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NOTE ON DIFFERENTIATION BASES IN R"

SEAN H. YE

ABSTRACT. It is known that the Lebesgue differentiation theorem (LDT) is de-
pendent on the geometric properties of the sets over which a function is inte-
grated. If LDT holds over a collections of sets, then the collection of sets is
said to “differentiate the integral.” This paper composes of two parts. In the
first part, it presents an elementary extension of the differentiation theorem from
cubes to rectangles in R™. In the second part, it presents a solution to a question
posed by C.A. Hayes and C.Y. Pauc in 1955: if a basis differentiates the integral
for all measurable functions that is essentially bounded on every compact set,
then this family of sets must have the property where it must almost cover every
bounded measurable set (i.e. the set difference must have 0 measure), among
other properties. [3]

1. INTRODUCTION

In 1910, Lebesgue extended the fundamental theorem of calculus to the Lebesgue
integral with the Lebesgue differentiation theorem: let f be a locally integrable
function in R™. Then let |- | and B(z,r) respectively denote the Lebesgue measure
in R™ and the ball centered at x with radius . Then we have

r—)O |B(z,7)| / (o) y)dy = f(z) almost everywhere.

In the case of the ball B(z,r), one may say that the ball “contracts” to a point z.
Hence we can equivalently write “B(x,r) — 2” to denote this process. However,
as M. Guzman [6] notes in 1972, one observes that the definition of when a set
“contracts” to a point is not immediately obvious for more general collections of
sets: a sequence of sets that contain a point could converge to 0 in either measure
or in diameter. For sets of fixed proportions such as balls or cubes, the two notions
of “contraction” are equivalent. These two notions are not equivalent for sets such
as intervals — parallelepipeds in R" with sides parallel to the coordinate axes. In
fact, one can construct a “counterexample” to the LDT if we consider the collection
of rectangles with measure contracting to 0:

Example 1.1 (“Counterexample” to LDT under Arbitrary Rectangles). Consider
the sequence of rectangles {Ry,}3°, in R?, for k > 1,k € N:

1 1
Re= LK x| - 35
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As k — oo, it can be readily seen that ju(Ry) — 0. Define f(z,y): R? = R as

f@%y)::{x_Q for [1,00) x [—1,1]

0 otherwise

Denote L£(R?) as the set of integrable functions in R?. It can be verified that
f € L(R?) but limg_, s ka fdu # x for any x € R x [—1,1].

Proof. We first show that f € £(IR?). First note that |A;| = 4 for every j. Then,
we can compute:

/R" |fldp = f(l,oo)x[—l,l] r2dp=2-1< cc.

Now, we compute:

ko
fdp =& =77

Ry,
=2(l-¢)
Hence we easily obtain that
. 1 . 2 1
Jim Bl Jn, fdp =limy_ 0 5(1—%)=0

Recall by the definition of f(z), f(z) # 0 anywhere on [1,00) x [—1,1]. Which
shows that for any z € [1,00) x [—1, 1]:

lim —— [ fdp# f(2).

[

The theory of differentiation of integrals has been closely related with the covering
properties of the family of sets. The example above shows that simply restricting
the measure of sets is insufficient for the LDT to hold. Thus the established theory
requires the stricter condition that restricts the diameter of a set. This is seen in
the following definition of a differentiation basis, which is the subject of our study:

Definition 1.2 (Differentiation Basis). For every = € 8", let S(x) be a collection
of bounded measurable sets with nonzero measure that contains x. Then, if there
exists a sequence {7} C f(x) such that the diameter d(7;) — 0, then, the following
collection

p=J B)
z€R™
is a differentiation basis.
Hence we say that 7, — x if each set in the sequence {7} contains x and

furthermore its diameter approaches 0. The basis above, subject to the additional
constraints below, allows for the definition of a derivative of an integral:
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Definition 1.3 (Busemann-Feller Basis and Derivative). A differentiation basis
composed of opens sets is a Busemann-Feller basis when for every v € g and « €
~v we have v € f(x). Hence, given a locally integrable f, a Busemann-Feller Basis
B, and any sequence {7} such that vy — = as k — oo, we define the derivative
with respect to the basis f:

D<$’/f>:wlii>noo/ f
zEyLEBR " TF

Remark 1.4. If D (:c, Ik f) = f(x), then we say that the basis  differentiates the
integral [ f at x.

Thus the definition above generalizes Lebesgue’s original definition of the de-
rivative of integrals. Using elementary methods, one can already show that this
generalization of Lebesgue’s Differentiation Theorem holds for a wider class of sets
— rectangles in R™ that can be rotated, scaled, and translated — in the following
section.

This paper is based on my senior thesis at Georgetown University where I sur-
veyed the topic of differentiation bases in relation to Lebesgue’s Differentiation
Theorem. It is a topic that has important and interesting applications in harmonic
analysis, differential equations, and economics and has attracted much scholarly
interest [7] [8] [2].

I am grateful for the assistance I have received from the faculty of the Department
of Mathematics and Statistics at Georgetown. 1 would especially like to thank my
teacher and advisor, Professor Der-Chen Chang, for not only introducing me to
this research topic but also providing his guidance, knowledge, and encouragement
throughout the entire process. I would also like to thank professor Nate Strawn for
his assistance in the reviewing and correcting process.

2. DIFFERENTIATION OF INTEGRALS WITH THE RECTANGULAR DIFFERENTIATION
BASIS

The typical approach to showing Lebesgue’s Differentiation Theorem is to approx-
imate an arbitrary measurable function f with a sequence of continuous functions
C and show that the set where |f — Cy| does not approach 0 has measure zero.
The critical lemma in the proof is Vitali’s Covering Lemma, which, in line with
the textbook approach [1] [11], can be simplified such that it is still suffiencient in
showing Lebesgue’s Differentiation Theorem:

Lemma 2.1. Let E C R" be a set where |E|. < +oo, that is, E has finite outer
measure. Then let K = {Q} be a collection of cubes Q such that Q covers E. Then,
there exists a finite collection of disjoint cubes {Qj}j-vzl such that

N
(2.1) Z |Qj|e > 57" Ele.

=1

The proof of this Theorem is well known and readily available in standard text-
books [11]. The critical fact that involves the geometry of Differentiation Bases is
that it requires the following covering property for cubes and balls in R™:
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Let Q1,Q2 C R"™ be nondisjoint cubes such that Q2 is scaled compared to Q1 by
some constant 0 < ¢ < 2. Then Q2 C 5(Q1).

This property of well-behaved shapes can then be extended with modifications to
rectangles up to rotations, translations, and scaling. We begin with defining these
sets. In R™, a basic and commonly accepted definition of an interval is defined as the
cross product Iy x Is x...x I,,. This set is also commonly called a rectangle. However,
various results in this section, including the Vitali Covering Lemma, requires the
scaling (i.e., shrinking and expanding) of rectangles. The common approach to
scaling shapes is to fix the center and expand each interval. Hence, we define the
following;:

Definition 2.2. We denote a rectangle in R™ centered at x as R(x) = Iy x [o X... X I,
where each interval I; has a center x; € R such that:
|1;] ;|
I — S bt/ A R b1
J Ly ) i+ B
Where |I;| denotes the measure of I;. Let & = z1e1 +z2e2+... + 2ne,. We say that
x is the center of R(z).

*2 8 I(R,)

F1GURE 1. A Visualization of the rectangle centered at z.

Definition 2.3. For any rectangle R(z) = [[_, I;, the scaled rectangle cR(z)
where 0 < ¢ < oo is defined as the following:

- ) c| ;] c|1j]
cR(x):HcIj:H[xj— 2] ,Tj + 2] .
j=1 j=1

In other words, the “scaling” of R by ¢ multiplies the length of each interval by ¢
while preserving its center x and also preserving the ratio between the edges of the
rectangle. Besides scaling, we would also like to “translate”, i.e. move the rectangle
in R,;, which leads to the following definition:

Definition 2.4. For any rectangle R(x), R(xz)+y € R" is defined as the rectangle
with center z +y. That is, for 1 < j < n:

al c|1j] o|1j]
R(a:)—i—y:H [a:j+yj—2j,xj+yj+2j .
j=1

We call this the translation of R(z) by y.
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Definition 2.5. Let R(z) C R™ be a rectangle centered at xz. Then, a rotated
rectangle pR(x) satisfies the following two conditions: (1) the distance between
each point in R(z) is preserved; (2) x is fixed.

Note that in this definition, we allow for the transformation of a ”flip” so long as it
preserves the center. Although that the definition for rotation is much less explicit
than the previous definition of translations, the properties above is sufficient to
proving the critical result in our case - the Vitali Covering Lemma, and by extension,
the Hardy-Littlewood Maximal Inequality [9].

Example 2.6. Let R(z) € R? be centered at the origin that is aligned with the
axes. Then the rectangle rotated by € is given by the set
cosf) —sind

o) = { | pip e m) .

We introduce the diagonal length of a rectangle, which provides the essential way
of controlling and bounding the rectangle for this section:

Definition 2.7. Let R(x) = vazl I; be a rectangle in R". Its diagonal length,
([R(z)], is given by

Remark 2.8. For any rectangle R C R"™, observe that |x — y| < ¢(R)/2 for all
z,y € R.

Proof. Let y; € I; C R and x; be the center of I;;, 1 < i < n. Clearly we have
|z; — yi| <|I;|/2. This implies that

-yl =V2i(@-y)?

n |I;|? R
< \/Zi |22| :%‘

In other words, the distance between every point in a rectangle R is bounded by
{(R).
Proposition 2.9. Let R} = H?Zl I; be a rectangle centered at x. Then let Ry =

p(cR1) +y, 0 < c < oo. That is, Ry is some rectangle that is scaled, rotated, and
translated compared to Ry. Define

. _ { ((Ry) }_ ((Ry)
r* = max = —
1<j<n |1 (Ry))| min<;j<n{|7;(R1)[}
Then, if Ry and Ry intersect, we have (2cr* + 1)R1 O Rs.
Proof. First suppose we have Ry(z) and cRi(x). Let B be the ball with the same

center x and radius ¢/(R;)/2. By Remark 2.8 and the property that a ball centered
at x contains all points p € R s.t. |z — p| < r, we have:

ce(R1)> |

g

p € cRi(x) = pEB(:c, 5
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Then, since the rotation p preserves the norm between each point in c¢R;(x), we sim-
ilarly have p[cRy(z)] C B(z,¢(R2)/2). With this result, we now translate p[cR1(z)]
by y to obtain

Ry C plcRy(z)] + y.

Observe that the ball given above recentered to x + y similarly contains Ro. Hence,
to prove our proposition, it suffices to show that

(2¢r* +1)R1 D B(x + y,cl(R1)/2).
We first write that:

e+ )R =TV, [a:j — 2ol W 2oy "5']

We then suppose that B(z + y,¢(R2)) N Ry # 0 and suppose that point p ¢
(2cr* 4+ 1)Ry and p € B(x + y,4(R2)). Hence for 1 < j < n, since p; is in the Ball,
we have

pE B(x+y,l(R)/2) = |p; —xj—y;| < e(12%2)

On the other hand:

pé& (2cr* +1)Ry = pj ¢ |zj —U(R2) — %ﬁfj +£(R2) + %

The above implies that |y;| > ¢(R2)/2 4 |1;/2],1 < j < n. But if that is the case,
B(z + y,¢(R2)/2) and R; cannot overlap since each component has been moved

outside of the interval I;. This gives us a contradiction and hence shows that we
have the following containment:

(2¢r* +1)R1 D B(x + y,cl(R1)/2) D pleR1(z)] = Ro.

As a note, the Proposition above implies Lemma 2.1.
With the result above, we can then construct an analogous version of the
Hardy-Littlewood Maximal Function and hence the Hardy-Littlewood Maximal
Inequality.

Definition 2.10 (Hardy-Littlewood Maximal Operator). Let f be a function in
R™ such that f € L(R) for every rectangle up to rotation and scaling, R C R"™.
Then we define the Hardy-Littlewood Maximal Operator M for f as

M () _?éi{“;' JRCI

For a given f, we call M f(x) the Hardy-Littlewood Maximal Function. It is clear
that
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B(x,1)

|
1
4

(2er" + 1R,

1.Let R, be a rectangle. We show thatif R,
is any rotated rectangle that satisfies 2
conditions: 1) R, overlaps R, and 2) R, is
at most scaled by ¢ compared to R;, then
the scaled rectangle (2cr* + 1)R, contains
R,, where r* is defined in Prop. 1.8.

2. We begin with a simpler case. First,
suppose R;and R; are rectangles with the
same center, x.

3. We can constucta ball B(x, ) around R,
with the radius = #(R5)/2 . This ball
contains R, and any rotated rectangle

p(R2)

!

iRy

B(x+y,1)

4. Then, we have er"R; 2 B(x,7) D R;. In
this case, ¢ is the ratio by which R; is scaled
Compared to Ry, and r” is the ratio between
the shortest edge and the diagonal £ for this
family of rectangles.

1Ry MB’& +y.r)

5. Suppose now that R, moves by y, then
the containment in the previous step may
fail. But recall that we also require
that R, and R, to overlap. This requirement
gives a bound to y.

6. Specifically, the i*" component of y, which
we call y;, must not be longer than I; /2, half
of the edge of R, along the i axis, plus half of
the radius of the ball, r. Otherwise, R; and

(2er* + 1R,

7. In this case we claim that
(2er” + 1)R; 2 B(x +y,7) D R,. Compared
to the scaling factor ¢r” in picture 4, the extra
er' + 1 accounts for the upper bound for y:
the extra “cr*” and “+1” part guarantees
containment of the ball translated by r
and I;/2, respectively.

R, are disjoint.

(2er” + 1R,

8. This gives us what we sought out to prove.
Note that the result can also be generalized
to any collection of cubes that satisfies the
two relevant conditions. This factis very
useful for the Vitali Covering Lemma.

F1GURE 2. A Visual Illustration of Proposition 2.9

Lemma 2.11 (Hardy-Littlewood Maximal Inequality). Suppose f € L(R™) and
M f(x) is defined over a basis of Rectangles where the largest rectangle is scaled by
at most ¢ compared to the smallest rectangle. Then:

{z eR™: [Mf(z)] > a}| <

(2er* + 1)«

e [ 1@l
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Proof. Let a > 0 and E = {z : |M f(z)| > a}. Let x € E. Then, by the definition
of E, there exists a R up to rotation and translation containing = such that:

gﬁéu@mw>w

the existence of such a R(x) is guaranteed since M f takes the supremum across all
cubes and M f(z) > « in E. We can rearrange the above, which leads to

(22) Rl< 2 [ wlay

After establishing the inequality above, let {R} be a collection of cubes that covers
E. Then, the set By, = EN{z :||z|| < k} are also covered by {R}. Since each ball
{z : ||z|| < k} has finite measure, E} also has finite measure. Then, by Lem. 2.1

(Vitali), there exists a finite number of points {:cg-k)}j C E such that the collection

of cubes centered at these points {R(.k)}N are disjoint and covers Ej, and that

E R
Bl < oo Qo 1) Z\ 2o
But due to Equation 2.2, we also have
267‘* Z ’R (k)| < (2¢r* —|—1 n j 1a fR (k)

- (207‘*—1—1)”04 fU;-Vle (k) |f|
j
1
< (2er*+1)"« fR” |f|
Where we arrive at the second equality since integration is additive for disjoint

sets. The last inequality is due to the monotonicity of integration. Since the above
inequality is true for all k and [ J;—,, we have

1
FE —_— .
Bl < (2cr* 4+ 1)« /Rn /]
O

Theorem 2.12 (Lebesgue Differentiation Theorem for Rectangular Basis). Let
R* be a Busemann-Feller Basis of rectangles in R™ that can be scaled, rotated, and
translated. Let {R;} C R* be a set of rectangles that contain x. Then we have:

! fdp = f(x)

|R$| Ry—x
almost everywhere. Note that by Ry — x, we mean the process where we restrict
R, so that ¢(Ry) — 0.

Proof. In line with the standard approach to prove Lebesgue’s Differentiation
Theorem, we construct an alternate version of the Simplified Vitali Lemma (2.1)
and the Hardy Littlewood Maximal Inequality (2.11) to arrive at the proof for the
theorem above.
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In the standard approach, recall that the Vitali Covering Lemma is dependent on
the fact that if two rectangles, ()1 and ()9 overlap and ()2 is at most scaled by 2
compared to @1, then 5@ D Q2. This directly leads to the 5 in the constant 5~".
This result is then used to show that the Hardy-Littlewood Maximal Inequality to
complete the proof of LDT. For rectangles in the collection R* we have, by
Proposition 2.9:

(2¢r* +1)R1 D Ry

if R, Ro are nondisjoint rectangles with the same ratio between the edges. In the
proof of the Vitali Covering Lemma, cubes are recursively chosen such that each
cubes is at least 1/2 of the supremum of lengths. Hence if we similarly choose
rectangles R; such that

(R < 5 suplU(R)}

Where R) is any element of some covering K; of some set E. In this case, Ry is
scaled by at most 2 compared with R;. By Proposition 2.9, we have

(2 22 -rt 4 1)Rj = (47"* + 1)Rj DRy
By invoking the modified Hardy-Littlewood Inequality, this gives us the following;:
1
R™: |M < dx.
o e B M) > 0} < s [ @)l

The general idea of the following proof is to partition R™ into B and R™\B. It is
sufficient to show that the measure of R™\B is 0 and that f is differentiable
everywhere in B.
Let € > 0. Then there exists by a continuous Cy, for some k € Z* such that
€
- Cilh < .
I = Cull < g o e

where n is equivalent to the n in R™. Then let

By, = {b ER™: |f(b) — Ci(b)| < % and M(f — Cy)[b] <

b

S

(2.3) R™\Bp = {b € R™:|f(b) — Ci(b)| > i}

U{b eER™: M(f —Cp)(b) > ,1}.

The equation above gives a central idea for the proof of LDT. Note that the RHS
of R™\ By, is a union of 2 sets. We apply Markov’s inequality to the set on the left
side of the union:

{150 -ao> 1] <kl - Gl
= k17 - Gl

3]
< @rFrF2E
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For the second set, we apply the modified Hardy-Littlewood inequality and obtain:
1 (4r* +1)" (4r* +1)"e
b: M(f— b) > — | < ———||f — :
{007 - o> 1] < I -l < e

Combining the two inequalities above with the identity given in Equation 2.3, we
then have

5 € €
IR™\Byg| < (4r* + 1) [(4r* + 1) + 1]2k T [(4r* 4+ 1]™ + 1)2k 2k

Now, let B =y~ Bi. Then we have

o0 o0 o0
RMB| = | | JR\B,| < S [R\By <Y = =
k=1 a k=1 k=1 2k

Since for every ¢, we may select a continuous Cj such that |[R™\B| < ¢, we have
|IR™\B| = 0 as a result, which completes the first part of the proof. Now, it is
sufficient to show that f is differentiable in the set B. Suppose b € B. Then, for
all k € Z, there exists a continuous C} such that:
1
1 LU= FOL <y Jal1f = Cul +1Cs =GBl +160) — F(B))
<+ 1 S IOk = Ce(0) + .
= ﬁ fR ‘Ck - Ck(b)’ + %

Hence, we can select a sequence of C), where as k — oo, we have
1
1 1= 01 < gl nlC— Culb)] + 2

= 177 Jr1Ck = Cu(D)].

By the inequality above, we have, for the family of cubes {R,} where R, C B:

|f = f(b)] < lim = |Cy — Cr(b)| = 0.

lim ——
Rp—b |Rb| Ry Rp—b |Rb| Ry

Where the above follows from the definition of continuous functions. O

For the Vitali Covering Lemma, if rotations are forbidden, then it can be shown
that the r* factor can be set to 1, which gives us the familiar constant 5. As
another example, if we consider cubes up to rotation, the constant becomes

dr* +1=4vV2+ 1.

3. ABSTRACT DIFFERENTIATION BASES

Whereas the section above deals with a specific case of differentiation bases that
has a clear geometric definition, there is a wide range of literature that deal with
differentiation bases in abstract. De Possel’s work [5] on the differentiation bases
problem concerns the following property:
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F1GURE 3. An illustration of the modified Vitali Covering Lemma.

Definition 3.1 (Vitali Covering Property). Given a measurable set E in R"
where V' C 3, we say that V is an g-Vitali Covering of E if for every = € F,
there exists a sequence {7} C V such that v, € B(x) for each k and v, — z as

k — oo. A basis 8 has the Vitali covering property V, if for each bounded
measurable set F, for each € > 0 and each g-Vitali Covering V of F, there exists a
sequence {7y} C V such that

(1) [EAUg %l =0
(2) Up 1 \E| <e

(3) HZkX’Yk_XU’Yk <e.

q

For a differentiation basis /3, de Possel [5] proved that the following two
statements are equivalent:

(1) 3 Differentiates [ f for all f € L2 (R™), which is the space of all
measurable functions which is essentially bounded on every compact set.

(2) B has the property V.

Based on the above theorem, Hayes and Pauc posed in 1955 the problem of
whether the following statements are equivalent [10]:

(3.1) f differentiates [ f for everyf € L] (R™)wherel < p < oc.
(3.2) B has the Vitali covering propertyVy,1/p+1/q = 1.

This is a question attracted much attention. It is known that statement (3.2)
implies statement (3.1) . De Guzman [6] showed instead that statement (3.1)
implies the following statement:

B has the Vitali covering property V;, for all ¢1 < g.

In 1976, Cordoba [4] obtained (3.1) = (3.2) under the assumption that the
basis [ is translation invariant. It is shown in this section that (3.1) = (3.2) for
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any Busemann-Feller Basis g with the Vitali Covering Property. We first state our
main theorem below:

Theorem 3.2. Let R be a Busemann-Feller basis in R"™. Then, R differentiates
[ f for every f € LY (R™) if and only if R has the covering property Vg where

loc

I/p+1/g=1and1<p< .

We begin by stating several lemmas. Let V' = {7;} be a countably subfamily of R
and let

oy (z) = Z X, (@) ;and
k=1

Yy (z) = [Cgv(w) = XU,

Then we have the following lemma:

Lemma 3.3. If V is a countable subfamily of R, then

0< [ ot@rdr<2t [ vy
R™ R™

U

k

Proof. Let A= {z: ¢y (x) =1}, B = {x : ¢y (x) > 2}. Clearly, AUB = |J;” v and
for x € B, ¢y (z) = Yy (x) + 1 < 2¢py(x). Therefore

0< - ¢‘€/(m)dx:/]Bég/(x)dx+/4¢3,(x)dm

<21 [ G (w)da+ 1]
B

o0
SRAE
k

< 2‘1/ Yl (z)dx +
R”

O

Lemma 3.4. Let V be a countable subfamily of R for which [g, ¢1,(x)dx is finite.
Then, if W is an element in R and f =V U{W}, then we have

0< /]R” Pi(a)de < /]R” Yl (z)dz + q/w ¢4 () d.

Proof. Let A = Jp~ 7 We make three observations:
(1) ¥p(x) = Yy (x) if x € (A\W)
(2) Ys(z) = 0if 2 € (W\A)
(3) Yp=ov(z)ifre ANW

And hence, we have

0< /R" wg(m)dx = /B@bq(x)dac

= Pi(x)dz + Pi(a)de + Pi(x)da
AW W\A AnW

= o (z)dx + Yl (z)dx
AW ANW
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:/w%x)d:c— w%(a:)dx—i—/ oY (x)dx
A ANW

ANW

_ / W (@) d + / (67, () — 0 (2)]de
A ANW
< /A W (2)de + /Ww%/(x) — U (2))de
< [ wt@dnra | o @
R™ w

The last inequality follows from the fact that (x + 1)? < 2! + g¢(z + 1)47! for any
x > 0, which is a consequence of the mean value theorem. O

Lemma 3.5. Let E C R™ with |E| < oo and X D E with | X| < co. Let V be an
R-Vitali covering of E that differentiates [ f for all f € LV (R™). Then, if

loc

0<e<1andV ={v} is a countable subfamily of V satisfying the following
conditions, where we denote A = ~y:

(3.3) /Rn Yl (z)de < e|X N A|

(3.4 (1-9 Y el <1Xn4
Y€V

(3.5) | X\A| >0

Then, there exists a set W depending on € such that
(3.6) WeV and / O @)z + W = A < W]
w

Proof. We begin with the proof of (3.6). By the assumption in (3.3) and (3.4) and
the finiteness of | X|, we know that [g, ¢{,(x)dz and |A] are also finite. Then, by
Lemma 3.3, [z, ¢ (z)dz < oo, that is, ¢, € L?(R™). Thus, R differentiates the

integral of ¢Z_1(x). By the hypothesis, R also differentiates the integral of the
characteristic function of X¢ = R™\X. Thus, as k — 0o, we have, for every y € X

1 v (y) = X

()l k() ¢%/_1(33)d$ i 7 (y)] - qb‘{/_l(y) Fxxe(y)-

Since | X\ A| > 0, there exists a y € X\A, so we can take y € W € V such that:

— | oV @)de + L 2 < &
W Sy OV @) WS 2

which gives us

| ot @z W - X| < S
w 2q
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Moreover, if W is any set satisfying (3.3) — (3.6), then we have

(3.7) /R W(@)dz < e[ X 1
(3.8) (1-2)) [Bl<|XNn}f
Bep

where 8=V U{W} and = () UW = AUW.

Proof. Now we prove statements (3.7) and (3.8). Consider an arbitrary set W
satisfying condition (3.6). Observe that

WN(XNAD =W n(XCUA)|=|(WnX)uWnA)|
< |WNXY + WA
<|WnXxY +/ ¢ N (z)dw < —|W).
W 2q
Hence, we have
(W] < W N (X\A)|+ [WA(X\A)|
< W N (X\A)] +2iq|W|

Which gives us the following inequalities:

(3.9) (1- %nm < [W N (X\A)]

(3.10) [W| <2][Wn(X\A)]
From condition (3.6) and inequality 3.10 we obtain

/¢ dx</ ¢ (x)de + W\ X|

< W]
2q

< g\W N(X\A4)]
Which gives us the third inequality
(3.11) | ot @ < S
w
From (3.3), 3.11, and Lemma 3.4, we obtain
viois < [ oVi@ntq [ o @
R™ R™ 1%
<e[[X NA[+ W N (X\A)]

Which establishes statement (3.7). Now, from statement (3.4) and Inequality , we
obtain

(1—=e) ) IBI<(L—e) ) hul+ (1 -e)W|

Beg YLEV
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< [XNA[+ (1 - )W

£

2q
<IXNA+|WnN(X - A)|=|XnB|

which gives us the statement (3.8) of this lemma. O

Now we begin the proof of the main theorem. Recall that it is sufficient to show
that statement in (3.2) implies (3.1). Let E be a bounded measurable set in R™.
Then, let X be an open subset of R” containing F with |X| < co with | X\E| < ¢,
where ¢ satisfies 0 < & < 1. Now, let V = {7y} denote an R-Vitali Covering of F in
which every element ~ of V is contained in X.

Because R differentiates the integral of the characteristic function of the set
complement X, there exists at least one point y € F for which

Du(y) = xxe(Y) =0
where p(y) = f7 xxc(z)dz = |y N XC| = |y\X]| for each element v € R. Thus,

since V is a Vitali covering of E, there must be at least one set W € V such that

(3.12) W\X]| < ;q\wy

Then, let Cy denote the family of sets W € V that satisfy the relation (3.12). This
(4 is nonempty, and further, it follows from (3.12) that if we have W € C}, then

9
1-— < —
(1-2Wl< oW

Thus, if we set & = sup,,ec, |W|, it follows that 0 < & < oco. If we choose a
member 7y, of C1 with |y1]| > &1/2 and set Vi = {71}, 41 = [Jm then V] satisfies
the conditions (3.3) and (3.4) of Lemma 3.5:

(1) Jon ¥, (@)dz = [gu v}, = — <elX NAl.
(2) T=e)2,en el =0 =8)ml| <Iml <]XNn|
Then, we proceed inductively. Suppose that k > 1 and we have a family of sets

Vie = {71,72, .-,k } C V that satisfies the conditions (3.3) and (3.4) of Lemma 3.5.
Then let

k
A = U Yi-
i=1

In the case where | X\ Ay| = 0, define V1 =V}, and Ufill Vi = Apa1 = Ag.
Observe that V. satisfies the conditions (3.3) and (3.4) of Lemma 3.5 since they
hold for V.

Now, we consider the cases of [X\Ag| > 0. Let Ci11 be the family of the sets
W € V satisfying the relation

(313) | ot @e + WA < S

By Lemma 3.5, Cj44 # 0. From the inequality (3.13), it follows that
(1= g)IW] < |WnX][, and hence [W]| < 2|W N X| whenever W € Cjq. Thus if
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we set {1 = Supec,,, [W], it follows that 0 < &1 < co. Now we select a
member ;41 of Ckiq such that |ygiq| > %&H—l and we define Vi11 = Vi U {41}
and Ay = Ufill ~;. By Lemma 3.4, we have

[ ot @ <X 0 4
Rn

and furthermore

(3.14) A=) | D> ul| S1XN Ak

Vi€ Vi1
Thus, in either case, we obtain a family V;4; C V that satisfies the relation (3.14).
In this way, we obtain through induction a sequence {V;} of finite subfamilies of V
that satisfies (3.14). Now, we let V =72, Vi, A =UJ 7. The monotone
convergence theorem applied to (3.14) gives

EV

Y(x)dr <e|X NA| <elX| < oo
R’ﬂ

and

(3.15) Q-9)Al<(1—-e)| > |il] <IXNA<|X]< o0
Yi€Vikt1

from the above, it follows that

(3.16) IA\X| < £|4] < %_gpq < 00

Because this ¢ is arbitrary for 0 < € < 1, it follows from statements (3.15) and
(3.16) that V' can be chosen to satisfy statements 2 and 3 in Definition 3.1 of the
Vitali Covering Property V.

Now, it remains to be shown that V covers almost all of F. Assume for
contradiction that |E\A| > 0, which implies that | X\ A| > 0. This implies that

| X\Ax| > | X\A| > 0 for k£ =0,1,2..., which means that the inductive process does
not stop producing new sets, and so V consists of a countably infinite family of
sets {v1,72, ---s Vs -} chosen from V. The conditions (3.3), (3.4), and (3.5) of
Lemma 3.5 are satisfied by V, and hence, by the same lemma, there exists a set
W € V such that

(3.17) [ ot @dz x| < S W
w 2q
From (3.17) and the fact that Xy, — Xy as k — oo, it follows that
| oWt @yda + W\X| < W
W 2q

for each positive integer k, and hence, w € Cy,1 for each such k. Hence for each k
we have 0 < |W| < &1 < 2|vk+1|. However, from (3.15) we have

S X
Z |’7k|:Z|’7k|§17_6<00
=1

YL EV =
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which implies that |y4+1| — 0 as k — oo, which contradicts the conclusion that
|vk| > 0 for all positive integers k, and hence we have | X\A| =0 — |E\A| =0,
which completes the proof of the theorem.

Corollary 3.6. If f € L} (R"),1 <p < oo, then

_ — n
%gr}r’ﬂ/\f x)|dy =0 a.e. forzeR
YER

If and only if R has the Vitali covering property Vy, 1/p+1/q = 1.

Proof. Note that for any v € R we have

1
M[yf( dy — f(z |,ﬂ/ dy<L\f(y)—f(x)dy

hence, by the assumption state above we have

lim sup — ] / x)]dy < hmbup ] / |f(y) — f(x)|dy =0
'yER

")/—).ZE

a.e. for z € R" then we know that R differentiates [ f for every

fe LlOC(R”), 1 < p < 00. By the main Theorem 3.2 it follows that R has Vitali
covering property V,, 1/p+1/q = 1.

For the other direction, suppose f € L} (R™). Then |f(z) —c| < |f(x)| + |¢| where
c is an arbitrary complex number, and

8@ =z <27 [p@Pae+2 ek < o

where K is a compact set. If follows that |f(z) — ¢ € L] .(R™).
Now let {71} be a set of complex numbers with rational real and imaginary parts.
Let z; be the set of all z € R™ such that

Jimy m/'f ) — reldy # | (z) — 7l

YER

By the main theorem we know that zj has measure zero. Define Z = J Zj. It
follows that |Z] = 0 and we have

1
p1 LV = sl < 7 [ 1560 =+ 2 [ 15 niday
=1 [176) =l + @) =
Y

However, if x ¢ Z, then for every € > 0 we can choose i such that
|f(x) — 7| < e/2. In this case

hmsup /]f x)|dy < 2|f(x) — 1| <€

’Y—)Qﬁ

hence the result follows. O
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