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ON STABILITY OF CONFORMABLE LASOTA WAZEWSKA
FRACTIONAL MODEL WITH PIECEWISE CONSTANT
ARGUMENT

CEMIL BUYUKADALI

ABSTRACT. We consider conformable type fractional Lasota Wazewska model
with piecewise constant argument. In this model, piecewise constant argument
is divided into three categories: delay, advanced and advanced delay piecewise
constant argument. For each category of this model we find the existence and
stability of equilibrium points separately.

1. INTRODUCTION

To model the process of production and destruction of red blood cells in ani-
mals M. Wazewska-Czyzewska and A. Lasota [22] in 1976 presented the following
nonlinear differential equation with constant delay

N'(t) = —uN(t) + e NET ¢ >,

Here, p € (0, 1), and ~, 8, r € (0, +00). N(t) is the number of red blood cells at
time ¢, p is the probability of death rate of red blood cells, positive constants 5 and
~ are the production rate of red blood cells in unit time, and r is the time elapsed
to produce a red blood cell [10]. The asymptotic behavior of this model has been
studied by many researchers [6,8,19,20] and this model is still under development
recently [2,5,11,17,18,24].

Differential equations that are using the greatest integer function [t] =n, n <t <
n+1,n € Z as an argument are called differential equations with piecewise constant
argument. As this kind of equations has hybrid structure, that is, they include the
properties of both continuous and discrete equations, they have vast amount of
application areas ranging from modeling biological phenomenon to control theories
[7,23]. Lasota Wazewska model with piecewise constant argument has been studied
also in literature [1,3,14,16].

Differential equations of integer order are one of the fundamental tools for math-
ematical modeling of real world problems. The theory of fractional differential
equations is the natural extension of the theory of differential equations of integer
order, a branch of analysis. The subject of fractional analysis has taken attentions
of many researchers for almost half century and is still being studied as it is useful-
ness in applications of fundamental science and engineering, and solving differential
and integral equations [4,12,13,15,21].

This paper is summarized as follows. Section 2 gives the preliminary definition.
In section 3, we establish the existence and asymptotic stability of equilibrium of
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conformable type fractional Lasota Wazewska model with delay piecewise constant
argument. Section 4 presents the results for the existence and asymptotic stability of
equilibrium of conformable type fractional Lasota Wazewska model with advanced
piecewise constant argument. In section 5, we obtain the existence and instability of
equilibrium of conformable type fractional Lasota Wazewska model with advanced
delay piecewise constant argument.

2. PRELIMINARIES
Let us introduce the following definition of conformal fractional derivative.
Definition 2.1 ([9]). Let f : [to, +00) — R be a function. Then for a € (0, 1) and

t > tg left conformable fractional derivative of function f with order « is defined by

the limit )
o _ g (et = 10) ) — £(1)
a e—0 g

if the limit exists. Let us denote T, := T for ¢y = 0.

If the function f is differentiable, then we have the identity

T3 (f(t) = (t —to) ~“f'(t),
where f’(t) is first derivative of the function f(t).

3. STABILITY OF CONFORMABLE TYPE LASOTA WAZEWSKA FRACTIONAL MODEL
WITH DELAY PIECEWISE CONSTANT ARGUMENT

Let us consider the following conformable type Lasota Wazewkska fractional
model with delay piecewise constant argument.

(3.1) TH(N(#)) = —uN(t) + e NE ¢ >0,

Here, 71 denotes the conformable type fractional derivative of order a € (0, 1).
we (0, 1), and ~, 8, r € (0, +00) are constants.
For t € [n,n+ 1), n € N using the relation between conformable fractional
derivative and integer order derivative we rewrite equation (3.1) as
l—a dN(t)

(t =)' = N () 4 e N,

or

dN
i O i)l—a e

By multiplying the last equation with the integration multiplier exp (g(t — n)a) we
obtain the equation

d Ko o\o /B Et_n)x_—
A npett=m™) — B rneNm)
dt< (t)e ) (t—n)i—a°

By integrating this equation over the interval [n, n + 1) we have discrete equation

o N(p) = PemNw) (enfa _
N(n+1)e N(n) Iue <e 1) ,
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or
(3.2) Nn+1) = eoNm) + 2 (1 - e_”“/a) e TN (™)
I
for n = 0,1, 2, ... It is easy to see that the equilibrium point of this equation
satisfies the equation
(3.3) xt = ée_W*.
7
Set x,, :== v (N(n) — z*). Then, we obtain the discrete equation
Tpy1 = Y(N(n+1)—z") =~ <e”/°‘N(n) + h (1 - 67”/0‘) e N _ x*)
1

= e Mo (T +yx™) + '756—733* (1 — e_”/a) e~ — yx*

or
(3.4) Tptl = e Moy, — ~yx* (1 — e_“/a) (1 — e_:””) , n=0,1,2,...

and this equation has the equilibrium point zero.
Let us introduce asymptotic stability of the zero solution of equation (3.4).

Theorem 3.1. If the inequality

1+ e—u/a

*
1 — e o >

holds, then the zero solution of equation (3.4), therefore the equilibrium point x* of
equation (3.2), is asymptotically stable.

Proof. Using Taylor expansion of the function e™*" around the point zero we lin-
earize equation (3.4) as

Trpl = (e—u/a—m*(l_ew/a)) T, n=0,1,2, ...

In order to have the asymptotical stability of the zero solution of this equation, it
is sufficient that the inequality

‘e_“/a — yz* (1 - e_“/a)‘ <1

is satisfied. It is easy to see that e #/® — ~g* (1 — e_“/a) < 1 holds for all u, a €
(0, 1),y > 0,2* > 0. Moreover, by simple calculation, the inequality

—1<e Mo gt (1 — e_“/o‘)

is satisfied if and only if
1+ e—u/a - N
1 — e o T

holds. The proof is complete. O
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4. STABILITY OF CONFORMABLE TYPE LASOTA WAZEWSKA FRACTIONAL MODEL
WITH ADVANCED PIECEWISE CONSTANT ARGUMENT

Let us consider the following conformable type Lasota Wazewkska fractional
model with advanced piecewise constant argument.

(4.1) TH(N(t)) = —uN(t) + peNEHD 4 >0,

Here, To[f] denotes the conformable type fractional derivative of order a € (0, 1).
w e (0,1), and v, B, r € (0, +00) are constants.

For t € [n,n+ 1), n € N using the relation between conformable fractional
derivative and integer order derivative we rewrite equation (4.1) as

(t =m0 P — () 4 e,

or

dN(t) w () = B o IN(nt1)

dt + (t —n)t-« (t —n)t-«

By multiplying the last equation with the integration multiplier exp (£ (¢t — n)*) we
obtain the equation

d K\ ﬁ Ei_n)x—
4 npelt-me) = B e Nt
7 (Ve ) t—n)i—a®

By integrating this equation over the interval [n, n + 1) we have discrete equation

N(n+1)e"/* — N(n) = ée*VN(”H) (e“/a - 1) ,

1
or
(4.2) N(n+1) = e#oN(m) + 2 (1 ~ e—u/a) e IN(n+1)
7
in closed form for n = 0, 1, 2, .... It is easy to see that the equilibrium point of
this equation satisfies the equation
(4.3) = ée*'m*.
1
Set x,, :== v (N(n) —z*). Then, we obtain the discrete equation
Tptl = 9 (N(n + 1) — aj*) =7 <€_H/O‘N(n) + é (]_ _ e‘N/"‘) e_’YN(n+1) _ CL'*)
7
= e M (2, +yz¥) + ﬁe_"’m* (1 — e_“/"‘) et — yxt
I
or
(4.4) Tptl = e Mg, ~y* (1 - e_“/a) (1 - e_x"“)
in closed form for n =0, 1, 2, ... and this equation has the equilibrium point zero.

Let us introduce asymptotic stability of the zero solution of equation (4.4).

Theorem 4.1. The zero solution of equation (4.4), therefore the equilibrium point
x* of equation (4.2), is asymptotically stable.
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Proof. Using Taylor expansion of the function e®»+! around the point zero we
linearize equation (4.4) as

Tp4+1 = e_u/al‘n - '}’SU* (1 — e—u/a) Tn41, n=20,1,2 ...

or
eflu‘/a

S 1 yar (1—e/)

In order to have the asymptotical stability of the zero solution of this equation, it

is sufficient that the inequality

Tn+1 Tn, n=0,1,2 ...

e—M/O‘

14 ya* (1 — e #/a)

is satisfied. Asexp (—pu/a) € (0, 1) for all u, « € (0, 1), and ya* > 0, this inequality
always holds. The proof is complete. ]

5. STABILITY OF CONFORMABLE TYPE LASOTA WAZEWSKA FRACTIONAL MODEL
WITH ADVANCED DELAY PIECEWISE CONSTANT ARGUMENT

Let us consider the following conformable type Lasota Wazewkska fractional
model with advanced delay piecewise constant argument

(5.1) TW(N(t)) = —uN(t) + eV ([H2]), > 0.

[0}

Here, To[[t] denotes the conformable type fractional derivative of order a € (0, 1).
w€ (0, 1), and v, B, r € (0, +00) are constants.
For t € [0, 1/2), using the relation between conformable fractional derivative and
integer order derivative we rewrite equation (5.1) as
dN(t
o ( ) — —,U,N(t) + ﬁef'yN(O)7
dt

or

dN(t) M B _ N )

T_Ftl*aN(t):tlje v .
By multiplying the last equation with the integration multiplier exp (%ta) we obtain
the equation

d s _ B me o N(0)
% (N(t)ea ) = t].jea .

By integrating this equation over the interval [0, 1/2) we have discrete equation

¥ (£) o () - Y0 = 2 o () 1),

(5.2) N <;> = exp (—ﬁ) N(0) + i (1 — exp (—ﬁ)) e N,
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Similarly, for ¢ [n -1

3 n) and t € [n, n+ %) ,n=1,2, ... using the relation
between conformable fractional derivative and integer order derivative we rewrite

equation (5.1) as

(t=n+ 1) S N 4N, it [ gon)
N 1
(t =m0 _ vy 1 g, g [n n+ > :
dt 5
or
aN(t) LI S— — O R [n L n)
dt (t-n+1) (t—n+1) 2
dN(t) L 3 N 1
N#)= —" N0 =)
ey e e Oy ramns =LA S

By multiplying the last equation correspondingly with the integration multipliers
exp (£ (t —n+1)%) and exp (£(t — n)*) we obtain the equations

d (Wipyeto—mor) = B e, e [n L n)
dt (t—n+1)7° 2
d E(t_n) 5 By 1
L (N ekt >:7 & (t—n)*—YN(n) ).
o ( (t)e = n)l_ae ) te|n,n+ 5
By integrating these equations over the intervals [n — %, n) and [n, n -+ %) corre-

spondingly we have discrete equations

e () =3 () o (i) = e (o (0) o ().

N (et g ) oxp (52) = M) = e (oxp (£2) 1),

¥ (rr3) o (o) v+ (o ()

forn =1, 2, .... It is easy to see that the equilibrium point of this equation satisfies
the equation

(5.5) x* = ée_W*.
i

Set z, := v (N(n) —x*). Then, we obtain the discrete equations

Zn = W(N(n) _:U*)
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0 1 1
= Pl =) \N(n=2
oo (5 (1)) ¥ (o)
1
—I-@ (1 —exp (_,u <1 - >)> e VM) _ g
n « 2¢
o

1
o = 2(3(s42) )

= exp <*QL> (zn +72") + @6_73”* <1 — exp (—O[L)) e " — yr*

or using (5.5)

o= e (1o (2 (1 55) ) ) @ em) e (<2 (1= ) s

Zny1/2 = —T" (1 — exp (— = )) (1—e*) +exp <_QL

a2¢
and these equations have the equilirium point zero.
By combining these two equations for n = 1,2, ... we have the equation

(5.6)  zni1= —72" (1 — exp <—Z (1 - 21a>)> (1= =)
con( (1 2))
= —yz* (1 —exp <—Z (1 - 21a>>> (1— 1)

(o 1o ) 0 o))
in closed form.

Let us introduce asymptotic stability of the zero solution of equation (5.6).

Theorem 5.1. The zero solution of equation (5.6), therefore the equilibrium point
x* of equations (5.3) and (5.4), is unstable.

Proof. Using Taylor expansion of function e™*» and e *"+! around the point zero
we linearize equation (5.6) as

1
e (1o (£ (1 £)))
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+exp (_g (1 - ;)) (e (1 —exp (~ L)) +exp (1)) =

L+ yat (1—exp (=4 (1 - 5v)))
exp (=5 (1= 3¢)) (72" (1 = exp (= 5h=)) + exp (—357))
In order to have the stability of the zero solution of this equation, it is sufficient
that the inequality

(5.7)

or

Zn+1 = Zn

1+ 92" (1 —exp (=5 (1 - 57)))
exp (—4 (1 - 9w)) (=72 (1 —exp (—55)) +exp (—55))

is satisfied. Let p=£ (1 — 5) and ¢ = —b=. We have two cases: either

h = (—vz" (1 —exp(—q)) +exp (—q))
is positive or negative. If it is positive, by simple calculation we obtain
yz* (1 — e P71) < e P77 — 1. Then, this is a contradiction as the left hand side

of this inequality is positive, while the right hand side is negative. Hence, h cannot
be positive. If it is negative, inequality (5.7) can be rewritten as

<1

*

(P +e77) < I
1+ ya*
Then, we have a contradiction as the left hand side of this inequality is greater than
1, while the right hand side is less than 1. The proof is complete. O
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