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WEIGHTED PSEUDO ALMOST PERIODIC SOLUTIONS OF A
CLASS OF CHAOTIC NEURAL NETWORKS ON TIME SCALES

SALSABIL HAJJAJI, RAMAZAN YAZGAN, AND FAROUK CHERIF

ABSTRACT. In this paper, by using the exponential dichotomy of linear dynamic
equations on time scales, a fixed point theorem, and the theory of calculus on time
scales, we obtain sufficient conditions for the existence, uniqueness, and global
exponential stability of weighted pseudo-almost periodic solutions of a class of
chaotic neural networks with mixed delays on time scales. Finally, we present
examples and numerical simulations to illustrate the feasibility of our results.

1. INTRODUCTION

Over the last several decades, the theory of neural networks has been applied
with significant success in several research fields, such as: pattern recognition, arti-
ficial intelligence, signal processing, associative memories, and so on [7,8,11,16]. A
great deal has been done since then to investigate the dynamics of neural networks,
particularly the existence, uniqueness, and stability of almost periodic, almost au-
tomorphic, pseudo almost periodic, weighted pseudo almost periodic and weighted
pseudo almost automorphic solutions (see [1,2,6,19] and the references therein).
Recently, in [5] Chérif studied the existence, uniqueness, and global asymptotic sta-
bility of pseudo almost-periodic solution of the following chaotic neural networks
with time-varying delays in leakage terms

2j(t) = —di(Oai(t) + > aij fi(z;(8) + > bijgly;(t — 7))
j=1

j=1

+ / > cijh(y;(C)AC + Ji(t)

t=o J=1

where n is the number of the neurons in the neural network, z;(t) denotes the state
of the ith neural neuron at time t. f;(z;), gj(z;), and h;(x;) are the activation
functions of jth neuron at time ¢. The constants a;j, b;;, ¢;; denote, respectively, the
connection weights, the discretely delayed connection weights, and the distributively
delayed connection weights, of the jth neuron on the i neuron, J;(t) is the external
bias on the ith neuron, d; denotes the rate with which the ith neuron will reset
its potential to the resting state in isolation when disconnected from the network
and external inputs. 7 is the constant discrete time delay, while o describes the
distributed time delay.
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It is important to note that chaotic neural networks are non-linear dynamic sys-
tems that exhibit startling similarities to the biological neuronal networks that
comprise the human brain, and this can lead to increased processing speed due to
the complex spatiotemporal dynamics of neurons contained within the network.

On the other hand, the theory of time scales which was first introduced by
Hilger [10] in his Ph.D. thesis in 1988 has received a lot of attention due to the
fact that it is able to unite continuous and discrete systems in an equally effective
manner. In other words, by selecting the time scale to be the set of real numbers,
the general result produces a result for differential equations. Likewise, by selecting
the time scales as a set of integers, the same general result gives a result of dif-
ference equations. Furthermore, it is also possible to extend the results over time
scales to other types of equations as well. For that reason, there has been a rapid
development in the theory of dynamic equations on time scales during the last years
(see [9,12,13,17]).

The theory of weighted pseudo almost periodicity in time scales, which is the
central subject of this paper started in 2016. When Y. Li and L. Zhao [15], extended
the well-known weighted almost periodic functions to time scales, then they studied
the existence and global exponential stability of weighted pseudo-almost periodic
solutions for a class of cellular neural networks with discrete delays on time scales.
Thereafter, in [3], the author demonstrated the existence and the global exponential
stability of the unique weighted pseudo-almost periodic solution of bidirectional
associative memory neural networks with mixed time-varying delays and leakage
time-varying delays on time-space scales. Meanwhile, X. Yu and Q. Wang [20]
investigated the existence, uniqueness, and global exponential stability of weighted
pseudo-almost periodic solutions for a class of Shunting Inhibitory Cellular Neural
Networks with mixed delays on time scales. In 2020, S. Shen and Y. Li [18] studied
the existence, and global exponential stability of weighted pseudo almost periodic
solutions for a class of Clifford valued neural networks on time scales.

In the light of the above-mentioned studies, the primary purpose of this paper is
to study the existence and uniqueness, global exponential stability of the weighted
pseudo almost periodic of the following chaotic neural networks on time scales

(11) g (t) = —6i(t)yi(t) + Z aij(t) £ (y; (¢ —mi5(t))) + Z bij(t)g(y;(t — 7i;(t)))

n
+ 3 elt) [ M)A+ ()
Jj=1 t—¢
where i = 1,2, ...,n, n corresponds to the number of units in a neural network, T is
an almost periodic time scale, n(t), 7(¢) are transmission delays at time ¢ fulfilling
t—nt)eTt—r7(t)eT.

As far as we know, there are no published papers in the literature on the existence,
and global exponential stability of weighted pseudo-almost periodic solutions on
time scales for (1.1).

The organization of the paper can be summarized as follows. In section 2, As
a prelude to the later sections of this paper, we introduce some notations and
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definitions as well as preliminary lemmas. In section 3 we study the existence and
Uniqueness of weighted pseudo almost periodic solutions for a class of chaotic neural
networks on time scales. In section 4, we prove that the weighted pseudo almost
periodic solution obtained in the previous section is globally exponentially stable.
Finally, in section5, in order to demonstrate the feasibility and effectiveness of our
results obtained in the last sections, we present a few examples.

2. PRELIMINARIES

In this section, we introduce some notations and definitions and state some pre-
liminary results.
. T T
For convenience, for any y = (y1,y2, ..., yn)" € R", welet |y| = (|ly1], ly2|, -, |yn])

denote the absolute-value vector, and define ||y|| = max |y,|.
1<i<n

Let BC(T,R™) denotes the set of all bounded and continued functions which go
from T to R™. Note that (BC(T,R"), ||-||,) is a Banach space where ||-||, denote
the sup-norm

[flloe = sup @) -
teT

A time scale T is an arbitrary nonempty closed subset of R. For ¢t € T, we
define the forward and backward jump operators o, p: T — T, and the graininess
u: T — RT, respectively, by

o) =inf{se€T:s>t}, p(t) =sup{se€T:s<t}, and u(t) = o(t) —t.

In addition, we put inf @ = supT (i.e., (M) = M if T has a maximum M) and
sup@ = inf T (i.e., p(m) = m if T has a minimum m).

A point t € T is called left-dense if ¢ > inf T and p(t) = ¢, left-scattered if p(t) < t,
right-dense if ¢t < sup T and o(t) = t, and right-scattered if o(t) > t. Points that
are right dense and left dense are called dense. If T has a left-scattered maximum
M then T* := T\ {M}; otherwise T* := T. If T has a right-scattered minimum m
then T* := T\ {m}; otherwise T* := T. we denote by Iy = I NT each interval I of
R.

Definition 2.1 ([4]). A function f: T — R is called right-dense continuous or rd-
continuous provided it is continuous at right-dense point in and its left-side limits
exist (finite) at left-dense points in T.

Definition 2.2 ([4]). For a function f : T — R and t € T¥, we define the delta
derivative of f at t, denoted f2(t), to be the number (provided it exists) with the
property that given any e > 0, there is a neighborhood U of ¢ such that

(2.1) |f(0(t)) — f(s) = fA@)(o(t) — 5)| <e€lo(t)—s|, forall selU.

Lemma 2.3 ([4]). Let f,g be differentiable functions at t € T*. Then
(1) The sum f+g: T — R is differentiable at t with

(f+9)° (1) = f2(1) + g% (1)
(2) For any constant o, af : T — R is differentiable at t with

(af) (8) = af2 ().
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(3) The product fg: T — R is differentiable at t with
(f9)® (1) = FA(1g(t) + Fo(t)g™ (1) = F(H)g™(t) + f2()g(o(t))

Definition 2.4 ([12]). Let f be right-dense continuous. If F2(t) = f(t), then we
define the delta integral by

/ f(s)As = F(t) — F(a).

Lemma 2.5 ([9]). Let f be a delta differentiable function at t € T*. If f and f*
are continuous, then

(2.2) (l{ﬂa@A@>A_f@¢)+Zjﬁ¥u@A&

Definition 2.6 ([4]). A function p: T — R is called regressive if
1+ u(t)p(t) #0, forall t € T
The set of all regressive and rd-continuous functions p : T — R will be denoted by

R = R(T) = R(T,R).

Definition 2.7 ([4]). We define the set R of all positively regressive elements of
R by
RY=R(T,R) = {p € R: 1+ ut)p(t) >0, for all t € R}

Definition 2.8 ([4]). If p €, then for all ¢, s € T the generalized exponential function
is defined by

entt9) = e { [ e (AT,

where the cylinder transformation is introduced by

log(1 — hz) .

———— ifh
En(z) = { h ith 70,

z it h=0.

Definition 2.9 ([4]). If p,q € R, then we define a circle plus addition by

(p®q) () = p(t) + q(t) — p(t)q(t)p(t),
for all t € T*. For p € R define a circle minus p by
p
I+ pp
Lemma 2.10 ([4]). Let p,q € R, and t,s,r € T, then
(i) eo(t,s) =1 and ey(t,t) = 1;

op = —
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(vit) If a,b,c € T, then

b
/ p(t)ep(c,0)ot = ep(c,a) — ep(c,b).

Lemma 2.11. Assume p € R, and to € T. If 1 + pu(t)p(t) > 0, then ep(t,to) > 0
for allt € T.

Definition 2.12 ([12]). A time scale T is called an almost periodic time scale if
(2.3) H={reR:t£7€T,VteT}#0

Definition 2.13 ([12]). Let T be an almost periodic time scale. A function f €
C(T,R™) is called almost periodic if for any given ¢ > 0, the set
Ele, f) ={r eIl |[f(t+7) - f()]| <€Vt eT}

is relatively dense in T; that is, for any given € > 0, there exists an [, such that
every interval of length [, contains at least a number 7 € E(e, f) such that

[fE+7)—f@)ll <e VEET

The set E(e, f), is called e-translation set of f(t), 7 is called e-translation number
of f(t), and [, is called contain interval length of E(e, f). The collection of all almost
periodic functions which go from T to R™ will be denoted by AP(T,R™). AP(T,R")

equipped with the sup-norm || f||,, = sup||f(¢)|| is a Banach space.
teT

Definition 2.14 ([14]). A function f € C(T,R") is called pseudo-almost periodic
if f =g+ h, where g € AP(T,R") and h € PAPy(T,R"), where
PAPy(T,R")
1 t+r
= ¢ ¢ € BO(T,R") : ¢ is A-mesurable such that tligrnoo o / llo(s)|| As =0 p,
t—r

for each t € T, r € 1L

Definition 2.15 ([12]). Let y € R™ and let A(t) be a n x n continuous matrix
defined on T. The linear system

(2.4) y2(t) = A()y(t)
is said to admit an exponential dichotomy on T if there exist positive constant k, c,
projection P, and the fundamental solution matrix Y (¢) of (2.4), satisfying

HY(t)PY_l(O'(S))HO < kecqa(t,o(s)), s, teT, t>o(s),
HY(t)(I - P)Y_l(a(s))HO < kecqa(t,o(s)), s,teT, t<o(s),
where [|-||, is a matrix norm on T.
Consider the following almost periodic system
(2.5) y2(t) = A()y(t) + f(t), teT.

where A(t) is an almost periodic matrix function, f(¢) is an almost periodic vector
function.
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Lemma 2.16 ([12]). If the linear system (2.4) admits exponential dichotomy, then
system (2.5) has a bounded solution y(t) as follows:

—+o00

(2.6) y(t)Z/_ Y (t)PY " (o(s))f(5)As — t Y()(I - P)Y " H(o(s))f(s)As,

where Y (t) is the fundamental solution matriz of (2.4).
Lemma 2.17 ([12]). Let 6;(t) be an almost periodic function on T, where §;(t) > 0,

—0;(t) e R",Vt € T and min { inf (57;(15)} =m > 0 then the linear system
1<i<n |teT

(2.7) y> (1) = diag —61(t), =82(t), ..., —0a (D)y(t)
admits an exponential dichotomy on T.
Let A the collection of functions (weights) v : T — (0,00), that are locally inte-

grable over T such that v > 0 almost everywhere. Let v € A, for » € Il with r > 0,
we denote

1) = | V()

where Q, = [t —r,t + 7|y (t = min{[0,00)r}). If v(z) = 1 for each z € T, then
1i>m v(Q,) = oco. Consequently, we define the space of weights A, by

Ao = A @ inf = li r) = .
o {VE ggAu(t) V0>0,TLI{:OV<Q) oo}

In addition we define the set of weight Ap by

Ap = {VEAOO:sup<oo}
teT

and denote
BCU(T,R") ={f € BC(T,R") : f is uniformly continuous}
Definition 2.18 ([15]). Fix v € Aw. A continuous function f : T — R” is called

weighted pseudo-almost periodic if it can be written as f = h+¢ with h € AP(T,R"™)
and ¢ € PAPy(T,R"™, v) where the space PAPy(T,R",v) is defined by

1
PAPy(T,R",v) =< ¢ € BCU(T,R"): lim / g(t utAt}:O.
b(T ) = { @) tim s [ ol
All weighted pseudo-almost periodic functions which go from T to R", will be de-
noted by PAPy(T,R",v).

Denote

t
AL ={v e Ay forall s €1l limsup vt +s) < o0, limsup UQrir) <00 .
oo V(1) oo V(@)

Lemma 2.19 ([15]). Let v € AL. Then (PAP(T,R",v), |||.) is a Banach space.

Lemma 2.20 ([15]). Let v € AL, then the space PAP(T,R",v) is translation
mvariant.
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Lemma 2.21 ([15]). Let v € AL. If f,g € PAP(T,R",v), then f + g, fg €
PAP(T,R",v). If f € PAP(T,R", ), g € AP(T,R") then fg € PAP(T,R",v).

Lemma 2.22 ([15]). Let v € AL . If f : R — R satisfies the Lipschitz condition
and ¢ € PAP(T,R™ v) then T : t — f(¢(t)) belongs to PAP(T,R™,v)

3. EXISTENCE OF WEIGHTED PSEUDO ALMOST PERIODIC SOLUTIONS

For convenience, we introduce the following notations:
0; = inf |9;(¢ f inf |b;; (¢
inf [63(1)], a5; = inf as; ()], b = inf [bi;(0)

i Qg  bij € = inf ey (1)1

aj; = sup |ai;(t)], b5 = = sup |bij ()], i = sup lesi (8]
7 =g b0l = sup b0 = €}

Throughout this paper, we assume that the followmg conditions hold

H,) 6; € AP(T,R) with §;(t) > 0, —=6;(t) e RT,Vt € T and11<nl£ {%nifré (t)} >
€

0, my(t),my(t) € AP(T,I) 0 CHT,I) with a = inf {(1-n5(0),
(1-r ))} >0, aij, bij, cij € PAP(T,R,v) and I;(t) € PAP(T,R,v).
Hs) fj,9,h; € C(R,R) and there exist positive constants L;,Lg,L?,M]f,M]h
and Mf such that for all u,v € Rand j =1,2,....,n
i (w) = ) < L fu =], |g;(u) = g;(v)] < LY Ju =],
[hj(u) = hy(v)] < Ll u =, fi(w) < M, gj(u) < MY, hyj(u) < M},
and fj(O) = gj(()) = hj(()).
t
Hs F(r) = supy( il

et v(t)
terval of [0, 4+00)T

n
S af L]+ z biLY + z et L
Jj=

is bounded and continuous on arbitrary closed subin-

LV

Hy) k= max — < 1.
1<i<n 5Z.

Lemma 3.1. Let v € AL. Suppose that Hy and Hs hold. If f € PAP(T,R,v),
then f(-—7(-)) € PAP(T,R,v)
Proof. By the weighted pseudo almost periodicity of f, we have
(3.1) fE=7(t) = fi(t = 7(8) + fo(t — 7(8)) = F1(t) + F2(t), t€T,
where f; € AP(T,R") and f» € PAPy(T,R,v). It’s obvious that Fi(-) = fi(t —
7(t)) € AP(T,R). It remains to show that Fy(-) = fa(- — 7(-)) € PAPy(T,R",v).
In view of H3 we have
v(t) _ v(t—T1(t)+7(t)) < s Flo).
v(t—7(t)) v(t—7(t)) oe[r— 7]
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1
Set v = sup <> sup F(p), then

et \1=72(t) /) sefr ]
0< i o / It = ()| v(0) At
1 - ~ _ vt
< i L / IFaft = )l (e = )t | sup 0
) r—7(r) 1 (t)
) 14
<imcay| /( O T |2
) r—7(r)
<oy /( Mol
r4rt

im su V(QT+T+) 1 y
< tim swp Pl [ v

~(rr)

=0

which implies that f(-—7(-)) € PAPy(T,R",v). Hence f(-—7(-)) € PAP(T,R",v)
(|

Lemma 3.2. Let v € AL, Assume that Hy — Hy hold and y;(¢) € PAP(T,R",v),

then X (t) /h y;j(())A¢ € PAP(T,R",v).
t=¢
Proof. Since the function Y satisfies
t
X = | [ wstaenac

—£

which gives that the integral / h;(y;(¢))A( is absolutely convergent and the func-
t—o
tion X; is bounded. We will now show the the continuity of . For any rd-dense
point t € T, let {t,} € T a sequence such that ¢, >t and lim ¢, = ¢. The continuity
n—oo
of the function y gives that for any € > 0 there exists a constant N € N such that
for any integer n > N, s € T with t,, —s € T and t — s € T, we obtain

ly;(tn — 5) — y;j(t — s)| < The 5
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Which yields,

() — X(8)
~| [ mtw@nac— [ nenac
tn—E t—¢
tn t
= | [ mtw@nac— [ menac
bt to¢
3 £
< | [ istustu+ ta = du— [ byttt - €)Au
0 0
< LBy (u+tn — &) — yi(u+tn — )|
<e.

We conclude similarly that the function X is ld-continuous. Consequently, X, is
continuous on T. By Lemma 2.22, we have h;(y;(¢)) € PAP(T,R",v). Moreover,
let

hj(yi(€)) = h1;(y;(C)) + ha;j(y;(C)) = H1(¢) + H2(C)
where Hy; € AP(T,R"), Hy; € PAPy(T,R",v). Hence,

X(t) = / Hy;(¢) + H2;(0)AC

t—¢&
t t
_ / Hy(OAC + / Hyi (C)AC
t—¢ t—¢

= X' +X*®)-
The almost periodicity of Hi; implies that stlel%ﬁHlj(tJr d) — Hy;(t)| < 2 for all
e>0
t+0 ¢
X - X0l =| [ Hi©0- [ mioac
b+5—¢& t—¢

. t
/ZCTjHlj(C+5>)_ /HIJ(C)AC
¢ Jj=1 t—&

t
< / [Hyj (¢ + ) — Hyj(¢)| AC
t—¢

AN
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<e€

— )

it follow that, X*(t) € AP(T,R™). On the other hand, since Ho;(-) € PAPy(T,R",v),
we obtain from Lemma (2.20) that Hy;(-—s) € PAPy(T,R",v) for all s € R. Hence

r t
1
rlggoy /‘X ‘1/ At<Tli>rgOV“2)/l/(t)Att_/£ |Ha;(C)| AC

T

T

< lim —— // |Ho;(t v(t)AtAs
r—00 ]/
_f —r
which gives that x? € PAPy(T,R",v). Thus Y € PAP(T,R",v). O

Lemma 3.3. Let v € AL, suppose that assumptions Hy-Hy hold. Define the non-
linear operator 11 as follows for each p € PAP(T,R™, v)

(3.2) (ILyp), (t) = / e_s,(t,o(s))Ti(s)As, i=1,2,...,n
where

n

Z az] f] 903 nij(s))) + Z bij(s)gj (@j(s - Tij(s)))
j=1

+ () / hj(p;(€)AC + Ji(s),
j=1

S—0o

Then II maps PAP(T,R",v) into itself.
Proof. For any given p € PAP(T,R",v), we consider the following equation

(3.3) yiA(t) = —d;(t ) + Zazg )f5 (st —mi5(1))) + Z bi; (t) —7ij(1)))

7j=1

—i—ch

Wy (O)AC + Ji(t), i =1,2,.1m,

m\“
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and its associated homogeneous equation

(3.4) v = —=0i(D)yit) i =1,2,..,n

From H, and Lemma 2.17 we deduce that (3.4) admits an exponential dichotomy.

In addition, we can assume by Lemmas (2.22) and (3.1) that the functions s —

filei(s —mij(s))) and s — g;j (¢j(s — 7ij(s))) belong to PAP(T,R",v). Note that
S

we have actually proved in lemma (3.2) that the function s — [ h;(y;(¢))AC €

s=¢
PAP(T,R™,v). Hence, the function I'; € PAP(T,R",v). Thus, by Theorem 4.2
in [15] obtain that

t

(3.5) /egi(t,a(s))Fi(s)As, i=1,2,..,n
is a weighted pseudo almost periodic solution of (1.1). O

Theorem 3.4. Suppose that assumptions Hi-Hy hold. Then the delayed chaotic
neural networks (1.1) has a unique pseudo almost periodic solution in the region

(3.6) E = {<Z> € PAP(T,R™,v), |l¢ — ol < 5’("]”@}
where @o(t _f e_s,(t,0(s))Ji(s)A.

Proof. Obviously, E is a closed subset of PAP(T,R,v) and

! il s
ool = | [ entaepaeac) < 1l
Hence,for any ¢ € E, we get
kIIJ oo Mo ~  lillso
@Il = lle(t) — o)l + [l (@)l < + <

SS(I—d) 5 5 (-d)

It is clear that the operator II is a self-mapping from F to E . In fact, for any
p € E, we have

I(Te)(t) - po(®)]
| [ e Zam 915 (255 = mig(s) + D big(5)gy (95(s — 735(5)))

s

3 () / hi(0;(O)AC| As
Jj=1 s—¢&

< /e_ai(t,J(S)) D a1 (wils = mig(9))) = FO) + Y b5 195 (9i(s = 7i5(5))) — 9(0)]]

e j=1 j=1
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#32eh [ I - o] ac | as

<5 e U st = o) = SO+ 3 o o = o) =50

j=1
+30e [ Ieit©) - ol A¢
=7
[Z@ﬁ+2@g+z&m
< 5 (o)
Follilles
D)

Which yields that (Ily) € E. Our next aim is to prove that II is a contraction
mapping of E. Under Hs, for any ¢t € E we have

() () — () (D) |

t

< / e—s,(t,0(s)) {Z a;; | 5 (@i (s —mij(5))) — £ (%5 (s — mij ()]
j=1

—00

+ 205 gy (ps(s = 735())) — 95 (¥(s — 7i5()))

=1

#32e [ It 0) - noac| as

t

< / Z@SL%Z@ZL%D Lhe| As b 16— ¥l

— 00

lzﬁﬁ+ZQq+Zﬁﬁ

< — 6~ %l

<kll¢ -9l

Since k < 1, we obtain that II is a contraction mapping. Hence, system (1.1) has a
unique weighted pseudo almost periodic solution on [E. O
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4. EXPONENTIAL STABILITY OF THE WEIGHTED PSEUDO-ALMOST PERIODIC
SOLUTION

In this section, we will study the exponential stability of weighted pseudo almost
periodic solution on time scale of system (1.1).

Definition 4.1. The pseudo almost periodic solution y of system (1.1) with initial
value ¢ is said to be globally exponentially stable if there exist a positive constant
A with ©A € R" and M > 0 such that every solution z of system (1.1) with initial
value ¢* satisfies

lz(t) —y@)|| < Meax [[¢llg, V€ (0,+00),

where

ety = smp s {16 = @O} to € max{(-0)).

Theorem 4.2. Assume that Hi-Hy hold. Then system (1.1) has a unique weighted
pseudo almost periodic solution, which is globally exponential stable.

Proof. On account of the above theorem the system (1.1) has a weighted pseudo
almost periodic solution y = (y1, y2, ..yn)T with the initial value ¢ = (1, 92, ..., n) .
Suppose that © = (z1,x2,...x,) is an arbitrary solution of (1.1) with initial value
©* = (7,95, ...,¢%). Then, by system (1.1) we have

(4.1)
) = =izt Z aii(t) [f5(z(t —mij (1)) + y; (¢ —ni; (1)) — fy;(t — ni; (1))]

z

+ Z bij(t) [9(z(t — 735(1)) +y;(t — 73;(1))) — g(y; (¢t — 73;(¢))))]

# 2 elt) [ le0) + i(0) ~ bl C)] AG
- e
where z;(t) = x;(t) — y;(t), i =1,2,..n, the initial condition of (4.1) is

Vi(s) = ¢i(s) —pil(s), se€[-m0p,i=12.n
Let

#i(B) = &7 — B — exp(Bsup (s ZGZLf exp(Bnf) + Z%Lf exp(B;5)
j=1

+ Zﬁc;[é‘ exp(B¢€)
where i = 1,2,..n and § € [0,00[. By Hy, we get

n
— h .
(42)  $i(0) = 6; § a;;Lj § b;L§+§' ofchLl | >0, i=1,2,.n
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Since ¢;, i = 1,2, ..n are continuous on [0, +o0c) and ¢;(5) — —oo as f — +oc.
Hence, there exist ¢; > 0 such that ¢;(g;) = 0 and ¢;(5) > 0 for g € (0,e). Let

d= 1I<1112 g;, we have ¢;(d) > 0, i =1,2,..n. Then, we can take a positive constant
<i<n

0 < A < min {d 1r<nl£1 5; } such that ¢(\) > 0, ¢ = 1,2..n which implies that for
i=1,2,..n
(4.3)

exp(Asup u(s))

seT +rf + trg ‘oh
5 — A Z%LJ oxp (A%> + Z%LJ exp(A;}) + chwL] exp(\E)

<1,

Multiplying (4.1) by e_s,(t,0(s)) and integrating over [to,t] for i = 1,2,...,n we
obtain
t

a(0) = s(to)es (t.00) + [ e (t.0(5)

to

(4.4) Zam [f5(z(s = mij(s)) + y;(s = mij(s))) — fy;(s = ni;(s))]

+ Z bij(s) [9(25(s — 75(s)) + y;(s — 75(s))) — 9(y;(s — 7i(s))))]
j=1

+Z / &) + () — hly; ()] Ac | As.
Denote
M = max 0, )
1<i<n

S e
J=

by H4 we can assume that M > 1. Hence,

exp(Asup p(s))
. seT

M 57— A

Z afiL] exp (Am?) Z b LY exp(A\rF) + ch;;L? exp(\¢)| <0.

It is obvious that
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2i(0)] =[] < ldllg Meax(t o) [[4llg, Vi€ [=m0lp, i=1,2.n,
where A € R is the same as in (4.3), then
lz(t) = y(@)ll = max {[zi(t)|} < Meea(t o) 1], V1€ =m0l
We claim that
(4.5) lz(t) =y (@) < Meca(t, to) lvllp, ¥Vt e (0,+00).

To prove that (4.5) holds, we first show that, for any P > 1 the following inequality
holds:

(4.6) lz(t) =yl < PMeca(t,to) [¢llg, VT € (0,400)g.

If (4.6) is not true, then there must be some ¢; € (0, +00); and C > 0 and some k
such that

(4.7) [z(t1) — y(t)[l = |zk(tr) — yk(t1)] = CPMecx(t1,to) ¥l -
and
(4.8) [z(t) —y(@)|| < CPMecx(t, to) [[¥llg, Vi€ [Tty

By (4.4)-(4.8)
Izz'(tl)l = [19[lg e—s; (t1, to0)

/CPM@ 8; tl, Zaw ]6@)\ S—T]Z] t() +wa ]69)\ Tij(s),to)

S

+ZCU j /ee,\ (,to)AC | As

¢
t1
1
< OPMegy(t1,to) |19l meai(tl,to)eeA(toytl)Jr/e5¢(t170(8))ex(t170(8))
to
Za;L{ ea(s = mij(s), 0(s))
n
ijnge@A (s — 7ij(s ) + (;;;L;l/e@A AC
j=1 s—¢
1 n
< CPMean(t,t0) [0 { gre-sea(tn tor+ | 3] expl\g +sup )
j=1 s€

ij;LfeXP +8161Tpu( 5)))
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t1

+ Zchth exp(A(€ + sup u(s))) /6—6@/\(75170'(5))

seT
to
1
<:0PAh@Aahtwn¢Mo{Alea@xthto §ja;Ljeq> (355 + suap ()
se€

Zb:rLg exp(A(T;} T+ sup u(s)))
7 seT

+Zmﬁm (¢ +supp(s)) “memw

seT 51_ —A
1
SCPM%xmmHW%{M» }j@wﬁmp (o + sup ()
se&
Zb;Lg exp(A(7;} + sup p(s)))
seT

+ Z €LY exp(A( (€ +supp(s)) | e-son(tr,o(5))

; Z%4m>n+mu Z%Wm (75 + sup ()
- ES

+ Zc LT exp(A( A+ sup u(s))

< CPMe@)\(tlatO) 191l

which contradicts (4.7) and so (4.6) holds. Letting P — 1, then (4.5) holds. There-
fore, the weighted pseudo-almost periodic solution of system (1.1) is globally expo-
nentially stable. O

5. EXAMPLES AND SIMULATIONS

Consider the following neural network:

2

2
(5.1) it = =ai®yi(t) + Y ai () iyt —nig (1)) + D bij(£)g; (ws(t — 75(1)))
j=1

2 t
+Y e /m JOVAC + Ji(t)
=3
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5.1. Example. Take T =R
61(t) = 0.5+ 0.3 cos(V2t), da(t) = 0.9 + 0.6 sin(v/2t),

0.07 cos(t 0.08 cos(t)
0.05 cos( \ft 0.05 cos(\/gt)

0.05sin(v/4t) 0.06 cos(v/2t)
0.07sin(v/5t)  0.04 sin(v/5t)

C11 C12
C21 (22

a22>

b1 b2
bar  bao
) 0.011cos(v/3t)  0.03cos(t)

Tl Ti2 mi m2) (1 1
To1 T2 n21 122 1
fi(x) = gi1(x) = hi(z) = 0.3sin(z), fa(x) = g2(z) = ha(z) = 0.75sin(x)

By calculation, we have 67 = 0.2, 6; = 0.3, L] = 19 = L = 0.3, L] = Ly =
Ly =0.75
af; = 0.07,af, = 0.08,a5; = 0.05,aj, = 0.05,b]; = 0.05,bf, = 0.06,b5; = 0.07, b3, =

0.04, ¢f; = 0.01,¢f5, = 0.01,¢c5; =0.011, 5y =0.03, 711 = T12 = To1 = oo = M1 =
M2 =121 = n22 = 1, and

Z:lai Zb;;L?+ ZC’LJ J
k= max { £ = max {0.87375,0.45} < 1.

1<i<n 51._

-(
<0 0lcos(v/7t) 0.01 sin(\/lt)>
-(

(J1> _ (Sin(\/it) + sin(t) + e|t>

Ja cos(t)

61(k) = 0.6 +0.2sin(v/2k),  62(k) = 0.8 + 0.5 cos(V/2k),

ail a9 0.08 sin(k 0.07sin(k)
asy Qo2 0.06 cos \[k 0.04005(\/51<:)

(

(b ) = (umeintvi oo 20)

(o o2 -

( >
(k) =

0.013 cos(v/3k)  0.01 cos( )
mi o M2 11 cos(v/2k) + cos(k) 4 eIl
N1 722 11 sin(k)

(x)

(002cos (vV7k)  0.03sin \fk
g1(z) = hi(k) = 0.25sin(k), fa(k) = g2(k) = ha(k) = 0.6 sin(k)
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6y =04,0, =03, L{ =L{ = 1{ =025, L{ = LY = L{ = 0.6

ajy = 0.08, ajy = 007, ag =006, ag =004, bjy =006, bj =005 bj =
0.08, b, =0.03, ¢f; =0.02, ¢, =003, ¢f; =0013, =001, 71 =710 = 791 =
Tog =M1 = N2 = N21 = N2 = 1. and

1y 1y ij

k = max — = max {0.44, 03,4916} < 1.
1<i<n (51.

> at L] + oL+ c+L§L
=1 =1 =1

Therefore, whether T = R or T = Z, all the conditions of Theorems (3.4) and (4.2) are
satisfied. Consequently, system (5.1) has a weighted pseudo almost periodic solution, which
is globally Exponentially stable (see Figs. 1-6).

VO St

FIGURE 1. T = R: Curve FIGURE 2. T = R: Curve
of y1(t) of ya(t)

FIGURE 3. T = R: Curve of y;(t) and ya2(t)
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FIGURE 4. T = Z: Curve FIGURE 5. T = Z: Curve
of y1(n) of ya(n)

FIGURE 6. T = Z: Curve of y;(t) and y2(n)
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