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FORWARD-BACKWARD ALGORITHM FOR SOLUTIONS OF
VARIATIONAL INEQUALITY PROBLEM INVOLVING
QUASI-MONOTONE OPERATORS

ERIC UWADIEGWU OFOEDU, TOBECHUKWU DANIEL OTIKA,
NNAMDI NONSO ARAKA, AND KINGSLEY OBINNA IBEH

ABSTRACT. In this paper, a forward-backward iterative algorithm induced by a
certain dynamical system for solutions of variational inequality problem involv-
ing quasi-monotone operator is introduced and studied. Weak convergence of the
sequence generated by the said algorithm is proved in the setting of real Hilbert
space. Numerical examples are given to demonstrate the efficiency and workabil-
ity of the algorithm. The theorem obtained augments, generalizes, improves and
unifies several results announced recently.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm |[[.||.
Let C be a closed convex nonempty subset of H, and A : H — H is a continuous
operator. The Variational Inequality Problem (VIP) involving A is to;

(1.1) find z* € C such that (Az*,y —2*) >0 VyeC.
The set of solutions of VIP(1.1) shall be denoted by S; that is, S = {x € C' : (Az,y—
x)y >0V yeC}

Minty formulation of VIP (see Minty [18], see also Crespi and Rocca [5]), is to;
(1.2) find 2* € C such that (Ay,y —2*) >0 VyecC.

The set of solutions of VIP(1.2) shall be denoted by Sp;. Thus, Sy = {z €
C : (Ay,y—xz) >0V yeC}.

It can be shown that Sj; is a closed and convex subset of C'; and using the
continuity of the operator A, it can further be shown that S, C S.

The study of variational inequality problem has proved useful as several trans-
portation, programming, engineering, biological, and optimization problems can be
modeled by VIP(1.1) (see for example, [1,2,7,12,13,17]). One of the popular method
for solving VIP(1.1) is the extragradient method introduced by Korpelevich [13].
The extragradient method studied by Korpelevich [13] is given by

xr1 € C
(1.3) yn = Po(xn — yAxy,),
Tnt1 = PC(mn - 'YnAyn)a n €N,
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where A is monotone (pseudo-monotone) Lipschitz continuous operator, v, € (0, %)
and L > 0 is the Lipschitz constant of the operator A. The method was shown to
converge weakly to the solution of VIP(1.1) (see for example, [8,24]). However, the
extragradient method has two attributes which makes it difficult and computation-
ally expensive. At each iteration, it involves two projections onto the feasible set
C, and two evaluation of the operator A.

In trying to improve on the extragradient method, several variants were intro-
duced which addressed one or both drawbacks. Popov [20] introduced his variant of
extragradient method which required only one evaluation of the operator A. Several
authors have established weak convergence of Popov’s subgradient extragradient
methods when A is monotone (or pseudo-monotone) and Lipschitz continuous (see
for example, [4,6,15,22,26]). The subgradient extragradient method introduced by
Censor et al. [3] involves two projections at each iteration, where one projection
is on a certain half space. Tseng [23] introduced another variant of extragradient
method known as the forward-backward-forward method which involves only one
projection onto the feasible set C at each iteration. Tseng method is given by

r1€C
(1'4) Yn = PC(xn - 'VnAxn)a
Tn+1 = Yn +'7n(Axn - Ayn)7 n e N7

where 7, € (0, %) and L > 0 is the Lipschitz constant of the operator A. Tseng [23]
showed that (1.4) converges weakly to the solution of VIP(1.1).

The results mentioned above were obtained with A being a monotone (or pseudo-
monotone) operator, but are very difficult to use to approximate the zeros of A with
a weaker assumption that A is quasi-monotone. This is true in a sense as the conver-
gence analysis used for monotone operator fails when A is quasi-monotone. Given
thas H is an infinite dimensional Hilbert space, Lin and Yang [14] and Salahud-
din [21] independently proved that their forward-backward-forward and extragra-
dient methods respectively converges weakly to a solution of VIP(1.1) when A is
quasi-monotone, Lipschitz continuous and sequentially weakly continuous. Using
inertial projection and contraction method, Wang et al. [25] obtained a weak solu-
tion of VIP(1.1) when A is quasi-monotone and Lipschitz continuous. The iterative
scheme proposed in [25] requires computation of two projections onto the feasible
set C and two evaluation of A at each iteration.

Izuchukwu et al. [10] proposed an inertial forward-backward type method with
self-adaptive step sizes for solving VIP(1.1) which involves only one projection onto
feasible set C' and one evaluation of A at each iteration. In fact, the algorithm of
Izuchukwu et al. [10] is given by

xg,x1 € H
(1.5) Wy, = Ty + 0(xy — Tp—1)
Tnt1 = Po(wn, — YAz, — an(Az, — Azy_1)), n € N

They proved that (1.5) converges to a weak solution of VIP(1.1) when A is quasi-
monotone and Lipschitz continuous. A similar algorithm was also introduced and
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studied by Izuchukwu et al. [11]. The results obtained in [10] and [11] improved and
augumented the results of Lin and Yang [14], Salahuddin [21], and Wang et al. [25].

Motivated by the works of Izuchukwu et al. [10,11] and recent research trend
on obtaining solution of VIP(1.1) with a quasi-monotone and Lipschitz continuous
operator, we examine the possibility of developing a method with a simpler and
more encompassing step size that has mild constraint unlike the step size used
n [10]. This led to the following question:

Question 1. Can a more general inertial forward-backward-type method with a
simpler and more encompassing step size which yields the conclusions of Izuchukwu
et al. [10] and Izuchukwu et al. [11] be constructed?

Question 2. Can a more general inertial forward-backward-type method that nat-
urally avoids the assumption a, = v,—1 ¥ n € N as observed in [10] be constructed?

Question 3. Can the works of Izuchukwu et al. [10] and Izuchukwu et al. [11] be
improved upon?

It is our purpose in this paper to give an affirmative answers to Questions 1, 2 and
3 above in the setting of real Hilbert space. Our result will complement, generalize,
improve and unify corresponding results of the authors cited above.

2. PRELIMINARIES

All through this paper, the weak convergence of the sequence {u,} to a point
u*, shall be denoted by u, — u* as n — o0; and in what follows, the following
definitions and lemmas shall play crucial and important roles in the sequel:

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||.
Let A: D(A) C H — R(A) C H be an operator, then A is

(a) L—Lipschitz continuous if there exists an L > 0 such that for all z,y € D(A),
Az — Ay|| < Lz —y|,
(b) n—strongly monotone if there exists an n > 0 such that for all z,y € D(A),
(Az — Ay, z —y) > nllz —y]%,
(c) monotone if for all z,y € H,
(Axr — Ay, x —y) > 0,
(d) n-strongly pseudo-monotone if there exists n > 0 such that for all z,y €
D(4),
(Ay,z —y) 2 0= (Az,z —y) > nllz — y*,

(e) pseudo-monotone if for all z,y € D(A),

<Ay,l' - y> Z 0= <A$7$ - y> 2 07
(f) quasi-monotone if for all z,y € D(A),

(Ay,x —y) > 0= (Az,z —y) > 0,

(g) sequentially weakly-strongly continuous, if for every sequence {z,} that con-
verges weakly to a point y, the sequence { Az, } converges strongly to Ay,
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(h) sequentially weakly continuous, if for every sequence {z,} that converges
weakly to a point y, the sequence {Ax,} converges weakly to Ay.
Clearly, (b) = (c), (d) = (e), and (¢) = (e) = (f). The converse is not always true
(see [24] and references therein for examples).
Let C' be a nonempty closed convex subset of a real Hilbert space, H. The
mapping Po : H — C' is called projection mapping if and only if for all x € H,

Pox — z|| = inf ||z — z||.
1Pew — x| = inf ||lz 2|
The following statements are equivalent (see, for example, [19] for details):

(i.) Pc:H — Cis a projection of H onto C,
(2.1) (ii.) forallz € H, (x— Pox,z— Pox)<0,VzeC(,
(iii.) for all x € H, ||Pox — z||? < ||z — 2|* — |Pcx — z||?, ¥V 2z € C.

Lemma 2.1. Let H be a real Hilbert space, then for any x,y € H, and for A € [0, 1],
the following inequalities hold;

2(z,y) = lll* + lyl1? =l = yI* = llz +ylI* = z]* - llylI*,

and

Az + (1= Nyll* = Alz]]* + (1 = lyl* = A1 = Nz -yl

Lemma 2.2. [27] Let H be a real Hilbert space and let C' be a nonempty closed
convex subset of H. Then, Sp is nonempty if either of the following holds;

i.) A is pseudomonotone on C' and S # 0,

ii.) A is the gradient of G, where G is a differential quasiconvex function on an
open set K D C and attains its global minimum on C,

iii.) A is quasi-monotone on C, A # 0 on C and C is bounded,

iv.) A is quasi-monotone on C, A # 0 on C and there exists r > 0 such that,
for every y € C with ||y|| > r, there exists € C such that ||z|| < r and
<Ay7 T — y> 2 07

v.) A is quasi-monotone on C, int C is nonempty and there exists y* € S such
that Ay* # 0.

3. METHOD AND DERIVED ALGORITHM

The algorithm proposed in this work is derived from the following implicit first-
order dynamical system associated with the VIP(1.1):

(1) + 2(t) = Po (0(0)i(0) + 2(t) — 2() — 1t~ Vi),
(3.1) y(t) = Ax(t),
2(t) = y(t) Ax(t),
where 6,7 : R — [0,00) are Lebesgue measurable functions. If 6(s) = 0 and

v(s) =~ > 0 for all s € R, then (3.1) the continuous dynamical system associated
with VIP(1.1) whose discrete version is the forward-backward splitting algorithm
studied in [16].

If we perform a forward discretization of 4(¢) on the left hand side of (3.1) (that
is, (t) = @41 — xp,n € N) and backward discretization of #(¢) and y(¢) on the
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right hand side of (3.1) (that is, for n € N, #(t) = x,, — xp—1 and y(t) = yn — Yn—1),
then we obtain the following iterative algorithm:

(32) Tn+1 = PC (-’xn + en(xn - l'nfl) - ’YnAl'n - 'Ynfl(Axn - Al'nfl)) .

With some mild conditions on the iterative parameters 6,,v,, n € N, (3.2) is the
inertial-type forward-backward method studied in this paper for approximation of
solution of the VIP(1.1). We now present the proposed algorithm for approximate
solution of VIP(1.1) in details as follows:

Algorithm 1.
1. Choose 61,79,7v1 > 0. Let g, z1 € C be fixed and set n := 1.

2. Compute

(33) {wn =y + an(xn - xn—l)

Tn+l = PC <wn - ((’Yn + ’Yn—l)Axn - ’Yn—lAwn—l)>)

where {60,,}°° ¢, {752, are sequences in [0, 00).

3. Set n <~ n+1 and go to 2.

We make the following assumptions for weak convergence of Algorithm 1;

(a.) S#0,

(b.) A:C — H is L—Lipschitz continuous,

(c.) The mapping ||A(+)|| : C — R is weakly lower semicontinuous; in the sense
that for any sequence {u,}>2,; in C such that u, — u* as n — oo, then
[ A(u")] < limin [ Au,.

(d.) A is a quasi-monotone mapping.

4. MAIN RESULTS

In this section, the convergence theorems obtained in this paper is presented and
proved. Let us proceed as follows:

4.1. Weak convergence result.

Lemma 4.1. Let {z,}2, be generated by Algorithm 1 such that assumptions (a.)
and (b.) hold. Suppose that {6,,}°° ; and {v,}>2 are such that there exists Ny € N
such that for all n > Ny, and for some § € (0,1), #,, is monotone non-decreasing,
20, < %, and v,-1 < 1T_67 then {z,}>2 is bounded.

Proof. Fix u, € Sy C S, then using (2.17i.), (3.3), and lemma 2.1, we obtain for
all n € N that

0 < 2(xnt1 — wn + (M + n-1)Azn — Yn—1ATp_1,U) — Tni1)
= 2<$n+1 — Wp, Uy — xn+1>

+ 2’Yn<Axna Uy — xn+1> + 2’Yn—1<Axn - Amn—lv Uy — xn+1>
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= |lwn — Uo”2 = [|Znt1 — wnH2 — [|Znt1 — u0||2 + 2’7n<Al‘nauo - Tpg1)
(4.1) + 2vp—1(Axy — Axp_1, Uy — Tpy1)

Now, since 41 € C and u, € Sy C S C C, we obtain from (1.2) that (Ax, 41, Tpt1—
u,) > 0 for all n € N. This implies that for all n > 1,

(Azp,uy — Tpt1) < (Azp — ATpi1,uy — Tpgt).
Thus, (4.1) gives
2nt1 = ull* < llwn = ue|1? = |01 — wall?
+ 29 (Azy, — AZpi1, Uy — Tnt1)
(4.2) + 29— 1(Axy, — Azp_1,uy — Tn) + 29n—1(Axy, — ATp_1,Tn — Tpt1)
Using the fact that A is L—Lipschitz continuous, we obtain that,
29n-1(Azp — ATn—1,Tn — Tni1) < 29-1[|Azy — Azpa]| [[2p41 — zn|
<291 LTy — zn—a|| [[Tn+1 — znl
(4.3) < Yot L ([l = 2nmt]? + a1 — 2a?)
Thus, for all n > Ny, we obtain from (4.3) that,
(4.4)  2yn—1(Azp — AZp_1,Tn — Tn1) < (1 — 5)(”3311 — g’ + 2ns1 - xn||2)
So, for all n > Ny, we obtain using (4.4) in (4.2) that,
21 = uo[1* < Nwn = v 12 = 201 — wnll?
+ 29 (Axy, — Azpia, uy — Tpt1) + 21 (Axy, — ATp_1,u, — Tn)
(45) (1= 8)ljn — Tn1 2 + (1 — O)znss — ol
By (3.3) and lemma 2.1(i3.), we obtain that,
it — I = (1 + 00) (0 — 1) — O (21 — 1)1

(4.6) =1 +0n)|zn — u0||2 = Onllzn—1 — u0||2 + 0 (1 + 0n)|lzn — $n71||2
Also,
[E wn||2 = [[@nt1 — Tp — On(zn — mn,1)||2

= |zpy1 — fl‘n”2 + 97%“1‘71 - fL‘nleQ =20, (Tny1 — Tn, T — Tp-1)
> [|zn41 — ﬁUn”2 + szHxn - xn71||2 = 20p||zpi1 — 2| |20 — 20|
(4.7) > (1 =0n)zn1 — $n||2 + (9721 = On)llzn — xn—IHQ
Using (4.6) and (4.7) in (4.5) gives that for all n > Ny, we have that,
241 = ol < (14 0n) [l — w12 = Onllzn—1 = uo 1> + (1 + 05) |20 — ||
— (1= On)l|lznt1 — zal® = (07 = On) |2 — 2 |
+ 2y (Axy, — Azpi1, vy — Tpt1) + 21 (Axy — Axp_1,u, — Tn)
+ (1= 8)|lzn = znall’ + (1 = §)[|znsr — znll?,
so that

Tnt+1 — Uy — Un||Tn — Uy Tnt+1 — In
I I” = 6nll I+ 1 I



DYNAMICAL SYSTEM INDUCED FORWARD-BACKWARD ALGORITHM 451

+ (8 = On)|lzns1 — 2ol + 290 (Azppr — Az, uy — Toga)
< lzn — uo”2 — Op1l|zn—1 — UoHQ + lzn — xn71||2
— (6 = 200)||zn — Tn 1 ||* + 29n_1 (Azy — Azpq,u, — )
(4.8) + (On—1 — )| 201 — 1, |?
Since for all n > Ny, 20, < g and 6,1 < 0, we obtain from (4.8) that,
|Znr1 = uol® = Onllen — woll* + [|lzns1 — 24
+ (0 = O0n)|wnt1 — 2l + 290 Az i1 — Az, vy — Tpp1)
< l@n - u0||2 = On—1f|n—1 — u0||2 + [z — 2|
(4.9) + 29— 1(Axy, — Azp_1,u, — Tp).
Now, for all n > Ny, define

an = |20 =y ||* = On1 |1 — o | |20 — Zno1 |2+ 2901 (Azy — Az 1, uy — ).
We show that {a,}>2 is a non-negative sequence of real numbers and that nh_)rgo an
exists. Observe that,
an = [|zn — u0H2 — 1|1 — U0H2 + llzn — xn—lHQ
+ 21 (Axy — Azp_1,u, — Tp)
> [|zn — u0H2 — Op—1llzn—1 — U0H2 + llzn — $n71||2
— 21 Ll[zn — zna | (luy — 2l
> ||zn — u0H2 - VHfIL(Hxn - $n71H2 + Huo - xn||2)
— Op—1llzn—1 — u0||2 + llzn — xnleQ
(410) = (=01 L) llzn — ]2 + 2 = @01 ] = Onallzn-s = |

Observe that by applying lemma 2.1(i.), we have that,
|21 — u0H2 = [[(Tn-1— zn) + (Tn — uo)H2
= |20 — Tp_1ll® F |20 — uo||* + 2(xn_1 — Tny Tn — 1)
(4.11) < 2| @n — Tt |” + 2|z — u,?

If we use (4.11) in (4.10), and the fact that for all n > Ny, 6,1 < 6, we obtain
that,

an 2 (1= -1 L) l2n = o + [l = w1
= 2801 [l = waca | + o — ]
= (1= 1L = 2800) | llew = wg|* + [len = @aa ]
(4.12) > (1= 1L = 200) | llzn = ]2 + |12 = w1 |1

It is easy to see (using the fact that for all n > Ny, 26, < g and v,_1 < 1T76) that
1—vy,1L — 26,, > 0.
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Thus, we obtain from (4.12) that for all n > Np,

ap > 0.
Also, we obtain from (4.9) that for all n > N,
(4.13) a1 < ap — (0 — 0p)||Tps1 — :L'n||2

Since for all n > Ny, 20, < %, if follows that for all n > Ny, § — 6, > 0. Thus, we
obtain from (4.13) that for all n > Ny,

ant1 < Gy

Therefore, the sequence {a,}7° N, 18 & monotone decreasing sequence of real num-
bers bounded below by 0. Thus, hm an exists. As a result, we obtain from (4.13)

(using the fact that hm On, ex1sts) that

(4.14) lim ||xp41 — zn|| = 0.
n—oo

Moreover, since wy,, = x,, + 0, (zy, — zp—1) and lim 6, exists, we obtain that,

n—oo
(4.15) lim ||wy, — x| = 0.
n—oo

Using (4.14) and (4.15) gives that,

(4.16) lim |[zp41 —wy| =0.
n—oo

Finally, observe from (4.12) that for all n > Np,

w2 (1= A1 L= 200) [0 = w2 + o0 — 01|

0
> 2| 2n = o2 + ll2n = 2n-1]?]

This implies that for all n > Ny,

lzn = o |I* < San = l|lzn — 2n1 ]

2.
5
_2
(4.17) < San
4.

Since 1i_>m a, exists, we obtain from (4.17) that {z,}°%; is bounded. O

Lemma 4.2. Let {z,}52, be generated by Algorithm 1 such that {6,}°2, and
{1} are as lemma 4.1. Suppose assumptions (a)—(d) hold, and that hni> inf ~y, >

0. Let We be the set of weak cluster points of {x,,}5° ;, then W C Sy C S.

n=1>

Proof. By lemma 4.1, {z,}2°, is bounded. Thus, for w* € W, there exists a
subsequence {z,, }72, of {z,}52 such that z,, — w* as k — oco. Since assumption
(c) holds, we obtain that,

lA(w™)|| < lim inf [|A(2n, )|
—00
If li’gninf |A(zp, )| = 0, then, A(w*) = 0. Thus, for all y € C, (Aw*,y — w*) = 0;
— 00

and since A is quasi-monotone (see assumption (d)), we obtain that for all y € C,
(Ay,y — w*) > 0. Thus, w* € S.
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Suppose lign inf || A(xy, )| # 0. Using (2.14i.), we obtain that for y € C,
—00

0< <xnk+1 — Wn,, + ('Ynk + ’Ynk+1)Al‘nk - 'Ynk—lAfL'nk—l,y - xnk+1>

< Hxnk-‘rl — Wny, H Hy - xnk-f-lH + T <Axnk7y - xnk>
(4.18) + Y[ Az, | 12, — Zngrall + Y1 Ll @ny, — Zng—1 |l |y — Tyl
Using (4.14), (4.16), and the fact that liminf ,, > 0, we obtain from (4.18) that,
n—0o0
lilgioréfynk (Azyp, ,y — xpn,) > 0.
This leads to two possible cases:
Case 1: Suppose liminf v, (Azp,,y — n,) > 0. Let iminf~,, (Azy,,y — zn,) =
k—o0 k—o0

Bo > 0, then there exists kg € N such that for all k > ko,

Bo
This implies that for all & > kg, for all y € C,
(4.19) (Azp, , Yy — T, ) > bo > 0.
2y,

Since A is quasi-monotone on C, (4.19) implies that for all y € C, for all & > ko,
(Azp, ,y — xy,) > 0. But,

(Ay,y —w*) = (Ay,y — 2p,) + (Ay, T, — w").
So, for all k > kg, for all y € C,
(Ay,y —w*) = (Ay,y — xp,) + (Ay, Tp, — w")

Since zp,, — w* as k — oo, we obtain from (4.20) that for all y € C, (Ay, y—w*) > 0,
which implies that w* € S),.

Case 2: Suppose that for all y € C, lign inf vy, (Azn,,y — n,) = 0, then there
—00
exists a subsequence {x,, }52; of {xy, }?2, such that lim ~,, (Az,, ,y—zn, )=0.
kiJj k 00 kj kj kj

It is easy to see that for all y € C,

'Ynk.
(421) Wnkj <A1L‘nkj Y — xnkj> + Vnkj |<Amnkj Y — :L'nkj>| + 2]] > 0
Since liminf [|Azy, || > 0, then liminf ||Az,, || > 0. Let liminf ||Az,, || = f1, for
k—oo j—)OO J J—00 J
some (1 > 0. Then, there exists j; € N such that for all j > ji,
B1
Ay | > 2.
. . . - 1
So, for all § > j1, we obtain that <Axnkj,§nkj) =1, where fnkj = W . Axnkj.

Thus, (4.21) becomes

f)/’l’bk.
’Ynkj <A:1:nk] Y — m’rm].) + ’Ynkj |<Axnk] Y — .’Enk]_ >‘ <A(Ifnkj ) gnkj > + 27]J<Axnk] ) gnkj> >0



454 E. U. OFOEDU, T. D. OTIKA, N. N. ARAKA, AND K. O. IBEH

This implies that,
(4.22) T, <A$nkj Y+ (|<Awnkjvy L, )+ )gnk xnkj> > 0.
Since A is quasi-monotone, we obtain from (4.22) that
o, (A + (A7 5 — 20, )+ o ), )
+ (A oy = 2 )+ 55 )y, =y, ) 201
This implies that
2%%QW—A@+MMm,yamH+ )&w

o+ (Angy 0 = 2 )+ 55 )ty — o, )

Z_P)/nkj Ay—A(y—}—](A:Unk,,y x’ﬂk >’+ )gnk
Hy+ ( Axnk Y — xnk >| + )gnk xnkj
> e, L(1{Any, 5~ 2y 1+ 5 ), |
Hy + ( Axnk Y — xnk >| + )gnk xnkj
’Ynk].L 1
— "7 Az, oy — f,)
||Axnkj || <|< Inkﬂ' y xnkﬂ” + 27
Hy + ( Axnk Y — xnk >| + )gnk xnkj
2n,,. L 1
G (1A oy =g )+ 5 ) M
for some M* > 0.
Thus,
'Vnkj <Ay, Y+ (|<Awnkj Y = xnk >’ + )gnk xnkj>
2Ly,
> == ({{Azny, = g )+ 55 ) M
B1 J
2LM* 2LM*yo 1
(4.23) > — B — [, (AT sy — Ty )| — T 5 2

for some vy > 0. But,
o, { A,y + (A 5 = 7 )+ o7 ), — )

= /Ynk]. <Ay7 y - 'LU* + 'LU* + (‘(Axnk] 9 y mnk >’ + )gnk :I:nkj>
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= Yo, (AY, y = ") + Yy, (Ay, 0" = @)
+ 'Ynkj <Ay, <‘<A$nkjay mnk >| + )gnk >
= Yo, (AY, Y — W) + Yy, (Ay, - xnk.>

(4.24) £ (P, (A = 0 )|+ o) (A o, )
So, using (4.24) in (4.23), we obtain that

’YTL]C.
’Y’rlkj <Ay7 Yy — ’U)*> 2 ’Ynk, <Ay7 xnkj - w*> - <h/nkj <A(L’nkj Y — :I;nkj >’ + 27‘7]> <Ay7 Enk]>

LM 2LM*o 1
B |’Ynk <A$nk Y — 9Unkj>| - ng
* MO
(4‘25) > —Mo‘(Ay,l‘nkj —w >| - |'7nkj <Axnkj Y — x”kj>|MO - 27]

for some My > 0. So, taking liminf in (4.25), we obtain using the fact that
J—00

1
0= lim (Ay,mnk —w*) = lim fynk_<A:1;nk]_,y—xnk_> =lim —=0

j—o0 j—ro0 J J j—roo 2J
that,

(4.26) liminf~,, (Ay,y—w*)>0.
J—00 J

Since liminf,, > 0, we obtain from (4.26) that,
J—00 J

(Ay,y —w") > 0.
Thus, w* € Sys. Hence, W C Sy C S. O

Theorem 4.3. Let {z,}>2, be generated by Algorithm 1 such that assumptions
(a) — (d) hold, and such that for all x € C, Ax # 0. Suppose that conditions of
Lemma 4.2 hold, then {x,}5 | converges weakly to some element of Sy C S.
Proof. Recall that from lemma 4.1, lim a,, exists, where for any u, € W¢;

n—oo
(4.27)
an = [|zn —u, ||2 —Op—1[|zn—1—1, H2 + [0 — 201 ||2 — 291 (Azn — AZp—1,uy — Tp).
Using (4.14) and the fact that A is L—Lipschitz continuous, we obtain from (4.27)
that
(4.28) Tim [l — 2~ Bt — ]
exists for any u, € W¢. Now, since {z,}>2 is bounded, then reflexivity of H
gives that there exists a subsequences; {zn,}>2; of {z,};2; such that x,, — w*

as p — oo, for some w* € H. Suppose there is another subsequence {:cnq}n:1 of
{zn}p2, such that x,, — y* as ¢ — oo, for some y* € H, then observe that

(4.29) 22, y* — w*) = [lzn — w*]* = [l — y** = lw|? + [y
and

2<_9n—1$n—17 y* - 'LU*> = _en—len—l - U)*”Q + en—len—l - y*H2



456 E. U. OFOEDU, T. D. OTIKA, N. N. ARAKA, AND K. O. IBEH

(4.30) + Ona w2 = O ||y )12
Thus, we obtain the following by adding (4.29) and (4.30):
2<xn —Op_1Tp-1, y* - ZU*> = [Hxn - U)*H2 - 0n71||xn71 - ’U)*HQ]

= lzn = 1" = Onr o — v I1°]
(4.31) — (1= O [llyII* = Jw*[|”]

Using (4.28), we obtain from (4.31) that lim (z, — 0,_12,—1,y* — w*) exists. Sup-
n—oo

pose lim 6, = 6, then we have that

n—o0
<w* - HU}*a y* - UJ*> - pli—>rgo<xnp - 0”;0*1$np’y* o ’U)*>
= lim <l’n - anlxna y* - w*>
n—oo
- qh—>Igo<an - enq—l‘r”q’ y' - w*>
(4.32) =(y" —0y",y" —w).
Thus,

1=0)y" —w*|*=0.

Since 0 < 6, < % < 1 for all n € N, then 0 < 0 < 1. Thus, we have that y* = w*.
Therefore, {z,}2°; converges weakly to some element of Sy C S U

5. NUMERICAL EXAMPLES AND ILLUSTRATIONS

Example 5.1. [14] Let C' = [—1, 1] and

20 — 1, x> 1,
A(z) = 22, z€C,
—2x —1, < —1.

A is quasi-monotone and L—Lipschitz continuous on C with L = 2. Also, Sy, =
{-1} and S = {-1,0}.

Example 5.2. [24] Let H = {g; = (21, T, ) | 3 Jaf? < oo}. Let o, § € R
i>1

be such that 0 < g < a < f,and take C = Cy ={z € H | ||z|| < a}. We define

(6 —=llzlhz,  ifzed,

x, otherwise.

Aw) = A5(x) = {

A is pseudo-monotone (and hence quasi-monotone) and L—Lipschitz continuous on
C with L = 33. Also, Sy = S = {0}.

5.1. Experiment 1.

We examine the convergence of our Algorithm (3.3) with varying parameters 6,
and 7, where A is a defined in Example 5.1. Here, o = 0.1, 1 = 0.2, and the
stopping criterion is max {||zn11 — @], [|@n — zn_1]|} < 1075



DYNAMICAL SYSTEM INDUCED FORWARD-BACKWARD ALGORITHM 457

5.2. Experiments 2.

For this experiment, we consider A as described in Example 5.2, with 8 = 4, and
a = 3. Using the same varying sequences as defined in Experiment 1, we use a
different stopping criterion; max {||zn+1 — @p|%, [|2n — zn_1]|*} < 1077, Also, we
let xg and z7 as follows: xg = (1, %, %, ), Xy = (%, %, 1(%45, S

All the computations are performed using Spyder (Python 3.8) which is running
on a personal computer with an Intel(R) Core(TM) i5-4300 CPU at 2.50GHz and
8.00 Gb-RAM. In Table 1, “Iter” and “CPU” refers to the number of iterations and
CPU time in seconds for computation respectively.

Experiment 1 Experiment 2
Cases On Tn iter (n) CPU iter (n) CPU
T
1 % LBn+3)" 266 0.1549 11 0.0180
n“—4 n+1
2 a2 @ 171 0.0460 46 0.0560
3 WHEES] CEs) 02 0.0010 10 0.01701
n?—4 1 T
4 T3 35 (3n 4 3) 333 0.1729 39 0.06397

TABLE 1. Computation of Example 5.1 and Example 5.2 using Al-
gorithm (3.3) while varying 6,, and ~,

0.0010

—»- Casel

Case 2
- Case3
- Case 4

il

0.0008

0.0006

TOL n

0.0004 -1k

0.0002 '

o M MKt s e i I

\

0.0000 | dlauts e

5 10 15 20 25 30
No of iterations (n)

Figure 1. The Graphs of TOL,, against No of Iteration for Exper-
iment 1

Remark 5.3. In our experiments, 6, and -, are chosen to satisfy the assumptions
of our algorithm. It is easy to see that faster convergence is obtained if =, is
closer to %. The parameter 6,, aided the best and fastest approximation when

0 is chosen to be as large as possible. Our scheme and analysis did not require
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oo010

—x- Case 1
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e

1 e
p—
>

0.0000 e T S y "
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FicUrE 2. The Graphs of TOL,, against No of Iteration for Exper-
iment 2

the stringent choice of u € [0,1) which constituted certain level of drawback in
the schemes used in [9] and [14]. Our scheme which required only one projection
yielded convergence result comparable with other results obtained in [9, 14, 16, 25]
in CPU and number of iterations. Finally, it is worthy to note that considering our
setting in this paper, linear convergence results (see [10]) are easily obtainable when
A is strongly pseudo-monotone without further assumptions either on the iterative
parameters (step sizes) or the inertia factors, but with slight modification of lines
of argument in the corresponding results of Izuchukwu et al. [10]. Theorem 4.3
extends, generalizes, improves and unifies the corresponding results of Izuchukwu
et al. [10], Izuchukwu et al. [11], and that of a host of other authors. The numerical
experiment presented in this paper is of independent interest.

ACKNOWLEDGEMENT

The authors would like to thank the Simons Foundation and the coordinators
of Simons Foundation for Sub-Sahara Africa Nationals with base at Department of
Mathematics and Statistical Sciences, Botswana International University of Science
and Technology, Botswana, for providing financial support that helped in carrying
out this research. We also thank the reviewers for their informative remarks and
constructive criticisms that helped to improve the quality of this paper.

REFERENCES

[1] C. Baiocchi and A. Capelo, Variational and Quasivariational Inequalities, Applications to Free
Boundary Problems. Wiley, New York, 1984.

[2] E.Blum and W. Oettli, From optimization and variational inequalities to equilibrium problems,
Math. Student 64 (1994), 123-145.

[3] Y. Censor, A. Gibali and S. Reich, Estensions of Korpelevich’ s extragradient method for the
variational inequality problem in Euclidean space, Optimization 61 (2011), 1119-1132.

[4] Y. Censor, A. Gibali and S. Reich, The subgradient extragradient method for solving variational
inequalities in Hilbert space, J. Optim. Theory Appl. 148 (2011), 318-335.



[5]

(11]

(12]
(13]
(14]
(15]
(16]
(17]
18]

(19]

[20]
(21]

22]

(23]
24]

[25]

[26]

27]

DYNAMICAL SYSTEM INDUCED FORWARD-BACKWARD ALGORITHM 459

G. P. Crespi and M. Rocca, Minty variational inequalities and monotone trajectories of differ-
ential inclusions, Journal of Inequalities in pure and Applied Mathematics 5 (2004): Article
48.

A. Gibali and D. V. Thong, A new low-cost double projection method for solving variational
inequalities, Optim. Eng. 21 (2020), 1613-1634.

R. Glowinski, J.-L. Lions and R. Trémolieres, Numerical Analysis of Variational Inequalities,
NorthHolland, Amsterdam, 1981.

B.-S. He, Z.-H. Yang and X.-M. Yuan, An approzimate prozimal-eztragradient type method for
monotone variational inequalities, J. Math. Anal. Appl. 300 (2004), 362-374.

D. V. Hieu, P. K. Anh and L. D. Muu, Modified forward-backward splitting method for varia-
tional inclusions, 4OR-Q. J. Oper. Res. 19 (2021), 127-151 .

C. Izuchukwu, Y. Shehu and J.-C. Yao, New inertial forward-backward type for variational in-
equalities with Quasi-monotonicity, J. Global Optim. (2022). https://doi.org/10.1007/s10898-
022-01152-0

C. Izuchukwu, Y. Shehu and J.-C. Yao, A simple projection method for solving
quasimonotone wvariational inequality problems, Optimization and Engineering (2022).
https://doi.org/10.1007/s11081-022-09713-8.

D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and Their
Application, vol. 88, Siam, 1980.

G. Korpelevich, An extragradient method for finding saddle points and other problems, Matem-
aticheskie Metody Resheniya Ekonomicheskikh Zadach 12 (1976), 747-756.

H. Liu and J. Yang, Weak convergence of iterative methods for solving quasimonotone varia-
tional inequalities, Comput. Optim. Appl. 77 (2020), 491-508.

Y. V. Malitsky and V. V. Semenov, An extragradient algorithm for monotone variational
inequalities, Cybernet. Systems Anal. 50 (2014), 271-277.

Y. Malitsky and M. K. Tam, A forward-backward splitting method for monotone inclusions
without cocoercivity, SIAM J. Optim. 30 (2020), 1451-1472.

P. Marcotte, Applications of Khobotov’ s algorithm to variational and network equilibrium
problems, Inf. Syst. Oper. Res. 29 (1991), 258-270.

G. J. Minty, On the generalization of a direct method of the calculus of variations, Bull. Amer.
Math. Soc. 73 (1967), 314-321.

E. U. Ofoedu, C. B. Osigwe, K. O. Ibeh and G. C. Ezeamama, Approzimation of solutions of
monotone variational inequality problems with applications in real Hilbert spaces, MathLAB
Journal 2 (2019).

L. D. Popov, A modification of the Arrow-Hurwicz method for finding saddle points, Math.
Notes 28 (1980), 845-848.

Salahuddin, The extragradient method for quasi-monotone variational inequalities, Optimiza-
tion (2020). doi:10.1080/02331934.2020.1860979

Y. Shehu, O. S. Iyiola and S. Reich, A modified inertial subgradient extragradient method
for solving variational inequalities, Optim. Eng. (2021). https://doi.org/10.1007/s11081-020-
09593-w.

P. Tseng, A modified forward-backward splitting method for mazimal monotone mappings,
SIAM J. Control Optim. 38 (2000), 431-446.

P. Vuong and Y. Shehu, Convergence of an extragradient-type method for variational inequality
with applications to optimal control problems, Numer. Algorithms 81 (2018), 269-291.

Z.-B. Wang, X. Chen, J. Yi and Z.-Y. Chen, Inertial projection and contraction algorithms
with larger step sizes for solving quasimonotone variational inequalities, J. Global Optim. 82
(2022). https://doi.org/10.1007/s10898-021-01083-2

J. Yang, Self-adaptive inertial subgradient extragradient algorithm for solving pseudomonotone
variational inequalities, Appl. Anal. 100 (2021), 1067-1078.

M. Ye and Y. He, A double projection method for solving variational inequalities without
monotonicity, Comput. Optim. Appl. 60 (2015), 141-150.

Manuscript received 20 October 2022



460 E. U. OFOEDU, T. D. OTIKA, N. N. ARAKA, AND K. O. IBEH

revised 20 November 2022

E. U. OFoEDU
Department of Mathematics, Nnamdi Azikiwe University, Awka, Nigeria.
E-mail address: eu.ofoedu@unizik.edu.ng or euofoedu@yahoo.com

T. D. OTIKA
Department of Mathematics, Nnamdi Azikiwe University, Awka, Nigeria.
E-mail address: td.otika@unizik.edu.ng

N. N. ARAKA
Department of Mathematics, Federal University of Technology, Owerri, Nigeria.
E-mail address: nnamdi.araka@futo.edu.ng or nnamdi.araka@yahoo.com

K. O. IBEH
Department of Mathematics, Nnamdi Azikiwe University, Awka, Nigeria.
E-mail address: ko.ibehQunizik.edu.ng



