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QUALITATIVE RESULTS FOR DIFFERENTIAL EQUATIONS OF
FOURTH ORDER WITH MULTIPLE TIME DELAYS

SULTAN ERDUR AND CEMIL TUNQ

ABSTRACT. In this paper, we consider a nonlinear delay differential equations
(DDEs) of fourth order with multiple n-constant delays. Some new sufficient
conditions to ensure uniformly boundedness (UB), ultimately uniformly bound-
edness (UUB), uniformly asymptotically stability (UAS) and existence of peri-
odic solutions (EPSs) of certain nonlinear DDEs of fourth order with multiple
n-constant time delays are presented. The technique used in the proofs depends
on Lyapunov-Krasovskii functional (LKF) method and construction of a proper
LKF. We give two theorems and a corollary on these properties of solutions. This
paper has new results to the theory of DDEs of fourth order and these results
include and generalize some earlier results on the mentioned concepts.

1. INTRODUCTION

In relative literature, qualitative behaviors of solutions, stability, boundedness,
convergence, existence of periodic solutions, etc., nonlinear differential equations of
fourth order with and without delay have been investigated by many researchers,
see, the papers ( [1-6,8-11,13-18,20-33,35-54,56,57]), [12], the book [34] and the
references of these sources. In the mentioned research works, in generally, the second
method of Lyapunov is used to investigate the qualitative properties of solutions of
ODE:s of fourth order. However, to investigate the qualitative properties of solutions
of DDEs of fourth order, the LKF method used as basic tool. Indeed, the use of the
LKF methods is a difficult task than the use of the second method of Lyapunov.

In fact, it is scientifically important to analyze the qualitative behaviors of func-
tional differential equations, in particular, DDEs. In fact, DDEs, which are one
of the types of functional differential equations, can be used as models to express
many physical, biological systems and also may be encountered in mechanics, con-
trol theory, chemistry, medicine, economics, atomic energy, information theory, and
so forth (see, in particular, the books of Burton [7], Hale [19], Yoshizawa [55]). Ad-
ditionally, periodic solutions of nonlinear differential equations of fourth order can
be used to characterize nonlinear oscillations, fluid mechanical and nonlinear elastic
mechanical phenomena.

We now would like to outline the key paper for the motivation of this research
work. Tejumola and Tchegnani [42] investigated stability, boundedness and exis-
tence of periodic solutions of the following nonlinear DDEs of fourth order

2+ ot w2l 2" a®)e® 4 (2 (¢ - 1), 2" (t - 7))
+x(t 2t —7),2'(t — 7)) + bzt — 7)) = Pa(),
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where 7 > 0 is constant time delay, ¢, ¥, x, h and P, are real valued continuous
functions in their arguments and
P2() = P2(t7 €Ly lj, xﬁa :I;/”7 :E(t - T)a x,(t - 7—)7 xu(t - T))

In this research work, motivated by the results of Tejumola and Tchegnani [42],
we consider the following nonlinear DDE of fourth order with multiple constant
time delays 7; > 0, i =1,2,...,n

n
4) + f(t,x,xl,x,/,$/,/)$//, + zwi(t,$/(t _ Ti),$/,(t . Tz))

i=1

—l—Zgztx 2 (t— 1)) +Zh (t —7i)

(1.1) :P(t,x,x,:c ! ,x(t—ﬁ),...,x(t—Tn),...,x”’(t—ﬁ),.. 2"t — 1)),

where ¢t € [0,00), x € R, R = (—00,0), f, ¢i, hi, ¥; and P are continuous func-
tions in their respective arguments. Also, the functions h; are continuously differ-
entiable.

The DDE (1.1) can be stated in the system form as follows:

' =y,
y =2,
2 =w,
(1.2) w’:—aw—Zbiz—Zciy—Zhi(x)+Mt
i=1 i=1 i=1
where
n 0
M(t):aw—f(t,x,y,z,w)w—i-z:bi/ w(t + 6)df — Z%ty 7i), 2(t—74))
i=1 i
+szzt—n +ZQ/ z(t+0)do — Zgltx 7i), y(t—m73))
T i=1

n
(1.3) +chyt—7'z +Z/ z(t+0))y(t + 6)do + P(.),
7
a,b and c are real constants and Y - ;¢ =¢, Y. b =b.

In this research work, we establish new sufficient conditions, which make enable
the UAS, the UB, the UUB of solutions and the EPSs of the DDE (1.1) by defining
and using a suitable LKF. The results of this research work generalize some former
results in the literature and have new the complementary inputs in relation to the
qualitative theory of the DDEs of higher order.

2. MAIN RESULTS

The main results of this paper are given in the following theorems, Theorem 2.1
and Theorem 2.2, respectively.
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Theorem 2.1. Suppose that g;(t,x,0) = 0 = ¥;(t,y,0), there exist positive con-
stants a, b;, ¢;, d;, 6;, K such that ab—c > 0, s = abc — ¢ — a’d > 0, s* =
s+2ad(ab—c)b~! and the following conditions hold for allt € [0,00), x,y,z,w € R:
(C1)
0< f(t,z,y,2,w) < a;

(C2)
0< w,(t,zy,z) < bi, (2 #0);
(C3)
0< gi(t7yxay) S Ci,(y#O);
(C4)
6 <hi(x)<dsy, Y di=d, > =0 d—2asc' <5
=1 =1
(C5)

S;C; hl(x) "

di [ 1— < K; < ) 0),B K, =K.
Z( S?@bz‘> sy ; Z

Then, the zero solution of the system (1.2) is uniformly asymptotically stable for

sufficiently small 7;, i =1,2,...,n, and P(.) = 0.

Theorem 2.2. Suppose that (C1)-(C5) of Theorem 2.1 hold and there are positive
constants A > 0 and A1 > 0 such that

(2.1) (PO < A+ Ag(la] + [yl +[2] + |w]).

Then, every solution of the system (1.2) is uniformly bounded and uniformly ulti-
mately bounded for sufficiently small 7, 1 =1,2,...,n.

Corollary 2.3. Subject to conditions (C1)-(C5) of Theorem 2.2, the system (1.2)
admits of at least one T-periodic solution if f,1;, g; and P are periodic in t with the
period T, T > 7; (see, Tejumola and Tchegnani [42]).

Remark 2.4. The results given above are new, they generalize the results of Teju-
mola and Tchegnani [42] and have new the complementary inputs in relation to the
qualitative theory of the DDEs of fourth order, some of them are available in the
references of this research work.

To prove Theorem 2.1 and Theorem 2.2, we define an LKF

V= V(xayaz7w7xt7ytazt7wt)
as the basic tool of the proofs by
(22) V:Vvl(x7yaz)+‘/2(l‘ayaz)+‘/E’>(xt7ytazt)7

where
9 n
2Vi =my(w +myz + m1dc_1y) +c(z +my + myc ! Z hi(:r:))2
i=1

+ mydoc 2 (y + cmlaa’lz)2 + mez?,
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2Va =a(w + az + (ab —ny)a 'y + ﬁx)Q +n1(z + ay + ang ! Z hi(x))?
i=1

+va~(y 4+ any fv~ x) + nox —|—2k12/ €)d¢ — dkya®
2
+ (d?x? — (Zh > (a®ny ™t +my%ch),
37i
Vs = Z 7/

—T;

/ 2(t+0) + 22(t +0) + w(t + 0)]dbds,

where the constants v; > 0 are determined later in the proof.
According to the conditions ab—c¢ > 0, s = abc — ¢ — a’d > 0, s* = s+ 2ad(ab—
c)b~!, there exist constants a, 3 > 0 such that

0<a<sbe—ad)™, 0<pB<s(ab—c)",

mi; = (a—a) >0, ki=ab—ni+dmi?c >0, n=c—p3>0,

0<mg=sc '+ (ad — bc)ozc_1 + Ozm12m30_1 + admlc_l,

mg =0 —admq > 0, a:m1bc—m12d—c2>0,
ng=uv—pfn1, v=abn; —ni>—a%d>0,
ng = dsni ' + afBningv ! — dB(ab — c)nfl +dg > 0.

In order to complete the proofs of Theorem 2.1 and Theorem 2.2, we need fol-
lowing lemma.

Lemma 2.5. Suppose that (C1)-(C5) of Theorem 2.1 and (2.1) hold. Then, the
LKFV =V (x,y,z,w, T¢, Y, 2, wy) defined above satisfies the following estimates:

(C6) There exist positive constants dyi,ds and ds such that

(23) d1($2 + y2 + 22 + U]2)% S V(l’,y, Zawvmtaytvzt,wt)

1 1
(2.4) <dy(2® +y7 + 27+ w?)? +dy(x” +y’ + 2+ w)
(CT7) for every solution (x,y,z,w) of the system (1.2), there exist the positive
constants d; = d;(a,b,c,d,d1,92) >0, i =4, 5, such that

(2.5) V! < =2dy(2® + y* + 2% + w?) + Ads (|| + |y| + |2] + |w)]).

Indeed, if the LKF'V and its time derivative satisfy the estimates (2.3) and (2.5),
then the trivial solution of the DDE (1.1) is uniformly asymptotically stable when
P =0, (A =0) and every solution of the DDE (1.1) is uniformly bounded and
uniformly ultimately bounded. Moreover, when the nonautonomous functions in the
DDE (1.1) are T-periodic, then the DDE (1.1)) has at least one T -periodic solution.

In the proofs of Theorem 2.1 and Theorem 2.2, we have the following derivative
relation:

Vi Vi oV oV

ro_
Vi oz Y 8y2+8y +8zw'
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Hence, the derivatives of the components Vi, Vo, V3 of (2.2) along solutions of
the system (1.2) are calculated as the following, respectively:

n n
V' =myy Z hi'(x) <Z +myy +myc ! Z hi($)>
i1

i=1

+mq2dc 2 (w +myz + mldc_ly)

n
+ mycz <z +miy +mic Z hz(x)> + mydoc 2z (y +micac™'z)
=1

n
+milw (w +miz + m1dc’1y) + cw <z +miy +mic ! Z hl(az)>
i—1
+mie” tdaw (y +micao™'2) + mozw + (miw +ma’z + mi®dey) w ;
V'y =aBy (w + az + (ab—n1)a 'y + Bx)

+ ayz hi'(x) <z +ay +any ! Z hz(w)>
i=1

i=1

+mBy (y+ aniBv~'z) + nawy + kry Z hi(z) — dkizy
=1

+ (a*ni ™' +m et (dzwy —y Y hi(z)> hz"@))
i=1 i=1
+ z(ab—n1) (w + az + (ab —n1)a 'y + Bx)

+ aniz (2 +ay +any Z hz(m)>

i=1
+va"tz (y + anl,ﬁv_lx) + a*w (w + az + (ab—n1)a ty + ﬁx)
n
+ nqw (z +ay +an;t Z hz(m)> + (aw +a’z + (ab—n1)y + aﬁm) W ;

i=1
n

/0
Vi3 = 3%/ [2 + 2%+ w? — y*(t +0) — 22(t + 0) — w?(t + 0)]d6.
Ti J—1;
Proceeding some elementary calculations, we obtain
V=V + Vg + V3= - U(x,y, 2,w)
+ [(m1 + a)w + (m1® + a*)z + k1y + aBx] M (t)

g 3 0
(2.6) +y — [

—T;

Y2+ 22 w? — A+ 0) — 22t +0) — wi(t + 6)]d6,

n
B
Ulzx,y,z,w) =miow? + nzy® + af Z Z;x)ﬁ + T (z,y, 2),

i=1
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T(x,y,z) =mic tmsz® + (m12 + a2)

d; — hi' (z )] y?

+ (m1 +a)

Z(d,;—hi’ac y

i=1

;( )
o]
)

z
+ (ay—i—

(
= d—Zh/(m)] {(m1y+ z
i=1
+ {mlc_lmg — % [d — Z h/(:v)] } 22
=1

Using the conditions §; < hi'(z) < d; and Y}, d; = d, it can be easily shown that
Zh (d —2mimsc™ 1)] 22,

By substituting the last inequality in U(x Y, z,w) and choosing

N |

T(z,y,2) =

D3 = min{mia,n3,afK, [6 —(d = 2mymszc )]} >0
and
Dy = max{(m1 + a), (m1? + a*),k1,a8} > 0
then it follows that
Ulx,y,z,w) > Dy(a? + y* + 22 + w?).

By substituting the above inequalities into (2.6), we have

V' <= Dy(a® + ¢ + 2° + w?) + Da(J] + [y| + 2] + |w])

n 0
« [alw] + | £t 2, y, 2, )| [w] + Zbi/ lw(t + )| 6

i=1 Ui

+Z|¢i(t>y(t—ﬁ)’z(t—Tz‘))|+sz’|z(t—7}')|
+Zcz/ t+9\d0+2!gzta: ), y(t — 7))

=1

Jchi]y(t HZ/ z(t+0))| y(t + 0)|d6 + | P]]
=1

—T;

(2.7) +Z3:l/ [y? + 22 +w? — g2 (t + 0) — 22(t + 0) — w?(t + 6)]d6.

—T;

Using (C2) and (C3) of Theorem 2.1, we obtain

D it y(t—7), 2(t = 7))+ > bil2(t—7)| <2 [2(t — 7)),
i=1 i=1 i=1
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D o lgiltw(t —m),y(t =)+ D cily(t —m) < 2y |yt — 7).
i=1 i=1 i=1

From the last inequalities, (C4) of Theorem 2.1 and (2.7), we derive
V' < = Dy(a? +y? + 22+ w?) + D4(!:r\ + [yl + [2] + [wl)

0 n
x [(a+|f(t,z,y,z,w)|) |w|+Zb / (t+9)|d9+2b2\z(t77'i)\

T i=1
+2cZ\y t—7; I—i—Zc@/

—T

t+9]d0+d2/ y(t +0)|do + |P()]]

—T;

(2.8)

+23%/ [y? + 2% + w? — (L +60) = 2%(t +0) — w(t + 6)]df.
Ti

i=1 —Ti

Consider the terms 2b>"" | |z(t — ;)| and 2¢>1" | |y(t — 5)|. From the equalities

0
ot )| = (o) = [ fu(e+0)]db
0

(2.9) y(t — )] = y(t)] - / 2(t + 0)| b

—Ti

we obtain

(2.10) 2Zbyz )| < 2b|z(t \+2b2/ w(t +0)|df,

(2.11) 220,\yt—n|<20\y y+2c2/ (t + 6)| d6.

—T;

Using (C1) of Theorem 2.1, (2.5), (2.10) and the inequality (2.1) into (2.8), it
follows that

V' < — Ds(x? + % + 2% + w?) + ADy(|z| + |y| + 2| + |w)|)

4 Dy(Jz] + ly] + 2] + Jw]) 3bZ/ w(t +6)|do

+ 3c / +d /
Z 75| 2(t40)|d6 Z 0\y(t+0)|d0

+ D4(|1‘| + [y + [2] + !w|)[A1\$| + (A1 +20)|y]
+ (A1 +2b) |2 + (A1 + 2a)|w]]

(2.12) +Z3T%/ 2422w — A4 0) — 22 (4 0) — wi(t 4 0)]do.
i=1 T
If we choose
Ay = maX{Al, A1+ 2¢, A1+ 2b, Ay + 2&},
k = Dymax{3b,3c,d, As},
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then from (2.12) we get

V' < — Ds(2® 4+ y* + 2% + w?®) + ADy(|z| + |y| + |2| + |w])
+ k(2| + |y + 2] + |w])

n_ 0
Z/_ _{Iy(t+9)|+IZ(t+9)|+Iw(t+9)!}d9+(|x!+|y|+\Z|+|w|)

(2.13) +Z3%/ [ + 2% + w? — 2 (t+0) — 22(t + 0) — w(t + 6)]db.
Ti

i=1 T
Using the inequality 2 |x| |y| < 2% + y?, it follows that
k(e + [yl + 2] + [w)? < 4k(2® + ¢ + 2° + w?).
By substituting the last inequality into (2.13), we obtain
V' < — Dy(z? +y* + 22 + w?) + ADy(|z| + |y| + |2] + Jw]) + 4k(2? + y* + 2% + w?)

n 0
+ kZ/_ (el + lyl + L2l + [w) {ly(t + 0)] + (¢ + 6)] + [w(t + 6)]} df

(2.14) +Z ? /0. 2 + 22 + w? — 2 (t +0) — 22(t + 0) — w?(t + 6)]d6.

If we take D3 — 4k = 5D > 0 and choose v;, j4; as
D (D?—ak?72)"?

o >0
R 2n -7
D (D*—4k?r2)'?

2n 2n

then, from (2.14) we find
V' < —2D(x? + % + 2% + w?) + ADy(|z| + |y| + 2| + |w])

—~1 [T 3

- i + Sy (t+ 0) — ki |z [y(t + 6) |] de
i=1 TiJ—r L 4
1 (0] 3

= i + Sy (t 4+ 0) — ki || |2(t + 6) @ do
i=1 Tid—m L 4
10T 3

- ,uimQ + Sy (t + 0) — ki |z| Jw(t + 9)@ de
1 T —7i 4

—~1 [° 3
o n [ | e o) kit o) o

. T
- _sz 4

’yiz2(t +0) — k7 |yl |z(t + 9)|] do
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"1 0T 3
_ZT'/ uiy2+1%w2(t+9) — ki |y |w(t+9)]] de
i=1 "7 L
& 1 o T 2 3 2
S n [ | e 0 knlellyte+ o)
i=1 /T L
. 1 T 2 3 2
—Z; piz® + 272" (b +0) — ki 2] |2(t + 0)] | dO
=1 t —T; L
n 1 0 r ) 3 ) -
—Z; pie® + Jyiw? (t+0) — ki [2] [w(t + 0)] | dO
i=1 v/ L .
n 1 0 r ) 3 ) -
- - piw? + iy (t+ 0) — ki || [y( + 0)] | dO
i=1 *Y-Ti L -
n 1 0 r ) 3 ) -
-> - piw® + 57z (t -+ 0) — ki w] [2(t + 0)]| d
i=1 " /T L .
n 1 0 r 3
(2.15) - Z; = _sz + Zmu?(t +6) — k7 |w| |w(t + 6)|| df.

Each of the integrals above in the inequality (2.15) is positive definite (because the
discriminant of each integral is —2k?7;> < 0). Therefore, we can conclude

V' < —2D(z® + y? + 2* + w?) + ADy(|z| + |y| + |2] + |w|)

and hence the inequality (2.5) holds. From the results obtained above, it can be said
that the zero solution of the system (1.2) is uniformly asymptotically stable. From
Chukwu [11, Theorem 1.1, Theorem 1.2]), it can be concluded that the DDE (1.1)
has at least one periodic solution and its solutions are bounded. We omit the details
of the mathematical calculations.

REFERENCES

[1] A. M. A. Abou-El-Ela, A. I. Sadek, A. M. Mahmoud and R. O. A. Taie, A stability result for
the solutions of a certain system of fourth-order delay differential equation, Int. J. Differ. Equ.
(2015), Art. ID 618359, 11 pp.

[2] A. T. Ademola, Periodicity, stability and boundedness of solutions for a class of fourth order
delay differential equation, Int. J. Nonlinear Sci. 28(1) (2019), 20-39.

[3] O. A. Adesina and B. S. Ogundare, Some new stability and boundedness results on a certain
fourth order nonlinear differential equation, Nonlinear Stud. 19 (2012), 359-369.

[4] S. Balamuralitharan, Periodic solutions of fourth-order delay differential equation, Bull. Ira-
nian Math. Soc. 41 (2015), 307-314.

[5] C. Bereanu, Periodic solutions of some fourth-order nonlinear differential equations. Nonlinear
Anal. 71 (2009), 53-57.

[6] H. Bereketoglu, Asymptotic stability in a fourth order delay differential equation, Dynam.
Systems Appl. 7 (1998), 105-115.

[7] T. A. Burton, Stability and Periodic Solutions of Ordinary and Functional Differential Equa-
tions, Corrected version of the 1985 original. Dover Publications, Inc., Mineola, NY, 2005



42

(8]
(9]
(10]

(11]

(12]
(13]
[14]
(15]
[16]
[17]
(18]
[19]
20]
(21]
(22]
23]
24]
[25]
[26]
27]

(28]

29]
(30]
31]
32]

(33]

S. ERDUR AND C. TUNQ

M. Cai and F. Meng, Stability and boundedness of solutions for a certain fourth-order delay
differential equation, Ann. Appl. Math. 34 (2018), 345-357.

E. N. Chukwu, On the stability of a nonhomogeneous differential equation of the fourth order,
Ann. Mat. Pura Appl. 92 (1972), 1-11.

E. N. Chukwu, On the boundedness of a certain fourth-order differential equation, J. London
Math. Soc. 11 (1975), 313-324.

E. N. Chukwu, On the boundedness and the existence of a periodic solution of some nonlinear
third order delay differential equation, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat.
64 (1978), 440-447.

S. Erdur, On the existence of periodic solutions for various kinds of differential equations, PhD
thesis, 2018, https://tez.yok.gov.tr/UlusalTezMerkezi/tezSorguSonucYeni.jsp

J. O. C. Ezeilo and H. O. Tejumola, On the boundedness and the stability properties of solutions
of certain fourth order differential equations, Ann. Mat. Pura Appl. 95 (1973), 131-145.

J. O. C. Ezeilo, Periodic solutions of a certain fourth order differential equation, Atti Accad.
Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat. 63 (1977), 204-211.

J. O. C. Ezeilo and H. O. Te¢jumgla, Periodic solutions of a certain fourth order differential
equation, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat. 66 (1979), 344-350.

J. O. C. Ezeilo, Uniqueness theorems for periodic solutions of certain fourth and fifth order
differential systems, J. Nigerian Math. Soc. 2 (1983), 55-59.

Q. Fan, W. Wang and J. Zhou, Periodic solutions of some fourth-order nonlinear differential
equations, J. Comput. Appl. Math. 233 (2009), 121-126.

C. H. Feng, On the existence of periodic solutions to certain fourth order differential equation,
Ann. Differential Equations 11 (1995), 46-50.

J. Hale, Theory of Functional Differential Equations, Second edition. Applied Mathematical
Sciences, vol. 3. Springer-Verlag, New York-Heidelberg, 1977.

M. Harrow, Further results on the boundedness and the stability of solutions of some differential
equations of the fourth order, SIAM J. Math. Anal. 1 (1970), 189-194.

M. Harrow, On the boundedness and the stability of solutions of some differential equations of
the fourth order, SIAM J. Math. Anal. 1 (1970), 27-32.

A. Jiang and J. Shao, Ezistence and uniqueness on periodic solutions of fourth-order nonlinear
differential equations, Electron. J. Qual. Theory Differ. Equ. 69, (2012), 13 pp.

H. Kang and L. Si, Stability of solutions to certain fourth-order delay differential equations,
Ann. Differential Equations 26 (2010), 407-413.

H. Kaufman and M. Harrow, A stability result for solutions of certain fourth order differential
equations, Rend. Circ. Mat. Palermo 20 (1972), 186-194.

E. Korkmaz, Stability and square integrability of derivatives of solutions of nonlinear fourth
order differential equations with delay, J. Inequal. Appl. (2017), 13 pp.

E. Korkmaz and C. Tung, On some qualitative behaviors of certain differential equations of
fourth order with multiple retardations, J. Appl. Anal. Comput. 6 (2016), 336-349.

E. Korkmaz and C. Tung, On the convergence of solutions of some nonlinear differential
equations of fourth order, Nonlinear Dyn. Syst. Theory 14 (2014), 313-322.

E. Korkmaz and C. Tung, Boundedness and square integrability of solutions of nonlinear fourth-
order differential equations with bounded delay, Electron. J. Differential Equations (2017),
Paper No. 47, 13 pp

E. Korkmaz and C. Tung, Stability and boundedness to certain differential equations of fourth
order with multiple delays, Filomat 28 (2014), 1049-1058.

B. Mehri and D. Shadman, Periodic solution of a certain class of nonlinear fourth order
differential equation, Sci. Iran. 4 (1997), 1-7.

E. O. Okoronkwo, On stability and boundedness of solutions of a certain fourth-order delay
differential equation, Internat. J. Math. Math. Sci. 12 (1989), 589-602.

M. Rahmane, M. Remili and D. L. Oudjedi, Boundedness and square integrability in neutral
differential systems of fourth order, Appl. Appl. Math. 14 (2019), 1215-1231.

M. Remili and M. Rahmane, Stability and square integrability of solutions of nonlinear fourth
order differential equations, Bull. Comput. Appl. Math. 4 (2016), 21-37.



[34]
[35)
[36]
[37]
38)
[39]
[40]
[41]

42]

(43]
(44]
(45]
[46]
(47]
(48]
(49]
(50]
[51]
[52]
[53]
[54]

[55]

[56]

[57]

QUALITATIVE RESULTS FOR DIFFERENTIAL EQUATIONS... 43

R. Reissig, G. Sansone and R. Conti, Non-linear Differential Equations of Higher Order, Trans-
lated from the German. Noordhoff International Publishing, Leyden, 1974.

A. 1. Sadek and A. S. AL-Elaiw, Asymptotic behaviour of the solutions of a certain fourth-order
differential equation, Ann. Differential Equations 20 (2004), 221-234.

A. 1. Sadek, On the stability of solutions of certain fourth order delay differential equations,
Appl. Math. Comput. 148 (2004), 587-597.

A. S. C. Sinha, On stability of solutions of some third and fourth order delay-differential
equations, Information and Control 20 (1973), 165-172.

A. S. C. Sinha and Y. Hari, On the boundedness of solutions of some non-autonomous differ-
ential equations of the fourth-order, Internat. J. Control 15 (1972), 717-724

H. O. Tejumola, Periodic solutions of certain fourth order differential equations, Atti Accad.
Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat. 57 (1975), 328-336.

H. O. Tejumola, Ezistence results for some fourth and third order differential equations, J.
Nigerian Math. Soc. 27 (2008), 19-31.

H. O. Tejumola, On the existence of periodic solutions of certain fourth order differential
equations, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat. 57(1975), 530-533.

H. O. Tejumola and B. Tchegnani, Stability, boundedness and existence of periodic solutions
of some third and fourth order monlinear delay differential equations, J. Nigerian Math. Soc.
19 (2000), 9-19.

A. Tiryaki and C. Tung, Boundedness and stability properties of solutions of certain fourth
order differential equations via the intrinsic method, Analysis 16 (1996), 325-334.

C. Tung, On the uniform boundedness of solutions of some non-autonomous differential equa-
tions of the fourth order, Appl. Math. Mech. 20 (1999), 622—628.

C. Tung, Boundedness and uniform boundedness results for certain non-autonomous differen-
tial equations of fourth order, Appl. Math. Mech. 22 (2001), 1147-1152.

C. Tung, Some stability and boundedness results for the solutions of certain fourth order dif-
ferential equations, Acta Univ. Palack. Olomuc. Fac. Rerum Natur. Math. 44 (2005), 161-171.
C. Tung, Stability and boundedness of solutions to certain fourth-order differential equations,
Electron. J. Differential Equations 35 (2006), 10 pp.

C. Tung, On stability of solutions of certain fourth-order delay differential equations. Appl.
Math. Mech. 27 (2006), 1141-1148.

C. Tung, Stability and boundedness results on certain nonlinear vector differential equations of
fourth order. Nonlinear Oscil. (N. Y.) 9 (2006), 536-555.

C. Tung, Some remarks on the stability and boundedness of solutions of certain differential
equations of fourth-order, Comput. Appl. Math. 26 (2007), 1-17.

C. Tung, On the stability of solutions to a certain fourth-order delay differential equation,
Nonlinear Dynam. 51 (2008), 71-81.

C. Tung, On the existence of periodic solutions to a certain fourth-order nonlinear differential
equation, Ann. Differential Equations 25 (2009), 8-12.

C. Tung, The boundedness to nonlinear differential equations of fourth order with delay, Non-
linear Stud. 17 (2010), 47-56.

C. Tung, On the stability and boundedness of solutions in a class of monlinear differential
equations of fourth order with constant delay, Vietnam J. Math. 38 (2010), 453-466.

T. Yoshizawa, Stability Theory and the Existence of Periodic Solutions and Almost Periodic
Solutions, Applied Mathematical Sciences, vol. 14. Springer-Verlag, New York-Heidelberg,
1975

Z. Zhang, X. Zheng and Z. Wang, Zhicheng, Periodic solutions of a fourth order nonlinear
functional differential equations, Soochow J. Math. 28 (2002), 253-265.

C. Zhao, W. Chen and J. Zhou, Periodic solutions for a class of fourth-order nonlinear differ-
ential equations, Nonlinear Anal. 72 (2010), 1221-1226.

Manuscript received September 2 2022
revised October 25 2022



44 S. ERDUR AND C. TUNQ

S. ERDUR
Department of Mathematics, Faculty of Sciences, Gaziantep University, Gaziantep-Turkey
E-mail address: serdur82@gmail.com

C. Tung
Department of Mathematics Faculty of Sciences Van Yuzuncu Yil University 65080, Campus, Van
— Turkey

FE-mail address: cemtunc@yahoo.com



