} — (07,d) : T + t1d), € A,Vk € N},

and
T(A,z) :={deR" | V{(tg,zx)} — (0*,9@) Jdp — d: T+ trdy € A,Vk € N},

respectively. Notice that I'(A, Z) is generally a nonconvex closed cone in R".

Let Z be an element of R™, and consider a function h : R” — R, which is locally
Lipschitz at Z. This means that there exists a number [ > 0 such that for all z and
y in a neighborhood of Z, we have the inequality ||h(z) — h(y)| < Iz —y||. If a
function h satisfies this property for every point in a subset A C R™, we say that
h is locally Lipschitz on A. We refer to [34] for more details of locally Lipschitz
functions and their application in optimization. The Clarke directional derivative
of h at Z in the direction v € R” is defined by

h°(Z;v) := lim sup My +tv) — h(y)
y—T,t,0 t
and the Clarke subdifferential of h at Z is defined by
°h(z) = {z* e R"|(z*,v) < h°(z;v),Yv € R"},
If the function h is continuously differentiable at z, then d°h(z) = {Vh(Z)}. More-

over, if the function h is convex, then the Clarke subdifferential 9°h(z) coincides
with the subdifferential Oh(Z) in the sense of convex analysis given by

Oh(z) == {z* € R" | h(z) > h(Z) + (*,z — T) Vo € R").

Proposition 2.1 ([9]). Let both & and n be locally Lipschitz functions defined from
R™ to R and let & € dom(&) Ndom(n). Then

(e +n)(@) € 8°%(x) + 0"n(%).
Consider a multiobjective semi-infinite programming problem as follows:
min f(z) = (fi(z), ..., fm(z))
st. ze Fi={xeR":g;(x) <0,VYjeJ}
where f;,i € I:={1,2,...,m}, and g;,j € J are locally Lipschitz real-valued func-
tions from R™ to R with an index set J which is arbitrary nonempty not necessarily
finite.

A point Z € F is said to be an efficient (or a weak efficient) solution of the
MOSIP, iff for any x € F, one has

f(@) = f(z) & =R\ {0} (orf(z) — f(2) ¢ —intRY).
The set of all efficient (or weakly efficient) solutions of the MOSIP is denoted by
FE (or FWE). The index set of all active constraints at ¥ € F is given by

J(@) = {j € T g;(@) = 0).
For each z € F and k € I, define
Ax) =" fi(z)

el

(MOSIP)
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U (@)
jeJ(z)
1 (Z) U O fi(z).
i€l i#k
Definition 2.2. The MOSIP satisfies
(a) [20, Definition 3.2 (c)] the regular constraint qualification (RCQ) at & € F,
iff
(A(z))* N (B(z))” CT'(F,1).
(b) [18] the constraint qualification (CQ) at z € F, iff

(Ax(2))* N (B(2))" # 0,Vk € 1.

Let RL‘L” denotes the set of all functions 5 : J — R, taking values 3; := 5(j) =
for all j € J except for finitely many points.

Theorem 2.3 ([20, Theorem 3.4](KKT necessary optimality conditions)). Let & €
FWE If RCQ holds at & and the cone (B(Z)) is a closed cone, then there exist
a; >0 (@el) and B € ]Rl‘” such that

0e Zaﬁofl Z ,8]809] z), Za, =1.

iel JjeJ(z) iel

Assumption 2.4 (A). The index set J is a nonempty compact subset of R, the
function (z,j) — g;(z) is upper semicontinuous on R™ x J and for each z, 8°g;(z)
is an upper semi-continuous mapping in j.

Theorem 2.5 ([18, Theorem 5](Strong KKT necessary condition)). If CQ is sat-
isfied at T € FWE and the Assumption 2.4(A) holds, then there exist o; > 0(i € I),

and 8 € R‘jr” such that

0¢ Zowofz Z B8,;0°g;(%).

jeJ (@
Let K. := {[p",pY] : L, pY € R, pl < pU} be the class of all closed and bounded
intervals in R. Let P := [pl, pU] and Q := [¢, ¢V] be two intervals in K.. Then
(a) P+ Q:= {p+q-p€7’,q€ Q} = [p” +qL,pU+qU];
(b) P~Q:={p—q:peP,qgeQ}=[p"—q¢",p" —¢"};
(c) For each k € R,
[kp™ kpY],  if k>0

kP ={kp:pec Pl =
tkp:p € P} {[kpU,ka], if k< o.

If p© = pU, then P = [p, p|] = p which is a real number.

Definition 2.6 ([40, Definition 3]). Let P = [pf,pY] and Q@ = [¢¥,qY] be two
intervals in IC.. we say that:

(i) P <pv Qiff p¥ < ¢* and pV < V.
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(ii) P <y Qiff P <y Q and P # Q, or, equivalently, P <y Q iff

ph <q" . Pt <" . ph <q"
Y <q” p” <q” PV <q".
(ili) P <jy Qiff pl < ¢% and pv < ¢Y.
Consider an interval-valued multiobjective semi-infinite programming problem as
follows:
LU—min F(z) := (F1(x), ..., Fin(x))
st. ze F:={zxeR":g¢;(x) <0,j € J},

where F;: R" — K.,i € I := {1,...,m} are interval-valued functions defined by
Fi(z) = [fE(x), fV(2)], fF, fV: R® — R are locally Lipschitz functions satisfying
fE() < fP(z) for all x € R, and gj(z) : R® — R,j € J are locally Lipschitz
functions. This problem has been studied by Gadhi et al. [10], Tung [40], Hung et
al. [14], Jennane et al. [17], Antczak et al. [7] etc.

Hung et al. [14] introduced approximate solutions of (IVMOSIP) with respect to
LU interval order relation.

Definition 2.7 ([14, Definition 3.1]). Let £, £Y,i € I be real-numbers satisfying
0< &L <&V with & = [eF, V] for alli € [ and let € := (€1,...,Em). Then, z € F
is a
(a) type-1 E-quasi Pareto solution of (IVMOSIP), denoted by z € & — F{
(IVMOSIP), iff there is no x € F such that

Fl(IE) —l—ng$ — .f” <ru Fl(f),VZ el,

(IVMOSIP)

and
Fy(x) + &|lx — z|| <pu Fix(Z), for at least one k € I;

(b) type-2 E-quasi Pareto solution of (IVMOSIP), denoted by z € & — Fj
(IVMOSIP), iff there is no x € F such that

Fi(x) + &l — 2| <pv Fi(z),Viel,
and
Fi(z) + &z — 2| <iy Fr(x), for at least one k € I;
(c) type-1 E-quasi-weakly Pareto solution of (IVMOSIP), denoted by = € £ —
F{Y(IVMOSIP), iff there is no = € F such that
Fy(x) + &illz — z|| <o Fi(T),Vi€ I;
(d) type-2 E-quasi-weakly Pareto solution of (IVMOSIP), denoted by z € £ —
FI(IVMOSIP), iff there is no z € F such that
Fi(w) + &l — 3l <5 Fi(@), Vi€ 1.

Remark 2.8. If § = 0, i.e. for any i € I, EF = €Y = 0, then the concepts of a
type-1 £-quasi Pareto solution, a type-2 £-quasi Pareto solution coincides with a
type-1 Pareto solution, a type-2 Pareto solution, respectively, and a type-1 £-quasi-
weakly Pareto solution and a type-2 £-quasi-weakly Pareto solution coincides with
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a type-1 weakly Pareto solution and a type-2 weakly Pareto solution, respectively
(see, e.g. [40]). The following inclusion relationships exist:

(a) €= F{(IVMOSIP) C & - FJ(IVMOSIP) C & — FJ*(IVMOSIP).

(b) €= FIVMOSIP) Cc & - Fl"(IVMOSIP) C & — FJ(IVMOSIP).

Tung [40] proved a relationship between the IVMOSIP and the following MOSIP:

RY" —min(f (), fu (@), [ (@), [ (2))

(MOSIP) )
subject to x € F.

Lemma 2.9 ([40, Lemma 4]). A feasible point T € F is a type—2 weakly Pareto
solution of the IVMOSIP if and only if T is a weakly efficient solution of the MOSIP.

3. KKT OPTIMALITY CONDITION

Kanzi and Nobakhtian [20, Theorem 3.4] provided the KKT necessary condi-
tion for a point to be a weakly efficient solution of MOSIP under some constraint
qualification and Kanzi [18, Theorem 5] extended this result for strong case. Now
we extend these results for MOSIP when objective function is interval-valued and
solution is aprroximate weakly pareto optimal rather than weakly pareto optimal.
For this we introduce approximate variants of some constraint qualifications for IV-
MOSIP which will be useful to derive KKT optimality conditions. Let &, &V i e I

be real-numbers satisfying 0 < & < &Y with & = [€L,&Y] for all i € I and let
E:=(&1,...,&En). For each x € F, define
Ag(z) = U + €Ml - 2l (@);
el
AZ () = | J U + €7]]. — 2l (2);
iel
Ape(@) = ) °UF+ &Ml - zl)(@);
i€l ik
Ale@):= |J (7 + €Il — zl)(@);
i€l itk

Ag(z) == Ak (z) U AY (2).
Definition 3.1. The IVMOSIP satisfies
(a) the E-regular constraint qualification, denoted by E-IV-RCQ, at & € F, iff
(Ae(x))* N (B(z))” € I'(F, 2);

(b) the &-constraint qualification, denoted by E-IV-CQ at z € F, iff

(Afe () UAZ (2))° N (B(x))® # 0,k € 1,
and

(AF(T) U A (2))° N (B(Z))* #0,Vk € I.

Remark 3.2. For & = £V = 0 for all i € I, we say that the IVMOSIP satisfies
IV-RCQ and IV-CQ at & € F, respectively.
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Theorem 3.3 (Approximate KKT necessary optimality condition for IVMOSIP).
Let 7 € £ — FJ*(IVMOSIP). If E-IV-RCQ holds at T and the cone (B(Z)) is a

closed cone, then there exist aF > 0(i € I),aY >0(i € I), and 8 € RE' such that

0€) offf @) +> ol 0 (z)
=1 =1

(3.1) + > 80%;(@) + > (ofEf + ol €7 )Brn,
jel(@) i=1
(3.2) D (af +af)=1.
i=1

Proof. Since & € &€ — F3"(IVMOSIP), therefore z € F§" (€ — IVMOSIP), where
E —IVMOSIP is given by

LU — minF'(z) + Eljlz — z||
(E-IVMOSIP) = (Fi(z) + &l — ], .oy Foo(z) + Enllz — Z])
subject to = € F.

According to Lemma 2.9, we can conclude that the solution Z € F is a weakly
efficient solution of the £E-~MOSIP given by

RY" — min(f{(z) + & |z = 2], ., fi (@) + Enllz — 2],
(€-MOSIP) (@) + E Nz — 3l oy FU () + EYJ — )
subject to =z € F.

Since £-IV-RCQ holds at Z and the cone (B(Z)) is a closed cone, therefore by
Theorem 2.3, there exist aF > 0(i € I),a > 0(i € I), and B € R‘jr]‘ such that

0€ afd’(ff + L. —zl)(@)

=1

+> a7 + 0 - 2l (@)
i=1
+ ) 8;0%(),
jed(x)
Z(af +a)=1.
i=1
By the property of the Clarke subdifferentials in Proposition 2.1, one has 9°( fiL +
gF|. —zl)(z) € 8°f(z) + &L 3°||. — z]|(z) and O°(f +E7||. - 2]|)(z) € 8°f7 (2) +

E70°|. — xl|(@).
Since the Clarke subdifferential of the norm function d°||. — Z||(Z) = Bgr» (see [15,
Example 4, p. 198]), we have the required result. O

We have the following corollary based on the above result for & = &V = 0 for
all i € 1.
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Corollary 3.4. (KKT necessary optimality condition for IVMOSIP) Let z € F3"
(IVMOSIP). If IV-RCQ holds at T and the cone (B(Z)) is a closed cone, then there

exist aF > 0(i € I),a >0(i €1), and 3 € R'jr” such that

0e ZaLé?OfL + ZaUaOfU + > 8%,z
jeJ(T)

D (af +aof)=1.

i=1
Similarly, by using Theorem 2.5 and Proposition 2.1, we can derive strong KKT

necessary optimality conditions to identify approximate efficient solutions of the
IVMOSIP.

Theorem 3.5 (Strong approximate KKT necessary optimality conditions for IV-
MOSIP). Let & € & — F{*(IVMOSIP). If E-1IV-CQ holds at T and Assumption

2.4(A) is satisfied, then there exist aF > 0(i € I),a¥ > 0(i € I), and B € ler]‘ such
that

0> afd @)+ oVl (z)
=1 =1

(3.3) + > B0%;(@) + > (ofEf + ol €7 )Bn.
jed(z) i=1
Proof. Since z € £ — F4*(IVMOSIP), therefore z € F§" (€ — IVMOSIP), where
E—IVMOSIP is given by
LU — minF'(z) + Eljlz — Z||
(E-IVMOSIP) = (Fy(z) + &1l — 7|, .., Fn(2) + Emllz — Z]))
subject to x € F.

According to Lemma 2.9, we can conclude that the solution Z € F is a weakly
efficient solution of the £-~MOSIP given by

B2 — min(fE (@) + € — ], Sh(2) + EL 2 — 2],
(6-MOSIP) 1Y (@) + €V lw = &), £U () + EL 0 — )
subject to x € F.

Since £-IV-CQ holds at Z and Assumption 2.4(A) is satisfied, therefore by Theorem
2.5, there exist ol > 0(i € I),aV > 0(i € I), and 8 € R'jr]‘ such that

0€) afd(ff + &l —zI)(@)

=1
+ZaUa° P+ eV —zl)(z Z B;8°g;(z),
i=1 jeJ (T

By the property of the Clarke subdifferentials in Pr0p051t10n 2.1, one has 9%( fiL +
e —zl)(@) € OO (2) + &L | — 2||(2) and O°(fF +E7||. —z||)(z) < O°fF (z) +
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FIGURE 1. Plot of Fy(z) := [fE(z), fV(z)].

70| — 7]|(2).
Since the Clarke subdifferential of the norm function 8°||. — Z||(Z) = Bgn (see [15,
Example 4, p. 198]), we have the required result. O

A corollary of the above result for EZL = Sl-U = 0 for every ¢ € [ is given as follows:

Corollary 3.6. (Strong KKT necessary optimality conditions for IVMOSIP) Let
T € FJY(IVMOSIP). If IV-CQ holds at T and Assumption 2.4(A) is satisfied,

then there exist aF > 0(i € I),aY > 0(i € I), and B € ler” such that

0> afd @+ V(@) + > 80°;().
)

i=1 i=1 jeJ(z
The following example illustrates the above results.
Example 3.7. Consider an IVMOSIP as follows:
®) LU—min F(z) := (Fi(z), Fa(x))
st. e F={zeR:gj(x) <0,5 € J},

where the index set J = [5,10], Fy (x) := [f£(2), f/ (2)], Fa(z) = [f£(z), £ (x)] and
gj(x) are given by

3 2 .
fL()_ 42212 if x>0 fU()— z° —3x“+2x if x>0
AP if z <0’ 0T 5 if <0
fL()— 203 — 522+ if x>0 U()_ 23 — 4z’ +x if >0
2\ = 3x if <0’ 2 \¥) = 2x if <0

and

22 (x — g ifz>0
gj<w>={ (wmg) ez

ja? if £<0
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FIGURE 2. Plot of Fy(x) := [f&(x), f¥ ().

— gs(2)
200 g6.25(2)
gj(z) g7.5(x)
g8.75()

100 — gio0(®)

—10 -5 (0,0 5 7.510

—100

—200

F1GURE 3. Plot of g;(z) for some values of j € [5,10].

as shown in Figures 1, 2 and 3, respectively. Observe that ff, fV, f& and fY
are locally Lipschitz at £ = 0 with Lipschitz constants 3, 2, 3.2 and 2, respectively.
It is easy to see that f(z) < fV(x) and ff(x) < fY(z) for every x € F = [0,5].
Moreover, for £ = 0, one has
fE(@) - FE(0) <0, Vo €l2— V2,24V,

vm€]5—\/ﬁ 5+ﬁ[,

9

4 4
f2U($)—f2U(0)<0, Vmé]l—\/g,1+\/g

9
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4 | F@) A €lal — fi(x) + &Lz
— (@) + & ||
2
T
4 -2 (0,0) 2 4
2
4

— fr(@) + Exal
[ (x) + & ||

FIGURE 5. Plot of Fy(z) + &2|x|.

which gives Fi(x) <}y Fi(z) and Fy(x) <jy F(T) for every x € ]1,1 + \/g[
Thus, Z = 0 € F is not a type-2 weakly Pareto solution of (P).
Now, for &F = 2,8V =3,&L = %,SQU = 3 and for any z € F, one has

— fEO)+ EF e — 0] >0, f () — f{(0) + &' |z — 0] > 0,
(@) — f20) + &z — 0] > 0, f¥ () — £5/(0) + €|z — 0] > 0,

as shown in the Figures 4 and 5, which implies that z =0 € F is a type-2 £-quasi
weakly Pareto solution of (P).

The Clarke subdifferentials of f{, fV, f&, f¥ and 9,5 € J at T = 0 are given
by 8°fl(z) = [1,2], & f{(z) = [3,2], 8°f3(z) = [1,3], 3°f5(z) = [1,2], and
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Yg;(z) = {0}, j € J, respectively, which gives

A@) = | 3.3] 8@ = 0,

() = 1,8], AF@) = [1,2], 45(E) = AF@) U AK(E) = [1.3],
AY@) = (1.2, 4 @) = | 3.2] 4@ = A @ U A0 = |52
(A@) = B\ {0}, (B(#)) = R, (B(z))" = 0

(A@) 0 (B@)~ = &, \ {0},

I'(F,z) =Ry4.

Since (A(z))* N (B(z))~ € T'(F,z), therefore (P) doesn’t satisfy the IV-RCQ at

Z = 0. Moreover, since

(Af(i) U AU(Q?“))S N(Bx)*=0,i=1,2,
(Al(z)u AY(z2))* N (B( 0 1,2

Kl
N—
N

V)
I

therefore (P

) doesn’t satisfy the IV-CQ at z = 0.
Now, for T =

, one has

(5t + EF ~ 0l (@) = [-1,4]
it + el - o) = | 5.
oy + el - o) = | 5]

PUY + -0l @) = -1,

which gives

Since (Ag(x))* N (B(z))~ C I'(F, z), therefore (P) satisfies the £-IV-RCQ at = = 0.
Moreover, it is easy to observe that (P) does not satisfy £-IV-CQ at z = 0 as
(B(z))® = 0.
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Since all the conditions of Theorem 3.3 are satisfied, therefore there exist ol >
0(i € I),ay >0(i € I) with 2 (aF +al) =1 and 8 € ]R'jr” such that

2 2 2
0 afd"fF0)+> aldf7(0) + > 8;0°;(0) + > (af el +al €7)[-1,1]
i=1 i=1 jeJ i=1
[ 1
= alL + aQL, Qaf + 3045} + [20/1] + ag, 20/1] + QQQU] + {0}
) L v, 17 U
+ (20&1 —+ 30[1 + gO&Q + 30&2 )[—1, ].]

9 5 41
= |-aol - goz% — galU —2a¥ 40k + 507 + ok + 5042U]

8

which is true for any of > 0(i € I),al > 0(i € I) with 337 (af +al) =1

;2
and for any 8 € R‘jr”. Since, for z € £ — FJ“(IVMOSIP), £&-RCQ holds at z and
the cone (B(7)) is a closed cone then for any af > 0 and o} > 0 the equation(1)
and equation(2) given in Theorem 3.3 are satisfied for Problem(P) i.e. approximate
KKT necessary optimality condition for Problem(P) is satisfied. Hence, Theorem
3.3 is verified .

4. SUFFICIENT OPTIMALITY CONDITIONS

The following weaker versions of generalized approximate convexity on the lines
of Gupta et al. [12] and Bhatia et al. [8] will be used to derive sufficient optimality
conditions.

Definition 4.1. Let € > 0. A locally Lipschitz function h : R” — R is said to be
(a) e — 0%—convex at z € K C R" over K, iff

h(z) — h(Z) >< &%, 0 — & > —¢||lz — Z||,VZ* € °h(Z);

(b) € — °—quasiconvex at € K C R" over K, iff
Ve € K :h(z) — h(z) <0 = Vz* € O°h(z) :< %2 — T > —¢||lz — Z|| < 0;
(c) € — 8Y—pseudoconvex at z € K C R" over K, iff

Vo € K : h(z)—h(Z)+e|lz—z|| < 0 = vz* € () :< 7", 2—7 > +§Hx—§7|\ < 0;
(d) € — 8°—pseudoconvex of type I at z € K C R" over K, iff
Vo € K :h(z) — h(z) + €|z — || < 0 = Vz* € 3°N(z) :< 7", 0 — T >< 0;
(e) € — 8Y—pseudoconvex of type Il at Z € K C R" over K, iff
Vo € K :h(z) —h(z) <0 = Vz* € °h(Z) :< 7", 0 — T > +e|jz — Z|| < 0;
(f) € — " —quasiconvex of type I at z € K C R™ over K, iff
Vo € K :h(z) — h(z) <0 = Vi* € O°h(z) :< %2 — T > —¢|lz — Z|| < 0;
(g) € — °—quasiconvex of type Il at Z € K C R" over K, iff
Vo € K : h(z) — h(Z) —¢llz — Z|| <0 = Vz* € 3°h(z) :< 7", 0 — & >< 0.
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Remark 4.2. For ¢ = 0, the above concepts reduce to 0°—convexity, 9°—
pseudoconvexity and 9°—quasiconvexity, respectively (see, e.g. [20, Definition 4.1]).

Define the following index sets IT :={i € I : o} > 0 or &/ > 0} and J*(z) :=
{jeJ@): 8 >0}

Now, we are going to derive the sufficient optimality condition for a feasible
solution to be an approximate weakly pareto optimal solution of the IVMOSIP
under suitable generalised convexity assumptions.

Theorem 4.3 (Approximate sufficient optimality condition for IVMOSIP). Let 5
EZ»U,Z' € I be real-numbers satisfying 0 < EL < EU foralliel, let E=(&1,....&m
with & = [EF,EY], and let & € F. Assume that there exist aF > 0(i € I), 5]

10

0(i € I), and B € ]R|+| such that

)
>

0€e ZaLaOfL +ZaU80fU z)

(4.1) + > 8;0%;(@) + > (ofEf + ol €V )Brn,
JjeJ(z) i=1
(4.2) d (ef +af)=1.
i=1

(a) If fE(i € IT),fV(i € I, and gj(j € J*) are EF—pseudoconver, EY -
pseudoconver, and quasiconvex, respectively, at T over F, then x € 2E —
FI(IVMOSIP).

(b) If fEGi e IM), fV(i € I'M), and g;(j € JT) are EF—pseudoconvex of type I,
SZU—pseudoconvex of type I, and (aiLSZ-L + angZ-U)—pseudoconvex of type II,
respectively, at & over F, then & € € — Fg" (IVMOSIP).

Proof. (a) Suppose to the contrary that = ¢ 26 —F4" (IVMOSIP). Then, there
exists ¥ € F such that

@) - fl@) +eek)z -z <o vie T,
and
Y@ - Y@ +28V ||z - z|| <0,Viel.

Also, gj(Z) < 0 = g;(z) for every j € J( ). Since fE(i € IT), fV(i € I'),
and g;(j € JT) are SZL —pseudoconvex, Sz -pseudoconvex, and quasiconvex,
respectively, at & over F, therefore

(4.3) (T, & —7) + 17— 2| <0, VI € Nz, vier”,
(4.4) (T, & — )+ &Yz — x||<0vfoeaon (z),i €I,

(4.5) (&, & —3) < 0,¥z), € 8°;(x),j € I (2).
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Multiplying (4.3), (4.4) and (4.5) by af(i € I'™), aY(i € I"), and B;(j €
JT(Z)), respectively, and adding, one has

<za Y W Y e x>

el t el t jeJH(T)
(4.6) + > (afel +alel)@ - z) <o,
ielt

Vi;f € aosz(i')(I—i_),Vf}iU c (9OfZU(Cf)(I+) V € aog]( )(j € J+( ).
By Cauchy-Schwartz inequality, for any b € Bg», one has
(b, — ) < [bll|Z — 2| < ||z — =],

which implies that

(4.7) <Z( Lel +aPeMn, > > (afel +alel)| - 2.
i=1 i=1
Adding (4.6) with (4.7) and using (4.1), we arrive at a contradiction and

hence the result.

(b) The proof is similar to the part (a) above.
O

Example 4.4. Let us consider the problem (P) from Example 3.7. Now, if we take
ElL =1, 5{] = %, 5{4 = 16, 52 , then it is easy to see that fiL, fiU and g; are EZ-L—
pseudoconvex, EiU - pseudoconvex and quasiconvex, respectively, at £ = 0 over F
fort=1,2and 5 € J.

Moreover, one has

2

Z aF o fF(0) + Z of °f7(0) + ) 8;0°9;(0) + Y _(af el + ol €)[-1,1]

jeJ i=1

1
= [alL + ok 20t + 30[%] + [204[1] + oY, 2a7 + 2042U] + {0}

3 17 3
+ <1a1L + §a§f + 16a§ + ag) [—1,1].

L v v 1y T 6 L Ty
:[ 16a2—a1—§a2,3a1+2a1+162+ —0
which contains the origin in particular for af = 0, a% =0,af = 5, 042U = % and

for any 8 € R'jr]'. Since, all the conditions of Theorem 4.3 are satisfied, therefore
Z =0 € F is 26— quasi weakly type-2 Pareto solution of (P) as already verified in
Example 3.7.

Similarly, we can derive sufficient optimality conditions for an approximate strong
KKT point to be an quasi efficient solution of the IVMOSIP.
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Theorem 4.5. Let SZ-L, El-U,z' € I be real-numbers satisfying 0 < Sl-L < cS'iU for all
i€, let &= (E1,...,En) with & = [EF,EY], and let T € F. Assume that there

(i)

exist al > 0(i € I),al > 0(i € I), and 3 € Rlﬂ, such that

0€) afdff @) +> ol (z)
=1 =1

(4.8) + Y 8;0%;(@) + > (ofEf + ol €V )Brn,
Jj€J(T) i=1
(4.9) D (af +af)=1.
=1

(a) If fE(i € I),fV(i € I), and gj(j € JH()) are EF—pseudoconver, EY -
pseudoconvex, and quasiconverx, respectively, at T over F, then T € 2E —
FJY(IVMOSIP).

(b) If fE(i € 1), fV(i € I), and g;(j € J*(Z)) are EL—pseudoconvez of type I,
EI-U—pseudoconvex of type I, and (aiLEiL + aggiU)—pseudoconvex of type II,
respectively, at T over F, then & € £ — Fg" (IVMOSIP).

5. APPROXIMATE DUAL MODELS
Let X = (X1,..., X)) and Y = (Y1, ...,Y},), where X;,Y;,i € I, are intervals in
Kc. In what follows, we use the following notations for convenience.
Xi < Y, ViGL}

X <
S = {Xk; < Yy for at least one k € I.

X%in <~ Xi<iU}/i Vi € 1.

X Ay Y and X A7y Y are the negations of X <y YV and X <y Y, respectively.
Define

L(y,a", 0", 8) == F(y) = ([T W), [T W) s [ W), F ()],

for any y € R™, (a¥,aV) € RT x R\ {Ogem }, and 3 € RL‘_]‘.
The £—Mond-Weir dual associated with the primal (IVMOSIP) is given as fol-
lows:

(E—-IVMOSIPywD) max L(y,a”, oY, B) s.t. (y,ar, oV, B) € Fuw,
where the feasible set is given by

m
P ={ ) € R B0 € 3t
=1

+Y oV f )+ 80 g (y) + > (efEF + ol €7 )Bn,
=1

i=1 jed

Bigi(y) = 0,5 € J, ) (af +af) = 1}.

i=1
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The projection of Fysy on R™ is denoted by prFay . A feasible solution (7, a”, aY, B) €
Fuw is a type-2 E-quasi weakly Pareto solution of (€ — IVMOSIPywp), iff

E(Q, @LaanB) + EHy - g” 743LU [’(yaO‘L7O‘U7B)7v(y7aLvaU75) € Fuw-

The following theorem describes weak duality relations for approximate quasi
Pareto solutions between the primal (IVMOSIP) and the dual problem
(E—-IVMOSIPywp).

Theorem 5.1 (£-weak duality). Let z € F and (y, o, oV, 3) € Fuw.
(a) If fE(i € IT),fV(i € I, and gj(j € J*) are EF—pseudoconver, EY -
pseudoconver, and quasiconvex, respectively, at y over F U prFamw, then

F(l’) + QEH:C - yH 7<SLU E(yv aL')aU?ﬂ)'

(b) If fEGi € IM), fV(i € IT), and g;(j € JT) are EL—pseudoconvez of type I,
Sz-U—pseudoconvex of type I, and (aiLSZ»L + aiUEiU)—pseudoconvex of type II,
respectively, at T over F U prFyrw, then

f($) + ng - yH %iU ‘C(y7aL7aU7/8)-
Proof. (a) Let x € F and (y,a”, oYV, B) € Farw, then there exist yJ’ZL S 80fiL(y),
y;_U e fV(y),iel, y;j € Oogj(y), j € J, be By, such that

m m m
61 Sakyp+ Y alyi + Y B + S (akel +alel = 0
i=1 i=1 jed i=1

and
(5.2) g9j(x) <0, Bjgi(y) =0, Vje
Assume to the contrary that
F(x) 4 2€||z — yl| <70 L(y, o™, 0", B),
that is
E(x) + 257«“1. - yH <iU ﬁz(ya aLaaUvﬁ)v Vi e Ia

that is,

(@) + 287 ||z =yl < £ (),
for all i € I. By (5.2), it follows that

9i(@) <0< g;(y),¥jeJ".

Since fL(i € IT), fV(i € I'), and g;(j € J*) are £~ pseudoconvex, £Y-
pseudoconvex, and quasiconvex, respectively, at y over FUprFyrw, therefore

(5:3) (i w —y) + e —yll < 0,vy; € ff(y), Vi e I,
(5:4) Wio o —y) + & ||z —yll < 0,Vyju € O°F] (y),i € I,

(5.5) (yg @ —y) <0,Vy; € g;ly),j € J".
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Multiplying (5.3), (5.4) and (5.5) by af(i € I'T), oY (i € I'"), and B;(j €
J7T), respectively, and adding, one has

<Zo‘ny+Zany+ > Bﬂ/gv - >

ielt el t jeJt(B
(5.6) +> ( a%fha?&”)\lwyu <0,
el +

Vi € O FE)UIT).Y yju € 7 ()T, Vyg, € i (y) (G € TT).
By Cauchy-Schwartz inequality, for any b € Brn, one has
b,z —y) < [bllllz =yl < [lz —yll,
which implies that

(5.7) <Z( Lel 1 aVeVn, x — > > (efel +al el x -yl

=1 i=1

3

Adding (5.6) with (5.7) and using (5.1), we arrive at a contradiction and
hence the result.
(b) The proof is similar to the part (a) above.
U

Theorem 5.2 (£— strong duality). Let # € € — F§“(IVMOSIP) such that € —
IV — RCQ is satisfied at T and the coneB(Z) is closed. Then, there exist al >
0 el),ay >0 €l), and 3 € R‘jr]‘ such that (Z,ar,ay, B) € Fuyw and F(z) =
L(z,ar, aU, B). Furthermore,

(a) If fL(i € I),fV(i € 1), and g;(j € J*()) are EF—pseudoconvez, EV -
pseudoconver, and quasiconvex, respectively, at T over F, then x € 2E —
FI(IVMOSIPywp).

(b) If fEG e D), fV(i € 1), and g;(j € JT(Z)) are EF—pseudoconvex of type I,
EiU—pseudoconvex of type I, and (ozfgiL + agjc‘,’ly)—pseudoconvex of type II,
respectively, at & over F, then & € & — Fg ' (IVMOSIPywp).

Proof. By the assumptions in the theorem, it follows from Theorem 3.3 that, there
exist aX > 0(i € I),aY > 0(i € I), and 3 € Rl | such that (z,ar,au,B) € Fuw
and F( ) = L(z, aL,ozU,B)

(a) Since fE(i € IT), fV(i € I'"), and g;(j € J*) are &L —pseudoconvex, EY-

pseudoconvex, and quasiconvex, respectively, at T over FUpr Farw, therefore
by Theorem 5.1, it follows that

L(z,a" a", B) + 28|z — 2| A3y Ly, ", aY, B),

for any (y,al,aV,8) € Fyw. Hence, (z,al,aY,8) € 26 — FJ*
(IVMOSIPywp).
(b) The proof of (b) is similar to that of (a).
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6. CONCLUSIONS

We have introduced approximate versions of the regular constraint qualifica-
tion [20] and the Cottle constraint qualification [18] for an IVMOSIP. We have
derived KKT necessary optimality conditions to identify approximate quasi weakly
efficient solutions [14] for IVMOSIP. The sufficient optimality conditions are verified
under generalized approximate convexity assumptions [8,12]. Dual models are also
developed and duality results are derived. The results are illustrated with examples.

The results of this paper may be extended under additional assumptions of saddle
point criterion [22,31], equilibrium constraints [25, 32, 33], vanishing constraints
[13,23,29,30] etc. Moreover, we may extend these results for some other aprroximate
solution concepts (see, e.g. [6,24, 27,28]) and constraint qualification under the
assumption of some additional generalized convexity [16,26,36] using convexificators

[21].
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