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When the two bits are different, XOR spits out 1. We mention some applications
of XOR-operation below:

(1) Swapping using XOR.
(2) Encryption with XOR: The XOR Cipher.
(3) Comparing two numbers using XOR.
(4) Conversion of binary values to gray code using XOR.
(5) Checking parity of a number using XOR.

Influenced by the applications of above revealed concepts, in this paper, we in-
troduce and study a system of Yosida Cayley variational inclusions involving XOR-
operation in real ordered Banach space. The system under consideration involves
Yosida approximation operator, Cayley operator, non-linear single-valued mappings
and a set-valued maximal monotone operator. An existence result is proved. Con-
vergence and Stability analyses are discussed, separately. In support of our main
result, we provide an example.

2. Preliminaries

Throughout this article, we consider Ê to be a real ordered Banach space with
norm ∥ · ∥ and inner product ⟨·, ·⟩. Let K be a normal cone with normal constant

δ and “≤” be the partial ordering induced by the cone. For any x, y ∈ Ê, x ≤ y if
and only if y− x ∈ K. The lub{x, y} means the least upper bound of the set {x, y}
and glb{x, y} means the greatest lower bound of the set {x, y}. Suppose glb{x, y}
and lub{x, y} exist, then some binary operations are defined as follows:

(i) ∨ is called AND operation,
(ii) ∧ is called OR operation,
(iii) ⊕ is called XOR-operation,
(iv) ⊙ is called XNOR-operation,
(v) x ∨ y = sup{x, y},
(vi) x ∧ y = inf{x, y},
(vii) x⊕ y = (x− y) ∨ (y − x),
(viii) x⊙ y = (x− y) ∧ (y − x).

Lemma 2.1. [14] Let ⊙ be an XNOR operation and ⊕ be an XOR operation.
Then, the following relations hold:

(i) a⊙ a = 0, a⊙ z = z ⊙ a = −(a⊕ z) = −(z ⊕ a),
(ii) if a ∝ 0, then −a⊕ 0 ≤ a ≤ a⊕ 0,
(iii) (λa)⊕ (λz) = |λ|(a⊕ z),
(iv) if a ∝ z, then a⊕ z = 0 if and only if a = z,
(v) (a+ b)⊙ (y + z) ≥ (a⊙ y) + (b⊙ z),
(vi) if a, b, y and z are comparative to each other, then

(a ∧ b)⊕ (y ∧ z) ≤
(
(a⊕ y) ∨ (b⊕ z)

)
∧
(
(a⊕ z) ∨ (b⊕ y)

)
,

(vii) if a, y and z are comparative to each other, then (a⊕ z) ≤ a⊕ y + y ⊕ z,
(viii) if a ∝ z, then ((a⊕ 0)⊕ (z ⊕ 0)) ≤ (a⊕ z)⊕ 0 = a⊕ z,

(ix) (la)⊕ (ma) = |l −m|a = (l ⊕m)a, for all a, b, y, z ∈ Ê and l,m, λ ∈ R.
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Definition 2.2. Let Ê be a real ordered Banach space. If the following conditions
are satisfied:

(i) ∥(x, y, z)∥ = max{∥x∥, ∥y∥, ∥z∥}, for any (x, y, z) ∈ Ê × Ê × Ê,

(ii) (x1, y1, z1) ≤ (x2, y2, z2) if and only if x1 ≤ x2, y1 ≤ y2 and z1 ≤ z2 in Ê,
(iii) (x1, y1, z1) ∝ (x2, y2, z2) if and only if x1 ∝ x2, y1 ∝ y2, z1 ∝ z2,
(iv) (x1, y1, z1) ∧ (x2, y2, z2) = (x1 ∧ x2, y1 ∧ y2, z1 ∧ z2),

(x1, y1, z1) ∨ (x2, y2, z2) = (x1 ∨ x2, y1 ∨ y2, z1 ∨ z2),
(x1, y1, z1)⊕ (x2, y2, z2) = (x1 ⊕ x2, y1 ⊕ y2, z1 ⊕ z2).

Then Ê × Ê × Ê is called an real ordered product Banach space.

Definition 2.3. Let Ê × Ê × Ê be an real ordered product Banach space. The

sequence {(xn, yn, zn)} in Ê × Ê × Ê, where {xn}, {yn}, and {zn} are sequences in

Ê, converges to (x∗, y∗, z∗) if and only if xn → x∗ ∈ Ê, yn → y∗ ∈ Ê and zn → z∗ ∈
Ê, as n→ ∞.

Definition 2.4. For each i = 1, 2, · · · , p, let hi : Êi −→ Êi and Ti :
p∏

j=1
Êj → Êi be

the non-linear single-valued mappings. Then

(i) hi is said to be λhi
-ordered rectangular mapping, if there exist a constant

λhi
> 0 such that

⟨hi(x)⊙ hi(y),−(x⊕ y)⟩ ≥ λhi
∥x⊕ y∥2, for all x, y ∈ Êi,

(ii) Ti is said to be κi-ordered compression mapping in the ith-argument, if Ti
is a comparison mapping, and there exists a constant 0 < κi < 1 such that

Ti(x1, x2, · · · , xi−1, xi, xi+1, · · · , xp)⊕ Ti(x1, x2, · · · , xi−1, x̂i, xi+1, · · · , xp)

≤ κi(xi ⊕ x̂i), for all xi, x̂i ∈ Êi.

Definition 2.5. [23, 24] Let M : Ê → 2Ê be a set-valued mapping. Then

(i) M is said to be a comparison mapping, if for any vx ∈M(x), x ∝ vx, and if

x ∝ y, then for any vx ∈M(x) and vy ∈M(y), vx ∝ vy, for all x, y ∈ Ê,
(ii) a comparison mapping M is said to be γ-ordered rectangular mapping, if

for each x, y ∈ Ê, there exist γ > 0 and vx ∈ M(x) and vy ∈ M(y) such
that

⟨vx ⊙ vy,−(x⊕ y)⟩ ≥ γ∥x⊕ y∥2,
(iii) a comparison mapping M is said to be λ-weak-ordered different mapping, if

for each x, y ∈ Ê, there exists a constant λ > 0 and vx ∈ M(x), vy ∈ M(y)
such that

λ(vx − vy) ∝ (x− y),

(iv) a comparison mapping M is said to be a (γ, λ)-weak-ordered rectangular
different set-valued mapping, if M is a γ-ordered rectangular and λ-weak-
ordered different comparison mapping and [I + λM ](H) = H, for some
γ, λ > 0.
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Definition 2.6. Let M : Ê → 2Ê be a (γ, λ)-weak ordered rectangular different

set-valued mapping. The resolvent operator RM
λ : Ê → Ê is defined by

(2.1) RM
λ (x) = [I + λM ]−1(x), for all x ∈ Ê,

where λ > 0 is a constant.

Definition 2.7. The Yosida approximation operator JM
λ : Ê → Ê is defined by

(2.2) JM
λ (x) =

1

λ
[I −RM

λ ](x), for all x ∈ Ê,

where I is the identity operator and λ > 0 is a constant.

Definition 2.8. The Cayley operator CM
λ : Ê → Ê is defined by

(2.3) CM
λ (x) = [2RM

λ − I](x), for all x ∈ Ê,

where I is the identity operator and λ > 0 is a constant.

Proposition 2.9. [6] Let M : Ê → 2Ê be a (γ, λ)-weak ordered rectangular dif-
ferent set-valued mapping with respect to RM

λ . Then, the resolvent operator RM
λ is

well-defined, single valued and Lipschitz-type continuous, that is

∥RM
λ (x)⊕RM

λ (y)∥ ≤ θ∥x⊕ y∥, where θ =
1

(γλ− 1)
, γλ > 1, for all x, y ∈ Ê.

(2.4)

Proposition 2.10. [6] Let M : Ê → 2Ê be a (γ, λ)-weak ordered rectangular
different set-valued mapping with respect to RM

λ and the resolvent operator RM
λ

is θ-Lipschitz-type-continuous. Then, the Cayley operator CM
λ defined by (2.8) is

(2θ + 1)-Lipschitz-type continuous. That is
(2.5)

∥CM
λ (x)⊕CM

λ (y)∥ ≤ (2θ+1)∥x⊕y∥, where θ = 1

(γλ− 1)
, γλ > 1, for all x, y ∈ Ê.

3. Formulation of problem and existence result

For each i ∈ Λ = {1, 2, 3, · · · , p}, let Êi a real ordered Banach space equipped
with the norm ∥.∥i and Ki be a normal cone with normal constant δi, and let

hi : Êi → Êi and Ti :
p∏

j=1
Êj → Êi be the nonlinear single-valued mappings and

Mi : Êi → 2Êi be the set-valued mapping. Let RMi
λi

: Êi → Êi be the resolvent

operator, JMi
λi

: Êi → Êi be the Yosida approximation operator and CMi
λi

: Êi → Êi

be the Cayley operator. We study the following system of Yosida Cayley variational
inclusions involving XOR-operation:
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For each ωi > 0, find (x1, x2, · · · , xp) ∈
p∏

i=1
Êi such that

(3.1)



0 ∈
(
JM1
λ1

(CM1
λ1

(x1)) + T1(x1, x2, · · · , xn)
)
⊕ ω1M1(h1(x1))

0 ∈
(
JM2
λ2

(CM2
λ2

(x2)) + T2(x1, x2, · · · , xn)
)
⊕ ω2M2(h2(x2))

0 ∈
(
JM3
λ3

(CM3
λ3

(x3)) + T3(x1, x2, · · · , xn)
)
⊕ ω3M3(h3(x3))

.

.

.

0 ∈
(
JMp

λp
(CMp

λp
(xp)) + Tp(x1, x2, · · · , xn)

)
⊕ ωpMp(hp(xp))

Equivalently, for each i ∈ Λ,

(3.2) 0 ∈
(
JMi
λi

(CMi
λi

(xi)) + Ti(x1, x2, · · · , xn)
)
⊕ ωiMi(hi(xi)).

Related to the system of Yosida Cayley variational inclusions involving XOR-
operation (3.2), we have the following equivalence lemma.

Lemma 3.1. For each i ∈ Λ, let hi : Êi → Êi and Ti :
p∏

j=1
Êj → Êi be the

nonlinear single-valued mappings and Mi : Êi → 2Êi be a (γi, λi)-weak ordered

rectangular different set-valued mapping. Let RMi
λi

: Êi → Êi be the resolvent

operator, JMi
λi

: Êi → Êi be the Yosida approximation operator and CMi
λi

: Êi → Êi

be the Cayley operator. Then the following assertions are equivalent:

(i) (x1, x2, · · · , xp) ∈
p∏

i=1
Êi is a solution of system of Yosida Cayley variational

inclusions involving XOR-operations (3.1).

(ii) xi ∈ Êi is a fixed point of a mapping Qi : Êi → 2Êi defined by

Qi(xi) =
(
JMi
λi

(CMi
λi

(xi)) + Ti(x1, x2, · · · , xn)
)
⊕ ωiMi(h1(xi)) + xi.

(iii) xi ∈ Êi is a solution of the following equation :
(3.3)

hi(xi) = RMi
λi

[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))−

(
CMi
λi

(xi) + λiTi(x1, x2, · · · , xp)
))]

.

Proof. (i) ⇐⇒ (ii) : We mention (3.2) below and then adding xi on both sides of
it, we have

0 ∈
(
JMi
λi

(CMi
λi

(xi)) + Ti(x1, x2, · · · , xn)
)
⊕ ωiMi(hi(xi))

⇐⇒ xi ∈
(
JMi
λi

(CMi
λi

(xi)) + Ti(x1, x2, · · · , xn)
)
⊕ ωiMi(hi(xi)) + xi = Qi(xi).

Hence, xi is a fixed point of Qi.
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(ii) ⇐⇒ (iii) : Let xi be a fixed point of Qi, then

xi ∈ Qi(xi) =
(
JMi
λi

(CMi
λi

(xi)) + Ti(x1, x2, · · · , xn)
)
⊕ ωiMi(hi(xi)) + xi

⇐⇒ JMi
λi

(CMi
λi

(xi)) + Ti(x1, x2, · · · , xn) ∈ ωiMi(h1(xi))

⇐⇒ CMi
λi

(xi)−RMi
λi

(CMi
λi

(xi)) + λiTi(x1, x2, · · · , xn) ∈ λiωiMi(hi(xi))

⇐⇒ hi(xi)− ω−1
i

(
RMi

λi
(CMi

λi
(xi))−

(
CMi
λi

(xi) + λiTi(x1, x2, · · · , xn)
))

∈

[Ii + λiMi](hi(xi)),

⇐⇒ hi(xi) = RMi
λi

[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))

−
(
CMi
λi

(xi) + λiTi(x1, x2, · · · , xn)
))]

.

That is, xi is a solution of (3.3).

(iii) ⇐⇒ (i) : From (3.3) we have

hi(xi) = RMi
λi

[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))

−
(
CMi
λi

(xi) + λiTi(x1, x2, · · · , xn)
))]

⇐⇒ hi(xi) = [Ii + λiMi]
−1

[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))

−
(
CMi
λi

(xi) + λiTi(x1, x2, · · · , xn)
))]

⇐⇒
[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))−

(
CMi
λi

(xi) + λiTi(x1, x2, · · · , xn)
))]

∈
(Ii + λiMi)(hi(xi)),

⇐⇒
[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))−

(
CMi
λi

(xi) + λiTi(x1, x2, · · · , xn)
))]

∈
hi(xi) + λiMi(hi(xi)),

⇐⇒
(
JMi
λi

(CMi
λi

(xi)) + Ti(x1, x2, · · · , xn)
)
∈ ωiMi(hi(xi)),

⇐⇒ 0 ∈
(
JMi
λi

(
CMi
λi

(xi)
)
+ Ti(x1, x2, · · · , xn)

)
⊕ ωiMi(hi(xi)).

Therefore, (x1, x2, · · · , xp) ∈
p∏

i=1
Êi is a solution of system of Yosida Cayley varia-

tional inclusions involving XOR-operation (3.1). □

Remark 3.1. It is interesting to note that due to Lemma 3.1, the Yosida ap-
proximation operator disappears from Theorem 3.2, Algorithm 4.1 and Theorem
4.1.

Theorem 3.2. For each i ∈ Λ, let Ki be a normal cone with normal constant δi,

hi : Êi → Êi and Ti :
p∏

j=1
Êj → Êi be the nonlinear single-valued mappings such

that hi is a comparison and µhi
-ordered compression mapping, Ti is a comparison,

κi-ordered compression mapping in the ith-argument and κi,j-ordered compression

mapping in the jth-argument for each j ∈ Λ, i ̸= j, respectively. Let Mi : Êi → 2Êi

be a (γi, λi)-weak ordered rectangular different set-valued mapping. Let RMi
λi

be the

resolvent operator and CMi
λi

be the Cayley operator such that both the operators are
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Lipschitz-type-continuous with constant θi and (2θi + 1), respectively. Let xi ∝ x̂i,

RMi
λi

(CMi
λi

(xi)) ∝ RMi
λi

(CMi
λi

(x̂i)), for all xi ∝ x̂i, for each i ∈ Λ such that the
following conditions are satisfied:



θi =
1

γiλi−1 , γiλi > 1

(2θi + 1)(θi + 1) + θiλi(1− κiδi) + ωi

√(
1− 2λhi

+ µ2hi

)
< ωi(1− νi),

νi = θiµhi
+

∑
ℓ∈Λ, ℓ ̸=i

θℓλℓδℓ
ωℓ

κℓ,i < 1, and 2µhi
< 1 + µ2hi

.

(3.4)

Then, the system of Yosida Cayley variational inclusions involving XOR-operation
(3.1) admits a unique solution (x∗1, x

∗
2, · · · , x∗p).

Proof. It is sufficient to prove that there exist (x∗1, x
∗
2, · · · , x∗p) such that fixed point

equation (3.3) is satisfied. For each i ∈ Λ, we define ϕi :
p∏

j=1
Êj → Êi by

ϕi(x1, x2, · · · , xp) = xi + hi(xi)−RMi
λi

[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))−

(
CMi
λi

(xi)

+λiT (x1, x2, · · · , xp)
))]

, for all (x1, x2, · · · , xp) ∈
p∏

i=1

Êi.(3.5)

Define ∥.∥∗ on
p∏

i=1
Êi by

(3.6) ∥(x1, x2, · · · , xp)∥∗ =
p∑

i=1

∥xi∥i, for all (x1, x2, · · · , xp) ∈
p∏

i=1

Êi.

It is easy to check that
( p∏

i=1
Êi, ∥.∥∗

)
is a ordered product Banach space. Define a

mapping ψ :
p∏

i=1
Êi →

p∏
i=1

Êi such that

(3.7)
ψ(x1, x2, · · · , xp) = (ϕ1(x1, x2, · · · , xp), ϕ2(x1, x2, · · · , xp), · · · , ϕp(x1, x2, · · · , xp)),

for all (x1, x2, · · · , xm) ∈
p∏

i=1
Êi. We will show that ψ is a contraction mapping.

Let (x1, x2, · · · , xp), (x̂1, x̂2, · · · , x̂p) ∈
p∏

i=1
Êi. By using (3.5), Lipschitz-type con-

tinuity of RMi
λi

and CMi
λi

and as hi is µhi
-ordered compression map-

ping, for each i ∈ Λ, we have

∥ϕi(x1, x2, · · · , xp)⊕ ϕi(x̂1, x̂2, · · · , x̂p)∥i

=
∥∥∥[xi + hi(xi)−RMi

λi

[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))−

(
CMi
λi

(xi)
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+λiT (x1, x2, · · · , xp)
))]]

⊕
[
x̂i + hi(x̂i)−RMi

λi

[
hi(x̂i)− ω−1

i

(
RMi

λi
(CMi

λi
(x̂i))

−
(
CMi
λi

(x̂i) + λiT (x̂1, x̂2, · · · , x̂p)
))]]∥∥∥

i

≤ ∥(xi + hi(xi))⊕ (x̂i + hi(x̂i)∥i +
∥∥∥RMi

λi

[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))

−
(
CMi
λi

(xi) + λiT (x1, x2, · · · , xp)
))]

⊕RMi
λi

[
hi(x̂i)− ω−1

i

(
RMi

λi
(CMi

λi
(x̂i))

−
(
CMi
λi

(x̂i) + λiT (x̂1, x̂2, · · · , x̂p)
))]∥∥∥

i

≤ ∥(xi + hi(xi))⊕ (x̂i + hi(x̂i)∥i + θi

∥∥∥[hi(xi)− ω−1
i

(
RMi

λi
(CMi

λi
(xi))

−
(
CMi
λi

(xi) + λiT (x1, x2, · · · , xp)
))]

⊕
[
hi(x̂i)− ω−1

i

(
RMi

λi
(CMi

λi
(x̂i))

−
(
CMi
λi

(x̂i) + λiT (x̂1, x̂2, · · · , x̂p)
))]∥∥∥

i

≤ ∥(xi + hi(xi))⊕ (x̂i + hi(x̂i)∥i + θi

∥∥∥(hi(xi)⊕ hi(x̂i))− ω−1
i

[(
RMi

λi
(CMi

λi
(xi))

−CMi
λi

(xi)
)
⊕

(
RMi

λi
(CMi

λi
(x̂i))− CMi

λi
(x̂i)

)]∥∥∥
i
+ ω−1

i θiλi∥T (x1, x2, · · · , xp)

⊕T (x̂1, x̂2, · · · , x̂p)∥i
≤ ∥(xi + hi(xi))⊕ (x̂i + hi(x̂i)∥i + θi∥(hi(xi)⊕ hi(x̂i))∥i

+ω−1
i

∥∥∥
i

(
RMi

λi
(CMi

λi
(xi))− CMi

λi
(xi)

)
⊕
(
RMi

λi
(CMi

λi
(x̂i))− CMi

λi
(x̂i)

)∥∥∥
i

+ω−1
i θiλi∥T (x1, x2, · · · , xp)⊕ T (x̂1, x̂2, · · · , x̂p)∥i

≤ ∥(xi + hi(xi))⊕ (x̂i + hi(x̂i)∥i + θiµhi
∥xi ⊕ x̂i∥i

+ω−1
i ∥

(
RMi

λi
(CMi

λi
(xi))⊕RMi

λi
(CMi

λi
(x̂i))∥i + ω−1

i ∥CMi
λi

(xi)⊕ CMi
λi

(x̂i)
)
∥i

+ω−1
i θiλi∥T (x1, x2, · · · , xp)⊕ T (x̂1, x̂2, · · · , x̂p)∥i

≤ ∥(xi + hi(xi))⊕ (x̂i + hi(x̂i)∥i + ω−1
i (2θi + 1)(1 + θi)∥xi ⊕ x̂i∥i

+θiµhi
∥xi ⊕ x̂i∥i + ω−1

i θiλi∥T (x1, x2, · · · , xp)⊕ T (x̂1, x̂2, · · · , x̂p)∥i.
(3.8)

Since hi is µhi
-ordered compression and λhi

-ordered rectangular mapping, we have

∥(xi + hi(xi))⊕ (x̂i + hi(x̂i))∥2i ≤ ∥xi ⊕ x̂i∥2i + 2⟨hi(xi)⊕ hi(x̂i),−(xi ⊙ x̂i)⟩
+∥hi(xi)⊕ hi(x̂i)∥2i

≤ ∥xi ⊕ x̂i∥2i − 2λhi
∥xi ⊕ x̂i∥2i + µ2hi

∥xi ⊕ x̂i∥2i
= (1− 2λhi

+ µ2hi
)∥xi ⊕ x̂i∥2i ,

that is,

∥(xi + hi(xi))⊕ (x̂i + hi(x̂i))∥i ≤
√
(1− 2λhi

+ µ2hi
) ∥xi ⊕ x̂i∥i.(3.9)

Since Ti is κi-ordered compression mapping in the ith-argument and κi,j-ordered

compression mapping in the jth-argument for each j ∈ Λ, i ̸= j, we have

Ti(x1, x2, · · · , xp)⊕ Ti(x̂1, x̂2, · · · , x̂p)
≤ Ti(x1, x2, · · · , xi−1, xi, xi+1, · · · , xp)⊕ Ti(x1, x2, · · · , xi−1, x̂i, xi+1, · · · , xp)



SYSTEM OF YOSIDA CAYLEY VARIATIONAL INCLUSIONS 249

+
∑

j∈Λ, i ̸=j

(Ti(x1, x2, · · · , xj−1, xj , xj+1, · · · , xp)⊕(3.10)

Ti(x1, x2, · · · , xj−1, x̂j , xj+1, · · · , xp))

≤ κi(xi ⊕ x̂i) +
∑

j∈Λ, i ̸=j

κi,j(xj ⊕ x̂j).

Ki is a normal cone with normal constant δi, we have

∥Ti(x1, x2, · · · , xp)⊕ Ti(x̂1, x̂2, · · · , x̂p)∥i ≤ κiδi∥xi ⊕ x̂i∥i + δi
∑

j∈Λ, i≠j

κi,j∥xj ⊕ x̂j∥i.

(3.11)

Using (3.9) and (3.11), (3.8) becomes

∥ϕi(x1, x2, · · · , xp)⊕ ϕi(x̂1, x̂2, · · · , x̂p)∥i

≤
(√

(1− 2λhi
+ µ2hi

) + θiµhi
+ ω−1

i

(
(2θi + 1)(1 + θi) + θiλi(1 + κiδi)

))
(pi ⊕ p̂i)

+ω−1
i θiλiδi

∑
j∈Λ, i ̸=j

κi,j∥xj ⊕ x̂j∥j .

that is

∥ϕi(x1, x2, · · · , xp)⊕ ϕi(x̂1, x̂2, · · · , x̂p)∥i

≤ ϑi(xi ⊕ x̂i) + ω−1
i θiλiδi

∑
j∈Λ, i≠j

κi,j∥xj ⊕ x̂j∥j ,(3.12)

where ϑi =
(√

(1− 2λhi
+ µ2hi

) + θiµhi
+ ω−1

i

(
(2θi + 1)(1 + θi) + θiλi(1 + κiδi)

))
.

From (3.6) and (3.12), we obtain

∥ψ(x1, x2, · · · , xp)⊕ ψ(x̂1, x̂2, · · · , x̂p)∥∗

=

p∑
i=1

∥ϕi(x1, x2, · · · , xp)⊕ ϕi(x̂1, x̂2, · · · , x̂p)∥i

≤
p∑

i=1

(
ϑi∥xi ⊕ x̂i∥i + ω−1

i θiλiδi
∑

j∈Λ, i ̸=j

κi,j∥xj ⊕ x̂j∥j
)

=
(
ϑ1 +

p∑
ℓ=2

θℓλℓδℓ
ωℓ

κℓ,1

)
∥x1 ⊕ x̂1∥1(

ϑ2 +
∑

ℓΛ, ℓ ̸=2

θℓλℓδℓ
ωℓ

κℓ,2

)
∥x2 ⊕ x̂2∥2 + · · ·

+
(
ϑp +

p−1∑
ℓ=1

θℓλℓδℓ
ωℓ

κℓ,p

)
∥xp ⊕ x̂p∥p
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≤ max
{
ϑi +

∑
ℓ∈Λ, ℓ ̸=i

θℓλℓδℓ
ωℓ

κℓ,i : i ∈ Λ
} p∑

i=1

∥xi ⊕ x̂i∥i,

which implies that

∥ψ(x1, x2, · · · , xp)⊕ ψ(x̂1, x̂2, · · · , x̂p)∥∗ ≤ Ω∥(x1, x2, · · · , xp)⊕ (x̂1, x̂2, · · · , x̂p)∥∗,
(3.13)

where Ω = max
{
ϑi +

∑
ℓ∈Λ, ℓ ̸=i

θℓλℓδℓ
ωℓ

κℓ,i : i ∈ Λ
}
. By Condition (3.4) we have

0 ≤ Ω < 1. The inequality (3.13) implies that ψ is a contraction mapping. There-

fore, there exists a point (x∗1, x
∗
2, · · · , x∗p) ∈

p∏
i=1

Êi such that ψ(x∗1, x
∗
2, · · · , x∗p) =

(x∗1, x
∗
2, · · · , x∗p). From (3.5) and (3.7), it follows that (x∗1, x

∗
2, · · · , x∗p) satisfies the

equation (3.3), that is, for each i ∈ Λ,

hi(x
∗
i ) = RMi

λi

[
hi(x

∗
i )− ω−1

i

(
RMi

λi
(CMi

λi
(x∗i ))(3.14)

−
(
CMi
λi

(x∗i ) + λiT (x
∗
1, x

∗
2, · · · , x∗p)

))]
.

By Lemma 3.1, we conclude that (x∗1, x
∗
2, · · · , x∗p) ∈

p∏
i=1

Êi is a unique solution of

system of Yosida Cayley variational inclusions involving XOR-operation (3.1). This
completes the proof. □

4. Two step iterative algorithm, Convergence and stability analysis

We define a perturbed two-step iterative algorithm based on Lemma 3.1 for find-
ing the approximate solution of system of Yosida Cayley variational inclusions in-
volving XOR-operation (3.1). We study the convergence and stability analysis of
the proposed algorithm.

Algorithm 4.1. For each i ∈ Λ, let hi, Ti,Mi,RMi
λi

and CMi
λi

be the same as in

Theorem (3.1). Let xi,n+1 ∝ xi,n,, we compute the iterative sequences {xi,n}∞n=1 and
{yi,n}∞n=1 where {xi,n}∞n=1 = {(x1,n, x2,n, · · · , xp,n)}∞n=1, and {yi,n}∞n=1 =
{(y1,n, y2,n, · · · , yp,n)}∞n=1, by the following iterative procedure:
(4.1)

xi,n+1 = (1− φn)xi,n + φn

{
yi,n + hi(yi,n)−RMi

λi

[
hi(yi,n)− ω−1

i

(
RMi

λi
(CMi

λi
(yi,n))

−
(
CMi
λi

(yi,n) + λiT (y1,n, y2,n, · · · , yp,n)
))]}

+ τi,nφn

yi,n = (1− ςn)xi,n + ςn

{
xi,n + hi(xi,n)−RMi

λi

[
hi(xi,n)− ω−1

i

(
RMi

λi
(CMi

λi
(xi,n))

−
(
CMi
λi

(xi,n) + λiT (x1,n, x2,n, · · · , xp,n)
))]}

+ ηi,nςn.
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Let {ui,n} be any sequence in Êi and define {zi,n} by
(4.2)

zi,n+1 =
∥∥∥ui,n+1 −

(
(1− φn)ui,n + φn

{
ti,n + hi(ti,n)

−RMi
λi

[
hi(ti,n)− ω−1

i

(
RMi

λi
(CMi

λi
(ti,n))

−
(
CMi
λi

(ti,n) + λiT (t1,n, t2,n, · · · , tp,n)
))]}

+ τi,nφn

)∥∥∥
i

ti,n = (1− ςn)ui,n + ςn

{
si,n + hi(si,n)−RMi

λi

[
hi(si,n)− ω−1

i

(
RMi

λi
(CMi

λi
(si,n))

−
(
CMi
λi

(si,n) + λiT (s1,n, s2,n, · · · , sp,n)
))]

+ ηi,nςn,

where 0 ≤ φn, ςn ≤ 1,
∞∑
n=0

φn = ∞, for all n ≥ 0. For each i ∈ Λ, here {τi,n} and

{ηi,n} are two sequences in Êi introduced to take into account the possible inexact
computation provided that τi,n ⊕ 0 = τi,n and ηi,n ⊕ 0 = ηi,n, for all n ≥ 0.

Theorem 4.1. For each i ∈ Λ, let Êi, hi, Ti,RMi
λi
, CMi

λi
and ωi > 0 be the same as

in Theorem 3.2 and all the conditions of Theorem 3.2 remain the same. Suppose
that Ω < min{1, 1

δ}, for each i ∈ Λ, where δ = max{δ1, δ2, · · · , δp} and Ω is same
as in (3.13). If lim

n→∞
∥τ1,n∨(−τ1,n), τ2,n∨(−τ2,n), · · · , τp,n∨(−τp,n)∥∗ = lim

n→∞
∥η1,n∨

(−η1,n), η2,n ∨ (−η2,n), · · · , ηp,n ∨ (−ηp,n)∥∗ = 0, then

(I) the iterative sequence {(x1,n, x2,n, · · · , xp,n)}∞n=1 generated by Algorithm 4.1
converges strongly to the unique solution {(x∗1, x∗2, · · · , x∗p)} of system of
Yosida Cayley variational inclusions involving XOR-operation (3.1).

(II) lim
n→∞

(u1,n, u2,n, · · · , up,n) = (x∗1, x
∗
2, · · · , x∗p) if and only if lim

n→∞

( p∑
i=1

zi,n

)
=

0, where zi,n is same as in (4.2). Then, the sequence {(x1,n, x2,n, · · · , xp,n)}∞n=1

generated by (4.1) is RMi
λi

-stable, for each i ∈ Λ.

Proof. (I). Suppose (x∗1, x
∗
2, · · · , x∗p) is a unique solution of system of Yosida Cayley

variational inclusions involving XOR-operation (3.1). Applying Lemma 3.1, for each
i ∈ Λ, we have

hi(x
∗
i ) = RMi

λi

[
hi(x

∗
i )− ω−1

i

(
RMi

λi
(CMi

λi
(x∗i ))−

(
CMi
λi

(x∗i ) + λiT (x
∗
1, x

∗
2, · · · , x∗p)

))]
.

(4.3)

Using Algorithm 4.1, Lemma 2.1, Proposition 2.9, Proposition 2.10 and (4.3), we
evaluate

0 ≤ ∥xi,n+1 ⊕ x∗i ∥i
=

∥∥∥[(1− φn)xi,n + φn

{
yi,n + hi(yi,n)−RMi

λi

[
hi(yi,n)− ω−1

i

(
RMi

λi
(CMi

λi
(yi,n))

−
(
CMi
λi

(yi,n) + λiT (y1,n, y2,n, · · · , yp,n)
))]}

+ τi,nφn

]
⊕
[
(1− φn)x

∗
i + φn

{
x∗i,n + hi(x

∗
i )−RMi

λi

[
hi(x

∗
i )− ω−1

i

(
RMi

λi
(CMi

λi
(x∗i ))

−
(
CMi
λi

(x∗i ) + λiT (x
∗
1, x

∗
2, · · · , x∗p)

))]}]∥∥∥
i

≤ (1− φn)∥xi,n ⊕ x∗i ∥i + φn∥τi,n ⊕ 0∥i + φn

∥∥∥(yi,n + hi(yi,n)−RMi
λi

[
hi(yi,n)
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−ω−1
i

(
RMi

λi
(CMi

λi
(yi,n))−

(
CMi
λi

(yi,n) + λiT (y1,n, y2,n, · · · , yp,n)
))])

⊕(
x∗i,n + hi(x

∗
i )−RMi

λi

[
hi(x

∗
i )− ω−1

i

(
RMi

λi
(CMi

λi
(x∗i ))

−
(
CMi
λi

(x∗i ) + λiT (x
∗
1, x

∗
2, · · · , x∗p)

))])∥∥∥
i
.

(4.4)

Using the same arguments as for (3.12), we evaluate

∥xi,n+1 ⊕ x∗i ∥i ≤ (1− φn)∥xi,n ⊕ x∗i ∥i + φn∥τi,n ⊕ 0∥i + φn

(
ϑi(yi,n ⊕ x∗i )

+ω−1
i θiλiδi

∑
j∈Λ, i ̸=j

κi,j∥yj,n ⊕ x∗j∥j
)
,(4.5)

where ϑi =
[√

(1− 2λhi
+ µ2hi

) + θiµhi
+ ω−1

i

(
(2θi + 1)(1 + θi) + θiλi(1 + κiδi)

)]
.

Using the same arguments as for (3.13), (4.5) becomes

∥(x1,n+1, x2,n+1, · · · , xp,n+1)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗ =

p∑
i=1

∥xi,n+1 ⊕ x∗i ∥i

≤
p∑

i=1

(
(1− φn)∥xi,n ⊕ x∗i ∥i + φn∥τi,n ⊕ 0∥i

+φn

(
ϑi(yi,n ⊕ x∗i ) + ω−1

i θiλiδi
∑

j∈Λ, i ̸=j

κi,j∥yj,n ⊕ x∗j∥j
))
,

≤ (1− φn)∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

+φn∥(τ1,n, τ2,n, · · · , τp,n)⊕ (0, 0, · · · , 0)∥∗
+φnΩ∥(y1,n, y2,n, · · · , yp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗.

(4.6)

Using the same conditions as used for (4.4)-(4.6), we calculate

0 ≤ ∥yi,n ⊕ x∗i ∥i
=

∥∥∥[(1− ςn)xi,n + ςn

{
xi,n + hi(xi,n)−RMi

λi

[
hi(xi,n)− ω−1

i

(
RMi

λi
(CMi

λi
(xi,n))

−
(
CMi
λi

(xi,n) + λiT (x1,n, x2,n, · · · , xp,n)
))]}

+ ηi,nςn

]
⊕
[
(1− ςn)x

∗
i + ςn

{
x∗i,n + hi(x

∗
i )−RMi

λi

[
hi(x

∗
i )− ω−1

i

(
RMi

λi
(CMi

λi
(x∗i ))

−
(
CMi
λi

(x∗i ) + λiT (x
∗
1, x

∗
2, · · · , x∗p)

))]}]∥∥∥
i

≤ (1− ςn)∥xi,n ⊕ x∗i ∥i + ςn∥ηi,n ⊕ 0∥i + ςn

∥∥∥(xi,n + hi(xi,n)−RMi
λi

[
hi(xi,n)

−ω−1
i

(
RMi

λi
(CMi

λi
(xi,n))−

(
CMi
λi

(xi,n) + λiT (x1,n, x2,n, · · · , xp,n)
))])

⊕(
x∗i + hi(x

∗
i )−RMi

λi

[
hi(x

∗
i )− ω−1

i

(
RMi

λi
(CMi

λi
(x∗i ))
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−
(
CMi
λi

(x∗i ) + λiT (x
∗
1, x

∗
2, · · · , x∗p)

))])∥∥∥
i
.

(4.7)

From (4.7), we obtain

∥yi,n ⊕ x∗i ∥i ≤ (1− ςn)∥xi,n ⊕ x∗i ∥i + ςn∥ηi,n ⊕ 0∥i + ςn

(
ϑi(xi,n ⊕ x∗i )

+ω−1
i θiλiδi

∑
j∈Λ, i ̸=j

κi,j∥xj,n ⊕ x∗j∥j
)
,(4.8)

where ϑi =
(√

(1− 2λhi
+ µ2hi

) + θiµhi
+ ω−1

i

(
(2θi + 1)(1 + θi) + θiλi(1 + κiδi)

))
.

Using the same arguments as for (4.6), (4.8) becomes

∥(y1,n, y2,n, · · · , yp,n)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

≤
p∑

i=1

(
(1− ςn)∥xi,n ⊕ x∗i ∥i + ςn∥ηi,n ⊕ 0∥i

+φn

(
ϑi(xi,n ⊕ x∗i ) + ω−1

i θiλiδi
∑

j∈Λ, i ̸=j

κi,j∥xj,n ⊕ x∗j∥j
))

≤ (1− ςn)∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

+ςn∥(η1,n, η2,n, · · · , ηp,n)⊕ (0, 0, · · · , 0)∥∗
+ςnΩ∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗,

≤
(
1− ςn(1− Ω)

)
∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+ςn∥(η1,n, η2,n, · · · , ηp,n)⊕ (0, 0, · · · , 0)∥∗
≤ ∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗ + ςn∥(η1,n, η2,n,

· · · , ηp,n)⊕ (0, 0, · · · , 0)∥∗, since
(
1− ςn(1− Ω)

)
≤ 1.(4.9)

Combining (4.6) and (4.9), we obtain

∥(x1,n+1, x2,n+1, · · · , xp,n+1)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

≤ (1− φn)∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

+φn∥(τ1,n, τ2,n, · · · , τp,n)⊕ (0, 0, · · · , 0)∥∗
+φnΩ

(
∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+ςn∥(η1,n, η2,n, · · · , ηp,n)⊕ (0, 0, · · · , 0)∥∗
)

≤
(
1− φn(1− Ω)

)
∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+Ωφnςn∥η1,n ∨ (−η1,n), η2,n ∨ (−η2,n), · · · , ηp,n ∨ (−ηp,n)∥∗
+φn∥τ1,n ∨ (−τ1,n), τ2,n ∨ (−τ2,n), · · · , τp,n ∨ (−τp,n)∥∗

≤
(
1− φn(1− Ω)

)
∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+φn(1− Ω)ξn,(4.10)

where
ξn =

Ωςn∥η1,n∨(−η1,n),η2,n∨(−η2,n),··· ,ηp,n∨(−ηp,n)∥∗+∥τ1,n∨(−τ1,n),τ2,n∨(−τ2,n),··· ,τp,n∨(−τp,n)∥∗
(1−Ω) .
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On setting κn = ∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗ and µn = φn(1−Ω), in-

equality (4.10) can be re-written as

(4.11) κn+1 ≤ (1− µn)κn + µnξn.

From Lemma 3.1 and using lim
n→∞

∥η1,n∨(−η1,n), η2,n∨(−η2,n), · · · , ηp,n∨(−ηp,n)∥∗ =
lim
n→∞

∥τ1,n ∨ (−τ1,n), τ2,n ∨ (−τ2,n), · · · , τp,n ∨ (−τp,n)∥∗ = 0, we deduce that κn → 0,

as n → ∞, and so {(x1,n, x2,n, · · · , xp,n)} converges strongly to a unique solution
(x∗1, x

∗
2, · · · , x∗p) of system of Yosida Cayley variational inclusions involving XOR-

operation (3.1).

(II). Let Hi(x
∗
i ) = x∗i + hi(x

∗
i ) −RMi

λi

[
hi(x

∗
i ) − ω−1

i

(
RMi

λi
(CMi

λi
(x∗i )) −

(
CMi
λi

(x∗i ) +

λiT (x
∗
1, x

∗
2, · · · , x∗p)

))]
. Using Algorithm 4.1 and Lemma 2.1, we obtain

0 ≤ ∥ui,n+1 ⊕ x∗i ∥i
≤ ∥ui,n+1 ⊕

(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
∥i

+∥
(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
⊕ x∗i ∥i

≤ ∥ui,n+1 ⊕
(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
∥i

+∥
(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
⊕
(
(1− φn)x

∗
i + φnHi(x

∗
i )
)
∥i

≤ ∥ui,n+1 −
(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
∥i

+(1− φn)∥ui,n ⊕ x∗i ∥i + φn∥Hi(ti,n)⊕Hi(x
∗
i ))∥i + φn∥τi,n ⊕ 0∥i

≤ zi,n+1 + (1− φn)∥ui,n ⊕ x∗i ∥i + φn∥Hi(ti,n)⊕Hi(x
∗
i ))∥i + φn∥τi,n ⊕ 0∥i

≤ zi,n+1 + (1− φn)∥ui,n ⊕ x∗i ∥i

+ςn

(
ϑi(ti,n ⊕ x∗i ) + ω−1

i θiλiδi
∑

j∈Λ, i ̸=j

κi,j∥tj,n ⊕ x∗j∥j
)

+φn∥τi,n ⊕ 0∥i,
(4.12)

where ϑi =
(√

(1− 2λhi
+ µ2hi

) + θiµhi
+ ω−1

i

(
(2θi + 1)(1 + θi) + θiλi(1 + κiδi)

))
.

Using the same argument as for (4.6), (4.12) becomes

∥(u1,n+1, u2,n+1, · · · , up,n+1)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

≤
p∑

i=1

(
zi,n+1 + (1− φn)∥ui,n ⊕ x∗i ∥i + φn∥τi,n ⊕ 0∥i

+φn

(
ϑi(ti,n ⊕ x∗i ) + ω−1

i θiλiδi
∑

j∈Λ, i ̸=j

κi,j∥tj,n ⊕ x∗j∥j
))
,

≤
p∑

i=1

(
zi,n+1

)
+ (1− φn)∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+φn∥(τ1,n, τ2,n, · · · , τp,n)⊕ (0, 0, · · · , 0)∥∗
+φnΩ∥(t1,n, t2,n, · · · , tp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗.(4.13)
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Using the same argument as for (4.9), it follows that

∥(t1,n, t2,n, · · · , tp,n)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

≤
p∑

i=1

(
(1− ςn)∥ui,n ⊕ x∗i ∥i + ςn∥ηi,n ⊕ 0∥i

+φn

(
ϑi(ui,n ⊕ x∗i ) + ω−1

i θiλiδi
∑

j∈Λ, i ̸=j

κi,j∥uj,n ⊕ x∗j∥j
))
,

≤ (1− ςn)∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

+ςn∥(η1,n, η2,n, · · · , ηp,n)⊕ (0, 0, · · · , 0)∥∗
+ςnΩ∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗,

≤
(
1− ςn(1− Ω)

)
∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+ςn∥(η1,n, η2,n, · · · , ηp,n)⊕ (0, 0, · · · , 0)∥∗
≤ ∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗ + ςn∥(η1,n, η2,n,

· · · , ηp,n)⊕ (0, 0, · · · , 0)∥∗, since
(
1− ςn(1− Ω)

)
≤ 1.(4.14)

Combining (4.13) and (4.14), we obtain

∥(u1,n+1, u2,n+1, · · · , up,n+1)⊕ (x∗1, x
∗
2, · · · , x∗p)∥∗

≤
p∑

i=1

(
zi,n+1

)
+ (1− φn)∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+φn∥(τ1,n, τ2,n, · · · , τp,n)⊕ (0, 0, · · · , 0)∥∗
+φnΩ

(
∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+ςn∥(η1,n, η2,n, · · · , ηp,n)⊕ (0, 0, · · · , 0)∥∗
)

≤
p∑

i=1

(
zi,n+1

)
+

(
1− φn(1− Ω)

)
∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+Ωφnςn∥η1,n ∨ (−η1,n), η2,n ∨ (−η2,n), · · · , ηp,n ∨ (−ηp,n)∥∗
+φn∥τ1,n ∨ (−τ1,n), τ2,n ∨ (−τ2,n), · · · , τp,n ∨ (−τp,n)∥∗

≤
p∑

i=1

(
zi,n+1

)
+
(
1− φn(1− Ω)

)
∥(x1,n, x2,n, · · · , xp,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+φn(1− Ω)ξn,

(4.15)

where ξn is same as defined in Part (I).

Assume that lim
n→∞

∑p
i=1

(
zi,n+1

)
= 0, hence lim

n→∞
(u1,n+1, u2,n+1, · · · , up,n+1) =

(x∗1, x
∗
2, · · · , x∗p), where lim

n→∞
∥η1,n ∨ (−η1,n), η2,n ∨ (−η2,n), · · · , ηp,n ∨ (−ηp,n)∥∗ =

lim
n→∞

∥τ1,n ∨ (−τ1,n), τ2,n ∨ (−τ2,n), · · · , τp,n ∨ (−τp,n)∥∗ = 0.

Conversely, suppose that lim
n→∞

(u1,n+1, u2,n+1, · · · , up,n+1) = (x∗1, x
∗
2, · · · , x∗p). From

(4.3) and applying lim
n→∞

∥η1,n ∨ (−η1,n), η2,n ∨ (−η2,n), · · · , ηp,n ∨ (−ηp,n)∥∗ =
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lim
n→∞

∥τ1,n ∨ (−τ1,n), τ2,n ∨ (−τ2,n), · · · , τp,n ∨ (−τp,n)∥∗ = 0, we have

zi,n = ∥ui,n+1 −
(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
∥i

= ∥ui,n+1 ⊕
(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
∥i

≤ ∥ui,n+1 ⊕ x∗i ∥i
+∥

(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
⊕ x∗i ∥i

≤ ∥ui,n+1 ⊕ x∗i ∥i
+∥

(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
⊕
(
(1− φn)x

∗
i + φnHi(x

∗
i )
)
∥i

≤ ∥ui,n+1 − x∗i ∥i
+(1− φn)∥ui,n ⊕ x∗i ∥i + φn∥Hi(ti,n)⊕Hi(x

∗
i ))∥i + φn∥τi,n ⊕ 0∥i

≤ ∥ui,n+1 − x∗i ∥i + (1− φn)∥ui,n ⊕ x∗i ∥i
+φn∥Hi(ti,n)⊕Hi(x

∗
i ))∥i + φn∥τi,n ⊕ 0∥i

≤ ∥ui,n+1 − x∗i ∥i + (1− φn)∥ui,n ⊕ x∗i ∥i

+ςn

(
ϑi(ti,n ⊕ x∗i ) + ω−1

i θiλiδi
∑

j∈Λ, i ̸=j

κi,j∥tj,n ⊕ x∗j∥j
)

+φn∥τi,n ⊕ 0∥i.(4.16)

From (4.16), it follows that

p∑
i=1

(
zi,n+1

)
=

p∑
i=1

∥ui,n+1 −
(
(1− φn)ui,n + φnHi(ti,n) + φnτi,n

)
∥i

≤
p∑

i=1

(
∥ui,n+1 − x∗i ∥i + (1− φn)∥ui,n ⊕ x∗i ∥i + ςn

(
ϑi(ti,n ⊕ x∗i )

+ω−1
i θiλiδi

∑
j∈Λ, i ̸=j

κi,j∥tj,n ⊕ x∗j∥j
)
+ φn∥τi,n ⊕ 0∥i

)
≤ ∥(u1,n+1, x2,n+1, · · · , xp,n+1)− (x∗1, x

∗
2, · · · , x∗p)∥∗

+
(
1− φn(1− Ω)

)
∥(u1,n, u2,n, · · · , up,n)⊕ (x∗1, x

∗
2, · · · , x∗p)∥∗

+φn(1− Ω)ξn.(4.17)

It follows from (4.17) that

lim
n→∞

p∑
i=1

(
zi,n+1

)
= 0.

Hence, the iterative sequence {(x1,n, x2,n, · · · , xp,n)}∞n=1 generated by Algorithm

(4.1) is stable with respect to RMi
λi

-stable, for each i ∈ Λ. □

In support of conditions mentioned in Theorem 3.2, we provide the following
example.

Example 4.2. For each i ∈ Λ = {1, 2, 3, · · · , p}, and let Êi = R, i ∈ Λ =
{1, 2, 3, · · · , p} with the usual inner product and norm and Ki = {xi ∈ Hi : 0 ≤
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xi ≤ 1} be a normal cone with normal constant δi = 1
i . Let hi : Êi → Êi and

Ti :
p∏

j=1
Êj → Êi be the single-valued mappings such that for all xi ∈ Êi

hi(xi) =
xi
13i

+
1

35i− 7

and

Ti(x1, x2, · · · , xj−1, xj , xj+1, · · · , xp) =
xj
30ij

, for each j ∈ Λ.

We evaluate,

hi(xi)⊕ hi(x̂i) =
( xi
13i

+
1

35i− 7

)
⊕
( x̂i
13i

+
1

35i− 7

)
≤

( xi
13i

⊕ x̂i
13i

)
+
( 1

35i− 7
⊕ 1

35i− 7

)
=

1

13i
(xi ⊕ x̂i)

≤ 1

10i
(xi ⊕ x̂i),

that is,

hi(xi)⊕ hi(x̂i) ≤
1

10i
(xi ⊕ x̂i).

and

⟨hi(xi)⊙ hi(x̂i),−(xi ⊕ x̂i)⟩i =
〈( xi

13i
+

1

35i− 7

)
⊕
( x̂i
13i

+
1

35i− 7

)
, xi ⊕ x̂i

〉
i

=
〈 1

13i
(xi ⊕ x̂i), xi ⊕ x̂i

〉
i

=
1

13i
∥xi ⊕ x̂i∥2i

≥ 1

10i
∥xi ⊕ x̂i∥2i ,

that is

⟨hi(xi)⊙ hi(x̂i),−(xi ⊕ x̂i)⟩i ≥
1

10i
∥xi ⊕ x̂i∥2i .

Thus, hi is
1
10i -ordered compression and 1

10i -ordered rectangular mapping.
Also,

Ti(x1, x2, · · · , xj−1, xj , xj+1, · · · , xp)⊕ Ti(x1, x2, · · · , xi−1, x̂i, xi+1, · · · , xp)

=
xi
30i2

⊕ x̂i
30i2

=
1

30i2
(xi ⊕ x̂i)

≤ 1

30i
(xi ⊕ x̂i).

That is, Ti is
1
30i -ordered compression mapping in the ith argument.

So, we have

Ti(x1, x2, · · · , xp)⊕ Ti(x̂1, x̂2, · · · , x̂p)
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≤ Ti(x1, x2, · · · , xi−1, xi, xi+1, · · · , xp)⊕ Ti(x1, x2, · · · , xi−1, x̂i, xi+1, · · · , xp)

+
∑

j∈Λ, i ̸=j

(Ti(x1, x2, · · · , xj−1, xj , xj+1, · · · , xp)⊕

Ti(x1, x2, · · · , xj−1, x̂j , xj+1, · · · , xp))

=
1

30i2
(xi ⊕ x̂i) +

∑
j∈Λ, i ̸=j

1

30ij
(xj ⊕ x̂j)

≤ 1

30i
(xi ⊕ x̂i) +

∑
j∈Λ, i ̸=j

1

30ij
(xj ⊕ x̂j).

Let Mi : Êi → 2Êi be a set-valued mapping such that

Mi(xi) = {5i2xi}, for all xi ∈ Êi

and vxi = 5i2xi ∈Mi(xi) and vyi = 5i2yi ∈Mi(yi).
Then,

⟨vxi ⊙ vyi ,−(xi ⊕ yi)⟩i = ⟨(5i2xi)⊙ (5i2yi),−(xi ⊕ yi)⟩i
= ⟨(5i2xi)⊕ (5i2yi), (xi ⊕ yi)⟩i
= 5i2∥xi ⊕ yi∥2i
≥ 2i2∥xi ⊕ yi∥2i ,

that is

⟨vxi ⊙ vyi ,−(xi ⊕ yi)⟩i ≥ 2i2∥xi ⊕ yi∥2i .

Clearly, M is a 2i2-ordered rectangular compression mapping and also it is easy to
verify thatM is 1

i -weak-ordered different comparison mapping. For λi =
1
i , we have

[Ii ⊕ λiMi](Êi) = Êi. Hence, Mi is an (2i2, 1i )-weak ordered rectangular different
set-valued mapping.

The resolvent operator is given by

RMi
λi

(xi) =
1

5i− 1
xi, for all xi ∈ Êi.(4.18)

It is easy to examine that the resolvent operator defined (4.18) is a comparison and
single-valued mapping.
Also, ∥∥∥RMi

λi
(xi)⊕RMi

λi
(yi)

∥∥∥
i

=
∥∥∥( xi

5i− 1

)
⊕
( yi
5i− 1

)∥∥∥
i

=
1

5i− 1
∥xi ⊕ yi∥i

≤ 1

2i− 1
∥xi ⊕ yi∥i, for all xi, yi ∈ Êi.

So, the resolvent operator RMi
λi

is 1
2i−1 -Lipschitz-type continuous.

The Cayley operator is given by

(4.19) CMi
λi

(xi) = [2RMi
λi

− Ii](xi) =
3− 5i

5i− 1
xi, for all xi ∈ Êi.
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It is easy to check that the Cayley operator defined by (4.19) is comparison and
single-valued mapping. Also,∥∥∥CMi

λi
(xi)⊕ CMi

λi
(yi)

∥∥∥
i

=
∥∥∥(3− 5i

5i− 1
xi

)
⊕
(3− 5i

5i− 1
yi

)∥∥∥
i

=
3− 5i

5i− 1
∥xi ⊕ yi∥i

≤ 2i+ 1

2i− 1
∥xi ⊕ yi∥i,

that is, ∥∥∥CMi
λi

(xi)⊕ CMi
λi

(yi)
∥∥∥
i
≤ 2i+ 1

2i− 1
∥xi ⊕ yi∥i, for all xi, yi ∈ Êi.

That is, the Cayley operator CMi
λi

is 2i+1
2i−1 -Lipschitz-type continuous. In particular

ωi = 2i ∈ Λ and we define ϕi :
p∏

j=1
Êj → Êi by

ϕi(x1, x2, · · · , xp)
= xi + hi(xi)−RMi

λi

[
hi(xi)− ω−1

i

(
RMi

λi
(CMi

λi
(xi))−

(
CMi
λi

(xi)

+λiT (x1, x2, · · · , xp)
))]

= xi +
xi
13i

+
1

35i− 7
−
( xi
13i(5i− 1)

+
1

7(5i− 1)
− 3− 5i

2i(5i− 1)3
xi

+
3− 5i

2i(5i− 1)2
xi −

1

60i4(5i− 1)
xi

)
=

(
1 +

1

13i
− 1

13i(5i− 1)
+

(5i− 2)(3− 5i)

2i(5i− 1)3
− 1

60i4(5i− 1)

)
xi.

For µhi
, λhi

= 1
10i , κi = 1

30i , κij = 1
30ij , λi, δi = 1

i , ωi = 2i and θi = 1
2i−1 , the

condition (3.4) is also satisfied. So, all the conditions of Theorem 3.2 are satisfied.
Therefore, (0, 0, · · · , 0) is a fixed point of the mapping ψ(., ., · · · , .) =
(ϕ1(.), ϕ2(.), · · · , ϕp(.)) defined by (3.7). By Lemma 3.1, (0, 0, · · · , 0) is a solution
of system of Yosida Cayley variational inclusions involving XOR-operation (3.1).

5. Conclusion

This work is dedicated to introduce and study a system of Yosida Cayley variational
inclusions involving XOR-operation. Using resolvent operator technique, we obtain
the solution of our system in real ordered Banach space. In order to define two
step perturbed algorithm, we prove an equivalence Lemma. Convergence as well as
stability analysis are also discussed. An example is constructed in support of our
main result.

We remark that our results may be generalized further in higher order Banach
spaces as well as in other higher dimensional spaces. Engineers using the functional
analysis may find concrete applications of our results.
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