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Let f, g : K ×K → R be two bifunctions, B : K → H be a nonlinear operator and
ψ : K → R be real valued function. The Generalized Mixed Equilibrium Problem
(GMEP), see [8, 16] is to find z ∈ K such that

(1.2) f(z, y) + g(z, y)− g(z, z) + ⟨Bz, y − z⟩+ ψ(y)− ψ(z) ≥ 0 ∀y ∈ K.

We denote by GMEP (f, g, B) the set of solutions of generalized mixed equilibrium
problem, GMEP .

Remark 1.2. We observe that

(1) If ψ = 0, then GMEP (1.2) reduces to the problem studied by Harbau et
al. [16], i.e., find z ∈ K such that

(1.3) f(z, y) + g(z, y)− g(z, z) + ⟨Bz, y − z⟩ ≥ 0 ∀y ∈ K.

(2) If ψ = 0, B = 0, then GMEP problem (1.2) reduces to the following gen-
eralized equilibrium problem see for example [24], i.e., find z ∈ K such
that

(1.4) f(z, y) + g(z, y)− g(z, z) ≥ 0 ∀y ∈ K.

(3) If g = 0, then then GMEP problem (1.2) reduces to mixed equilibrium
problem as follows: find z ∈ K such that

(1.5) f(z, y) + ⟨Bz, y − z⟩+ ψ(y)− ψ(z) ≥ 0 ∀y ∈ K.

(4) If ψ = 0, B = 0 and g = 0, then GMEP problem (1.2) reduces to the
following classical equilibrium problem introduced by Blum and Oettli [3],
i.e., find z ∈ K such that

(1.6) f(z, y) ≥ 0 ∀y ∈ K.

Equilibrium problems and their generalizations have been studied by numerous
mathematicians due to its importance in solving problems arising from linear and
nonlinear programming, optimization problems, variational inequalities and also
problems in physics, economics, engineering and so on, see for example [18, 19, 28,
36,44] and the references contained therein.

In 2012, He [13] introduced the following split equilibrium problems in Hilbert
spaces:

Let K1, K2 be nonempty closed convex subsets of real Hilbert spaces H1, H2

respectively. Let f1 : K1 × K1 → R, f2 : K2 × K2 → R be two bifunctions and
A : H1 → H2 be a bounded linear map, then the split equilibrium problem (SEP)
is

find z ∈ K1 such that f1(z, y) ≥ 0 ∀ y ∈ K1,

and v′ = Az ∈ K2 solves f2(v
′, v) ≥ 0 ∀ v ∈ K2.(1.7)

Kazmi and Rizvi [25] considered the following split generalized equilibirium problem
which is a generalization of split equilibrium problem studied by He [13] in (1.7):

find z ∈ K1 such that f1(z, y) + g1(z, y) ≥ 0 ∀ y ∈ K1,

and v′ = Az ∈ K2 solves f2(v
′, v) + g2(v

′, v) ≥ 0 ∀ v ∈ K2,(1.8)

where g1 : K1 ×K1 → R, and g2 : K2 ×K2 → R are bifunctions.
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Split equilibrium problem contains two equilibrium problems in two different subsets
of spaces, under which solutions are splitted such that the image of one equilibrium
problem under a given bounded linear map is a solution of another equilibirm prob-
lem, see for example [13] and the references contained therein. Many authors have
introduced iterative algorithms for finding solutions of split equilibrium problems
and their generalizations in real Hilbert spaces, see [9, 10, 21, 23, 26, 34, 43] and the
references continued therein.

Numerous authors have proposed modifcations of Picard [38], Mann [30] and
Ishikawa [14] iterative procedures to approximate fixed points of various classes of
nonlinear mappings, see for example [7,11,31,40]. Moreover, inertial extrapolation
method introduced by Polyak [37] to speed up the convergence rate of iteration
procedures has attracted attention of researchers, see for example [2, 5, 15, 22] and
the references contained therein.

Recently, Husain and Asad [20] proposed the following algorithm for solving split
generalized equilibrium problem (1.8) in a real Hilbert space H:

(1.9)


u0, u1 ∈ H1 chosen arbitrarily,
wk = uk + θk(uk − uk−1),
vk = (1− ξk)wk + ξkFwk,
zk = (1− ζk)vk + ζkFvk,
un+1 = Fzk, ∀k ≥ 1.

Where Fk = T
(f1,g1)
rk (I − γA∗(I − T

(f2,g2)
rk )A), γ ∈ (0, 1µ), µ is the spectral radius of

A∗A, the authors proved weak convergence of (1.9) under the following conditions
imposed on the control sequences {θk}, {ξk}, {ζk};

(i)
∑∞

k=1 θk∥uk − uk−1∥ <∞;
(ii) 0 < lim inf

k→∞
ξk ≤ lim sup

k→∞
ξk < 1;

(iii) 0 < lim inf
k→∞

ζk ≤ lim sup
k→∞

ζk < 1.

We observe that apart from weak convergence of algorithm (1.9) established, the
step size γ depends on the spectral radius of A∗A which is difficult compute. More-
over, condition (i), i.e summability condition makes implementation of algorithm
(1.9) difficult.

Motivated and inspired by the above mentioned works, we study and analyze
an inertial self-adaftive iterative algorithm for approximating minimum solutions of
split generalized mixed equilibrium problem and fixed point of demimetric mapping
in real Hilbert spaces. To be specified, we consider the following Split Generalized
Mixed Equilibrium Problem (SGMEP): Find z ∈ K1 such that

f1(z, y) + g1(z, y)− g1(z, z) + ⟨B1z, y − z⟩+ ψ1(y)− ψ1(z) ≥ 0 ∀ y ∈ K1

and v′ = Az ∈ K2 solves

(1.10) f2(v
′, v)+g2(v

′, v)−g2(v′, v′)+ ⟨B2v
′, v−v′⟩+ψ2(v)−ψ2(v

′) ≥ 0 ∀ v ∈ K2.

Where B1 : K1 → H1, B2 : K2 → H2 are nonlinear operators and ψ1 : K1 →
R, ψ2 : K2 → R are real valued functions.
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We denote by Γ the set of solutions of SGMEP, i.e.

Γ = {z ∈ GMEP (f1, g1, B1) : Az ∈ GMEP (f2, g2, B2)}.
The algorithm constructed in this paper has the following properties:

(1) The step size ηn in the propose method is chosen self-adaptively and does
not requires computation of spectral radius of A∗A;

(2) In the propose algorithm, the summability condition, i.e.∑∞
k=1 θk∥uk−uk−1∥ <∞ of algorithm (1.9) of [20] is dispense with and this

make the propose method simple to implement;
(3) The propose algorithm solves split generalized mixed equilibrium problem

and fixed point of demimetric mapping as against (1.9) that solves split
generalized equilibrium problem;

(4) The convergence analysis of the propose method does not follow the usual
two cases approach that has been used by many authors in obtaining strong
convergence .

2. Preliminaries

Let H be a real Hilbert space. Then following identities are well known:

(2.1) ||λx+(1−λ)y||2 = λ||x||2+(1−λ)||y||2−λ(1−λ)||x−y||2, ∀x, y ∈ H, λ ∈ R.

(2.2) ||x− y||2 = ||x||2 − ||y||2 − 2⟨x− y, y⟩, ∀x, y ∈ H.

(2.3) ||x+ y||2 ≤ ||x||2 + 2⟨y, x+ y⟩ ∀x, y ∈ H.

It is also known that for any x ∈ H, there exists a unique element denoted by PCx
in C, such that

(2.4) ||x− PCx|| ≤ ||x− y||, ∀y ∈ C.

The mapping PC is called the metric projection from H onto C. In addition, PC

has the following characteristics, (see, for example Goebel and Reich [12]):

(i) ⟨x− y, PCx− PCy⟩ ≥ ||PCx− PCy||2, ∀x, y ∈ H;
(ii) for x ∈ H, and x∗ ∈ C,

(2.5) x∗ = PCx, ⇔ ⟨x− x∗, x∗ − y⟩ ≥ 0, ∀y ∈ C;

(iii) for x ∈ H and y ∈ C,

(2.6) ||x− PCx||2 + ||y − PCx||2 ≤ ||x− y||2.
To solve the generalized equilibrium problem, see [29], we have the following as-
sumptions:

Let f, g : K1 ×K1 → R, B : K → H1 and ψ : K1 → R satisfiying the following
conditions:

(C1) f(x, x) = 0 for all x,∈ K1;
(C2) f is monotone; that is f(x, y) + f(y, x) ≤ 0 for all x, y ∈ K1;
(C3) for all x, y, z ∈ K1, lim sup

t→0
f(tz + (1− t)x, y) ≤ f(x, y);

(C4) for all x ∈ K1, f(x, .) is convex and lower semicotinuous.
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(C5) g is skew symmetric, i.e.,

g(x, x)− g(x, y)− g(y, x) + g(y, y) ≥ 0, ∀x, y ∈ K1;

(C6) for all x ∈ K1, g(x, .) is convex;
(C7) g is continuous.
(C8) B is continuous monotone
(C9) ψ is convex and lower semicontinuous

The following Lemmas will be needed in the proof of the main results.

Lemma 2.1 ([1]). Let H be a real Hilbert space and K be a nonempty closed convex
subset of H. Let τ ∈ (−∞, 1) and S : K → H be τ−demimetric mapping such that
F (S) ̸= ∅. Then F (S) is closed and convex.

Lemma 2.2 ([29]). Let f, g : K ×K → R satisfiy conditions (C1)-(C9). Let r > 0
and x ∈ H, then there exists z ∈ K such that

f(z, y) + g(z, y)− g(z, z) + ⟨Bz, y − z⟩

+ ψ(y)− ψ(z) +
1

r
⟨y − z, z − x⟩ ≥ 0, ∀y ∈ K.

Lemma 2.3. Assume that f, g : K × K → R satisfiy conditions (C1)-(C9). For

r > 0 and x ∈ H, define a mapping T
(f,g,B)
r : H → K as follows:

T (f,g,B)
r (x) =

{
z ∈ K : f(z, y) + g(z, y)− g(z, z) + ⟨Bz, y − z⟩

+ ψ(y)− ψ(z) +
1

r
⟨y − z, z − x⟩ ≥ 0, ∀y ∈ K

}
.

Then, the following hold:

(i) T
(f,g,B)
r is single-valued,

(ii) T
(f,g,B)
r is firmly nonexpansive, i.e., for x, y ∈ H,

||T (f,g,B)
r x− T (f,g,B)

r y||2 ≤
⟨
T (f,g,B)
r x− T (f,g,B)

r y, x− y
⟩
,

(iii) F (T
(f,g,B)
r ) = GMEP (f, g, B),

(iv) GMEP (f, g, B) is closed and convex.

Lemma 2.4 ([39]). Let {an} be a sequence of nonnegative real numbers, {bn} be a
sequence of real numbers and {δn} be sequence of real numbers in (0, 1) such that∑∞

n=1 δn = ∞. Suppose that

an+1 ≤ (1− δn)an + δnbn, ∀n ≥ 1.

If lim sup
k→∞

bnk
≤ 0 for every subsequence {ank

} of {an} satisfying lim inf
k→∞

(ank+1 −

ank
) ≥ 0. Then lim

n→∞
an = 0.
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3. Main results

In this section we propose an inertial algorithm with self-adaptive step size for
approximating minimum norm solutions of fixed point of demimetric mapping and
split generalized mixed equilibrium problems in real Hilbert spaces;

Assumption 3.1. (D1) K1, K2 are nonempty closed convex subsets of the real
Hilbert spaces H1, H2 respectively;

(D2) f1, g1 : K1 × K1 → R, f2, g2 : K2 × K2 → R are equilibrium bifunctions
satisfying assumptions (C1) − (C9), A : H1 → H2 is a bounded linear
operator with adjoint A∗ : H2 → H1 and S : K1 → H1 be τ−demimetric
mapping and I − S demiclosed at 0 such that Ω = F (S) ∩ Γ ̸= ∅, where
Γ = {x∗ ∈ GMEP (f1, g1, B1) : Ax

∗ ∈ GMEP (f2, g2, B2)};
(D3) {αn}, {βn}, {γn}, {δn} are sequences in (0, 1) {µn} is a positive sequence

such that µn = ◦(δn), lim
n→∞

δn = 0,
∑∞

n=1 δn = +∞, γn+δn < 1, αn, βn, γn ∈
(a, 1− a) for some a ∈ (0, 1) and inf

n≥1
(1− γn − δn) > 0.

Algorithm 3.2. Choose x0, x1 ∈ H1. Given the iterates xn−1 and xn for every
n ≥ 1, θ > 0, select θn such that 0 ≤ θn ≤ θ̄n and

(3.1) θ̄n =

{
min

{ µn

||xn−xn−1|| , θ
}
, if xn ̸= xn−1

θ, Otherwise,

(3.2)


wn = xn + θn(xn − xn−1),
yn = (1− αn)wn + αnJnwn,
zn = (1− βn)wn + βnJnyn,
xn+1 = (1− γn − δn)wn + γnJnzn, ∀n ≥ 0,

where Jn = Sλn

(
T
(f1,g1,B1)
rn (I − ηnA

∗(I − T
(f2,g2,B2)
rn )A)

)
, rn ∈ [ϵ,∞), ϵ > 0, Sλn =

(1− λn)I + λnS, λn ∈ (0, 1) such that 0 < b ≤ λn < c < 1− τ and for η, ξ > 0, the
step size ηn is chosen as follows:

(3.3) 0 < ξ ≤ ηn =

 min
{ ||(I−T

(f2,g2,B2)
rn )Azn||2

||A∗(I−T
(f2,g2,B2)
rn )Azn||2

, η
}
, if T

(f2,g2,B2)
rn Azn ̸= Azn

η, Otherwise.

Remark 3.3. We note from (D3) that lim
n→∞

µn

δn
= 0. Therefore, from (3.1) in

Algorithm 3.2, for each n ≥ 1 with xn ̸= xn−1 we obtain θn ≤ µn

||xn−xn−1|| , so that

0 < lim
n→∞

θn
δn
||xn − xn−1|| ≤ lim

n→∞
µn

δn
= 0.

Remark 3.4. The step size ηn is well defined. To show this we proceed as follows:

Let x∗ ∈ Ω, then as Ax∗ = T
(f2,g2,B2)
rn )Ax∗, we have

−⟨zn − x∗, A∗(I − T (f2,g2,B2)
rn )Azn⟩ = ⟨x∗ − zn, A

∗(I − T (f2,g2,B2)
rn )Azn⟩.

But

⟨x∗ − zn, A
∗(I − T (f2,g2,B2)

rn )Azn⟩ = ⟨A∗(x∗ − zn), (I − T (f2,g2,B2)
rn )Azn⟩

= ⟨A∗(x∗ − zn) + (I − T (f2,g2,B2)
rn )Azn, (I − T (f2,g2,B2)

rn )Azn⟩
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− ∥(I − T (f2,g2,B2)
rn )Azn∥2)

=
(1
2

(
∥Ax∗ − T (f2,g2,B2)

rn )Azn∥2 + ∥(I − T (f2,g2,B2)
rn )Azn∥2 − ∥Ax∗ −Azn∥2

))
− ∥(I − T (f2,g2,B2)

rn )Azn∥2

≤ −1

2
∥(I − T (f2,g2,B2)

rn )Azn∥2.

Therefore,

(3.4) −⟨zn − x∗, A∗(I − T (f2,g2,B2)
rn )Azn⟩ ≤ −1

2
∥(I − T (f2,g2,B2)

rn )Azn∥2.

Observe that from (3.4), we have

∥zn − x∗∥∥A∗(I − T (f2,g2,B2)
rn )Azn∥ ≥ ⟨zn − x∗, A∗(I − T (f2,g2,B2)

rn )Azn⟩

≥ 1

2
∥(I − T (f2,g2,B2)

rn )Azn∥2.(3.5)

It is clear that if T
(f2,g2,B2)
rn Azn ̸= Azn, then ∥Azn−T (f2,g2,B2)

rn Azn∥ > 0. Therefore,

from (3.5), we get ∥zn−x∗∥∥A∗(I−T (f2,g2,B2)
rn )Azn∥ > 0, which shows that ∥A∗(I−

T
(f2,g2,B2)
rn )Azn∥ ̸= 0.

Remark 3.5. From the Definition of Sλn in Algorithm 3.2, it is easy to see that
x ∈ F (Sλn) if and only if x ∈ F (S).

Lemma 3.6. Let S be as in (D2) of Assumption 3.1 and Sλn as in Algorithm 3.2.
Then for x ∈ K1, x

∗ ∈ Ω, we have

∥Sλnx− x∗∥ ≤ ∥x− x∗∥2 − λn(1− τ − λn)∥x− Sx∥2.

Proof. Let x ∈ K1 and x∗ ∈ Ω. Then

∥Sλnx− x∗∥2 = ∥(1− λn)x+ λnSx− x∗∥2

= ∥x− x∗ + λn(Sx− x)∥2

= ∥x− x∗∥2 + 2λn⟨x− x∗, Sx− x⟩+ λ2n∥Sx− x∥2

= ∥x− x∗∥2 − 2λn⟨x− x∗, x− Sx⟩+ λ2n∥Sx− x∥2

≤ ∥x− x∗∥2 − (1− τ)λn∥x− Sx∥2 + λ2n∥Sx− x∥2

= ∥x− x∗∥2 − λn(1− τ − λn)∥x− Sx∥2.

□

Remark 3.7. (1) Since 0 < λn < 1− τ , It follows from Lemma 3.6 that

(3.6) ∥Sλnx− x∗∥2 ≤ ∥x− x∗∥2.

(2) Since by Lemma 2.3 T
(f1,g1,B1)
rn is firmly nonexpansive and I − ηnA

∗(I −
T
(f2,g2,B2)
rn )A is nonexpansive, see [20], then for x∗ ∈ Ω, it follows from (3.6)

Jn is quasi nonexpansive.

Lemma 3.8. Assume conditions (C1) − (C9) hold. Let {xn} be as in Algorithm
3.2 such that Assumption 3.1 holds. Then {xn} is bounded.
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Proof. Let x∗ ∈ Ω. By Remark 3.3, { θn
δn
||xn − xn−1||} is bounded. Therefore there

exists M1 > 0 such that θn
δn
||xn − xn−1|| ≤M1 for all n ≥ 1. From (3.2), we have

∥wn − x∗∥ = ∥xn + θn(xn − xn−1)− x∗∥
= ∥xn − x∗ + θn(xn − xn−1)∥

≤ ∥xn − x∗∥+ δn

(θn
δn

||xn − xn−1||
)

≤ ∥xn − x∗∥+ δnM1.(3.7)

Furthermore, from (3.2) we have the following estimates;

∥yn − x∗∥ = ∥(1− αn)(wn − x∗) + αn(Jnwn − x∗)∥
≤ (1− αn)∥wn − x∗∥+ αn∥Jnwn − x∗∥
≤ (1− αn)∥wn − x∗∥+ αn∥wn − x∗∥
= ∥wn − x∗∥.(3.8)

Using (3.8), we have

∥zn − x∗∥ = ∥(1− βn)(wn − x∗) + βn(Jnyn − x∗)∥
≤ (1− βn)∥wn − x∗∥+ βn∥Jnyn − x∗∥
≤ (1− βn)∥wn − x∗∥+ βn∥yn − x∗∥
≤ (1− βn)∥wn − x∗∥+ βn∥wn − x∗∥
= ∥wn − x∗∥.(3.9)

Observe that

∥(1− γn − δn)(wn − x∗) + γn(Jnzn − x∗)∥2

= (1− γn − δn)
2∥wn − x∗∥2 + γ2n∥Jnzn − x∗∥2

+ 2(1− γn − δn)γn⟨wn − x∗,Jnzn − x∗⟩
≤ (1− γn − δn)

2∥wn − x∗∥2 + γ2n∥zn − x∗∥2

+ 2(1− γn − δn)γn∥wn − x∗∥∥zn − x∗∥
≤ (1− δn)

2∥wn − x∗∥2.
Thus,

(3.10) ∥(1− γn − δn)(wn − x∗) + γn(Jnzn − x∗)∥ ≤ (1− δn)∥wn − x∗∥.
Therefore, from (3.2), (3.7), (3.9) and (3.10) we obtain

∥xn+1 − x∗∥ = ∥(1− γn − δn)(wn − x∗) + γn(Jnzn − x∗)− δnx
∗∥

≤ ∥(1− γn − δn)(wn − x∗) + γn(Jnzn − x∗)∥+ δn∥x∗∥
≤ (1− δn)∥wn − x∗∥+ δn∥x∗∥
≤ (1− δn)[∥xn − x∗∥+ δnM1] + δn∥x∗∥
≤ (1− δn)∥xn − x∗∥+ δn(M1 + ∥x∗∥)
≤ max{∥xn − x∗∥,M1 + ∥x∗∥ }.

By induction, we have {xn} is bounded. Consequently, {wn}, {yn} and {zn} are all
bounded. □
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Lemma 3.9. Under the conditions (C1) − (C9), let {xn} be a sequence generated
by Algorithm 3.2 satisfying Assumption 3.1. Then

∥xn+1 − x∗∥2 ≤ (1− δn)∥xn − x∗∥2 + δn

[θn
δn

||xn − xn−1||M2 + ∥x∗∥2
]

− (1− αn)αnβnγn∥wn − Jnwn∥2 − (1− βn)βnγn∥wn − Jnyn∥2

− (1− γn − δn)γn∥wn − Jnzn∥2 − ηnγn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2.

Proof. Let x∗ ∈ Ω. Then Algorithm 3.2, using (2.1), Remark 3.7(2) and 3.8, we
have

∥yn − x∗∥2 = ∥(1− αn)(wn − x∗) + αn(Jnwn − x∗)∥2

= (1− αn)∥wn − x∗∥2 + αn∥Jnwn − x∗∥2 − (1− αn)αn∥wn − Jnwn∥2

≤ ∥wn − x∗∥2 − (1− αn)αn∥wn − Jnwn∥2.(3.11)

And

∥zn − x∗∥2 = ∥(1− βn)(wn − x∗) + βn(Jnyn − x∗)∥2

= (1− βn)∥wn − x∗∥2 + βn∥Jnyn − x∗∥2 − (1− βn)βn∥wn − Jnyn∥2

≤ (1− βn)∥wn − x∗∥2 + βn∥yn − x∗∥2 − (1− βn)βn∥wn − Jnyn∥2

≤ (1− βn)∥wn − x∗∥2 + βn(∥wn − x∗∥2 − (1− αn)αn∥wn − Jnwn∥2)
− (1− βn)βn∥wn − Jnyn∥2

= ∥wn − x∗∥2 − (1− αn)αnβn∥wn − Jnwn∥2

− (1− βn)βn∥wn − Jnyn∥2.(3.12)

Observe from, (3.4)

∥zn − x∗ − ηnA
∗(I − T (f2,g2,B2)

rn )Azn∥2 = ∥zn − x∗∥2

+ η2n∥A∗(I − T (f2,g2,B2)
rn )Azn∥2 − 2ηn⟨zn − x∗, A∗(I − T (f2,g2,B2)

rn )Azn⟩
≤ ∥zn − x∗∥2 + η2n∥A∗(I − T (f2,g2,B2)

rn )Azn∥2

− ηn∥(I − T (f2,g2,B2)
rn )Azn∥2

= ∥zn − x∗∥2 − ηn(∥(I − T (f2,g2,B2)
rn )Azn∥2 − ηn∥A∗(I − T (f2,g2,B2)

rn )Azn∥2).
Therefore,

∥zn − x∗ − ηnA
∗(I − T (f2,g2,B2)

rn )Azn∥2 ≤ ∥zn − x∗∥2

− ηn(∥(I − T (f2,g2,B2)
rn )Azn∥2 − ηn∥A∗(I − T (f2,g2,B2)

rn )Azn∥2).(3.13)

From the Definition of Step size ηn we have

ηn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2 ≤ ∥(I − T (f2,g2,B2)

rn )Azn∥2 and

0 < ∥A∗(I − T (f2,g2,B2)
rn )Azn∥2.

Thus,

ηn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2 ≤ ∥(I − T (f2,g2,B2)

rn )Azn∥2 − ∥A∗(I − T (f2,g2,B2)
rn )Azn∥2,

so that

ηn∥A∗(I−T (f2,g2,B2)
rn )Azn∥2 ≤ ηn(∥(I−T (f2,g2,B2)

rn )Azn∥2−ηn∥A∗(I−T (f2,g2,B2)
rn )Azn∥2).
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Hence, from (3.13) we obtain

∥zn − x∗ − ηnA
∗(I − T (f2,g2,B2)

rn )Azn∥2 ≤ ∥zn − x∗∥2

− ηn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2.(3.14)

Also from the Definition of Jn in algorithm 3.1, (3.6) and (3.14), we have

∥Jnzn − x∗∥2 = ∥Sλn

(
T (f1,g1,B1)
rn (zn − ηnA

∗(I − T (f2,g2,B2)
rn )Azn)

)
− x∗∥2

≤ ∥T (f1,g1,B1)
rn (zn − ηnA

∗(I − T (f2,g2,B2)
rn )Azn)− x∗∥2

≤ ∥zn − x∗ − ηnA
∗(I − T (f2,g2,B2)

rn )Azn∥2

≤ ∥zn − x∗∥2 − ηn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2.(3.15)

Now from Algorithm 3.2, (2.1), (3.15) and (3.12)

∥xn+1 − x∗∥2 = (1− γn − δn)wn + γnJnzn − x∗∥2

= ∥(1− γn − δn)(wn − x∗) + γn(Jnzn − x∗)− δnx
∗∥2

= (1− γn − δn)∥wn − x∗∥2 + γn∥Jnzn − x∗∥2

+ δn∥x∗∥2 − (1− γn − δn)γn∥wn − Jnzn∥2

≤ (1− γn − δn)∥wn − x∗∥2 + γn∥zn − x∗∥2

− ηnγn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2 + δn∥x∗∥2

− (1− γn − δn)γn∥wn − Jnzn∥2

≤ (1− γn − δn)∥wn − x∗∥2 + γn∥wn − x∗∥2

− (1− αn)αnβnγn∥wn − Jnwn∥2

− (1− βn)βnγn∥wn − Jnyn∥2

− ηnγn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2 + δn∥x∗∥2

− (1− γn − δn)γn∥wn − Jnzn∥2

Thus,

∥xn+1 − x∗∥2 ≤ (1− δn)∥wn − x∗∥2

− (1− αn)αnβnγn∥wn − Jnwn∥2

− (1− βn)βnγn∥wn − Jnyn∥2

− ηnγn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2 + δn∥x∗∥2

− (1− γn − δn)γn∥wn − Jnzn∥2.(3.16)

But,

∥wn − x∗∥2 = ∥xn − x∗ + θn(xn − xn−1)∥2

≤ (∥xn − x∗∥+ θn∥xn − xn−1∥)2

= ∥xn − x∗∥2 + 2θn∥xn − x∗∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

= ∥xn − x∗∥2 + θn∥xn − xn−1∥(2∥xn − x∗∥+ θn∥xn − xn−1∥)
≤ ∥xn − x∗∥2 + θn∥xn − xn−1∥M2,(3.17)
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for some M2 > 0. Putting (3.17) in (3.16), we get

∥xn+1 − x∗∥2 ≤ (1− δn)∥xn − x∗∥2 + δn

[θn
δn

||xn − xn−1||M2 + ∥x∗∥2
]

− (1− αn)αnβnγn∥wn − Jnwn∥2 − (1− βn)βnγn∥wn − Jnyn∥2

− (1− γn − δn)γn∥wn − Jnzn∥2 − ηnγn∥A∗(I − T (f2,g2,B2)
rn )Azn∥2.

□

Lemma 3.10. Let {xn} be defined as in Algorithm 3.2 satisfying Assumption 3.1.
Then for x∗ ∈ Ω, we have

∥xn+1 − x∗∥2 ≤ (1− δn)∥xn − x∗∥2 + δn

[θn
δn

||xn − xn−1||M2

+ 2⟨x∗, x∗ − xn+1⟩
]
.

Proof. Let x∗ ∈ Ω, then from (2.3), (3.9) and Remark 3.7(2), we have

∥xn+1 − x∗∥2 = ∥(1− γn − δn)(wn − x∗) + γn(Jnzn − x∗)− δnx
∗∥2

≤ ∥(1− γn − δn)(wn − x∗) + γn(Jnzn − x∗)∥2

− 2δn⟨x∗, xn+1 − x∗⟩

≤
(
∥(1− γn − δn)(wn − x∗)∥+ ∥γn(Jnzn − x∗)∥

)2

+ 2δn⟨x∗, x∗ − xn+1⟩

≤
(
(1− γn − δn)∥wn − x∗∥+ γn∥zn − x∗∥

)2

+ 2δn⟨x∗, x∗ − xn+1⟩

≤
(
(1− γn − δn)∥wn − x∗∥+ γn∥wn − x∗∥

)2

+ 2δn⟨x∗, x∗ − xn+1⟩
≤ (1− δn)∥wn − x∗∥2 + 2δn⟨x∗, x∗ − xn+1⟩.(3.18)

Combining (3.17) and (3.18) we obtain

∥xn+1 − x∗∥2 ≤ (1− δn)∥xn − x∗∥2 + δn

[θn
δn

||xn − xn−1||M2

+ 2⟨x∗, x∗ − xn+1⟩
]

as required. □

Theorem 3.11. Let {xn} be defined as in Algorithm 3.2 satisfying Assumption 3.1.
Then {xn} converges strongly to an element x′ ∈ Ω such that ∥x′∥ = {min ∥d∥ : d ∈
Ω}.

Proof. Let x∗ ∈ Ω. Then by Lemma 2.4 and 3.10, it suffices to show that
lim sup
k→∞

⟨x∗, x∗ − xn+1⟩ ≤ 0 for any subsequence {∥xnk
− x∗∥} of {∥xn − x∗∥} satis-

fying lim inf
k→∞

(∥xnk+1 − x∗∥ − ∥xnk
− x∗∥) ≥ 0.
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Now, suppose {∥xnk
− x∗∥} is a subsequence of {∥xn − x∗∥} satisfying

lim inf
k→∞

(∥xnk+1 − x∗∥ − ∥xnk
− x∗∥) ≥ 0.

Then

lim inf
k→∞

(∥xnk+1 − x∗∥2 − ∥xnk
− x∗∥2)

= lim inf
k→∞

(
(∥xnk+1 − x∗∥+ ∥xnk

− x∗∥)(∥xnk+1 − x∗∥ − ∥xnk
− x∗∥)

)
≥ 0.(3.19)

Therefore, from Lemma 3.9, (D3) and (3.19) we have

a4lim sup
k→∞

∥wnk
− Jnk

wnk
∥2 ≤ lim sup

k→∞
(∥xnk

− x∗∥2 − ∥xnk+1 − x∗∥2)

+ lim sup
k→∞

{
δnk

[θnk

δnk

||xnk
− xnk−1||M2 + ∥x∗∥2 − ∥xnk

− x∗∥2
]}

= −lim inf
k→∞

(∥xnk+1 − x∗∥2 − ∥xnk
− x∗∥2) ≤ 0.

This implies

(3.20) lim
k→∞

∥wnk
− Jnk

wnk
∥ = 0.

Similarly, we have

(3.21) lim
k→∞

∥wnk
− Jnk

ynk
∥ = 0.

(3.22) lim
k→∞

∥wnk
− Jnk

znk
∥ = 0.

(3.23) lim
k→∞

∥A∗(I − T (f2,g2,B2)
rnk

)Aznk
∥ = 0.

From Algorithm 3.2, we get

∥xnk+1 − wnk
∥ ≤ ∥Jnk

wnk
− wnk

∥+ δnk
∥wnk

∥.
Since lim

k→∞
δnk

= 0, it follows from (3.20) that

(3.24) lim
k→∞

∥xnk+1 − wnk
∥ = 0.

Also,

(3.25) ∥wnk
− xnk

∥ = δnk

(θnk

δnk

∥xnk
− xnk−1∥

)
→ 0 as n → ∞.

Combining (3.24) and (3.25), we obtain

(3.26) lim
k→∞

∥xnk+1 − xnk
∥ = 0.

Furtheremore, from Algorithm 3.2 and (3.21) we get

(3.27) ∥znk
− wnk

∥ = βnk
∥Jnk

ynk
− wnk

∥ → 0 as n → ∞.

Observe that

∥xnk
− znk

∥ ≤ ∥xnk
− wnk

∥+ ∥wnk
− znk

∥.
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Using (3.25) and (3.27), we obtain

(3.28) lim
k→∞

∥xnk
− znk

∥ = 0.

From (3.22) and (3.27), it follows that

(3.29) ∥znk
− Jnk

znk
∥ ≤ ∥znk

− wnk
∥+ ∥wnk

− Jnk
znk

∥ → 0 as n → ∞.

Let tnk
= T

(f1,g1,B1)
rnk

(znk
− ηnk

A∗(I − T
(f2,g2,B2)
rnk

)Aznk
). Then by Lemma 3.6, we

have

∥Jnk
znk

− x∗∥2 = ∥Sλnk

(
T (f1,g1,B1)
rnk

(znk
− ηnk

A∗(I − T (f2,g2,B2)
rnk

)Aznk
)
)
− x∗∥2

≤ ∥T (f1,g1,B1)
rnk

(znk
− ηnk

A∗(I − T (f2,g2,B2)
rnk

)Aznk
)− x∗∥2

− λnk
(1− τ − λnk

)∥tnk
− Stnk

∥2

≤ ∥znk
− x∗ − ηnk

A∗(I − T (f2,g2,B2)
rnk

)Aznk
∥2

− λnk
(1− τ − λnk

)∥tnk
− Stnk

∥2.
From (3.14), we obtain

∥Jnk
znk

− x∗∥2 ≤ ∥znk
− x∗∥2 − ηnk

∥A∗(I − T (f2,g2,B2)
rnk

)Aznk
∥2

− λnk
(1− τ − λnk

)∥tnk
− Stnk

∥2

≤ ∥znk
− x∗∥2 − λnk

(1− τ − λnk
)∥tnk

− Stnk
∥2.

Hence,

(3.30) λnk
(1− τ − λnk

)∥tnk
− Stnk

∥2 ≤ ∥znk
− x∗∥2 − ∥Jnk

znk
− x∗∥2.

Now using (2.2)

∥znk
− Jnk

znk
∥2 = ∥(znk

− x∗)− (Jnk
znk

− x∗)∥2

= ∥znk
− x∗∥2 − ∥Jnk

znk
− x∗∥2 − 2⟨znk

− Jnk
znk

,Jnk
znk

− x∗⟩,
so that

∥znk
− x∗∥2 − ∥Jnk

znk
− x∗∥2

= ∥znk
− Jnk

znk
∥2 + 2⟨znk

− Jnk
znk

,Jnk
znk

− x∗⟩
≤ ∥znk

− Jnk
znk

∥2 + 2∥znk
− Jnk

znk
∥∥Jnk

znk
− x∗∥

≤ ∥znk
− Jnk

znk
∥2 + 2∥znk

− Jnk
znk

∥∥znk
− x∗∥.(3.31)

Since {znk
} is bounded, it follows from (3.29) and (3.31) that

(3.32) lim
k→∞

(∥znk
− x∗∥2 − ∥Jnk

znk
− x∗∥2) = 0.

Combining (3.30) and (3.32), we obtain

(3.33) lim
k→∞

∥tnk
− Stnk

∥ = 0.

Since T
(f1,g1,B1)
rnk

is firmly nonexpansive and I − ηnk
A∗(I − T

(f2,g2,B2)
rnk

)A is nonex-
pansive, then we have the following estimate;

∥tnk
− x∗∥2 = ∥T (f1,g1,B1)

rnk
(znk

− ηnk
A∗(I − T (f2,g2,B2)

rnk
)Aznk

)− T (f1,g1,B1)
rnk

x∗∥2
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≤ ⟨tnk
− x∗, znk

− ηnk
A∗(I − T (f2,g2,B2)

rnk
)Aznk

− x∗⟩

=
1

2

[
∥tnk

− x∗∥2 + ∥znk
− ηnk

A∗(I − T (f2,g2,B2)
rnk

)Aznk
− x∗∥2

− ∥tnk
− znk

− ηnk
A∗(I − T (f2,g2,B2)

rnk
)Aznk

∥2
]

≤ 1

2

[
∥tnk

− x∗∥2 + ∥znk
− x∗∥2 − (∥tnk

− znk
∥2

+ η2nk
∥A∗(I − T (f2,g2,B2)

rnk
)Aznk

∥2

+ 2ηnk
⟨tnk

− znk
, A∗(I − T (f2,g2,B2)

rnk
)Aznk

⟩)
]

≤ 1

2

[
∥tnk

− x∗∥2 + ∥znk
− x∗∥2 − ∥tnk

− znk
∥2

+ 2ηnk
∥znk

− tnk
∥∥A∗(I − T (f2,g2,B2)

rnk
)Aznk

∥
]
.

This implies

∥tnk
− x∗∥2 ≤ ∥znk

− x∗∥2 − ∥tnk
− znk

∥2

+ 2ηnk
∥znk

− tnk
∥∥A∗(I − T (f2,g2,B2)

rnk
)Aznk

∥.(3.34)

On the other hand, using Lemma 3.6 and (3.34) we have

∥Jnk
znk

− x∗∥2 = ∥Sλnk
(tnk

)− x∗∥2

≤ |tnk
− x∗∥2 − λnk

(1− τ − λnk
)∥tnk

− Stnk
∥2

≤ |tnk
− x∗∥2

≤ ∥znk
− x∗∥2 − ∥tnk

− znk
∥2

+ 2ηnk
∥znk

− tnk
∥∥A∗(I − T (f2,g2,B2)

rnk
)Aznk

∥.

Therefore,

∥tnk
− znk

∥2 ≤ ∥znk
− x∗∥2 − ∥Jnk

znk
− x∗∥2

+ 2ηnk
∥znk

− tnk
∥∥A∗(I − T (f2,g2,B2)

rnk
)Aznk

∥.(3.35)

Using (3.35), it follows from the boundedness of {znk
}, (3.23) and (3.32) that

(3.36) lim
k→∞

∥tnk
− znk

∥ = 0.

From (3.28) and (3.36), we have

(3.37) ∥xnk
− tnk

∥ ≤ ∥xnk
− znk

∥+ ∥znk
− tnk

∥ → 0 as n → ∞.

From (3.5), we have

∥(I − T (f2,g2,B2)
rnk

)Aznk
∥2 ≤ 2∥znk

− x∗∥∥A∗(I − T (f2,g2,B2)
rnk

)Aznk
∥.

Using (3.23) and the boundedness of {znk
}, we obtain

(3.38) lim
k→∞

∥(I − T (f2,g2,B2)
rnk

)Aznk
∥ = 0.

Since {xn} is bounded, let {xnk
} be a subsequence of {xn} such that xnk

⇀ x′ as n →
∞ for some x′ ∈ H1. Since K1 is closed and convex, we have x′ ∈ K1.
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We now show that x′ ∈ Ω. Observe from (3.28) and (3.37), we have znk
⇀ x′ as n →

∞ and tnk
⇀ x′ as n → ∞. Using (3.33) the assumption that I − S is demiclosed

at 0, we get x′ ∈ F (S). From tnk
= T

(f1,g1,B1)
rnk

(I − ηnk
A∗(I − T

(f2,g2,B2)
rnk

)A)znk
, we

obtain

f1(tnk
, y) + g1(tnk

, y) +
1

rnk

⟨y − tnk
, tnk

− znk
⟩+ ⟨B1tnk

, y − tnk
⟩ − g1(tnk

, tnk
)

+
1

rnk

⟨y − tnk
, ηnk

A∗(I − T (f2,g2,B2)
rnk

)Aznk
⟩+ ψ1(y)− ψ1(tnk

) ≥ 0, ∀y ∈ K1.

Using condition (C2) of Assumption 3.1, we have

1

rnk

⟨y − tnk
, tnk

− znk
⟩+ 1

rnk

⟨y − tnk
, ηnk

A∗(I − T (f2,g2,B2)
rnk

)Aznk
⟩

≥ +ψ1(tnk
)− ψ1(y) + f1(y, tnk

)− g1(tnk
, y) + g1(tnk

, tnk
)

+ ⟨B1tnk
, tnk

− y⟩, ∀y ∈ K1.(3.39)

From (C4), (C7, (C8)), (3.23), (3.36) and allowing k → ∞ in (3.39) we obtain

f1(y, x
′)− g1(x

′, y) + g1(x
′, x′) + ⟨B1x

′, x′ − y⟩+ ψ1(x
′)− ψ1(y) ≤ 0 ∀y ∈ K1,

so that

f1(y, x
′) + ⟨B1x

′, x′ − y⟩+ ψ1(x
′)− ψ1(y) ≤ g1(x

′, y)− g1(x
′, x′) ∀y ∈ K1.

Let t ∈ (0, 1]. For each y ∈ K1, let yt = ty + (1− t)x′. Then, yt ∈ K1 and so

(3.40) f1(yt, x
′) + ⟨B1x

′, x′ − yt⟩+ ψ1(x
′)− ψ1(yt) ≤ g1(x

′, yt)− g1(x
′, x′).

Therefore using condition (C1), (C6) and (3.40) have

0 = f1(yt, yt) + ⟨B1x
′, yt − yt⟩+ ψ1(yt)− ψ1(yt)

≤ t[f1(yt, y) + ⟨B1x
′, y − yt⟩+ ψ1(y)− ψ1(yt)]

+ (1− t)[f1(yt, x
′) + ⟨B1x

′, x′ − yt⟩+ ψ1(x
′)− ψ1(yt)]

≤ t[f1(yt, y) + ⟨B1x
′, y − yt⟩+ ψ1(y)− ψ1(yt)]

+ (1− t)[g1(x
′, yt)− g1(x

′, x′)]

≤ t[f1(yt, y) + ⟨B1x
′, y − yt⟩+ ψ1(y)− ψ1(yt)]

+ (1− t)t[g1(x
′, y)− g1(x

′, x′)].

The fact that t > 0, we obtain

f1(x
′, y) + g1(x

′, y)− g1(x
′, x′)⟨B1x

′, y − x′⟩+ ψ1(y)− ψ1(x
′) ≥ 0, ∀y ∈ K1,

which implies x′ ∈ GMEP (f1, g1, B1).

We now show Ax′ ∈ GMEP (f2, g2, B2). Since znk
⇀ x′ as k → ∞ and A is

bounded linear operator, then Aznk
⇀ Ax′ as k → ∞. Hence it follows from

(3.38) that T
(f2,g2,B2)
rnk

znk
⇀ Ax′ as k → ∞. Notice that from the Definition of

T
(f2,g2,B2)
rnk

znk
we have

f2(T
(f2,g2,B2)
rnk

Aznk
, v) + g2(T

(f2,g2,B2)
rnk

Aznk
, v)− g2(T

(f2,g2,B2)
rnk

Aznk
, T (f2,g2,B2)

rnk
Aznk

)

+ ψ2(v)− ψ2(T
(f2,g2,B2)
rnk

Aznk
) +

1

rnk

⟨v − T (f2,g2,B2)
rnk

Aznk
, T (f2,g2,B2)

rnk
Aznk

−Aznk
⟩
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+ ⟨B2(T
(f2,g2,B2)
rnk

Aznk
), v − T (f2,g2,B2)

rnk
Aznk

⟩ ≥ 0, ∀v ∈ K2.

Thus, we have from (C7)− (C9), (3.38) and upper semicontinuity of f2 in the first
argument that

f2(Ax
′, v) + g2(Ax

′, v)− g2(Ax
′, Ax′) + ψ2(v)− ψ2(Ax

′)

+ ⟨B2(Ax
′), v −Ax′⟩ ≥ 0, ∀v ∈ K2,

showing that Ax′ ∈ GMEP (f2, g2, B2). Therefore, x′ ∈ F (S) ∩ Γ = Ω. Next we
show lim sup

k→∞
⟨x′, x′ − xnk+1⟩ ≤ 0. Since ∥x′∥ ≤ ∥x∗∥, ∀x∗ ∈ Ω, then x∗ = PΩ0. Now

without loss of generality, for any x∗ ∈ Ω, there exists a subsequece {xnkq
} of {xnk

}
such that xnkq

⇀ x∗ as q → ∞. Hence using (2.5), we have

(3.41) lim sup
k→∞

⟨x′, x′ − xnk
⟩ = lim

q→∞
⟨x′, x′ − xnkq

⟩ = ⟨x′, x′ − x∗⟩ ≤ 0.

Combining (3.26) and (3.41), we get

lim sup
k→∞

⟨x′, x′ − xnk+1⟩ ≤ lim sup
k→∞

⟨x′, x′ − xnk
⟩

+ lim sup
k→∞

⟨x′, xnk
− xnk+1⟩ ≤ 0.(3.42)

Now from Lemma 3.10, we have

∥xnk+1 − x′∥2 ≤ (1− δnk
)∥xnk

− x′∥2

+ δnk

[θnk

δnk

∥xnk
− xnk−1∥M2 + 2⟨x′, x′ − xnk+1⟩

]
.(3.43)

Since lim
k→∞

θnk
δnk

∥xnk
− xnk−1∥ = 0, it follows from (3.42) that

lim sup
k→∞

(θnk

δnk

∥xnk
− xnk−1∥M2 + 2⟨x′, x′ − xnk+1⟩

)
≤ 0.

Therefore, by (3.43) and Lemma 2.4, we have lim
n→∞

∥xn − x′∥ = 0, i.e. xn → x′ ∈ Γ.

This completes the proof. □

By Remark 1.1, we have the following Corollary:

Corollary 3.12. Let S : K1 → H1 be τ−demicontractive Mapping. Let the As-
sumptions 3.1 hold and the sequence {xn} be as in Algorithm 3.2. Then {xn}
converges strongly to an element x′ ∈ Ω such that ∥x′∥ = {min ∥d∥ : d ∈ Ω}.

If ψ1, ψ2 = 0 and B1, B2 = 0, then the split generalized mixed equilibrium
problem, SGMEP (1.10) reduces to the following generalized equilibrium problem:

f1(z, y) + g1(z, y)− g1(z, z) ≥ 0 ∀ y ∈ K1

and v′ = Az ∈ K2 solves

(3.44) f2(v
′, v) + g2(v

′, v)− g2(v
′, v′) ≥ 0 ∀ v ∈ K2.

Hence Γ = {z ∈ GEP (f1, g1) : Az ∈ GEP (f2, g2)}. Also if S = I, identity mapping,
then Sλn = I. Therefore algorithm 3.1 reduces to the following:
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Algorithm 3.13. Choose x0, x1 ∈ H1. Given the iterates xn−1 and xn for every
n ≥ 1, θ > 0, select θn such that 0 ≤ θn ≤ θ̄n and

(3.45) θ̄n =

{
min

{ µn

||xn−xn−1|| , θ
}
, if xn ̸= xn−1

θ, Otherwise,

(3.46)


wn = xn + θn(xn − xn−1),
yn = (1− αn)wn + αnJnwn,
zn = (1− βn)wn + βnJnyn,
xn+1 = (1− γn − δn)wn + γnJnzn, ∀n ≥ 0,

where Jn = T
(f1,g1)
rn (I − ηnA

∗(I − T
(f2,g2)
rn )A), rn ∈ [ϵ,∞), ϵ > 0. for η, ξ > 0, the

step size ηn is chosen as follows:

(3.47) 0 < ξ ≤ ηn =

 min
{ ||(I−T

(f2,g2)
rn )Azn||2

||A∗(I−T
(f2,g2)
rn )Azn||2

, η
}
, if T

(f2,g2)
rn Azn ̸= Azn,

η, Otherwise.

Using Algorithm 3.13, Theorem 3.11 reduces to the following corollary:

Corollary 3.14. Let {xn} be defined as in Algorithm 3.13 satisfying Assumptions
3.1. Then {xn} converges strongly to an element x′ ∈ Γ such that ∥x′∥ = {min ∥d∥ :
d ∈ Γ}.

References

[1] S. Akashi and W. Takahashi, Weak convergence theorem for an infinite family of demimetric
mappings in Hilbert space, J. Nonlinear Convex Anal. 10 (2016), 2159–2169.

[2] , B. Ali, J. N. Ezeora and M. S. Lawan, Inertial algorithm for solving fixed point and generalized
mixed equilibrium problems in Banach spaces, Panam. Math. J. 29 (2019), 64–83.

[3] E. Blum and W. Oettli, From 0ptimization and variational inequalities to equilibrium problems,
Math. Students 63 (1994), 123–145.

[4] C. Byrne, A unified treatment of some iteratve algorithms in signal processing and image
reconstruction, Inverse problems, 20 (2004), 103–120.

[5] L.C. Ceng, A. Petrusel, C. F. Wen and J. C. Yao, Inertial-like subgradient extragradi-
ent methods for variational inequalities and fixed points of asymptotically nonexpansive and
strictly pseudocontractive mappings, Mathematics, 7(2019) no. 9, Article Number: 860, DOI:
10.3390/math7090860.

[6] C. E. Chidume, P. Ndambomve, A. U. Bello and M. E. Okpala, Multiple-sets split equality fixed
point problem for countable families of multi-valued demi-contractive mappings, International
Journal of Mathematical Analysis 9 (2015), 453–469.

[7] C. E. Chidume and S. A. Mutangadura, An example of the Mann iteration method for Lipschitz
pseudocontractions, Proceedings of the Amer. Math. Society, 129 (2001), 2359–2363.

[8] V. Darvish, Strong convergence theorem for a system of generalized mixed equilibriem problems
and finite family of Bregman nonexpansive mappings in Banach spaces, Opsearch, (2016),
Doi:10.1007/s1297-015-0245-2.

[9] J. Deepoh, W. Kumam and P. Kumam, A new hybrid projection algorithm for solving the split
generalized equilibrium problems and the system of variational inequality problems, J. Math.
Model. Algorithms Operations Res. 13 (2014), 405–423.

[10] J. Deepoh, J. Martinez-Moreno and P. Kumam, A viscosity of cesaro mean approximation
methos for split generalized equilibrium problem variational inequality and fixed point problems,
J. Nonlinear Sci. Appl. 9 (2016), 1475–1496.



428 M. H. HARBAU AND G. C. UGWUNNADI

[11] Q.L. Dong and H.B. Yuan, Accelerated Mann and CQ algorithms for finding a fixed point of a
nonexpansive mapping, Fixed Point Theory Appl. 125 (2015), Doi: 10.1186/s13663-015-0374-
6.

[12] K. Goebel and S. Reich, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Map-
pings, Marcel Dekker, New York and Basel, 1984.

[13] Z. He, The split equilibrium problems and its convergence algorithms, J. Ineq. Appl. 2012
(2012):162.

[14] S. Ishikawa, Fixed points by a new iteration method, Proc. Am. Math. Soc. 44 (1974), 147–150.
[15] M. H. Harbau, Inertial hybrid self-adaptive subgradient extragradient method for fixed point of

quasi-ϕ-nonexpansive multivalued mappings and equilibrium problem, Adv. Theory Nonlinear
Anal. Appl. 5(2021), 507–522.

[16] M. H, Harbau, B. Ali, G. C. Ugwunnadi and L. Umar, An inertial approximation method for
generalized mixed equilibrium and fixed point problems of Bregman toatl quasi-asymptotically
nonexpansive multivalue mappings, Applied Analysis and Optimization 6 (2022), 169–194.

[17] T. L. Hicks and J. D. Kubicek, On the Mann iteration process in a Hilbert spaces, J. Math.
Anal. Appl. 59 (1977), 498–504.

[18] D. V. Hieu, J. J. Strodiot and L. D. Muu, Strongly convergent algorithms by using new adaptive
regularization parameter for equilibrium problems, J. Comput. Appl. Math. 376 (2020), Doi:
10.1016/j.cam.2020.112844

[19] D. V. Hieu, L. D. Muu, P. K. Quy and H. N. Duong, Regularization extra-
gradient methods for equilibrium programming in Hilbert spaces, Optimization. DOI:
10.1080/02331934.2021.1873988.

[20] S. Husain and M. Asad, A modified Picard s-hybrid iterative process for solving split generalized
equilibrium problem, Int. J. Comput. Math. 8120 (2022), Doi:10.1007/s40819-022-01287-4.

[21] S. Husain and N. Sing, A hybrid algorithm for split mixed equilibrium problem and hierarchical
fixed point problem, Appl. Set-Valued Anal. Optim. 1 (2019), 149–169.

[22] S. O. Iyiola and Y. Shehu, Inertial version of generalized projected reflected gradient method,
J. Sci. Comput. 93 (2022), 24– 38.

[23] S. O. Iyiola and Y. Shehu, Convergence results of two-step inertial proximal point algorithm
Appl. Numer. Math. 182 (2022), 57–75.

[24] K. R. Kazmi, R. Ali and S. Yousuf, Generalized equilibrium and fixed point problems for
Bregman relatively nonexpansive mappings in Banach spaces, J. Fixed Point Theory Appl
2018 (2018): 151.

[25] K. R. Kazmi and S. H. Rizvi, Iterative approximation of a common solution of a split gener-
alized equilibrium problem and a fixed point problem for nonexpansive semigroup, Math. Sci.
7 (2013), 1–10.

[26] K. R. Kazmi and S. H. Rizvi, Iterative algorithm generalized equilibrium problems, J. Egypt.
Math. Soc. 21 (2013), 340–345.

[27] P. Kocourek, W. Takahashi and J.-C. Yao, Fixed points and weak convergence theorems for
generalized hybrid mappings in Hilbert spaces, Taiwanese J. Math. 14 (2010), 2497–2511.

[28] G. M. Korpelevich, The extragradient method for finding saddle points and other problems,
Ekon Mat Metody. 12 (1976), 747–756.

[29] H. Mahdioui and O. Chadli, On a system of generalized equilibrium problems involving
variationa-like inequalities in Banach spaces: Existence and algorithmic aspect, Advances in
Operations Research 2012 (2012).

[30] W.R. Mann, Mean value methods in iteration, Proc. Am. Math. Soc. 4 (1953), 506–510.
[31] P. E. Mange, Convergence theorems for inertial KM-type algorithms, J. Comput. Appl. Math.

219 (2008), 223–236.
[32] J. F. Nash, Equilibrium points in n-persons games, Proc. National Aca. Sci. USA 36 (1950),

48–49.
[33] J. F. Nash, Non-cooperatives games, Annals Math. 54 (1951), 286–295.
[34] G. N. Ogwo, T. O. Alkoya and O. T. Mewomo, An inertial forward-backward method with

self-adaftive step size for finding minimum-norm solutions of inclusion and split equilibrium
problems, Appl. Set-Valued Anal. Optim. 4 (2022), 185–206.



SPLIT GENERALIZED MIXED EQUILIBRIUM AND FIXED POINT PROBLEMS 429

[35] J. Olaleru and G. Okeke, Convergence theorems on asymptotically demicontractive and hemi-
contractive mappings in the intermediate sense, Fixed Point Theory and Appl. 2013 (2013):
352.

[36] K.O. Oyewole, L.O. Jolaoso, C. Izuchuwu and O.T. Mewomo, On approximation of common
solution of finite family of mixed equilibrium problems with unrelaxed monotone operator in a
Banach space, Politehn Univ Bucharest Sci Bull Ser A Appl Math Phys. 81 (2019), 19–34.

[37] B. T. Polyak, Some methods of speeding up the convergence of iteration methods, USSR Com-
put. Math. Math. Phys. 4 (1964), 1–17

[38] E. Picard, Memoire sur la theorie des equations aux derivees partielles et la m 辿 thode des
approximations successives, J. Math. Pures Appl. 6 (1890), 145–210.

[39] S. Saejung and P. Yotkaew, Approximation of zeros of inverse strongly monotone operators in
Banach spaces, Nonlinear Anal. 75 (2012), 742–750.

[40] J. Srivastava, Introduction of new Picard-s hybrid iteration with application and some results
for nonexpansive mappings, Arab J. Math. Sci. (2021), 61–76.

[41] S. Suantai, Y. Shehu and P. Cholamjiak, Nonlinear iterative methods for solving the split
common null point problem in Banach spaces, Optim. Methods Softw. 34 (2019), 853 – 874.

[42] W. Takahashi, A general iterative method for split common fixed point problems in Hilbert
spaces and applications, Pure. Appl. Funct. Anal. 3 (2018), 349–369.

[43] G. C. Ugwunnadi and B. Ali, Approximation methods for solutions of system of split equilib-
rium problems, Adv. Oper. Theory 1 (2016), 164–183.

[44] Y. Yao, G. Marino and L. Muglia, A modified Korpelevich’s method convergent to the
minimum-norm solution of a variational inequality, Optimization 63 (2012), 1–11.

Manuscript received October 9 2022

revised November 9 2022

M. H. Harbau
Department of Science and Technology Education, Bayero University, Kano, Nigeria

E-mail address : murtalaharbau@yahoo.com

G. C. Ugwunnadi
Department of Mathematics, University of Eswatini, Private Bag 4, Kwaluseni, Eswatini

E-mail address : ugwunnadi4u@yahoo.com


