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AN INERTIAL ALGORITHM FOR SOLVING SPLIT EQUALITY
COMMON FIXED POINT PROBLEMS INVOLVING
J-PSEUDOCONTRACTIONS

ABUBAKAR ADAMU* AND POOM KUMAM

ABSTRACT. In this paper, an inertial Halpern-type algorithm for approximating
solutions of split equality common fixed point problems involving continuous J-
pseudocontractive maps is introduced and studied in the setting of real Banach
spaces that are 2-uniformly convex and uniformly smooth. Strong convergence of
the sequence generated by the proposed algorithm is proved without imposing any
compactness-type conditions on the operators. Furthermore, we give a numerical
example on the classical Banach space L%([—Q, 2]) to show that the proposed
inertial algorithm is implementable in the setting of real Banach spaces. Finally,
our proposed algorithm extends, improves and generalize many results in the
literature.

1. INTRODUCTION

Let H;, i = 1,2,3 be real Hilbert spaces and let C and D be nonempty closed

and covex subsets of H; and Ha, respectively. The split feasibility problem (SFP) is
to find

(1.1) x € C such that Az € D,

where A : H] — Hy is a bounded linear map. Problem (1.1) was first studied by
Censor and Elfving [8] on finite-dimensional spaces for modeling inverse problems
arising from phase retrievals and medical image reconstruction [7]. Extensions of
problem (1.1) to infinite dimensional spaces have been studied by many authors
(see, e.g., [9,10,12,22,23,25,30]).

In the year 2013, Moudafi [19] extended problem (1.1) to cover some models
arising from game theory, intensity modulated radiation therapy and so on. The
extension studied by Moudafi [19] is to find

(1.2) x € C, ye€ D such that Az = By,

where A : Hy — Hs and B : Hy — Hs are bounded linear maps. Problem (1.2) is the
so-called split equality feasibility problem. Observe that if B is the identity map on
Hy and Hy = Hj, problem (1.2) reduces to problem (1.1). Moudafi [19] introduced
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and studied the following extragradient-type algorithm for approximating solutions

of (1.2):

(1 3) Tn+l1l = PC (xn - ’YnA*<Awn - Byn))a
Yn+1 = Pp (yn + B (Azpi1 — B?/n))a

where A* and B* denote the adjoint operators A and B, respectively and {~,} is
a sequence of real numbers that satisfies some appropriate conditions. Later, in
the same paper [19], the author replaced the arbitrary subsets C' and D with the
fixed point set of some nonlinear operators 1" and S in order to dispense with the
projections required to implement algorithm (1.3). By making this replacements,
problem (1.2) becomes:

(1.4) find z € F(T), y € F(S) such that Az = By,

where F(T) = {x € Hy : Tx = z} and F(S) = {x € Hy : Sx = x}. Problem (1.4) is
the so-called split equality fized point problem. Moudafi [19] introduced and studied
the following algorithm for solving problem (1.4):

{mnﬂ = T (2, — 1 A*(Az, — Byn)),

(1.5) ;
Yn+1 = S(yn + 'YnB (Axn—‘rl - Byn))7

where T and S are firmly quasi-nonexpansive, and {~,} is a positive nondecreasing
sequence such that v, € (e, min{ﬁ, ﬁ} —¢€), for a small enough € > 0, Ay and Ap
are the spectral radius of A*A and B*B, respectively. Moudafi [19] proved that the
sequence generated by (1.5) converges weakly to a solution of problem (1.4).

Remark 1.1. Since the appearance of problem (1.4) in the literature, several au-
thors have proposed C-Q versions of algorithm (1.5) to obtain strong convergence.
Some authors have added some compactness-type conditions on the operators T
and S to obtain strong convergence. Others have extended the class of operators
to involve demicontractive, quasinonexpansive, quasi-pseudocontractive, quasi-phi-
nonexpansive and so on, in the setting of Hilbert spaces and Banach spaces (see,
e.g., [1,5,11,13,18,30], for what has been done regarding problem (1.4)).

Our interest is on the recent generalization of problem (1.4) introduced and stud-
ied by Nnakwe et al. [21]. The setting is as follows:

Let X, Y and Z be real Banach spaces with dual spaces, X*, Y* and Z*,
respectively. Let C' and D be nonempty closed and convex subsets of X and
Y, respectively. Let A : X — Z, B :' Y — Z be bounded linear mappings
and let F; : C — X*, i =1,2and K; : D — Y* ¢ = 1,2 be continuous J-
pseudocontractive maps. The split equality common fized point problem (SECFPP)
is finding (z,y) € C x D such that

(1.6) =zeFy (F),i=1,2 and ye€Fy (K;), i=1,2 with Az= By,

where Fy, (F;) = {z € X : Fjx € Jxz} and Fy, (K;) = {z € X : Kz € Jyx}, Jx
and Jy are the normalized duality maps on X and Y, respectively. The solution
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set of the SECFPP will be denoted by

2
17) A= {(x,y) €CxD: (xy) € () (Fy(F) x Fy(K;)) and Az = By}.
i=1
Nnakwe et al. [21] introduced and studied the following algorithm for approxi-
mating solutions of the SECFPP (1.6):

(z0,90) € X X Y,

an € Jz(Axy — Byn),

On = Jx' (Jxxn — pA*ay)

on = Iy (Jyyn + uB*ay)

Tnp1 = Iy (andxzo + (1 — an) Ix T,1 o T,120,,),

Ynt1 = Iy (andyyo + (1 — an) Jy Fol 0 S26,), n > 1,

where X and Y are 2-uniformly convex and uniformly smooth real Banach spaces,

Z is a real Banach space, 7}'51 and .7-";0;3 are resolvent maps of 1; and S;, 1 = 1,2,

respectively, A and B bounded linear maps with adjoints A* and B*, respectively,
{an} € (0,1) and p is a positive constant satisfying some appropriate conditions.

Remark 1.2. It is worthy of mentioning that the class of J-pseudocontractive
mappings were first introduced by Chidume and Idu [14]. They also gave some
interesting motivations about J-pseudocontractive mappings and the notion of J-
fixed point (see, e.g., [14]).

To honor the memory of the late Professor Charles Ejike Chidume, it is our
purpose in this paper is to contribute our quota to the study of J-pseudocontraction
mappings which he introduced. We incorporate the inertial acceleration strategy
in algorithm (1.8) of Nnakwe et al. [21] and proved that the sequence generated by
our our proposed inertial algorithm converges strongly to a solution of the SECFPP
(1.6) in the setting of real Banach spaces that are 2-uniformly convex and uniformly
smooth. Furthermore, we give a numerical example on the classical Banach space
L% ([-2,2]) to show that the proposed inertial algorithm is implementable in the

setting of real Banach spaces.

2. PRELIMINARIES
The following definitions and lemmas will be needed in the proof of main theorem.

Definition 2.1. Let F be a strictly convex and smooth real Banach space. For
p > 1, define J, : £ — 2F" by

Jpla) = {a* € B*: (z,2%) = ||z[ll|l=*], [l=*]| = [l=]"~"}.
Jp is called the generalized duality map on E. If p = 2, J is called the normalized

duality map and is denoted by J. In a real Hilbert space H, J is the identity map
on H. It is easy to see from the definition that

Jp(x) = ||z’ J2, and  (z,Jpz) = |||, Vz € E.

It is well-known that if E is smooth, then J is single-valued and if E is strictly
convex, J is one-to-one, and J is surjective if F is reflexive.
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The next definition is for the lyapunov functional ¢ introduced by Alber [3]. It
is useful for estimations involving J and its inverse J~! on smooth Banach space.

Definition 2.2. Let X be a real Banach space that is smooth and ¢ : X x X — R
be a map. The lyapunov functional ¢ is defined by
(2.1) ¢(z,y) = [|z]|* = 2(z, Jy) + |ly|I*, Y,y € X.

Observe that if X is a real Hilbert space, (2.1) reduces to ¢(x,y) = ||z —y||?, Vz,y €
X.

Furthermore, given x,y, z,u € X, ¢ has the following properties:
(el = llylD? < o, 9) < (] + )2,

(22) ¢($, Jﬁl(TJy + (1 - T)JZ) < T(b(ﬂf,y) + (1 - T)¢($7 Z)
Also we shall use interchangeably the mapping V : X x X* — R by
V(z,y) = [|lz[* = 2(z, ) + |yl

with ¢ since
V(z,y) = ¢(x, ] 'y),Ve € X,y € X*,

Next, we give the definition of the generalized projection operator which is defined
in terms of ¢.

Definition 2.3. Let X be a reflexive, strictly convex and smooth real Banach space.
Let D be a nonempty convex and closed subset of X. The generalized projection
IIp : X — D is defined by @ = IIp(u) € D such that ¢(u,u) = inf,cp ¢(v, u).

Remark 2.4. On a real Hilbert space, the metric projection Pp coincides with the
generalized projection Ilp.

The subsequent definitions are for the notions and operators which will be used
in our main theorem. Except where we stated explicitly, the space X is assumed to
be a reflexive, strictly convex and smooth real Banach space.

Definition 2.5. Let T : X — X* be a map. A point x € X is called a J-fixed
point of T if Tx = Jx, where J is the duality mapping on the real Banach space X.

Definition 2.6. A map T : X — X is called pseudocontractive if for all z,y € X,
we have

<T:U - Tyv J(l‘ - y)> < HZE - y||2>
where J is the normalized duality mapping on X.

Definition 2.7. A mapping T : X — X* is called J-pseudocontractive if for all
xz,y € X, we have
<$—y,Tx—Ty> < <l‘—y,J.Z‘— Jy)

Definition 2.8. The collection of linear and continuous maps B : X; — X is a
normed linear space. The adjoint operator B* : X5 — X7 is defined by (B*z*,v) =
(x*,Bv), Vv e Xy, 2" € X5, and |B*|| = || B|.

Now we state without proof the following lemmas which are central in establishing
our main result.
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Lemma 2.9 ([4]). Let X be a smooth, strictly conver and reflexive real Banach
space and X* be its dual space . Then

V(u,z*) 4+ 2(J o —u,y*) < V(u,z* +y*), YueX, 2%y € X"

Lemma 2.10 ([26]). If X is a smooth and 2-uniformly convex real Banach space,
then for all u,v € X*,

1
[T u — T || < =|ju— ]|, for some x> 0.
K

Lemma 2.11 ([3]). Let C' be a nonempty closed and convex subset of a smooth,
strictly convex and reflexive real Banach space X. For any x € X and y € C,
Z =Uex if and only if (x —y,Jx — JT) >0, for ally € C.

Lemma 2.12 ([17]). Let X be a uniformly convex and smooth real Banach space,
and let {u,} and {v,} be two sequences of X. If either {u,} or {v,} is bounded
and limy, 00 ¢(Un,vy) = 0 then limy, o0 ||ty — vy|| = 0.

Lemma 2.13 ([20]). Let X be a uniformly smooth and strictly convex real Banach
space with dual space X*. Let C' be a nonempty closed and conver subset of X and
T:C — X* be a continuous J-pseudocontractive map. Let r > 0 and x € X. Then
the following conditions hold:
(1) There ezists = € C such that, (w — z,Tz) — H(w — z,(1 + r)Jz — Jz) <
0, Yw € C.
(2) Define a map T, : X — C by

1
T (2) ::{ZGC’:(w—z,Tz>—;(w—z,(l—#r)Jz—J:c)SO, Yw e C}, xz e X.

Then the following conditions hold:
(a) T,T is single valued;
(b) T,T is firmly nonerpansive-type map, i.e.,

v T,y € Xv <7;Tx - ﬁTyaJﬁTx - J7;Ty> < <7;T‘T 77;Ty7 Jx — Jy>a

(c) F(T,F) = Fy(T), where F(T,') and F;(T) denote the fized point set of
7.1 and J-fized points of T, respectively.

(d) Fj(T) is closed and conver,

(&) $(u,TT2) + O(T ,) < dlu,), ¥ u € F(TT), a € X.

Lemma 2.14 ([2]). Let E be a 2-uniformly convex and uniformly smooth real
Banach space and let xo,z1,x € E. Let {w,} C E be a sequence defined by w,, :=
Jfl(an + pn(Jzy, — Ja:n_l)). Then,
Pz, wn) < Pz, 2n) + ”Ni”Jmn - an—1”2 + pn®(Tn, Tn—1)
+ Hn ((b(x’ xn) - ¢(IE, wn—l))7

where {p,} C (0,1) and k is the constant appearing in Lemma 2.10.

Finally, the last two lemmas will play a vital role in concluding that the sequence
generated by our proposed algorithm converges strongly.
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Lemma 2.15 ([27]). Let {a,} be a sequence of nonnegative numbers satisfying the
condition
ant1 < (1 —op)an + anby +cn, n >0,

where {an}, {Bn} and {c,} are sequences of real numbers such that

(i) {an} C[0,1] and >°07 o = 005

(i) limsup,,_, Bn < 0;

(iii) ¢n >0, D02y cen < 0.
Then,

lim a, = 0.
n—oo

Lemma 2.16 ([6]). Let the sequences {©n} {1} and {Bn} be in [0,00) with
®n+1 S en + /Bn(@n - @n—l) + Tns

forallm > 1, >0 | v < 400 and there exists § € R with 0 < 3, < 8 < 1, for all
n € N. Then the following hold:

(1) > n>1[0n — On_1]4 < 400, where [r]4+ = max{r, 0};
(ii) there exists ©* € [0,00) such that lim,_,. O, = ©*.

3. MAIN RESULTS

In this section, we will present the main result of this paper. First, we give the
setting of our main algorithm 3.1.

The Setting of Algorithm 3.1.

(1) The spaces X and Y are 2-uniformly convex and uniformly smooth real
Banach spaces, C' and D are nonempty closed and convex subsets of X and
Y, respectively and Z is a smooth real Banach space.

(2) The mappings A: X — Z and B : Y — Z (with A, B = 0) are bounded
linear maps with adjoints A* and B*, respectively. The mappings F; : C —
X* i=1,2and K; : D — Y* ¢ = 1,2 are continuous pseudo-contractive
maps, with resolvents 7751 i and Sﬁfj, 1 = 1,2, as defined in Lemma 2.13,
respectively.

(3) The solution set A as defined in (1.7) is nonempty.

Algorithm 3.1. Step 1: Choose the sequences {e,} and {a,,} satisfying > >~ | €, <
o0, E;f;l oy = 00, and limy, .o o, = 0. Furthermore, choose a positive constant
v such that 0 < v < m, p = min{p1, p2}, where p1,pa are constants as in

Lemma 2.10 and choose {u,} C (0,00).

Step 2: Select arbitrarily the following initial points x,xo,v1 € X, y,y0,y1 € Y,
B € (0,1) and choose B, such that 0 < (3, < B,, where

min {67 6nHJXxn - JXxn—IH_Q) 5n¢(xna$n—1)_la

ﬁ" = 6nHJYyn - JYyn—IH_za €n¢(ynyyn—1)_1}v Tn 7é Tn—1,Yn 7é Yn—1;

B, otherwise.
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Step 3: Compute

;

2n = I (Ix@n + Bu(JxTn — Jxan_1)),
Wy = J;I(Jyyn + Bn(JyYn — JYyn—l))v
an = Jz(Az, — Bwy,),

Uy, = J;(l(Jin —vA*ay),

vy, = Jyt (Jyw,, + yB*ay).

Step 4: Compute
| Iy Fy
Tpp1 = Jy (oszXaz +(1- O‘n)JXEn o, un),

Ynt+1 = J;l (andyy + (1 — Ozn)JySﬁl o Sﬁ?vn).
Step 5: Setn=n+1 and go to Step 2.

Theorem 3.2. Let {(z,,yn)} be a sequence be generated by Algorithm 3.1, then
{(zn,yn)} converges strongly to a point in A.

Proof. We first establish boundedness of the sequence {(z,,y,)} generated by
Algorithm 3.1 before we proceed to show its convergence. Let (z*,y*) € A and

set p, = ’7;51 2y, and g, = 7;51 1p,,. Using inequality (2.2) and property (e) in Lemma
2.13, we have

¢($*,$n+1) = ¢(.27*, _1(anJX$ + (1 - an)JXQn))
< Oénd)(x*, x) + (1 - O‘n)d)(l'*y Qn)
(3.1) < and(z*, ) + (1 — ap) (™, uy).

Next, we estimate the last term in inequality (3.1) using Lemmas 2.9 and 2.14.
Hence, we have

o™ uy) =Vi(x*, Ixzn — vA%ay)
<V(x*, Ixzn) — 27<J)_(1(szn —yA%ay) — x*, A%ay)
= (", 2n) — 27(A(un — %), an)
< d(x*, x) 4+ p3Bi|Ixzn — Ixzn_1|* + Bul@n, Tn_1)
(32) + Bn(d(x™, 20) — d(2", 2n-1)) — 27(A(un — 27), an).
Substituting this in inequality (3.1), we have
Pz, Tns1) < ang(a”, )
+(1- an)(qb(x*,xn)
+ PBBZHJX:L% - fovn—1||2
+ Bn(Xn, Tp—1)
(3.3) + Bz, 20) — G(x%, 2n—1)) = 27(A(un — 27), an)).
Following a similarly line of proof, we get
Y Ynt1) < and(y™,y) + (1 — an) ((Y", yn)
+ pa Bl Iy yn — Jyyn-1ll” + Bn(Yns Yn—1)
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(3'4) + Bn(qb(y*, yn) - gb(y*, ynfl)) - 2'7<B('Un + y*)7 an>)

Let O, (z,y) = ¢(x, zn)+¢(y, yn) and o = max{ps, ps}. Adding inequalities (3.3)
and (3.4) and using the fact that Az* = Bx™*, we get

Ont1(z*,y*) < an(o(a*, 2) + o(y*,y))
+ (1= an) (Ona”,y) + 082 (| Txn = Txwami]?
+ 1Ty yn = Ty yn-11%) + BuOn—1(2n, yn) + Bn (On(a*, y")
(3.5) — 0,_1(z",y")) — 2v(Au, — Bu, an>>.

Next we estimate the underlined term in inequality (3.5). Using the definition of
ay in Algorithm 3.1 and Lemma 2.10, we get

—(Au, — Bug, a,) = —||Az, — Bw,||* + (Az, — Bw, — (Au, — Bv,), a,)
= —|| Az, — Bwy|* + (A(zn — un), an) + (B(vy, — wy), an)
< —|| Az, — Buwg | + HJ)_(l(JXZn) - J)_(l(JXZn —vA%ay)|[[|A%an |
+ [y (Fywn + yB*an) = Iyt (Jywn) ||| B a|
< || Az = Bua|? + Z|A%a|? + | Bray?
P1 P2

2 2
56 < (1o ALY g

Substituting this inequality in (3.5), we get
@n+l($*7 y*) < ap (¢($*7 .%') + ¢(y*a y))

(1= an) (@m*,y*) T 082 (| xn — Jxan_i]l

+ HJYyn - JYyn*1||2) + Bn@nfl(xm yn)
+ /Bn(@n(l‘*a y*) - Gn—1($*7?/*))

2 2

< max {o(a",2) + 6(y", 1), Oula”, ")
+ 082 (| Ixzn — Ixzn—1l* + [Ty yn — Sy yn-1]*)
+ BnOn 1@y yn) + B (O, y7) = Ona(0*,5)) |-
If ©pt1(z",y") < oz, 2)+é(y",y), Vn > 1, then
P(", xnt1) < o(x%, x) + d(y*, y) and G(y", yni1) < o(z%, x) + ¢(y7, y).
Thus, {z,} and {y,} are bounded. Else, there exists ny > 1 such that for all n > ny,
Onr1(z*,y") < On(z*, y") + 0B (1T xxn — Jxwn |
+ 1y yn = Fyyn-1l?) + BnOn-1(xn, yn)
+ Bn (On(z",y") — On1(z™,y7)).
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By Step 2 of Algorithm 3.1 and Lemma 2.16 we have that {©,(z,y)} is convergent.
Consequently, {z,} and {y,} are bounded.

Next, we show {(x,,yn)} converges strongly to a point in A. Let (z*,y*) € A.
Using Lemma 2.9, inequality (2.2), Lemma 2.13(e), inequality (3.2)

O(x*, xpnt1) = V(" andxx + (1 — ap)Jqn)

(3.7)

Similarly,

<V(z*,andxz™ + (1 — an)Jqn) + 20 (xpe1 — 2, Jx — J2*)
< (1—an)d(z*, T,/ pn)

+ 20 (vpt1 — ¥, Jx — Jz¥)

< (1 - an)(qﬁ(a:*, un) - ¢(pn7 Un)

- (b(qnapn)) + 20én<$n+1 —z*, Jr — Jx*>

< (1 - an)(¢<m*7mn) + p35721HJXxn - JX-%'n—lH2 + /8n¢(xmxn—1>

+ 5n(¢(w*v xn) - (]5(1'*, xn—l))
— 29(A(un — 2%), an) — ¢(Pn, un) — ¢(Qnapn))
+ 20 (xpy1 — ", Jx — Jx™)

< (1 — an)(¢(x*>$n) + PBB?LHJXCLVL - JXxn—l”2 + /3n¢(xn7xn—1)

+ Bn(d(a”, an) — ¢(x", 2n-1)) — 29 (A(up — %), an)
- ¢(pnv un) - ¢(Qnapn))

+ 20 (xy, — 2, Jx — J2*) + 200 || Tn+1 — xn||co, for some c¢o > 0.

O(y* Ynt1) < (1 — an) ((y*, yn) + paB2l Ty n — JyYn—1l* + Bud(Yns Y1)

(3.8)

+ Bn(¢(y*7 yn) - ¢(y*a yn—l)) - 27<B(Un + y*)7 an>
- ¢(7"na 'Un) - ¢(5narn)) + 204n<yn -y, Jy — Jy*>
+ 20 ||yn+1 — ynllc1, for some ¢; > 0,

where r,, = S/ﬁ%n and s, = Slﬁlrn. Adding inequalities (3.7) and (3.8) and using
inequality (3.6), we get

Ont1(z%,y") < (1 — a)On(2, y")

(3.9)

+ 063 (1 = o) ([ xan = Ixanall* + [ Jyyn = Jyynl?)
+ 5n(1 - an)@n—l(xnv yn) + /Bn(l - O‘n)(@n($*7 y*) - @n_1($*7 y*))

~ - a1 WAELIBEY g, e
p
- (1 - an)(¢(pn7un>

+ O(Gn,on) + O(rn, vn) + &(sn, Tn)) + 2an(<xn —x*, Jr — Jz*)
+ <yn - y*a Jy - Jy*>) + 2an(Hxn+l - anCO + Hyn—‘rl - ynHCI)

< (1 - an)@n(x*7y*) + Q/Brzz(l - an)(”JXxn - JXxn—1||2
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+ 1y yn — Jyyn-1l?)
+ Bn(1 — an)On_1(Zn, Yn) + Pn(l — an)(@n(x*vy*) - @n—l(x*ay*))
+ 200 ((zn — 2%, Jo — J2*) + (yn — y*, Jy — Jy™))
(3.10) + 2an([|[Tns1 — @nllco + [[Yn+1 — ynller)-
To complete the proof, we will consider the following two cases:
Case 1. Suppose there exists n; > 1 such that ©,,11(z*, y*) < O, (z*,y*), Vn > n;.
Then, {©,(z*,y*)} is convergent. Thus, from inequality (3.9), by rearranging the

terms and using the convergence of {O,,(z*,y*)}, boundedness of {z,}, {yn}, Steps
1 and 2 of Algorithm 3.1, we get that

lim ||Az, — Bwy,| = lim ¢(pp,u,) = lim ¢(qn,pn) = Um ¢(r,, vy,)
n—00 n—00 n—00 n—00
(3.11) = lim ¢(sp,7,) =0.
n—oo
By Lemma 2.12, it follows that
lim ||pp, — up|| = lim ||g, — ppl| = lim ||r, —v,|| = lim ||s, — || = 0.
n—oo n—oo n—oo n—oo

Furthermore, by the uniform continuity J on bounded sets, we have
lim || Jxpn — Jxunll = lim ||Jxgn — Jxpull = lim |[Jyry, — Jy v
n—00 n—00 n—00
(3.12) = lim HJySn — Jy?“nH =0.
n—oo
Observe that by using equation (3.11), we deduce that
(3.13) lim ||Jxz, — Jxun| = ||Jywn, — Jyvyn| = 0.
n—oo
Also, since lim,,_ oo o = 0,
(3.14) lim ||Jxpn — JxTpt1] = lim [|Jy sy, — Jyynt1] = 0.
n—oo n—oo
By equation (3.12), (3.13) and (3.14), we get

lim HJXZn - JX{L’n+1|| = lim ”Jywn - Jyyn+1H =0.
n—00 n—00

Hence,
lim HJXxn — JX.CUn-;-lH = lim HJYyn - JYyn-HH = 0.
n—oo n—oo

Thus,

(3.15) 1 (| — @il = m yn — i || = 0.

The next step is to show that the solution set A is contained in the set of weak
subsequential limit Q,,(z,,y,). However, the proof is standard we will not include
the proof here to avoid unnecessary repetitions (see, e.g. [20,21] for a proof of this).

Now, we show that {(zy,yn)} converges strongly to the point (z*,y*) = Pa(z,y),
where

2 2
PA($’y) = (HAXJ?,HAY:U>, AX = ﬂ FJX (Fz) and AY = ﬂ KJY (F’L)
=1 =1
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Let (u,v) be a weak limit of {(z,,y,)}. Then, there exists {(zy,,yn;)} C {(Tn,Yn)}
such that
limsup(z, — 2", Jxz — Jx2*) = lim (z,; — 2", Jxz — Jx2")
(3.16) n—00 J—o0
= (u—z", Jxx — Jxz*)

and

limsup(yn — y*, Jyy — Jyy") = lim (yn, — ", Jyy — Jyy")
= (v—y", Jyy — Jyy").

Since (z*,y*) = (HAXx,HAYy) and (u,v) € A, by Lemma 2.11, we have that

(u—a*, Jxx — Jxx*) <0 and (v —y*, Jyy — Jyy™) <0.
From inequality (3.10), using the condition of Case 1, we have
Ont1(2%,y") < (1 — an)On(z",y")
+ 95721(1 — an)(|Ixzs — JXxnle2 + |y yn — JYyn71||2)
+ Bn(1 — an)On—1(Zn, Yn) + Bn(l — ozn)(@n(x*, y*) — On_1(z”, y*))
+ Zan((xn —z* Jr —Jx") + (yn — y*, Jy — Jy*))
+ 20m (|01 — 2nllco + [ynt1 — ynller)
< (1= a)On(a",y)
+ 087 (1 — an)(|Ix@n — Ix@n-1l* + |y yn — Jyyn-1]*)
+ Bn(1 = an)On_1(Tn, yn)
+ 200, ((@n, — 2%, Jz — J2*) + (yn — y*, Jy — Jy*))
+ 2an ([|zn41 — znllco + |Ynt1 — ynllc1).

Using Steps 1 and 2 of Algorithm 3.1, equation (3.15), inequalities (3.16) and (3.17)
it follows by Lemma 2.15 that

lim ©,(z%,y*) =0. Thus, lim ¢(z*, z,) = lim ¢(y*,y,) =0.
n—o0 n—oo n—oo

Therefore, by Lemma 2.12, lim, oo £, = ¥ and limy,_, yn, = y*.

Case 2. If Case 1 does not hold, since {O,(z*,y*)} C R and every sequence
in R has a monotone subsequence, there exists {O,;(z*,y*)} C {O,(z*,y*)} with
On,41(z*,y") > Op; (2, y), for all j € N. By Lemma 2.14, there exists a nonde-
creasing sequence {m;} C N such that lim;_,., m; = oo and the following inequali-
ties hold:

Om,; (2%,¥%) < Opyy41(2™,y") and O;(2,y") < Opyy11(z™,y%), Vi €N

By replacing n by m; and rearranging the terms in inequality (3.7), following a
similar argument as in Case 1 above, we obtain that

lim [|Azp; — Bwm, || = Im ||Jxpm; = Jxtum,|| = lm [[Jxqm; — Jxpm,||
j—o0 Jj—o0 j—o0

= lim [[Jyrm; — Jyvm, || = Hm [Ty sm; — JyTm,||
j—o0 J—0
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(3.18) — Bim ||, — @yt = 1 (g, = gmy1l] = .
Jj—00 j—o0

Furthermore, using similar arguments as in Case 1, we get

(3.19) limsup(zm,, — 2", Jxz — Jxx*) <0, lmsup(ym; —y*, Jyy — Jyy*) <0

n—o0 n—oo

Moreover, from inequality (3.10),
Oy 1(a", ") < (1= ), (@)
+ 080, (1= am) ) (| Tx@m; — Ixn—1]* + |y Ym; — Jyym;11°)
+ /ij (1—- amj)en—l(xmj7ymj)
+ ij(l - O‘mj)(@mj (z*,y") — @mjfl(z*a y*))
+ 200, ((@m, — 2%, Jo — Jz*) + (ym, — y*, Jy — Jy*))
(3.20) + 2am]’(”$m]-+1 — Zpllco + ”Z/mj+1 — Ynller)-
Using Steps 1 and 2 of Algorithm 3.1, equation (3.18), inequalities (3.19) and (3.17)
it follows by Lemma 2.15 that
lim ©,,,+1(z",y") = 0.

j—o00
Since
O,(x",y*) < @mj+1(x*,y*), limsup Q;(z*,y*) = 0.
j—o0
Thus,
lim ¢(z*,z;) = ¢(y*,y;) = 0.

Jj—o0
Therefore, by Lemma 2.12 lim; ,ooz; = 2* and lim; .o y; = y*. This and the
conlusion obtained in Case 1 completes the proof.
O

Corollary 3.3. Algorithm 3.1 can be extended to a finite family of mappings by
letting © used in the setting of the algorithm to be i = 1,2,...,m, for some m > 3.

4. NUMERICAL DESCRIPTION

In this section, we give a numerical description on how to implement our pro-
posed inertial algorithm using MATLAB, on the classical 2-uniformly convex and
uniformly smooth real Banach space L%([—2,2]) with dual space L3([—2,2]). By

Alber and Ryazantseva [4] p. 36, the normalized duality map Js and its inverse J3
2
are computed as follows:

Jsz(t) = HZHOLg 2()77%2(t), and Jzz(t) = ||z]| 5, [2(t)]=(2), t € [-2,2],

1

where |||, = (/_11 |Z(t)|p)5, Ly = Ly([-2,2]), p> 1.

Furthermore, we shall describe how to compute the resolvent operator which we use

in Step 4 of our Algorithm 3.1 before we choose the control parameters. By a result

of Chidume and Idu [14], we deduce that a mapping A : L3 ([—2,2]) — L3([—2,2])
2
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is monotone if and only if J — A is pseudocontractive. Let A, B : L 3 ([-2,2]) —
L3([—2,2]) be defined by

Az(t) = Jz(t) and Bz(t) = (1+t)Jz(t), respectively.
It is not difficult to show that A and B are monotone continuous. Define
h=J-A F=J-B, Kij=J—-B and Ky=J— A.

Therefore, I, Fy, K1 and Ky are continuous J-pseudocontractions with the solution
set A ={(0,0)}. Furthermore, from Lemma 2.13,

T (z) :={z€C: (w—z,Tz>—1<w—z,(1+7°)Jz—J:c) <0, Vwe C}, z € X.

.
Thus,
t t z(t
T = O TP = (U ad TR TR =
Also,
t t x(t
SKia(t) = 19:'(2# Skeu(t) = 1"’1)“ and 8510 8Kz (1) = (1+u)((1)+w)'

Having established the computational values of these functions, we are ready to
implement our proposed algorithm.

In Algorithm 3.1,set X =Y =7 = L%([—2,2D. Let A: X - Zand B:Y = Z
be define by

Azx(t) = 2x(t) and Bz(t) = z(t). Then A*=A and B* = B.

For the control parameters, we choose o, = ﬁ, Yo = pn = 0.1, z = sint and
y = cost. From Step 2 of Algorithm 3.1, since 8, < 3, < 3, we choose 8 = 0.5
and set 5, = 0.00001. For the integration in MATLAB, we use the trapezoidal
rule with domain of integration -2:0.1:2’. We terminate the iteration process when
lZns1 — Ol + [[yns1 — O] < 107 or n > 10. Below is table of the numerical

performance of our proposed algorithm with different initial points.

Table of values choosing xo(t) = 2t, x1(t) = t, yo(t) = sint and y;(t) =t
Algorithm 3.1

n [l = O] 14 — O]
0 5.4826 1.8728
1 2.7413 2.7413
2 0.4857 0.5421
3 0.0225 0.0280
4 3.2E-04 1.79E-04
5 9.32E-7 1.24E-06
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Table of values choosing xo(t) = t2, z1(t) = Exp(t), yo(t) = 2t + sint and y, ()
Algorithm 3.1

_ 1
— 2+cost

n T =0T Ton =0
0 4.0266 7.3382
1 5.6577 1.0781
2 1.0715 0.135
3 0.0633 0.0016
4 2.22E-04 2.45E-06
5 9.22E-07 1.25E-06

5. CONCLUSION

This paper presents an inertial Halpern-type algorithm for approximating so-
lutions of the split common equality fixed point problem involving continuous J-
pseudocontractions. Without any compactness-type requirements on the operators
as it was the case in [15,16,24,29]. The sequence generated by the algorithm is
proved to converge strongly to a solution of the SECFPP (1.6). Numerical im-
plementation of the proposed algorithm is presented in the setting of the classical
Banach space L ([-2,2]). The proposed algorithm appears to be robust because

it converges in few iterations even as we vary the initial points. Finally, the nu-
merical implementation of the proposed algorithm in L%([—Z,Z]) shows that the

problem studied by Nnakwe et al. [21] is interesting and their proposed algorithm
is implementable.
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