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116 A. YOUNUS

formar conditions are fulfilled, then the unique solution Φ is given by

(1.2) Φ(x) =
1

Γ(1− α)

d

dx

∫ x

a
(x− t)−αf(t)dt =

d

dx
f1−α(x), a.e.

If f ∈ AC [a, b], then f1−α ∈ AC [a, b] and from equation (1.2) we have

Φ(x) =
1

Γ(1− α)

[
f(a)

(x− a)α
+

∫ x

a

f
′
(s)

(x− a)α
ds

]
.

Consider the cross section of a weir notch. The cross section is symmetrical with
respect to the x-axis. The flow rate through the notch per unit of time will be
determined by

(1.3) Q = C

∫ h

0

√
h− xΦ(x)dx,

where the form of the notch is determined by y = Φ(x); x ≥ 0. From equation (1.3)
determining Φ(x) so that the quantity of flow per unit of time shall be proportional
to a given power of the depth of stream; i.e., Q = khm,m > 0. Hence we must find
Φ(x) from an integral equation of the form

(1.4)

∫ h

0

√
h− xΦ(x)dx = khm.

Differentiating (1.4), we have:

1

2

∫ h

0
(h− x)−1/2Φ(x)dx = mkhm−1.

More generally, we can extend above equation as follows

(1.5)

∫ h

0

Φ(x)dx√
h− x

= 2kmhm−1

and a solution of equation (1.5) will be a also solution of equation (1.4). But
equation (1.5) comes under the form of Abel’s integral equation,∫ x

a

Φ(y)dy

(x− y)α
= g(x), (0 < α < 1).

This Abel’s integral equation can be converted into Riemann and Liouville fractional
integral operator. Furthermore by using (1.1) one can find its continuous solution
Φ as given in [6].
Let us consider the basic notions of q-calculus and q-fractional calculus from [1]:
Let q ∈ [0, 1] is fixed real number, a subset A of R is called q-geometric if qz ∈ A
whenever z ∈ A.

Definition 1.2. A function g which is defined on a q-geometric set A, 0 ∈ A, is
said to be q-regular at zero if

lim
n→∞

g (zqn) = g (0) for all z ∈ A.
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Furthermore, if A is also q−1-geometric, then we say that g is q-regular at infinity
if there exists a constant C such that

lim
n→∞

g
(
zq−n

)
= C for all z ∈ A.

Henceforth, if A ⊆ R is q-geometric and g is a q-regular at zero function defined
on A, we define g (0+) and g (0−) by

g
(
0+
)
:= lim

n→∞,
x>0

g
(
xqk
)
, g
(
0−
)
:= lim

n→∞,
x<0

g
(
xqk
)
.

Remark 1.3. Clearly, if g is q-regular at zero, then

g (0) = g
(
0+
)
= g

(
0−
)
.

The q-regularity at zero plays the role of continuity in the classical sense in some
setting. On the other hand, continuity at zero implies q-regularity at zero, but the
converse is not necessarily true.

Example 1.4. The function u : [0, 1] → R

u (x) =

{
1 x = an = 1√

n
, n is prime

x otherwise

is q-regular at zero for rational q, but it is not continuous at zero.

Let us now define the fractional q-integral and q-derivative:

Definition 1.5. The fractional q-integral is

Iαq,cg(x) =
xα−1

Γq(α)

∫ x

c
(qt/x; q)α−1g(t)dqt,

and the fractional q-derivative is

Dα
q,cg(x) = D[α]

q Iα−[α]
q,c g(x).

Definition 1.6. A function g defined on [0, a] is called q-absolutely continuous if g
is q-regular at zero,and there exist K > 0, such that

(1.6)
∞∑
j=0

∣∣g(tqj)− g(tqj+1)
∣∣ ≤ K, for all t ∈ (qa, a] .

If equation (1.6) holds then it can be extended through out (0, a]. To see this, it
suffices to investigate the case when x ∈ (0, a] then there exists t ∈ (qa, a] and k ∈ N
such that x = tqk. Then

∞∑
j=0

∣∣g(xqj)− g(xqj+1)
∣∣ = ∞∑

j=k

∣∣g(tqj)− g(tqj+1)
∣∣

≤
∞∑
j=0

∣∣g(tqj)− g(tqj+1)
∣∣ < ∞.

We shall use ACq [0, a] to denote the class of q-absolutely continuous function on
[0, a].
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Definition 1.7. q-Laplace transform of a function g can be defined as

qLs [g(x)] = Φ(s) =
1

1− q

∫ s−1

0
Eq(−qsx)g(x)dqx.

Theorem 1.8. Let g be a function on [0, a] .Then ,the function g ∈ ACq [0, a] if
and only if there exist a constant Φ in L1

q [0, a] such that

(1.7) g ∈ ACq [0, a] ⇔ g(x) = c+

∫ x

0
Φ(x)dqu, ∀x ∈ [0, a] .

Moreover, the constant c and the function Φ are uniquely determined via c = f(0)
and

Φ(x) = Dqg(x), ∀x ∈ (0, a] .

Example 1.9. Let g : [0, a] → R ,g(x) = x2 is a continuous ⇒ g ∈ ACq [0, a] .

Theorem 1.10. The q-Abel integral equation

(1.8)
xα−1

Γq(α)

∫ x

0
(qt/x; q)α−1Φ(t)dqt = g(x), (0 < α < 1, x ∈ (0, a])

has a unique solution Φ ∈ L1
q [0, a] if and only if

(1.9) I1−α
q g(x) ∈ ACq [0, a] and I1−α

q g(0) = 0.

Furthermore, the unique solution Φ is given by

(1.10) Φ(x) = Dq,xI
1−α
q g(x).

The following example confirm the validity of the theorem.

Example 1.11. Consider for 0 < α < 1 the q-Abel integral equation

(1.11)
xα−1

Γq(α)

∫ x

0
(qt/x; q)α−1Φ(t)dqt = x2, (0 < α < 1, x ∈ (0, a]).

An easy computation of I1−α
q g(x) gives

I1−α
q g(x) =

x−α

Γq(1− α)

∫ x

0
(qt/x; q)−αx

2dqt

=
x2−α

Γq(1− α)

∫ x

0
(qt/x; q)−αdqt.

Taking substitution t/x = u, above equation becomes

I1−α
q g(x) =

x2−α

Γq(1− α)

∫ 1

0
(qu; q)−αxdqu

=
x3−α

Γq(1− α)

∫ 1

0
(qu; q)−αdqu

=
x3−α

Γq(1− α)

∫ 1

0
x0(qu; q)−αdqu

=
x3−α

Γq(1− α)
Bq (1, 1− α)
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=
x3−α

Γq(1− α)

Γq (1) Γq (1− α)

Γq (1 + 1− α)

=
x3−α

Γq(1− α)

Γq (3) Γq (1− α)

Γq (3 + 1− α)

=
x3−α

Γq(1− α)

2Γq (2) Γq (1− α)

Γq (4− α)

=
x3−α

1

2.1

Γq (4− α)

=
2!x3−α

Γq (4− α)
.

Then , I1−α
q f(0) = 0 and I1−α

q f(x) ∈ ACq [0, a]. Consequently, equation (1.11) has
unique solution given by

Φ(x) = Dq,xI
1−α
q f(x)

= Dq,xf

(
2x3−α

Γq (4− α)

)
=

2

Γq (3− α)

f(x3−α)− f(xq)
3−α

x− qx

=
2

Γq (4− α)

x3−α − x3−αq
3−α

x− qx

=
2

Γq (4− α)

x3−α
(
1− q

3−α
)

x (1− q)

=
2

Γq (3− α)

x2−α
(
1− q

3−α
)

(1− q)

Since Γq (x+ 1) = 1−qx

1−q Γq (x)

Φ(x) =
2x2−α

Γq (4− α)

Γq (3− α+ 1)

Γq (3− α)

=
2x2−α

Γq (3− α)
.

2. The n-terms Abel’s integral equation

In this section, we discuss solution method for n-term Abel’s integral equation.
First of all we consider the general form of two terms Abel’s integral equations. For
α, β > 0, such that 0 < β < α < 1

(2.1)

∫ x

0

{
P

(x− t)α
+

Q

(x− t)β

}
u(t)dt = f(x), x > 0
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we put F (s) = L{f(x)} and U(s) = L{u(x)} , then:

L
{∫ x

0

(
P

(x− t)α
+

Q

(x− t)β

)
u(t)dt

}
= L{f(x)}

PL
{∫ x

0
(x− t)−αu(t)dt

}
+QL

{∫ x

0
(x− t)−βu(t)dt

}
= F (s).

Since L(xα) = Γ(α+1)
Sα+1 , or L((x− t)α) = Γ(α+1)

Sα+1 , also L((x− t)−α) = Γ(−α+1)
S−α+1 ,

U(s) =
S1−αS1−β

PΓ(1− α)S1−β +QΓ(1− β)S1−α
F (s).

Divided by S1−β on numerator and denominator:

(2.2) U(s) =
S1−α

PΓ(1− α)

1

1 + QΓ(1−β)
PΓ(1−α)S

β−α
F (s)

provided that ∣∣∣∣PΓ(1− β)

QΓ(1− α)

∣∣∣∣ |S|β−α

< 1.

Convergence of the geometric series implies that

1

1 + QΓ(1−β)
PΓ(1−α)S

β−α
=

∞∑
n=0

(−)n
(
QΓ(1− β)

PΓ(1− α)
S

β−α

)n

.

Equation (2.2) implies that

(2.3) U(s) =
S1−α

PΓ(1− α)

( ∞∑
n=0

(−)n
(
QΓ(1− β)

PΓ(1− α)
S

β−α

)n
)
F (s)

In more compact form:

U(s) =
∞∑
n=0

(−)n
(QΓ(1− β))n

(PΓ(1− α))n+1
S

(β−α)n+1−α
F (s)

=

∞∑
n=0

(−)n
(QΓ(1− β))n

(PΓ(1− α))n+1

1

Sη
F (s).

Here η = (n+1)α−nβ− 1. Since L(xη) = Γ(η+1)
Sη+1 . Also L(xη−1) = Γ(η−1+1)

Sη−1+1 = Γ(η)
Sη ,

so 1
Sη = L(xη−1)

Γ(η) .

U(s) =
∞∑
n=0

(−)n
(QΓ(1− β))n

(PΓ(1− α))n+1

L(xη−1)

Γ(η)
L(f(x))

By using convolution theorem, we obtain:

L(u(x)) = L

[ ∞∑
n=0

(−)n
(QΓ(1− β))n

(PΓ(1− α))n+1

1

Γ(η)

∫ x

0
(x− t)η−1f(t)dt

]
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Applying Laplace inverse on both sides, we obtain,

u(x) =
∞∑
n=0

(−)n
(QΓ(1− β))n

(PΓ(1− α))n+1

1

Γ(η)

∫ x

0
(x− t)η−1f(t)dt

=

∞∑
n=0

cnD
−η
x f(x), 0 < β < α < 1

where cn = (−)n (BΓ(1−β))n

(AΓ(1−α))n+1 , D
−η
x f(x) = 1

Γ(η)

∫ x
0 (x · −t)η−1f(t)dt, η = (n + 1)α −

nβ − 1.
Now we consider the three terms Abel’s integral equation in the general form:

(2.4)

∫ x

0

{
P

(x− t)α
+

Q

(x− t)β
+

R

(x− t)γ

}
u(t)dt = f(x), 0 < γ < β < α < 1,

Applying Laplace transforms and putting F (s) = L{f(x)} U(s) = L{u(x)} ,
L(xα) = Γ(α+1)

Sα+1 , and L((x− t)α) = Γ(α+1)
Sα+1 ,{

P
Γ(1− α)

S1−α
+Q

Γ(1− β)

S1−β
+R

Γ(1− γ)

S1−γ

}
U(s)

=
PΓ(1− α)S1−βS1−γ +QΓ(1− β)S1−αS1−γ +RΓ(1− γ)S1−αS1−β

S1−αS1−βS1−γ
U(s) = F (s).

It implies that

U(s) =
S1−αS1−βS1−γ

PΓ(1− α)S1−βS1−γ +QΓ(1− β)S1−αS1−γ +RΓ(1− γ)S1−αS1−β
F (s).

Divided by S1−βS1−γ on numerator and denominator:

U(s) =
S1−α

PΓ(1− α) +QΓ(1− β)S1−α−1+β +RΓ(1− γ)S1−α−1+γ
F (s)

=
S1−α

PΓ(1− α) +QΓ(1− β)Sβ−α +RΓ(1− γ)Sγ−α
F (s).

It follows that

(2.5) U(s) =
S1−α

PΓ(1− α)

 1

1 + QΓ(1−β)
PΓ(1−α)S

β−α + RΓ(1−γ)
PΓ(1−α)S

γ−α

F (s),

with ∣∣∣∣QΓ(1− β)

PΓ(1− α)

∣∣∣∣ |S|β−α

< 1,

∣∣∣∣RΓ(1− γ)

PΓ(1− α)

∣∣∣∣ |S|γ−α

< 1.

Using the geometric series

1

1 + QΓ(1−β)
PΓ(1−α)S

β−α + RΓ(1−γ)
PΓ(1−α)S

γ−α
=

1

1−
(
−QΓ(1−β)

PΓ(1−α)S
β−α − RΓ(1−γ)

PΓ(1−α)S
γ−α

) .
Let

r = −QΓ(1− β)

PΓ(1− α)
S

β−α − RΓ(1− γ)

PΓ(1− α)
Sγ−α,
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then
∞∑
n=0

rn =

∞∑
n=0

(
−QΓ(1− β)

PΓ(1− α)
S

β−α − RΓ(1− γ)

PΓ(1− α)
Sγ−α

)n

=
∞∑
n=0

(−)n
(
QΓ(1− β)

PΓ(1− α)
S

β−α − RΓ(1− γ)

PΓ(1− α)
Sγ−α

)n

.

So equation (2.5)
(2.6)

U(s) =
S1−α

PΓ(1− α)

( ∞∑
n=0

(−)n
(
QΓ(1− β)

PΓ(1− α)
S

β−α
+

RΓ(1− γ)

PΓ(1− α)
Sγ−α

)n
)
F (s).

More explicitly

U(s) =

∞∑
n=0

(−)n
(

(QΓ(1− β))n

(PΓ(1− α))n+1
S

(β−α)n+1−α
+

RΓ(1− γ)n

(PΓ(1− α))n+1
S(γ−α)n+1−α

)
F (s)

=
∞∑
n=0

(−)n
(

(QΓ(1− β))n

(PΓ(1− α))n+1

1

Sη
+

RΓ(1− γ)n

(PΓ(1− α))n+1

1

Sξ

)
F (s),

where η = (n+ 1)α− nβ − 1,ξ = (n+ 1)α− nγ − 1.

L (u(x))=

∞∑
n=0

(−)n

(
(QΓ(1− β))n

(PΓ(1− α))n+1

L
(
xη−1

)
Γ(η)

+
RΓ(1− γ)n

(PΓ(1− α))n+1

L
(
xξ−1

)
Γ(ξ)

)
L (f(x))

By using convolution theorem and inverse Laplace, we obtain

u(x) = CnD
−η
x f(x) + EnD

−ξ
x f(x),

where Cn = (−)n (BΓ(1−β))n

(AΓ(1−α))n+1 , En = (−)n CΓ(1−γ)n

(AΓ(1−α))n+1 .

Similarly the solution of the following nth terms Abel’s integral equation:∫ x

0

(
n∑

i=1

Pi

(x− t)αi

)
u(t)dt = f(x), x > 0, 0 < αi+1 < αi < 1, ∀i = 1, 2, . . . n.

is

u(x) =

∞∑
i=0

CjD
−ηi
x f(x).

3. Two term q-Abel integral equation

Now consider the following two term q-Abel integral equation
(3.1)

1

1− q

∫ x

0
Px−α (qt/x; q)−αΦ(t) dqt+

1

1− q

∫ x

0
Qx−β (qt/x; q)−β Φ(t) dqt = h (x) .

The q-convolution implies that

Px−α ∗q Φ(x) +Qx−β ∗q Φ(x) = h (x) .

Applying q-Laplace on both sides, we have

(3.2) PqLs

[
x−α

]
Φ(s) +QqLs

[
x−β

]
Φ(s) = H (s) .
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Now

qLs

[
x−α

]
=

(1− q)−α Γq (1− α)

s1−α

and

qLs

[
x−β

]
=

(1− q)−β Γq (1− β)

s1−β
.

Substituting in equation (3.2), we can obatin the following form:

Φ (s) =
s1−αH (s)

P (1− q)−α Γq (1− α) +Q (1− q)−β Γq (1− β) s1−αsβ−1

=
s1−αH (s)

P (1− q)−α Γq (1− α) +Q (1− q)−β Γq (1− β) sβ−α

=
s1−α (1− q)α

PΓq (1− α) +Q (1− q)α−β Γq (1− β) sβ−α
H (s)

=
s1−α

PΓq (1− α)

(1− q)α

1 +
Q(1−q)α−βΓq(1−β)

PΓq(1−α) sβ−α
H (s)

=
s1−α

PΓq (1− α)

(1− q)α

1−
(
−Q(1−q)α−βΓq(1−β)

PΓq(1−α) sβ−α
)H (s) .

By using geometric series form, we obtain

Φ (s) =
s1−α

PΓq (1− α)

(
(1− q)α

∞∑
n=0

(−1)n
(
Q (1− q)α−β Γq (1− β)

PΓq (1− α)
sβ−α

)n)
H (s)

=
s1−α (1− q)α

PΓq (1− α)

( ∞∑
n=0

(−1)n
(1− q)n(α−β) (QΓq (1− β))n

(PΓq (1− α))n
sn(β−α)

)
H (s) .

(3.3) Φ (s) =

∞∑
n=0

(−1)n
(QΓq (1− β))n (1− q)(n+1)α−nβ

(PΓq (1− α))n+1 s−(n+1)α+nβ+1)H (s) .

Now

(1− q)(n+1)α−nβ

s(n+1)α−nβ−1
=

(1− q)(n+1)α−nβ

s(n+1)α−nβ−2+1

=
(1− q)(n+1)α−nβ (1− q)−2

(1− q)−2 s(n+1)α−nβ−2+1

=
(1− q)(n+1)α−nβ−2

(1− q)−2 s(n+1)α−nβ−2+1

In q-Laplace form:

(1− q)(n+1)α−nβ

s(n+1)α−nβ−1
=

1

(1− q)−2
q

Ls

[
x(n+1)α−nβ−2

Γq ((n+ 1)α− nβ − 1)

]
.
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So equation (3.3) becomes

qLs [Φ (x)]

=

∞∑
n=0

(−1)n
(QΓq (1− β))n

(PΓq (1− α))n+1 (1− q)−2
q

Ls

[
x(n+1)α−nβ−2

Γq ((n+ 1)α− nβ − 1)

]
q

Ls [h (x)]

=
∞∑
n=0

(−1)n
(QΓq (1− β))n

(PΓq (1− α))n+1 (1− q)−2
q

Ls

[
x(n+1)α−nβ−2

Γq ((n+ 1)α− nβ − 1)
h (x)

]

=q Ls

[ ∞∑
n=0

(−1)n
(QΓq (1− β))n

(PΓq (1− α))n+1 (1− q)−2

x(n+1)α−nβ−2

Γq ((n+ 1)α− nβ − 1)
h (x)

]
,

where η = (n+ 1)α− nβ − 1.

qLs [Φ (x)] =q Ls

[ ∞∑
n=0

(−1)n
(QΓq (1− β))n

(PΓq (1− α))n+1 (1− q)−2

x(η−1)

Γq (η)
h (x)

]
.

Applying inverse Laplace on both sides, we obtain

Φ (x) =

∞∑
n=0

(−1)n
(QΓq (1− β))n (1− q)2

(PΓq (1− α))n+1 Γq (η)

1

1− q

∫ x

0
xη−1 (qt/x; q)η−1 h(t)dqt

=
∞∑
n=0

(−1)n
(QΓq (1− β))n (1− q)

(PΓq (1− α))n+1

xη−1

Γq (η)

∫ x

0
(qt/x; q)η−1 h(t)dqt

= (1− q)

∞∑
n=0

(−1)n
(QΓq (1− β))n

(PΓq (1− α))n+1 I
η
q,0h(x).

In compact form:

Φ (x) = (1− q)
∞∑
n=0

cnI
η
q,0h(x).

where cn = (−1)n
(BΓq(1−β))n

(AΓq(1−α))n+1 ,

4. n-Terms q-Abel integral equation

Now let us derive the solution of the following n-term q-Abel integral equation:

(4.1)
1

1− q

∫ x

0
P1x

−α1 (qt/x; q)−α1
Φ(t) dqt+ · · ·

+
1

1− q

∫ x

0
Pnx

−αn (qt/x; q)−αn
Φ(t) dqt = h (x) .

In q-convolution form:

P1x
−α1 ∗q Φ(x) + · · ·+ Pnx

−αn ∗q Φ(x) = h (x) .

Applying Laplace transform on both sides, we obtain

(4.2) P1qLs

[
x−α1

]
Φ(s) + · · ·+ PnqLs

[
x−αn

]
Φ(s) = H (s) .
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Since

qLs

[
x−α1

]
=

(1− q)−α1 Γq (1− α1)

s1−α1

and

qLs

[
x−αn

]
=

(1− q)−αn Γq (1− αn)

s1−αn
.

After some basic steps we can obtain the following solution:

Φ (x) = (1− q)

∞∑
n=0

CnI
ηn
q,0h (x) .

Where Cn = (−1)n
(P2Γq(1−α2)···PnΓq(1−αn))

n

(P1Γq(1−α1))
n+1 .
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