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ABSTRACT. In this paper, we prove a fixed point theorem for set-valued map-
pings in metric vector spaces, in which the considered mappings are not nec-
essarily continuous. We consider the concept of approximating fixed point for
set-valued mappings, which is a generalization of fixed point. Then, we prove
an approximating fixed point theorems, in which the considered mappings sat-
isfy a certain type of convexity. The proofs involve Fan-KKM Theorem. Some
examples are provided for illustrating these theorems.

1. INTRODUCTION AND PRELIMINARIES

One of the first fixed point theorems stipulates that every continuous mapping
from a closed ball of a Euclidean space into itself has at least one fixed point. Since
any non-degenerate convex compact subset of a Euclidean space is homeomorphic
to some closed unit ball, the above result holds for any continuous self-mapping on
a compact convex subset of an Euclidean space R™. The above result was proved
for the case n = 3 by L. E. J. Brouwer in 1909, while the general case was proved,
using the homotopy invariance of the topological degree of continuous mappings,
by Brouwer in 1910 (the result was published in 1912, see [2]). Independently,
Jacques Hadamard also proved the general case in 1910, using Kronecker indices.
Hadamard published the proof of the theorem in the appendix of a book by J.
Tannery. Since then fixed point theory has been rapidly developed and has become
a major branch in nonlinear analysis (see [8, 18-23]). Kakutani’s fixed point theorem
[7] is an extension of Brouwer’s fixed point theorem from single-valued mappings
to set-valued mappings. It has been widely applied in set-valued analysis and has
been extended to very broad fields (see [5]).

During the last 80 years, set-valued fixed point theorems and related set-valued
analysis have been extensively applied in finance theory [24-25], economics theory
[1, 16-17, 24 — 25,27], game theory [5,15], optimization theory [6, 9-14], social
sciences [16-17], variational inequalities [24-27], and so forth. The significate of the
applications highlights the importance of set-valued fixed point theorems in both
pure mathematics and applied mathematics, which gives the motivation of this
paper.

The Fan-KKM Theorem has played an important role in nonlinear analysis. It
has been used to prove the existence of some fixed point problems; the solvability of
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some optimization problems and variational inequalities (see [3 —4,7,17,24 — 25] ).
In this paper, we apply the Fan-KKM Theorem to prove a fixed point theorem for
set-valued mapping in metric vector spaces, in which the considered mappings do
not necessarily hold any type of continuity. To extend the concept of fixed point,
we introduce the definition of approximating fixed point for set-valued mappings.
Then, we use the Fan-KKM Theorem again to prove an approximating fixed point
theorem, in which the considered mappings satisfy a certain type of convexity.
However, any type of continuity is not necessary. These theorems are extensions to
the set-valued case of some theorems given in [15] for single-valued mappings. We
provide some examples to demonstrate these theorems.

Since the Fan-KKM Theorem has been extended and has been generalized to
very broad underlying spaces and it has many different versions, for easy reference,
we briefly review the definition of KKM mappings and the version of the Fan-KKM
Theorem used in this paper (see [3,19,24 — 25,27])

Let C be a nonempty convex subset of a vector space X. A set-valued mapping
G : C — 2X\{@} is called a KKM mapping if, for any finite subset {x1,2o,...,2,}
of C, we have

CO{£15£27"'7$H}g U G(xl)7

1<i<n
where co {z1,x2,...,z,} denotes the convex hull of {z1,z9,...,z,}.

Fan-KKM Theorem. Let C be a nonempty closed convex subset of a Hausdorff
topological vector space X and let G : C' — 2%\{0} be a KKM mapping with closed
values. If there exists a point z* € C such that G (z*) is a compact subset of C,
then

() Gx) #0.

zeC

2. A FIXED POINT THEOREM OF SET-VALUED MAPPINGS

2.1. The first theorem and its corollaries. Let (X, d) be a metric vector space.
For any nonempty subset A of X and any point x € X, we denote

(2.1) d(A,z) = inf{d(a,z) : a € A}.

d(A, ) is called the distance between x and A with respect to the metric d on
X.

Let C be a nonempty closed and convex subset of X. Let F : C — 2¢ be a
set-valued mapping. If x € F(z), for some x € C, then z is called a fixed point of
F.

Theorem 2.1. Let (X, d) be a metric vector space and let C' be a nonempty closed
and convex subset of X. Let F : C — 2C be a set-valued mapping. Suppose that F
satisfies the following conditions:

(A) UW{F(z):xeC}=C;
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(B1) For any finite subset {z1,22,...,2,} C C and for anyu =1 | a;x;, in which
a1, Qa, ..., 0y are positive with Y i o =1, we have

max {d (F (z;),u) —d(zj,u): j=1,2,...,n} > 0;
(C1) There is z* € C such that the following subset of C' is compact
fyeC:d@",y) <d(F(@"),)}.

Then F has a fixed point.
Proof. We define a set-valued mapping G : C' — 2¢ by
(2.2) Gz)={yeC:d(x,y) <d(F(x),y)}, for every z € C.

Since x € G(x), it follows that G(zx) is nonempty, for every x € C. For every fixed
x € C, F(x) is a fixed subset in C'. We want to show that G(z) is a nonempty closed
subset of C. To this end, let w be an arbitrary given cluster point of G(z). For
any € > 0, there is a y' € G(z) such that d (w,y’) < e. By (2.1) and (2.2), for any
a € F(x), we have

d(z,w) <d (l’, y') +d (w, y')
<d(F(z),y) +d(w,y)
<d (a, ') +d (w,y’)
<d(a,w)+d (w, y/) +d (w, y')
< d(a,w) + 2¢, for any a € F(z).
It implies that d(x,w) < d(F(x), w), which follows that w € G(x). Hence G(x) is
closed.
Next, we show that G is a KKM mapping. To this end, for any finite subset
{z1,29,...,2,} C C, let u be a convex combination of z1,zs,...,z,. We can
suppose that there are positive numbers a1, @, ..., a, with > | a; = 1 such that

u =1, ojz;. By condition (B1) in this theorem, we have
max {d (F (z;),u) —d(zj,u):j=1,2,...,n} >0
It implies that there must be an integer k with 1 < k£ < n such that
d(zp,u) < d(F(zg),u).
That is,
n
Zami =u€G(xp) C U G (z;).
i=1 1<j<n

This implies that G : C — 2¢ is a KKM mapping with nonempty closed values in
C'. By condition ( C;) and by using Fan-KKM Theorem, we obtain Ngec G(x) # 0.
Then, taking any yo € NyecG(x), we have

(2.3) d(xz,y0) < d(F(x),yo), for every z € C.

By condition (A) in this theorem, for an arbitrarily yo € Nyec G(2) C C satisfying
(2.3), there is z¢p € C such that F (xg) 3 yo. Substituting xg for = in (2.3) gets

d (z0,y0) < d(F (x0),y0) = 0.
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This implies that xg = yo € F (z¢); and therefore, x¢ is a fixed point of F', which

proves this theorem.
O

Corollary 2.2. Let (X, d) be a metric vector space and let C' be a nonempty compact
and convex subset of X. Let F : C — 2° be a set-valued mapping. If F satisfies
conditions (A) and (By) in Theorem 2.1, then F has a fixed point.

2.2. Examples to demonstrate Theorem 2.1. In the following examples, we
consider the most simple metric vector space (X,d) = (R,|-|). Let C be a closed
interval of R. Let F' be a set-valued mapping on C. For any nonempty subset A in
R and xz € R, we say

r < A ifand only if x < a, for every a € A.
We can similarly define x > A,x < A and = > A.

Example 2.3. Let C' = [0,00) and let F' be a set-valued on C with nonempty
values satisfying

() F(0) > 10;

(ii) 0 < F(z) <z, for 0 < <5 and F(0,5] = [0, 5];

(iii) F(z)>x, for 5 <x < oo and F(5,00) = (5,00).
Then

(I) F satisfies all conditions (A, Bj,Cyq) in Theorem 2.1;

(IT) F has at least one fixed point, = 5.

Proof. Conditions (i-iii) in this example show that F' satisfies condition (A) in The-
orem 2.1. We next show that F' satisfies conditions (B;). For any finite subset
{z1,29,...,2,} C C, let u be an arbitrary convex combination of x1,xs,...,z,
with w = > | a;z;, for some positive numbers aq, g, ..., 0 with > 7 4 a; = 1.
Suppose 0 < 1 < 292 < ... < T, < oco. It implies that 0 < 1 < u < z, < 0.
Then, the proof of (B;) is divided to three cases:

Case 1. 0 < z; <u <5. By F(x1) <1, we have

O<u—z1<u-—a,foralacF (x).

This implies that d (z1,u) < d(F (x1),u).
Case 2. 0 =21 <u<5.
O<u—0=u<a-—u,forall ae F(0).
This implies that d(0,u) < d(F(0),u).
Case 3. b <u <z, < 0. By F(x,) > x,, we have
O0<zp,—u<a-—u,foralacF(x,).
This implies that d (x,,u) < d(F () ,u).
It follows that F' satisfies conditions (B1). Then, we show that F' satisfies condi-

tion (C7) in Theorem 2.1. Take any point x* with z* > 5. Since F' (z*) > z* > 0,
we have

d(F (z*),0) = inf F (z%) > 2* > 0
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It follows that

2t +d (F (¢%),0)
2

{yeC:|z" -yl <d(F(2"),y)} = |0,

It is a compact subset in C. So F' satisfies condition (C). O

More specifically, we have the following example, which is a special case of Ex-
ample 2.3.

Example 2.4. Let C' = [0,00). Define three continuous functions &, ¢ and ¢ on
(0,00) as follows:

1T, for = € (0, 4]
&(z) = 4z — 15, for x € (4,6]

20 -3, forxz € (6,00)

sz, for z € (0,4];
o(x) = ¢ 3z —10, for z € (4,6]

3x—1, forz e (6,00)

and

ix, for = € (0, 4]
Y(z) =< 2x -5, forxe (4,6]

5 1

&, ¢, and v satisfy the following conditions:
(1) 0<&(z) <pz) <tp(z) <z, for0<z<b
(i)  &(x) > p(z) > Y(z) > x, for 5 <z < 0.
Then, we define F : C — 2 by

10, 16], for x = 0;
&(x),p(x)], for 0 <z <5 and x is rational;

[
[
Fle)=q |
[
[

o(x),¥(x)], for 0 <z <5 and z is irrational;
o(x),&(z)], for5 <z < oo and z is rational;
Y(z),¢(x)], for5 <z < oo and x is irrational.

Then, we have
(I)  F satisfies all conditions (A, By, Cy) in Theorem 2.1;
(II)  F has one fixed point, z = 5.

Proof. As we mentioned before this example, Example 2.4 is a special case of Ex-
ample 2.3. O
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10}
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2.3. Some counter examples regarding to Theorem 2.1. In this subsection,
we give three counter examples to respectively show that every condition in Theorem
2.1 is necessary for the considered mapping to have a fixed point.

Example 2.5. Let C = [0,00) and let ' : C' — 2 be the set-valued function given
in Example 2.3. Based on F, we define a set-valued function H : C' — 2¢ by
F(z), for € [0,00)\{0,5};

[10,15], for z = 0;

[8,15],  for x =5.

H(x) =

Then
(I)  H satisfies condition (B1,Cy) but not (A) in Theorem 2.1;
(II)  H has no fixed point.

10

5 10 15

Example 2.6. Let C = [0,10]. Let F : C — 2° be a set-valued mapping satisfying
the following conditions:
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[4,10], for x =0;

> x, for z € (0,5);
<, for z € [5,10);
[0,6], for x = 10.

Fx) =

Then
(I)  F satisfies condition (A, Cy) but not (B;) in Theorem 2.1;
(IT)  F has no fixed point.

Proof. Since C is compact and F'(0) U F(10) = C, it follows that F satisfies condi-
tions (A, C;) in Theorem 2.1. We only prove that F' does not satisfy condition (B;)
in Theorem 2.1. Take n = 2 with 1 = 0,29 = 10 and v = 5. Then u is a convex
combination of {z1,z2}, which satisfies

U—TL =Ty —U=2H,

and

d(F (x1),u) =d(F (z2),u) =0.
It follows that

max {d (F (z;) ,u) —d(zj,u) : j=1,2} = =5

This shows that F' does not satisfy condition (B;) in Theorem 2.1. It is clear that
F has no fixed point. U

Example 2.7. Let C = (—00,00) and define F : C' — 2¢ by

F(z)=[zr—2,z—1], for all x € C.

Then
(I) F satisfies conditions ( A, Bj) but not (C;) in Theorem 2.1;
(IT)  F has no fixed point.

Proof. Similar to the proof of Example 2.2, we can show that I satisfies conditions
(A,Bj) in Theorem 2.1. For any = € (—o0, 00), from F(z) =[x — 2,z — 1], we have

{lyeC: |z —y|l <d(F(x),y)}
={yeC:lz—yl<|r—1-y|}

o dee).

This implies that, for any = € (—o0, 00), the set {y € C : |zv—y| < d(F(z),y)} is not
compact, which proves that F' does not satisfy condition (Cp) in Theorem 2.1. O
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3. APPROXIMATING FIXED POINT AND AN APPROXIMATING FIXED POINT
THEOREM OF SET-VALUED MAPPINGS IN METRIC VECTOR SPACES

3.1. The second theorem and its corollaries.

Definition 3.1. Let C' be a nonempty subset of a metric space (X, d). Let F': C' —
2¢ be a set-valued mapping. If d(F(z),z) = 0, for some = € C, then z is called an
approximating fixed point of F.

Approximating fixed points have the following properties.

1. Every fixed point of F is an approximating fixed point of F’;
2. If a set-valued mapping F : C' — 2¢ has nonempty closed values, then, z is
an approximating fixed point of F' if and only if z is a fixed point of F.

Theorem 3.2. Let (X,d) be a metric vector space and let C' be a nonempty closed
and convez subset of X. Let F : C' — 2C be a set-valued mapping. Suppose that F
satisfies the following conditions:

(A) W{F(z):zeC}=C

(B2) For any finite subset {x1,x2,...,2,} CC and for any u = Y ;" | oz, in
which a1, as, ..., aq, are positive with Z;;l a; = 1, we have

max {d (F (a) ,u) — d (F (2) ;) : j = 1,2,...,n} > 0
(Cy) There is z* € C such that the following subset of C' is compact
{yeC:d(F (z7),2%) <d(F(z7),y)}

Then F has an approzimating fized point.

Proof. The proof of this theorem is similar to the proofs of Theorem 2.1 in this
paper and Theorem 3 in [15]. We define a set-valued mapping G : C' — 2¢ by

Gx)={ye C:d(F(x),xz) <d(F(x),y)}, for every z € C

It is clear that = € G(x), for every x € C. Since, for any fixed x € C, d(F(x),-) —
d(F(z),x) is a continuous function on C (on X ) (the proof is similar to the proof
of Theorem 2.1), it implies that, for every x € C, G(x) is a nonempty closed subset
of C.

Next, we show that G is a KKM mapping. To this end, for any finite subset
{z1,29,...,2,} C C, let u be a convex combination of z1,z2,...,z,. We can
suppose that there are positive numbers a1, o, ..., a, with > | a; = 1 such that
u =Y, o;z;. By condition (B) in this theorem, we have

max {d (F (z;),u) —d(F(zj),z;):j=1,2,...,n} >0

This implies that there must be an integer k with 1 < k£ < n such that

d(F (zg),xp) < d(F (xg),u)
That is,
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i=1 1<j<n

This implies that G : C — 2¢ is a KKM mapping with nonempty closed values in
C'. By condition (Cz) and by using Fan-KKM Theorem, we obtain NyccG(z) # 0.
Then, taking any yo € NyecG(x), we have

(3.1) d(F(z),z) <d(F(z),yo), for every x € C

By condition (A) in this theorem, for an arbitrarily selected yo € NyecG(z) C C
satisfying (3.1), there is xg € C such that F' (xg) 3 yo. Substituting z( for x in (3.1)
gives

d(F (x0) ,x0) < d(F (x0),y0) =0

This implies that x( is an approximating fixed point of F', which proves this theorem.
O

Corollary 3.3. Let (X, d) be a metric vector space and let C' be a nonempty compact
and convex subset of X. Let F : C — 2 be a set-valued mapping. If F satisfies
conditions (A) and (B1) in Theorem 3.2, then F has an approzimating fized point.

From the properties of approximating fixed points of set-valued mappings, as a
consequence of Theorem 3.2, we have the following fixed point theorem for mappings
with nonempty closed values in metric vector spaces.

Proposition 3.4. Let (X, d) be a metric vector space and C be a nonempty closed
and convex subset of X. Let F : C — 2¢ be a set-valued mapping satisfying all
conditions (A, By, C2) in Theorem 3.2. If, in addition, F has nonempty closed
values, then F' has a fized point.

In particular, Corollary 3.3 and Proposition 3.4 induce the following fixed point
theorem on nonempty compact and convex subsets of metric vector spaces.

Corollary 3.5. Let (X, d) be a metric vector space and let C' be a nonempty compact
and convex subset of X. Let F : C — 2 be a set-valued mapping. If F has
nonempty closed values and satisfies conditions (A) and (By) in Theorem 3.2, then
F has a fized point.

3.2. Some examples to demonstrate Corollary 3.3. In this subsection, we
provide some examples to demonstrate Corollary 3.3. In the following subsection,
we will give some examples to demonstrate Theorem 3.2.

Example 3.6. Let C = [0,10]. We define F : C — 2¢ by

(0,10], for x = 0;
F(z)=1<{ [0,z), for0 <z <10, and z is rational;
(x,10], for 0 <z <10, and z is irrational.

Then, we have
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(I) F satisfies conditions (A, Bs) in Corollary 3.3;
(IT) Every point in [0, 10] is an approximating fixed point of F;
(III) F does not have fixed point.

Proof. Parts (II) and (III) are easy to see. It is clear that F' satisfies condition (A)
in Corollary 3.3. Notice that

d(F(z),z) =0, for every x € [0,10]

and

d(F(x),u) >0, for any z,u € [0,10] with u # =
These prove that F satisfies conditions (Bs) in Corollary 3.3. O

Example 3.7. Let C = [0,10]. Let F : C — 2¢ be a set-valued mapping. Suppose
that F satisfies condition (A) in Corollary 3.3 and the values of F' satisfy the
following conditions

F(z) <z, for x € 0,5] and F(z) >z, for x € (5,10]

Then
(I)  F satisfies conditions (A, Ba) in Corollary 3.3;
(IT) F has at least two fixed points, x = 0 and = = 10.

Proof. Part (II) is easily seen. We only show part (I). For any = € C, we have

B x—supF(:E), for0<z <5
d(F(z),z) = { inf F(z) — x, for 5 <2 <10

To prove (I), we simply take n = 2 and take arbitrary x1,u,ze with 0 < 21 < u <
x9 < 10. By the above equalities, the proof of (Bs) is divided into two cases.
Case 1. 0 < z1 < u < 5. We have

d(F (z1),71)

21— sup F (z1)

<u —sup F' (z1)

=d (F (z1),u).

Case 2. b < u < z9 < 10. We have

d(F (z2),22)

=inf F' (z2) — 2

<inf F' (z2) — u

=d (F (z2) ,u).

These imply that F satisfies condition (Bs) in Corollary 3.3. O
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Example 3.8. Let C = [0,10]. Let F: C — 2 be a set-valued mapping. Suppose
that F' satisfies condition (A) in Corollary 3.3 and the values of F' satisfy the
following conditions

F(z) <z, for every x € [0,10]  (or F(x) > z, for every x € [0, 10]. )

Then
(I) F satisfies conditions (Bg) in Corollary 3.3;
(IT) F has at least two fixed points, x = 0 and = = 10.

Proof. The proof of this example is similar to the proof of Example 3.7 and it is
omitted. 0

3.3. Some examples to demonstrate Theorem 3.2. In the previous subsec-
tion, we give some examples to demonstrate Corollary 3.3, which is a special case
of Theorem 3.2. Considering the significant difference between compact subsets
and (just) closed subsets, in this subsection, we will construct some examples to
demonstrate Theorem 3.2, in which the underlying subsets are not compact.

Example 3.9. Let C = [0,00). Define F : C' — 2¢ by

F(z) = [2z, 00), for every x > 0.

Then
(I) F satisfies conditions (A, By, Cz) in Theorem 3.2;
(IT) F has one fixed point, x = 0.

Proof. 1t is clear that F' satisfies condition (A). To prove that F' satisfies condition
(B2) in Theorem 3.2, we simply take n = 2 and take arbitrary xi, u, xo with
0<z1 <u<x < oo. We have

d(F (z2),u) =2x9 —u > x9 =d(F (x2),x2).

This proves that F' satisfies condition (Bsy). Finally, we show that F' satisfies con-
dition (Cj). For every x > 0, we have

{ye C:d(F(z),z) <d(F(x),y)} ={ye C:ax <2zx—y} =0,z

This is compact, which proves that F' satisfies condition (Cz). It is clear that F' has
a fixed point, x = 0. 0

Example 3.10. Let C' = [0, 00). Define F : C — 2¢ by

| ]0,2z], for0<z <1
F(z) { [z +2,00), forax>1
Then
(I) F satisfies conditions (A, Bg, C3) in Theorem 3.2,
(I) F(F) = [0, 1],
where F(F') denotes the collection of fixed points of F'.
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Proof. We only prove that F' satisfies conditions (Bg, Cz) in Theorem 3.2. To prove

that F satisfies condition (Bg) in Theorem 3.2, we simply take n = 2 and take

arbitrary zi,u,xo with 0 < z1 < u < zo < co. We have the following two cases:
Case 1. 0 <1 <u < zxzo <1. In this case, we have

d(F(x1),z1)=d(F(z2),u) =d(F(x2),z2) =0

Case 2. 0 < x1 < u < x9 and x5 > 1. In this case, we have

d(F (z2),u) > d(F (z2),22) =2

These prove that F satisfies condition (Bz). Then, we show that F' satisfies condition
(Cq). For every z > 1, we have

{ye C:d(F(z),z) <d(F(z),y)} ={yeC:2<2z—y}=10,2z — 2]
This is compact, which proves that F' satisfies condition (Cg). It is clear that
F(F) =10,1]. O

3.4. Some counter examples regarding to Theorem 3.2. In this subsection,
we give three counter examples to respectively show that every condition in Theorem
3.2 is necessary for the considered mapping to have an approximating fixed point.

Example 3.11. Let C = [0,00). Define F : C — 2¢ by

F(z) =[r+1,00), for every x >0

Then,
(I) F satisfies conditions (Bg, C2) but not (A) in Theorem 3.2;
(IT)  F does not have any approximating fixed point.

Proof. Tt is clear to see that F' does not satisfy condition (A) in Theorem 3.2. We
prove that F' satisfies condition (By) in Theorem 3.2. To this end, we simply take
n = 2 and take arbitrary x1,u, s with 0 < z; < u < 3 < co. We have

d(F (z9),u) > d(F (x2),22) =1

This proves that F' satisfies condition (By). Finally, we show that F' satisfies con-
dition (Csz). Notice that, for every = > 0, we have

{ye C:d(F(z),z) <d(F(z),y)} ={y € C: 1 <d(F(2),y)} = [0,2].

This is compact, which proves that F satisfies condition (Csz). It is clear that F

does not have any approximating fixed point.
O

Example 3.12. Let C = [0, 10]. Define F : C — 2¢ by

[5,10], for x =0

F(“"):{ 0,2], for0<a<10
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Then,
(I) F satisfies conditions (A, Cg) but not (Bsz) in Theorem 3.2;
(IT) F does not have any approximating fixed point.

Proof. We only prove that F' does not satisfy condition (Bz) in Theorem 3.2. We
simply take n = 2 and take arbitrary x1,u,xo with 0 = 1 < u < 22 < 5, we have

d(F (z1),21) =d(F(0),0) =5>5—u=d(F(0),u) =d(F (z1),u),

and

d(F (2),22) = % >d([0, % u) = d(F (2),u).

This proves that F' does not satisfy condition (Bg2) in Theorem 3.2. Tt is clear that
F' does not have any approximating fixed point.
O

Example 3.13. Let C' = (—o0,c). Define F : C' — 2¢ by

F(z)=[zx+1x+2], forall z € C.

Then,
(I)  F satisfies conditions (A, By) but not (Cz) in Theorem 3.2;
(IT)  F does not have any approximating fixed point.

Proof. 1t is clear that F' satisfies condition (A) in Theorem 3.2. Similarly to the
proof of Example 3.9, we can show that F' satisfies condition (Bg). Next we show
that F' does not satisfy condition (C3) in Theorem 3.2. For every z € C, we calculate

{ye C:d(F(z),x) <d(F(z),y)} ={y€ C:1<d(F(z),y)}
= (—o0,z] U [z + 3,00)

This proves that F' does not satisfy condition (Cz). It is clear that F' does not have
any approximating fixed point. O
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