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NEW ALGORITHM FOR NON-MONOTONE AND
NON-LIPSCHITZ EQUILIBRIUM PROBLEM OVER FIXED
POINT SET OF A QUASI-NONEXPANSIVE NON-SELF
MAPPING IN HILBERT SPACE

YITONG SHI, ZIQI ZHU, AND YUEYAO ZHANG

ABSTRACT. In this paper, we propose a new projection algorithm for solving
an equilibrium problem over the fixed point set of a quasi-nonexpansive non-self
mapping in Hilbert spaces. The bifunction involved in the equilibrium problem
is not required to satisfy any monotone or Lipschitz continuous property. We
prove the weak convergence for the proposed algorithm. A numerical example is
given to illustrate the effectiveness of our algorithm.

1. INTRODUCTION

Let C is a nonempty closed convex subset in a real Hilbert space H and let
f: C x C — R be a bifunction satisfying f(x,z) = 0 for all z € C. Consider the
following equilibrium problem: find a point x* € C' such that

(1.1) fa®y) 20, Vy e C,

The set of solutions of the problem (1.1) is denoted by EP(f,C).

The equilibrium problem was initially introduced by Nikaido and Isoda [18] for
studying the Nash equilibrium problem and has been applied to a large of theoretical
and practical problems such as complementarity problems, optimization problems,
feasibility problems, variational inequality problems, and fixed point problems, sig-
nal recovery problems, image processing problems, finance problem and so on [6,17].

The bifunction f is said to be Lipschitz-type continuous [19] on C' if

f@y) + fy2) > flx,2) — e — y)* — coly — 2)*, Va,y,2 € C.

For solving the problem (1.1) with the Lipschitz-type continuous bifunction f, Quoc
et al [21] proposed the following extragradient method in Euclidean spaces: z¢ € C
and

(1.2) {y" = argmin {pf(zn,y) + G(zn,y) 1 y € C},

Tpp1 = argmin {pf (yn,y) + G(zn,y) 1y € C}, n >0,

where p is a suitable parameter and G(x,y) is a given Bregman distance function
defined on C' x C. The authors proved that the sequence {z,} obtained by (1.2)
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converges to a point z* € EP(f,C). In recent years, the various modified extra-
gradient methods for solving the problem (1.1) involved the Lipschitz-type contin-
uous bifunction have been intensively studied and extended to Hilbert spaces; see,
e.g., [3,9-13,15,16,22, 25].

The methods in the above mentioned literature are proposed for solving the equi-
libirum problems with Lipschitz-type continuous bifunctions. However, when the
Lipschitz constants ¢; and c2 may be unknown or hard to compute, the methods can
be applied. For overcoming the difficulty, some authors investigated the equilibrium
problems with non-Lipschitz-type continuous bifunctions. For example, Santos and
Scheimberg [23] proposed the following inexact projected subgradient method :

o € C,
v € Of (w, ) (wk),
(1.3) ]
Tyl = Po |z — —kvk s
< max{py, [|vg |} >

where Of (x,)(x) is the subdiffential at z, {8;} C (0, 1) satisfies the conditions that
> roBe = o0 and Y 32,87 < oo, and f is a pseudomonotone and non-Lipschitz-
type continuous bifunction. The authors proved that the sequence {z} generate by
(1.3) converges weakly to the solution of the problem (1.1). On other methods for
solving the equilibrium problems with non-Lipschitz-type continuous bifunctions,
the readers may refer to [2,8].

Another interesting problem is to find a common element of set of solutions of
the equilibrium problem and set of fixed points of a nonlinear mapping. Anh [1]
proposed the following iterative algorithm: zg € C and

_ 1
yn = argmin{ A, f(zn, y) + 5lly - za|? 1y € CY,

1
(1.4) tn :argmin{)\nf(yn,y)—i-iHy—an2 sy € CY,

Tnt1 = anxo + (1 — ap) Ty,

where T': C' — C is a nonexpansive mapping and {a,}, {\,} C (0,1). The author
proved the strong convergence of {x, } generated by (1.4) provided lim, o ||Zn+1 —
Zn|| = 0 and some other assumptions on {a,,} and {\,}. For the more methods on
equilibrium problems and fixed points problems, the interested readers many refer
to [24].

In this paper, inspired by the method (1.3) of Santos and Scheimberg [23], we
introduce a method for solving a non-monotone and non-Lipschitz equilibrium prob-
lem over the set of fixed point problem of a quasi-nonexpansive non-self mapping
in Hilbert space. Under some mixed conditions, the weak convergence is proved
for the proposed algorithm. Finally, a numerical example is given to illustrate our
algorithm.

2. PRELIMINARIES AND NOTATION

Let C be a nonempty closed convex subset of a real Hilbert space H. For a
sequence {zr} C C, we use xp — = to denote that {x}} converges weakly to = as
k — oo. Let T : C' — H be a mapping and Fix(T) denote the set of fixed points
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of T. Let I be the identity mapping on H. The mapping T : C' — H is said to be
nonexpansive mapping if

[Tz —Ty[| < [z —yll, Yo,y € C
and quasi-nonexpansive if Fiz(T) # () and
[Tz —yl| < ||z —yll, Vz € C, Vy € Fix(T).

The mapping T is said to be demiclosed demiclosed at 0 if z;, — = with {z;} C C
and x € H and (I — T)xp — 0 implies that = Tx. It is known that Fiz(T) is
closed and convex if T': C — H is a quasi-nonexpansive mapping and Fiz(T) # (;
see [4].

Let g : C x C' — R be a convex function. For each x € C, by dg(z) we denote
the subdifferential of the function g(-) at x, i.e.,

9g(x) ={w e H : g(y) — g(x) = (y — z,w), Yy € C}.
If 0g(-) at * € C is nonempty, g is said to be subdifferentiable at z. If dg(-) at

every x € C is nonempty, g is said to be subdifferentiable on C.

For any = € H, there exists a unique element z € C, denoted by Po(x), such
that ||z — z|| = infyec ||y — z||. The mapping Pc : H — C is called a metric
projection from H onto C. It is known that Po is nonexpansive. The following
lemma characterizes the part properties of Pg.

Lemma 2.1 ([7]). Let C be a nonempty closed convex subset of a real Hilbert space
H. For every x € H, the following hold:

(i) z = Po(x) if and only if (x — z,z —y) >0, Yy € C,

(ii) [ Po(z) —yl* < [z —yl* - |z — Pe(@)]?, Yy € C.
Lemma 2.2 ([20]). Let {ar} and {b;} be two sequences of nonnegative real numbers
satisfying

ap+1 < ag + b, Vk > 1,

where > by < 0o. Then limy_,o0 ay, exists.
Lemma 2.3 ([5]). Let D be a nonempty set of H and {xy} be a sequence in H such
that the following two conditions hold:

(i) for all x € D, limg_,o |2k — || exists;

(ii) every sequential weak cluster point of {xy} is in D.

Then the sequence {xy} converges weakly to a point in D.

3. MAIN RESULTS

In this section, let C' be a nonempty closed convex subset of a real Hilbert space
H. Let f: C x C — R be a bifunction satisfying f(x,z) = 0 for all x € C' and
T : C — H be a quasi-nonexpansive mapping. We consider the following problem:
find a point & € Fiz(T) such that

(I) f(z,y) =0, ¥y € Fiz(T).

Denote the set of solutions of the above problem by €.
Throughout this section, we assume that the following conditions hold:
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(A1) A #0, where A = Fiz(T)n{z € C: f(y,z) <0, Yy € C}.
(A2) I —T is demiclosed at 0.

(A3) for each z € C, f(z,-) is convex and subdifferentialbe on C', and the operator
Of(x,-)(x) is bounded on the bounded subsets of C.

(A4) f(-,y) is weakly upper semicontinuous on C' for each y € C.
We present the following algorithm to approximate a solution of the problem (I').

Algorithm 3.1. Initialization Choose the initial point x; € C and the se-
quences {fB} C [0, 5] with 5" < 1, {7} € (0,1) and {ax} C (0,400) satisfying

[e.o] o0
(3.1) Zak'yk = oo and Zai < 00.
k=1 k=1

Set Cop = C and k = 1.
Step 1: For each k£ > 1 and the current itertate xj;, compute
2 = Bk + (1 — B) Ty,
and construct the subset
Ch={2€C: |zt — 2| < llzx — 2|}
Step 2: Compute wy, € 0f(xk,-)(zx) and set

M = max{1l, [Jwg|}.

ag
yk - PCk—l_xk: (_wk> 9
Nk

Trr1 = Po, (o + Yryr)-

Step 3: If wy = 0,z = T'xp holds or yr = 0,z = T'x; holds, then the algorithm
stops and zp € (Q; otherwise, set Kk = k + 1 and go to Step 1.

Compute

The following remark shows that the stopping criterion of Algorithm 3.1 can well
work.

Remark 3.1 Assume that y, = 0 and x = T for some &k € N. For any y €
Fiz(T), since y — x, € Cx—1 — xx which will be obtained by the following Lemma
3.1, by the definition of y; and Lemma 2.1 (i) we have

ay
3.2 ——(wg,zp —y) >0
(3.2) 77k<k k—Y)

and hence (wg,y — zx) > 0. On the other hand, by the definition of wj we have

(3.3) (Wi, y — 1) < fan,y) — fon, vr) = flog,y), Yy € C.

From (3.2) and (3.3) it follows f(x,y) > 0 for all y € Fixz(T), which still holds
when wy = 0. Furthermore, if x = Tz it follows that xy € Fix(T). Therefore,
x € Q.

Assume that the stopping criterion of Algorithm 3.1 does not hold and hence
{1} is an infinite sequence.
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Lemma 3.1. For each n € N, the set C is nonempty closed and convex, and hence
the sequences {x} and {yr} are well defined.

Proof. From the definition C} it is obvious that C} is closed and convex for each
n € N. For any y € Fiz(T), since T is quasi-nonexpansive, we have

lze = yll < Brller —yll + (1 = BTz — yll < llze — vl
which implies that y € Cy. It follows that
(3.2) Fixz(T) C C, Yk € N.

Therefore, the sequences {z;} and {yx} are well defined. This completes the proof.
U

Lemma 3.2. The limit of {||x), — 2||?} exists for any z € A.

Proof. By the definition of y; we have

Qg
Yk = PCk—l_wk (—'I,Uk)
Mk

) 1 Qg
= argmmveck_l_xki v — (—%’wk)
(3.3) o 1 ) a% ,
— angmin,co - { 2 o) + 5 (0l + o) |
k

— argmi ald IelPY gy e
= argmingec, | _s, o (wg,v) + 5 , e N.

Note that from x € Cj_1 it follows that 0 € Cy_1 — z for each k € N. So by (3.3)
we get

2
(3.4) % g i) + L2 <0, wp e .
Mk 2
From (3.4) it follows that

20&]€ QOék
lyel? < - (Wi, Yr) < EHwkHHka

< 20|y,
which implies that
(3.5) lyell < 20y, Yk € N.
Let uy, = x, + yryx for each k € N. By (3.5) it is easy to obtain that
(3.6) llur = il = yllyrll < 204, Yk € N.

For any y € Fiz(T), since y — x € Ciy—1 — xf, by Lemma 2.1(i) we have
oy,
<_wk — Yk Y — T — yk> <0
Mk

and hence

8] 8]
B ek —v) < |yl + 17:<wk,y — ) — ,7:<wk,yk>, Vk € N.
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By (3.2), (3.5)-(3.7) we get
21 = ylI* = || Peyur — Poyll® < |luk, — yll?
= [lug — xil* + llox — ylI* + 2(ur — 21, 2% — y)
= [lux — z&l* + NIz — ylI* + 29 (yr, 2 — v)

ay ay
< dai + ok — ylI* + 2% %@Umy — ) — %<wk7yk>

(3.8) 9 <

2y
< dof + |lok — ylI* + wk,y—xk>+THwkHHka

2k (

< daj + |lze — ylI* + W, Y — Tk) + s

2k (

< ||$k*y\|2+ wk,y—xk>+8ai,Vk€N

Note that for any z € A, we have f(zy,2) < 0. Then by the definition of wy we get
(Wi, 2 — xg) < fog, 2) — f(og, 21) = flog, 2) < 0.

Substituting this inequality into (3.8) with y = z € A we have

(3.9) lzhi1 — 2||> < |lzg — 2)|* + 8o, Vk € N.

Applying Lemma 2.2 and (3.1) to (3.9), we obtain that the limit of {||zx — 2|}
exists. This completes the proof. O

Lemma 3.3. It holds that limg_, |2k — x| = 0.

Proof. From Lemma 3.2 it follows that {z;} is bounded. Fix y € A. Let M > 0
such that supycy [|zx — y|| < M. By Lemma 2.1 (ii) and (3.6) we have

k1 =yl = | Po,ur — ylI?
< luk = yl* = l|psr — el
= [lug — 2 )l* + llan — ylI* + 2(ur — 2, 2 — y) — 21 — ure])?
< daj + [lzg — yl* + 4May, — ||z — ug]?
and hence
(3.10) lzrs1 — ul|® < 4ad +4Moy + ||z — yl|? = |lzrg1 — y||%, VEk €N,

Note that the limit of {||z; — y||?} exists by Lemma 3.2. Letting k — oo in (3.10) ,
by (3.1) we get

(3.11) lim ||zg41 —ugl| = 0.
k—ro0
Furthermore, from (3.6) and (3.11) it follows that
(3.12) ||zg+1 — k|| < [|zepr —ukl| 4+ |lue — 2kl < |Tp+1 —uk||+2ar — 0, as k — oo.
Since zi41 € Cy, by (3.12) we have
(3.13) 2k — 2ps1ll < llzk — 242l = 0, as k — oo,
Combining ( 3.12) and (3.13) we obtain

(3.14) Ik — @kl < 2k — Tl + |2k — o]l = 0, as k — oo,
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This completes the proof. O
Theorem 3.4. The sequence {xy} converges weakly to a point T in §Q.

Proof. For any y € Fix(T), by (3.8) we have
2007k

(3.15) (W, = y) < [l =yl = llzwer —yll* +8ag, vk €N

Adding with k from 1 to [ in (3.15), we get

L oy !
kVk

2y ——(wpa —y) < ller =yl llzen —yl? +8) o}

Nk _
(3.16) k=t l k=l
<l —yl* + 8 ai.
k=1
Letting [ — oo in (3.16), by (3.1) we obtain
o0
(3.17) 2 Z Tk (Wi, T, — y) < 00.

el Nk

Since {xj} is bounded, from (A3) it holds that {wy} is bounded, which leads to
{nk} is also bounded. So there exists M’ > 0 such that sup;~; m < M'. Tt follows
that

gy gy

Zkk Zkk
>

P .

which together with (3.1) implies that
o0
Z Ok
1 [k
This together with (3.17) leads to
(3.18) lim inf (wy, 1, — y) < 0.
k—o0

By the definition of wy we have —f(xk,y) = f(ag,zx) — f(zr,y) < (wg, vk — Y).
This fact with (3.18) leads to
(3.19) limsup f(zx,y) > 0.

k—o0

Since {z1} is bounded, there exists a subsequence xy; of {z)} such that x;, — 7
with j — co. Without loss of generality, we may assume that

limsup f(zr,y) = lm f(zk,,y).
j—o0

k—o0

Since f(-,y) is weakly upper simicontinuous on C, by (3.19) we get

(3.20) f(Z,y) > limsup f(zy;,y) = lim f(zy;,y) = limsup f(2y,y) > 0.
j—00 j—00 k—300
Next we prove that z € Fiz(T). By the definition of z; and (3.14) we have
1 1

(3.21) |lwg; — Tyl = 2, — 2, < 1_76/\\3% — 21, = 0, as j — oc.

1_ﬁk]‘
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From (3.21) and (A2) we get = € Fiz(T'), which together with the arbitrariness of
y € Fiz(T) and (3.21) implies that = € Q.

Finally, we prove that {xy} converges weakly to z. In fact, by the argument
above, we have shown that every sequential weak cluster point of {xx} is in .
Hence by Lemma 3.2 and Lemma 2.3 with D = Q we obtain that {x;} converges
weakly to . This completes the proof. O

4. APPLICATIONS

In this section, we apply the result in last section to a variational inequality prob-
lem on the set of fixed points of a quasi-nonexpansive mapping and to a constrained
optimization problem, respectively.

The first application Let A: C — H be a mapping and T : C — H be a quasi-
nonexpansive mapping. We consider the following problem: find a point = € Fix(T)
such that

(4.1) (Az,y —x) > 0, Yy € Fiz(T).

Let f(z,y) = (Az,y — z) for all z,y € C. We see that df(x,-)(x) = Ax for all
x € C and the set € is the set of solutions of the problem (4.1), where € is defined
as in Section 3. So by Theorem 3.4 we get the following result. Since the proof
method is similar with the one of Theorem 3.4 with f(x,y) = (Az,y — ), we only
give the result without the proof process.

Theorem 4.1. Let H be a real Hilbert space and C be a nonempty closed convex
subset of H. Let A: C — H be a mapping and T : C — H be a quasi-nonerpansive
mapping. Let the sequences {~;} C (0,1) and {ax} C (0,+00) satisfy

oo oo
E oY = o0 and E 04% < 0.
k=1 k=1

Set Cy = C and let {xy} be the sequence generated by the manner: 1 € C' and

873
(42) Yo = Fyrmmy <—max{1, HAxkn}Ax’“) /
Tr1 = Po, (r + Ykk),
If the following conditions hold:
(Bl) {zeC:(Ay,z—y) <0, Yy e O} N Fix(T) # 0;
(B2) I — T is demiclosed at 0;
(B3) if {zx} is bounded, then {Axy} is also bounded;

(B4) A is weakly upper semicontinuous on C,

then the sequence {xy} generated by (4.3) converges weakly to a solution of the
problem (4.1).

The second application Let h : C' — R be a convex and differentiable function
and g : C — R be a convex function. Considering the constrained optimization
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problem:
min h(x)
(4.3) veC
s.t. g(z) <0.
Define a mapping S, : C — H by
glx) .
x— ——u, if g(z) >0,
(4.4) Sqr = || w||?
x, otherwise,

where u is any vector of dg(z). Let T' = 25, — I. It follows that T is a quasi-
nonexpansive mapping and Fiz(T) = {x € C : g(x) < 0} (see [26]). Solving the
problem (4.3) is equivalent to find a solution of the problem (4.1) with A = Vh and
T =28, — 1. So Theorem 4.1 can be applied to the problem (4.3) with A = Vh
and T'= 25, — 1.

5. NUMERICAL EXPERIMENT

In this section, we present a numerical example to illustrate the convergence of
our algorithm. The code is written by Matlab 2016b and is performed on a PC
Intel(R) Core (TM) i5-4260U CPU, 2.00 GHz, Ram 4.00 GB.

Example 5.1. Let H = R and C = [0,+0) and f(z,y) = y(z — y)? for all
z,y € C. Clearly, f is not pseudomonotone on C. We show that f is not Lipschitz-
type continuous by a contradiction. Assume that there exist two positive constants
c1 and c¢9 such that

f(fC,y) + f(yvz) > f({L‘,Z) - Cl('r - y)2 - CQ(y - 2)27 Vm,y,z eC.
In particular, if z = 2y = 2z, it follows that
2y —2< 9, VyeC.

Clearly, it is impossible. So f is not Lipschitz-type continuous.

Let Tz = (31 — Pp)x for all z € C, where D = [0,1] and Iz = z for all z € H.
Obviously, T': C' — H is quasi-nonexpansive and Fiz(T) = {0}. It is easy to see
that the solution set @ = {0} for the problem (I') with the bifunction f and T
defined in this example. Find that

(1) {0} =Fiz(T)Nn{z€C: f(y,z) <0, Vy € C};
(2) I —T is demiclosed at 0;
(3) since {0} = Of(z,-)(z) for each x € C, the operator df(x,-)(x) is bounded
on the bounded subsets of C'
(4) f(-,y) is continuous on C for each y € C.
It follows that the conditions (A1)-(A4) holds and so Algorithm 3.1 can be applied
to this example.

Since wp =0, np = 1, and 0 € C_1 — x, when performing Algorithm 3.1 for this

example, we have

1593

Nk

Tp+1 = Po, (zr + eyr) = Po, k-



288 YITONG SHI, ZIQI ZHU, AND YUEYAO ZHANG

By the definition of T', we have Ty, = (31 — Pp)xy, hence

2k = Bk + (1 — Be)Try = <;(1 + Be) I — (1 — ﬁk)PD> T

Finally, the sequence {zj} generated by Algorithm 3.1 for this example is
{Ck:{xGC: |z — 2| < |z — 2|},
Tr1 = Po,wg.

We take ap = i and stop the algorithm when z;, < 107°. For this example, by
(3.8) we have

(5.1) Tpy1 < xp + 82, Vk €N,

Fig 1 gives the computed results on {zxi1} and {zy + 8a2} by Algorithm 3.1
with the different initial point z; and the sequence {fj}. From the curves in Fig 1
we can see the convergence of {zj} and the relation (5.1).

(A) lel,ﬁk»:ﬁ (3)1’1:5751@:,%2

(€) &1 =10, 8, = 54 (D) 21 =15,8, = 0.5

FicUure 1. Computed results by Algorithm 3.1

6. CONCLUSION

In this paper, we have proposed new projection algorithm for solving an equilib-
rium problem over fixed point set of a quasi-nonexpansive mapping in real Hilbert
spaces. We proved the weak convergence of the proposed algorithm. A numerical
experiment is given to illustrate the effectiveness of our algorithm.
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