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(iv)
∑

n ∥en∥ < ∞. This method is an appropriately modified proximal point al-
gorithm which guarantees strong convergence and which does not substantially in-
crease calculations. For recent results on variational inequalities and fixed points of
nonexpansive mappings via fixed point methods, we refer to [3,9,10,12,16] and the
references therein.

In this paper, we introduce two iterative schemes: One is to find a common
element about the set of fixed points of a nonexpansive mapping. And another one
is to find a common element about the set of solutions of the variational inequality
for an inversestrongly monotone mapping in a Hilbert space. Then we show that
this methods converge strongly to a common element of two sets which solves some
variational inequality.

2. Preliminaries

We state the following well-known lemmas which will be used in our convergence
analysis in the sequel.

Lemma 2.1. The following well-known results in a real Hilbert space: for each
x, y, z ∈ H and α, β, γ ∈ [0, 1] with α + β + γ = 1, we have 1. ∥x + y∥2 ≤
∥x∥2 +2⟨y, x+ y⟩. 2. ∥αx+ (1−α)y∥2 = α∥x∥2 + (1−α)∥y∥2 −α(1−α)∥x− y∥2.
Lemma 2.2. Let C be a nonempty, closed and convex subset of a real Hilbert space
H . Given x ∈ H and z ∈ C. Then z = PCx ⇔ ⟨ x− z, z − y⟩ ≥ 0, ∀y ∈ C.

Lemma 2.3. Let C be a closed and convex subset in a real Hilbert space H,x ∈ H.
Then

(1) ∥PCx− PCy∥2 ≤ ⟨PCx− PCy, x− y⟩.
(2) ∥PCx− y∥2 ≤ ∥x− y∥2 − ∥x− PCx∥2 .
(3) ∥(I − PC)x− (I − PC) y∥2 ≤ ⟨(I − PC)x− (I − PC) y, x− y⟩.
(4) In the context of the variational inequality problem: u ∈ V I(C,A) ⇔ u =

PC(u− λAu) for all λ ≥ 0.

Lemma 2.4 ([18]). Let {xn} be a sequence in H, assume xn → x, then the inequality
limn→∞ inf ∥xn − x∥ < limn→∞ inf ∥xn − y∥ holds for evey y ∈ H with y ̸= x.

Lemma 2.5 ([17]). Assume that {sk}∞k=0 is a sequence of nonnegative real numbers
such that sk+1 ≤ (1− λk) sk + λkbk + ck, where {λk} , {bk} and {ck} satisfy the
conditions:

(a) limk→∞ λk = 0,
∑∞

n=0 λk = ∞;
(b) either limk→∞ supbk ≤ 0 or

∑∞
k=0 |λkbk| < ∞;

(c) ck ≥ 0 (k ≥ 0),
∑

k ck < ∞.

Then limk→∞ sk = 0.

Lemma 2.6 ([2]). Let C be a closed convex subset of a real Hilbert space H and let
T : C → C be a nonexpansive mapping such that Fix (T ) ̸= ∅. If a sequence {xn}
in C is such that xn → z and xn − Txn → 0, then z = Tz.

Lemma 2.7 ([13]). Let {xn} and {yn} be bounded sequences in a Banach space and
let {βn} be a sequence of [0, 1] such that 0 < limn→∞ inf βn ≤ limn→∞ supβn < 1.
Suppose xn+1 = (1− βn) yn+βnxn, ∀n ∈ N and limn→∞ sup (∥yn+1 − yn∥ − ∥xn+1 − xn∥) ≤
0. Then, limn→∞ ∥yn − xn∥ = 0.
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Lemma 2.8 ([4]). Let C be a nonempty closed subset of H and let {xn}n∈N be a
sequence in H which is quasi-Fejer monotone with respect to C, i.e., there exists a
summable sequence {εn}n∈N in [0,+∞) such that (∀x ∈ C)(∀n ∈ N) ∥xn+1 − x∥ ≤
∥xn − x∥+ εn. Then

(i) The sequence {xn}n∈N is bounded.
(ii) The sequence {xn}n∈N converges weakly to a point in C if and only if

w (xn)n∈N ⊂ C, where w (xn)n∈N denotes the set of weak cluster points
of sequence {xn}n∈N .

Remark 2.9 ([5]). A mapping S of C in H is called strongly monotone and S
is also called γ-strongly monotone if and only if there has a positive number γ
such that ⟨x − y, Sx − Sy⟩ ≥ γ∥x − y∥2 for all x, y ∈ C. A mapping S is γ/k2-
inverse-strongly monotone if and only if S is γ-strongly monotone and k-Lipschitz
continuous, satisfied ∥Sx− Sy∥ ≤ k∥x− y∥, ∀x, y ∈ C.

Remark 2.10 ([2]). If S is an α-inverse-strongly monotone mapping of C in H,
then S is 1/α-Lipschitz continuous. We also get that ∀x, y ∈ C and λ > 0,

∥(I − λS)x− (I − λS)y∥2

≤ ∥x− y∥2 + λ(λ− 2α)∥Sx− Sy∥2

So, if λ ≤ 2α, the I − λS is a nonexpansive mapping of C into H.

Remark 2.11 ( [11]). A set-valued mapping S : H → 2H is called monotone if
∀x, y ∈ H, f ∈ Sx and g ∈ Sy so that ⟨x − y, f − g⟩ ≥ 0. A monotone mapping
S : H → 2H is maximal if the graph G(S) of S is not properly contained in the
graph of any other monotone mapping.

It is known that a monotone mapping S is maximal if and only if ∀(x, f) ∈
H × H, ⟨x − y, f − g⟩ ≥ 0, ∀(y, g) ∈ G(S) implies f ∈ Tx. Let A be an inverse-
strongly monotone mapping of C into H and let NCv be the normal cone to C at
v ∈ C, NCv = {w ∈ H : ⟨v − u,w⟩ ≥ 0, ∀u ∈ C}, and define

Sv =

{
Av +NCv, v ∈ C

∅, v /∈ C

Thus S is maximally monotone and 0 ∈ Sv if and only if v ∈ V I(C,A); see [11].

3. Main results

In this section, according to the above remarks, we can put forward the following
two theorems.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H. Let A be
an α-inverse-strongly monotone mapping of C into H and let S be a nonexpansive
mapping of C into itself such that F (S)∩V I(C,A) ̸= ∅. Suppose x1 = x ∈ C, {en}
is regard as an error sequence and en ∈ H and

∑∞
n=1 ∥en∥ < +∞, and {xn} is given

by x0, x1 ∈ C,  wn = xn + θn (xn − xn−1) ;
yn = PC (I − λnA) (wn − en) ;
xn+1 = αnxn + (1− αn)Syn.
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For every n = 1, 2 . . ..where {αn} is a sequence in [0, 1) and {λn} is a sequence
in [0, 2α]. Choose θn ∈ [0, 1] and

∑∞
n=1 θn ∥xn − xn−1∥ < +∞. If {αn} and {λn}

are chosen so that λn ∈ [a, b] for some a, b with 0 < a < b < 2α, limn→∞ αn = 0,∑∞
n=1 αn = ∞,

∑∞
n=1 |αn+1 − αn| < ∞ and

∑∞
n=1 |λn+1 − λn| < ∞. Then {xn}

converges weakly to z ∈ F (S) ∩ V I(C,A).

Proof. Put yn = PC (I − λnA) (xn − en). Let u ∈ F (S) ∩ V I(C,A). Since I − λnA
is nonexpansive, from Lemma 2.3, we have

∥yn − u∥ = ∥PC (I − λnA) (wn − en)− PC (I − λnA)u∥
≤ ∥wn − u∥+ ∥en∥
≤ ∥xn − u∥+ θn ∥xn − xn−1∥+ ∥en∥ .

So, we can have

∥xn+1 − u∥ ≤ αn ∥xn − u∥+ (1− αn) ∥Syn − u∥
≤ αn ∥xn − u∥+ (1− αn) [∥xn − u∥+ θn ∥xn − xn−1∥+ ∥en∥]
≤ ∥xn − u∥+ θn ∥xn − xn−1∥+ ∥en∥ .

Since
∑∞

n=1 ∥en∥ < +∞,
∑∞

n=1 θn ∥xn − xn−1∥ < +∞, so we can have
θn ∥xn − xn−1∥ → 0, so there exists a positive integer M1 make sure θn∥xn−xn−1∥ ≤
M1. By Lemma 2.8, we can get {xn} is bounded. Hence {wn} , {yn} , {Syn} , {Axn}
are also bounded. Since I − λnA is nonexpansive, we also have

∥yn+1 − yn∥ ≤ ∥(I − λn+1A) (wn+1 − en+1)− (I − λnA) (wn − en)∥
≤ ∥(I − λn+1A)wn+1 − (I − λn+1A)wn∥+ |λn − λn+1| ∥Awn∥
+ |λn − λn+1| ∥Aen∥+ ∥en+1 − en∥

≤ ∥wn+1 − wn∥+ |λn − λn+1| ∥Awn∥+ |λn − λn+1| ∥Aen∥
+ ∥en+1 − en∥

≤ ∥xn+1 − xn∥+ θn+1 ∥xn+1 − xn∥+ θn ∥xn − xn−1∥
+ |λn − λn+1| ∥Awn∥+ |λn − λn+1| ∥Aen∥+ ∥en+1 − en∥ .

Since

∥Syn+1 − Syn∥ ≤ ∥xn+1 − xn∥+ θn+1 ∥xn+1 − xn∥+ θn ∥xn − xn−1∥
+ |λn − λn+1| ∥Awn∥+ |λn − λn+1| ∥Aen∥+ ∥en+1 − en∥ .

We can obtain limn→∞ sup (∥Syn+1 − Syn∥ − ∥xn+1 − xn∥) ≤ 0. By Lemma 2.7,
Syn − xn → 0. Thus ∥xn+1 − xn∥ → 0. So we can have ∥yn+1 − yn∥ → 0. For
u ∈ F (S) ∩ V I(C,A), we can obtain

∥xn+1 − u∥2 ≤ αn ∥xn − u∥2 + (1− αn) ∥Syn − u∥2

≤ αn ∥xn − u∥2 + (1− αn) ∥yn − u∥2

≤ αn ∥xn − u∥2 + ∥wn − u∥2 + (1− αn) ∥en∥2

+ 2 (1− αn) ∥wn − u∥ ∥en∥

+ (1− αn) a(b− 2α) ∥Awn −Au∥2

+ (1− αn) a(b− 2α) ∥Aen∥2
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+ 2 (1− αn) a(b− 2α) ∥Awn −Au∥ ∥Aen∥ .

Therefore, we can have

− (1− αn) a (b− 2α) ∥Awn −Au∥2

≤ αn ∥xn − u∥2 + ∥xn − u∥2 + 2θn ∥xn − u∥ ∥xn − xn−1∥+ θn
2 ∥xn − xn−1∥2

− ∥xn+1 − u∥2 + (1− αn) ∥en∥2 + 2 (1− αn) ∥wn − u∥ ∥en∥

+ (1− αn) a(b− 2α) ∥Aen∥2 + 2 (1− αn) a(b− 2α) ∥Awn −Au∥ ∥Aen∥

≤ αn ∥xn − u∥2 + (∥xn − u∥+ ∥xn+1 − u∥)× (∥xn − u∥ − ∥xn+1 − u∥)

+ 2θn ∥xn − u∥ ∥xn − xn−1∥+ θ2n ∥xn − xn−1∥2 + (1− αn) ∥en∥2

+ 2 (1− αn) ∥wn − u∥ ∥en∥+ (1− αn) a(b− 2α) ∥Aen∥2

+ 2 (1− αn) a(b− 2α) ∥Awn −Au∥ ∥Aen∥ .

Since αn → 0 and ∥xn+1 − xn∥ → 0, and
∑∞

n=0 ∥en∥ < +∞, we can get
∥Awn −Au∥ → 0. From Lemma 2.3, we have

∥yn − u∥2 ≤ ⟨(I − λnA) (wn − en)− (I − λnA)u, yn − u⟩

=
1

2

[
∥(I − λnA) (wn − en)− (I − λnA)u∥2 + ∥yn − u∥2

−∥(I − λnA) (wn − en)− (I − λnA)u− (yn − u)∥2
]

≤ 1

2

[
∥wn − u∥2 + 2 ∥wn − u∥ ∥en∥+ ∥en∥2 + ∥yn − u∥2 − ∥wn − yn∥2

+2λn⟨wn − yn, Awn −Aen −Au⟩ − λn
2 ∥Awn −Aen −Au∥2

+2 ∥(wn − yn)− λn (Awn −Aen −Au)∥ ∥en∥ − ∥en∥2
]
.

Thus

∥yn − u∥2 ≤ ∥wn − u∥2 + 2 ∥wn − u∥ ∥en∥ − ∥wn − yn∥2

+ 2λn⟨wn − yn, Awn −Au⟩ − 2λn⟨wn − yn, Aen⟩

− λn
2 ∥Awn −Au∥2 + 2λn

2 ∥Awn −Au∥ ∥Aen∥ − λn
2 ∥Aen∥2

+ 2 ∥(wn − yn)− λn (Awn −Aen −Au)∥ ∥en∥ ,

which shows that

∥xn+1 − u∥2

≤ αn ∥xn − u∥2 + (1− αn)
[
∥wn − u∥2 + 2 ∥wn − u∥ ∥en∥ − ∥wn − yn∥2

+2λn⟨wn − yn, Awn −Au⟩ − 2λn⟨wn − yn, Aen⟩

−λn
2 ∥Awn −Au∥2 + 2λn

2 ∥Awn −Au∥ ∥Aen∥ − λn
2 ∥Aen∥2

+2 ∥(wn − yn)− λn (Awn −Aen −Au)∥ ∥en∥]

≤ ∥xn − u∥2 + 2θn ∥xn − u∥ ∥xn − xn−1∥+ θn
2 ∥xn − xn−1∥2

+ 2 ∥wn − u∥ ∥en∥ − ∥wn − yn∥2 + 2λn⟨wn − yn, Awn −Au⟩



366 T. WANG AND Y. RAO

− 2λn⟨wn − yn, Aen⟩ − λ2
n ∥Awn −Au∥2 + 2λ2

n ∥Awn −Au∥ ∥Aen∥

− λn
2 ∥Aen∥2 + 2 ∥(wn − yn)− λn (Awn −Aen −Au)∥ ∥en∥ .

Since ∥xn+1 − xn∥ → 0, ∥Awn −Au∥ → 0, ∥en∥ → 0, ∥Aen∥ →, we can get
∥wn − yn∥ → 0. Thus |xn − yn∥ ≤ ∥xn − wn∥+ ∥wn − yn∥ → 0 and ∥Sxn − xn∥ ≤
∥Sxn − Syn∥+ ∥Syn − xn∥ ≤ ∥xn − yn∥+ ∥Syn − xn∥ → 0. We assume that there
is a sequence {xni} of {xn} converges weakly to z. Then we can have z ∈ F (S) ∩

V I(C,A). Since xn−yn → 0, we can have yni → z. Let Tv =

{
Av +NCv, v ∈ C,

∅, v /∈ C.
.

This prove that operator T is maximally monotone. Let (v, w) ∈ G(T ). From
w − Av ∈ NCv and yn ∈ C, one concludes ⟨v − yn, w − Av⟩ ≥ 0. By yn =
PC (I − λnA) (wn − en), we have ⟨v− yn, yn − (I − λnA) (wn − en)⟩ ≥ 0. Thus
⟨v − yn,

yn−wn+en
λn

+Awn −Aen⟩ ≥ 0. Therefore, we can have

⟨v − yni , w⟩ ≥ ⟨v − yni , Av⟩

≥ ⟨v − yni , Av −Ayni⟩+ ⟨v − yni , Ayni −Awni⟩ − ⟨v − yni ,
yni − wni

λni

⟩

− ⟨v − yni ,
eni

λni

+Aeni⟩.

This proves ⟨v − z, w⟩ ≥ 0, i → ∞. Thus z ∈ T−10 and then z ∈ V I(C,A).
Let us now prove z ∈ F (S). Since ∥xn − Sxn∥ = ∥Sxn − xn∥ → 0, we can have
z ∈ F (S). Let

{
xnj

}
be another subsequence of {xn} such that xnj → z′. Then,

z′ ∈ F (S) ∩ V I(C,A). We may show that z = z′. Assume that z ̸= z′. From
the Opial condition, we can have a contradiction. Thus, z = z′. This implies that
xn → z ∈ F (S) ∩ V I(C,A). □
Theorem 3.2. Let C be a closed convex subset of a real Hilbert space H. Let
f : C → C be a contraction mapping with coefficient k(0 < k < 1). A is an
α-inverse-strongly monotone mapping of C into H and let S be a nonexpansive
mapping of C into itself such that F (S) ∩ V I(C,A) ̸= ∅. Suppose {en} is regard
as an error sequence and en ∈ H and

∑∞
n=1 ∥en∥ < +∞, and {xn} is given by

x0, x1 ∈ C,  wn = xn + θn (xn − xn−1) ;
yn = PC (I − λnA) (wn − en) ;
xn+1 = αnf (xn) + (1− αn)Syn.

For every n = 1, 2 . . . where {αn} is a sequence in [0, 1) and {λn} is a sequence
in [0, 2α]. Choose θn ∈ [0, 1] and

∑∞
n=1 θn ∥xn − xn−1∥ < +∞. If {αn} and {λn}

are chosen so that λn ∈ [a, b] for some a, b with 0 < a < b < 2α, limn→∞ αn = 0,∑∞
n=1 αn = ∞,

∑∞
n=1 |αn+1 − αn| < ∞ and

∑∞
n=1 |λn+1 − λn| < ∞. Then {xn}

converges strongly to q ∈ F (S) ∩ V I(C,A), which is the unique solution in the
F (S) ∩ V I(C,A) to the following variational inequality ⟨(I − f)q, q − p⟩ ≤ 0, p ∈
F (S) ∩ V I(C,A).

Proof. Put yn = PC (I − λnA) (xn − en) and let u ∈ F (S)∩ V I(C,A). Since I−λnA
is nonexpansive, from Lemma 2.3, we have

∥yn − u∥ ≤ ∥xn − u∥+ θn ∥xn − xn−1∥+ ∥en∥ .
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So, we can have

∥xn+1 − u∥ ≤ αn ∥f (xn)− u∥+ (1− αn) ∥Syn − u∥
≤ αnk ∥xn − u∥+ (1− αn) ∥xn − u∥
+ (1− αn) θn ∥xn − xn−1∥+ (1− αn) ∥en∥+ αn∥f(u)− u∥

≤ αnk ∥xn − u∥+ (1− αn) ∥xn − u∥+ θn ∥xn − xn−1∥
+ (1− αn) ∥en∥+ αn∥f(u)− u∥

≤ (1− (1− k)αn) ∥xn − u∥

+ (1− k)αn

[
1

1− k
∥f(u)− u∥+ ∥en∥+ θn ∥xn − xn−1∥

(1− k)αn

]
≤ max

{
∥xn − u∥ , 1

1− k
∥f(u)− u∥+ 2M2

}
≤ · · ·

≤ max

{
∥x1 − u∥ , 1

1− k
∥f(u)− u∥+ 2M2

}
.

M2 = max

{
sup

∥en∥
(1− k)αn

, sup
θn ∥xn − xn−1∥

(1− k)αn

}
, n ∈ N.

We can get {xn} is bounded. Since I − λnA is nonexpansive, we also have

∥yn+1 − yn∥
≤ ∥(I − λn+1A) (wn+1 − en+1)− (I − λnA) (wn − en)∥
≤ ∥(I − λn+1A)wn+1 − (I − λn+1A)wn∥+ |λn − λn+1| ∥Awn∥
+ |λn − λn+1| ∥Aen∥+ ∥en+1 − en∥

≤ ∥wn+1 − wn∥+ |λn − λn+1| ∥Awn∥+ |λn − λn+1| ∥Aen∥+ ∥en+1 − en∥
≤ ∥xn+1 − xn∥+ θn+1 ∥xn+1 − xn∥+ θn ∥xn − xn−1∥+ |λn − λn+1| ∥Awn∥
+ |λn − λn+1| ∥Aen∥+ ∥en+1 − en∥ .

That yields

∥xn+1 − xn∥
≤ |αn − αn−1| ∥f (xn−1)− Syn−1∥
+ (1− αn) ∥Syn − Syn−1∥+ αnk ∥xn − xn−1∥

≤ (1− αn) [∥xn − xn−1∥+ θn ∥xn − xn−1∥+ θn−1 ∥xn−1 − xn−2∥
+ |λn−1 − λn| ∥Awn−1∥+ |λn−1 − λn| ∥Aen−1∥+ ∥en − en−1∥]
+ |αn − αn−1| ∥f (xn−1)− Syn−1∥+ αnk ∥xn − xn−1∥

≤ (1− (1− k)αn) ∥xn − xn−1∥+ θn ∥xn − xn−1∥+ θn−1 ∥xn−1 − xn−2∥
+ (L1 +Q1) |λn−1 − λn|
+M3 |αn − αn−1|+ ∥en − en−1∥ ,

where

L1 = sup {∥Awn−1∥ , n ∈ N} , Q1 = sup {∥Aen−1∥ , n ∈ N} ,
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and
M3 = sup {∥f (xn−1)− Syn−1∥ , n ∈ N} .

By Lemma 2.5, we can get ∥xn − xn−1∥ → 0, and then ∥xn+1 − xn∥ → 0. From∑∞
n=1 |λn+1 − λn| < ∞, ∥en+1 − en∥ → 0, we can obtain ∥yn+1− yn∥ → 0, and then

∥yn−1 − yn∥ → 0. Observe that limn→∞ ∥xn − Syn∥ = 0. By remark 2.10, we can
obtain

∥xn+1 − u∥2

≤ αn ∥f (xn)− u∥2 + (1− αn) ∥Syn − u∥2

≤ αn ∥f (xn)− u∥2

+ (1− αn)
[
∥wn − en − u∥2 + λn (λn − 2α) ∥A (wn − en)−Au∥2

]
≤ αn ∥f (xn)− u∥2 + ∥wn − u∥2 + (1− αn) ∥en∥2 + 2 (1− αn) ∥wn − u∥ ∥en∥

+ (1− αn) a(b− 2α) ∥Awn −Au∥2 + (1− αn) a(b− 2α) ∥Aen∥2

+ 2 (1− αn) a(b− 2α) ∥Awn −Au∥ ∥Aen∥ .

After simple calculations, we can have ∥Awn −Au∥ → 0. Considering ∥wn − en − u∥ ≤
∥wn − u∥+ ∥en∥, we can have

∥wn − en − u∥2 ≤ ∥wn − u∥2 + 2 ∥wn − u∥ ∥en∥+ ∥en∥2 .
From Lemma 2.3, we have

∥yn − u∥2

≤ ⟨(I − λnA) (wn − en)− (I − λnA)u, yn − u⟩

≤ 1

2

[
∥wn − en − u∥2 + ∥yn − u∥2 − ∥(wn − yn)− λn (Awn −Aen −Au)∥2

+2 ∥(wn − yn)− λn (Awn −Aen −Au)∥ ∥en∥ − ∥en∥2
]

≤ 1

2

[
∥wn − u∥2 + 2 ∥wn − u∥ ∥en∥+ ∥en∥2 + ∥yn − u∥2 − ∥wn − yn∥2

+ 2λn⟨wn − yn, Awn −Aen −Au⟩ − λ2
n ∥Awn −Aen −Au∥2

+2 ∥(wn − yn)− λn (Awn −Aen −Au)∥ ∥en∥ − ∥en∥2
]
.

So, we can obtain

∥yn − u∥2

≤ ∥wn − u∥2 + 2 ∥wn − u∥ ∥en∥ − ∥wn − yn∥2

+ 2λn⟨wn − yn, Awn −Au⟩ − 2λn⟨wn − yn, Aen⟩

− λn
2 ∥Awn −Au∥2 + 2λn

2 ∥Awn −Au∥ ∥Aen∥ − λn
2 ∥Aen∥2

+ 2 ∥(wn − yn)− λn (Awn −Aen −Au)∥ ∥en∥ .
Hence

∥xn+1 − u∥2

≤ αn ∥f (xn)− u∥2 + (1− αn) ∥Syn − u∥2
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≤ αn ∥f (xn)− u∥2 + ∥xn − u∥2 + 2θn ∥xn − u∥ ∥xn − xn−1∥

+ θn
2 ∥xn − xn−1∥2 + 2 ∥wn − u∥ ∥en∥ − ∥wn − yn∥2

+ 2λn⟨wn − yn, Awn −Au⟩ − 2λn⟨wn − yn, Aen⟩

− λn
2 ∥Awn −Au∥2 + 2λn

2 ∥Awn −Au∥ ∥Aen∥ − λn
2

∥Aen∥2 + 2 ∥(wn − yn)− λn (Awn −Aen −Au)∥ ∥en∥ .

Since αn → 0, ∥xn+1 − xn∥ → 0, ∥Awn −Au∥ → 0, ∥en∥ → 0, ∥Aen∥ → 0, we
can get ∥wn − yn∥ → 0. Observe ∥xn − wn∥ = θn ∥xn − xn−1∥ → 0, ∥xn − yn∥ ≤
∥xn − wn∥+ ∥wn − yn∥ → 0, ∥Sxn − xn∥ ≤ ∥xn − yn∥+ ∥Syn − xn∥ → 0. Next we
show that limn→∞ sup⟨f(u)−u, Syn−u⟩ ≤ 0, where u ∈ F (S)∩V I(C,A). To show
it, choose a subsequence {yni} of {yn} such that

lim
n→∞

sup⟨f(u)− u, Syn − u⟩ = lim
i→∞

sup⟨f(u)− u, Syni − u⟩.

As {xn} is bounded, we have that a sequence {xni} of {xn} converges weakly to
z. Then we can have z ∈ F (S) ∩ V I(C,A). Since xn − yn → 0, we can have

yni → z. We first show that z ∈ V I(C,A). Let Tv =

{
Av +NCv, v ∈ C,

∅, v /∈ C.
. Then

T is maximal monotone.Let (v, w) ∈ G(T ). Since w − Av ∈ NCv and yn ∈ C,
we have ⟨v − yn, w − Av⟩ ≥ 0. By yn = PC (I − λnA) (wn − en), we have ⟨v−
yn, yn − (I − λnA) (wn − en)⟩ ≥ 0 and hence ⟨v − yn,

yn−wn+en
λn

+ Awn − Aen⟩ ≥ 0.

Therefore, we can obtain ⟨v − z, w⟩ ≥ 0, i → ∞. Since T is maximal monotone,
we have z ∈ T−10 and hence z ∈ V I(C,A). Let us show that z ∈ F (S). Since
∥xn − Sxn∥ = ∥Sxn − xn∥ → 0, so based on Lemma 2.6, we can have z ∈ F (S).
Thus

lim
n→∞

sup⟨f(u)− u, Syn − u⟩ = ⟨f(u)− u, z − u⟩ ≤ 0.

Next we can have

∥xn+1 − u∥2

≤
(
1− 2αn + α2

n

)
∥xn − u∥2 + 2θn ∥xn − xn−1∥ ∥xn − u∥

+ θ2n ∥xn − xn−1∥2 + ∥en∥2 + 2 ∥wn − u∥ ∥en∥+ αn
2 ∥f (xn)− u∥2

+ 2αn (1− αn) ∥f (xn)− f(u)∥ ∥Syn − u∥
+ 2αn (1− αn) ⟨f(u)− u, Syn − u⟩

≤
[
1− 2αn + αn

2 + 2kαn (1− αn)
]
∥xn − u∥2 + 2θn ∥xn − xn−1∥ ∥xn − u∥

+ θ2n ∥xn − xn−1∥2 + ∥en∥2 + 2 ∥wn − u∥ ∥en∥+ αn
2 ∥f (xn)− u∥2

+ 2αn (1− αn) kθn ∥xn − u∥ ∥xn − xn−1∥
+ 2αn (1− αn) k ∥xn − u∥ ∥en∥+ 2αn (1− αn) ⟨f(u)− u, Syn − u⟩

≤ (1− αn) ∥xn − u∥2 + αnβn + γn,
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where M4 = sup {∥xn − u∥} , M5 = sup {∥wn − u∥}, αn = αn[2− αn − 2k(1− αn)],

βn = +
αn ∥f (xn)− u∥2

2− αn − 2k (1− αn)
+

2 (1− αn) kθnM4 ∥xn − xn−1∥
2− αn − 2k (1− αn)

+
2αn (1− αn) kM4 ∥en∥
2− αn − 2k (1− αn)

+
2 (1− αn) ⟨f(u)− u, Syn − u⟩

2− alphan − 2k (1− αn)
.

and

γn = ∥en∥2 + 2M5 ∥en∥+ 2θnM4 ∥xn − xn−1∥+ θn
2 ∥xn − xn−1∥2 .

By Lemma 2.5, we can get ∥xn − u∥ → 0, so that xn → u. Hence the proof is
complete. □

4. Applications

In this section we prove four theorems in a Hilbert space by using Theorem 3.1
and Theorem 3.2. A mapping T : C → C is called strictly pseudocontractive if
there exists k with 0 < k < 1 such that

∥Tx− Ty∥2 ≤ ∥x− y∥2 + k∥(I − T )x− (I − T )y∥2

for every x, y ∈ C. If k = 0, then T is nonexpansive. Put A = I − T , where
T : C → C is a strictly pseudocontractive mapping with k. Then A is (1 − k)/2-
inverse-strongly monotone. Actually, we have, for all x, y ∈ C,

∥(I −A)x− (I −A)y∥2 ≤ ∥x− y∥2 + k∥Ax−Ay∥2.

On the other hand, since H is a real Hilbert space, we have

∥(I −A)x− (I −A)y
∥∥2 =∥∥x− y

∥∥2+∥∥Ax−Ay∥2 − 2⟨x− y,Ax−Ay⟩.

Hence we have

⟨x− y,Ax−Ay⟩ ≥ 1− k/2∥Ax−Ay∥2

Using Theorem 3.1 and Theorem 3.2, we prove strong convergence theorems for
finding a common fixed point of a nonexpansive mapping and a strictly pseudocon-
tractive mapping.

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space H, let S be
a nonexpansive mapping of C into itself and let T be a k-strictly pseudocontractive
mapping of C into itself such that F (S) ∩ F (T ) ̸= ∅. Suppose x1 = x ∈ C, {en} is
regard as an error sequence and en ∈ H and

∑∞
n=1 ∥en∥ < +∞, and {xn} is given

by x0 ∈ C,  wn = xn + θn (xn − xn−1) ;
yn = PC (I − λnA) (wn − en) ;
xn+1 = αnxn + (1− αn)Syn.

For every n = 1, 2 . . .. where {αn} is a sequence in [0, 1) and {λn} is a sequence
in [0, 2α]. Choose θn ∈ [0, 1] and

∑∞
n=1 θn ∥xn − xn−1∥ < +∞. If {αn} and {λn}

are chosen so that λn ∈ [a, b] for some a, b with 0 < a < b < 2α, limn→∞ αn = 0,∑∞
n=1 αn = ∞,

∑∞
n=1 |αn+1 − αn| < ∞, and

∑∞
n=1 |λn+1 − λn| < ∞. Then {xn}

converges weakly to z ∈ F (S) ∩ V I(C,A).
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Proof. Put A = I − T , then A is 1 − α/2-inverse strongly monotone. We have
F (T ) = V I(C,A) and

PC (I − λnA) (wn − en) = (1− λn) (wn − en) + λnT (wn − en) .

So by Theorem 3.1, we can have the desired result. □

Theorem 4.2. Let H be a real Hilbert space H. Let A be an α inverse-strongly
monotone mapping of H into itself and let S be a nonexpansive mapping of H into
itself such that F (S) ∩ A−10 ̸= ∅. Suppose x1 = x ∈ C, {en} is regard as an error
sequence and en ∈ H and

∑∞
n=1 ∥en∥ < +∞, and {xn} is given by x0 ∈ C, wn = xn + θn (xn − xn−1) ;

yn = PC (I − λnA) (wn − en) ;
xn+1 = αnxn + (1− αn)Syn.

For every n = 1, 2 . . ., where {αn} is a sequence in [0, 1) and {λn} is a sequence
in [0, 2α]. Choose θn ∈ [0, 1] and

∑∞
n=1 θn ∥xn − xn−1∥ < +∞. If {αn} and {λn}

are chosen so that λn ∈ [a, b] for some a, b with 0 < a < b < 2α, limn→∞ αn = 0,∑∞
n=1 αn = ∞,

∑∞
n=1 |αn+1 − αn| < ∞, and

∑∞
n=1 |λn+1 − λn| < ∞. Then {xn}

converges weakly to F (S) ∩A−10.

Proof. We have A−10 = V I(H,A), so putting PH = I, by theorem 3.1 we can get
the desired. □

Theorem 4.3. Let C be a closed convex subset of a real Hilbert space H. Let
f : C → C be a contraction mapping with coefficient k ∈ (0, 1), S be a nonexpansive
mapping of C into itself and let T be a strictly pseudocontractive mapping of C
into itself with α, such that F (S) ∩ F (T ) ̸= ∅. Suppose {en} is regard as an error
sequence and en ∈ H and

∑∞
n=1 ∥en∥ < +∞, and {xn} is given by x0, x1 ∈ C, wn = xn + θn (xn − xn−1) ;

yn = PC (I − λnA) (wn − en) ;
xn+1 = αnf (xn) + (1− αn)Syn.

For every n = 1, 2 . . ., where {αn} is a sequence in [0, 1) and {λn} is a sequence
in [0, 2α]. Choose θn ∈ [0, 1] and

∑∞
n=1 θn ∥xn − xn−1∥ < +∞. If {αn} and {λn}

are chosen so that λn ∈ [a, b] for some a, b with 0 < a < b < 2α, limn→∞ αn = 0,∑∞
n=1 αn = ∞,

∑∞
n=1 |αn+1 − αn| < ∞, and

∑∞
n=1 |λn+1 − λn| < ∞. Then {xn}

converges strongly to q ∈ F (S) ∩ F (T ), which is the unique solution in the F (S) ∩
VI(C,A) to the following variational inequality ⟨(I−f)q, q−p⟩ ≤ 0, p ∈ F (S)∩F (T ).

Proof. Put A = I − T , then A is 1−α
2 -inverse strongly monotone. We have F (T ) =

V I(C,A) and

PC (I − λnA) (wn − en) = (1− λn) (wn − en) + λnT (wn − en) .

So by Theorem 3.1, we can have the desired result. □

Theorem 4.4. Let H be a real Hilbert space H. Let f : C → C be a contraction
mapping with coefficient k ∈ (0, 1), S be a nonexpansive mapping of H into itself
and let A be a α-inverse strongly monotone mapping of H into itself, such that
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F (S)∩ A−10 ̸= ∅. Suppose {en} is regard as an error sequence and en ∈ H and∑∞
n=1 ∥en∥ < +∞, and {xn} is given by x0, x1 ∈ C, wn = xn + θn (xn − xn−1) ;

yn = PC (I − λnA) (wn − en) ;
xn+1 = αnf (xn) + (1− αn)Syn.

For every n = 1, 2 . . .. where {αn} is a sequence in [0, 1) and {λn} is a sequence
in [0, 2α]. Choose θn ∈ [0, 1] and

∑∞
n=1 θn ∥xn − xn−1∥ < +∞ If {αn} and {λn}

are chosen so that λn ∈ [a, b] for some a, b with 0 < a < b < 2α, limn→∞ αn = 0,∑∞
n=1 αn = ∞, and

∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |λn+1 − λn| < ∞. Then {xn}

converges strongly to q ∈ F (S) ∩ F (T ), which is the unique solution in the F (S) ∩
A−10 to the following variational inequality ⟨(I − f)q, q − p⟩ ≤ 0, p ∈ F (S) ∩A−10.

Proof. We can obtain V I(H,A) = A−10. Putting PH = I, by Theorem 3.1, we can
get the results. □

5. Conclusions

In this paper, we propose two different algorithms with eroor equence, and prove
the sequences converge to a common element of two sets under some proper con-
ditions. Then, we introduce some theorems under some mild conditions are still
convergent in applictions.
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