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A CERTAIN GENERAL FAMILY OF SUBCLASSES OF
MEROMORPHICALLY MULTIVALENT FUNCTIONS
ASSOCIATED WITH THE HYPERGEOMETRIC FUNCTION

H. M. SRIVASTAVA*, LAXMIPRIYA PARIDA, AND ASHOK KUMAR SAHOO

ABSTRACT. In this article, the authors make appropriate use of the Choi-Saigo-
Srivastava operator for meromorphic functions in order to introduce and investi-
gate the following two general subclasses:

MSICQ.EI (q’&f : W) and Mca’el (q757777€7w7¢)

p.k,v p.k,v
of meromorphically multivalent (p-valent) functions in the punctured unit disk,
which have a pole of order p at the origin (z = 0). Inclusion properties and other
results for each of these subclasses, which are associated with an integral operator
F,, are presented. Some sufficient conditions for F, f, in which the function f
belongs to the aforementioned subclasses, to be member of the subclasses:

MS}COL761 (q? S7§ : w) and MCQ761 (q7 s? 777 €7 w7 d))

p,k,v p,k,v
are established. Relevant connections of the developments reported here with
those in some earlier works on the subject are also considered briefly.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

We denote by M, ;. the class of functions of the form:
(1.1) f(z):z_p—i—Zamzm (peN={1,2,3,-- -} 1—=p=keZ),
m=k

which are analytic and p-valent in the punctured unit disk
Ur={z:2€C and 0<|z|<1}=TU\{0},

Z being, as usual, the set of integers. We also set M, 1_, =: M,,.
For 0 < 7 < p, we denote by

Ms(p;7), Mg(p;7) and  Mco(p;7)

the subclasses of M), consisting of all meromorphic functions which are, respectively,
starlike, convex and close-to-convex of order 7.

If f and g are analytic in U, we say that f is subordinate to g, written f < g or
(more precisely)

f(z) <g(z) (2€0),
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if there exists a Schwarz function w, analytic in U with
w(0)=0 and w(z)| <1 (z€0),

such that

f)=g(w(z)) (2€D).
In particular, if ¢ is univalent in U, then we have the following equivalence (see, for
example, [16]; see also [17]):

f(z) < g(2) (z€l) < f(0)=9(0) and f(U)Cg(U).
For a function f € M, j, given by (1.1), and g € M, ;, defined by

g(z)ZZ_ermezm peN; 1-p<kelZ),
m=k
we define the Hadamard product (or convolution) of f and g by
f(2)xg(z)=(fxg)(2) =277+ Zambmzm peN; 1—-p=keZ).
m=k

For real or complex numbers

e1,€2, -+ ,e, and
di,do, -+ ,ds (dj ¢ Zg ={0,-1,-2,---}:=Z\N; j =1,2,--- ,s),

we consider the generalized hypergeometric function ,Fs defined as follows (see,
for example, [25, p. 19]) :

oo (€l)m . (eq)m ok
Lo Fyler, - eqdy, - dgjz) =Y ~am ota)m =
( ) q 5(617 »€q5 A1, » 8 z) ;) (dl)m T (ds)m k!

(g<s+1; q,s€Ny:=NU{0}; z€U),

where (A), (A, v € C) denotes the general Pochhammer symbol or the shifted
factorial, since

(1), =n! (n € Np),
which is defined, in terms of the familiar (Euler’s) Gamma function I, by

AA+1D)---(A+n—-1) (r=neN; e C),
it being understood conventionally that (0)g := 1 and assumed tacitly that the
I'-quotient exists.

Corresponding to the function §p(e1, - ,eq;d1.- -+ ,ds; 2) given by
(14) gp(ela o 76(1; d17 o 7d8; Z) = pr qu(ela o 7eq§ d17 o 7d5; Z)a

here we first introduce a function §pa(e1,--- ,eq;d1,- -+ ,ds; 2) defined by the fol-
lowing convolution:

Sp(elf" 7€q;d17"' ,ds;Z) *gp,a(ela"' 7eq;d17"' 7d8;z)
1
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We then define a linear operator:

Q’;Z(‘;S(el, ceegrdy, e dg) t My — My g
by

Qpasler, - egidy, -, ds) f(2)
(1.6) =Fpaler, - eqdi, - ,ds;2) % f(2)

(eidj € C\Zy; i=1,2--+,q; j=1,2,--+ s
a>—p; f €My z€U").
We also make use of the following notational abbreviations and conventions:
Qpgsler, - segidi, -+, ds) = Qpig (en)
and
Qpals™(e1) =t Qpysler).

Remark 1.1. The usage of the generalized hypergeometric function ,Fs, defined
by (1.2), in Geometric Function Theory of Complex Analysis was initiated by Owa
and Srivastava [19] in their systematic study of univalent and starlike generalized
hypergeometric functions. Subsequently, the widely-investigated Dziok-Srivastava
convolution operator, which is based upon the generalized hypergeometric function
¢Fs, defined by (1.2), was used by Dziok and Srivastava (see, for example, [5]
and [6]; see also [30]). More recently, a much more general Fox-Wright function
than the generalized hypergeometric function ,F, defined by (1.2), was used in
order to introduce and investigate what is popularly known as the Srivastava-Wright
convolution operator (see, for details, [21]; see also [11], and the recent works [22]
and [23]) for other interesting usages and applications of such general families of
higher transcendental functions.

Now, by using (1.1) and (1.6), we can write

k(o) F(2) = 2P — (4 p)pir(di)psr - (dS)p+ka S
(1.7) Qpas(er) f(z) + Z (€ pin - (Calmen k

k=m
(> —p; z € U").

We can also easily verify each of the following two relations on z € U* by using
(1.7):

2 (Qha(enf) () = (a+ D)t (1) f(2)
(18) ~ (0 +20)Qh (1) £ (2)

2 (Qha (e + 1F) () = 1 Qhg(enf(2)
(1.9) —(p+ el)Qﬁj;S(el + 1) f(2).

We note that the linear operator Q’;jg‘, s(e1) is closely related to the Choi-Saigo-
Srivastava operator (see, for details, [4]) for analytic functions and is essentially
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motivated by the operators defined and studied in [3]. The linear operator Q(l)zf;’ s(a1)
was investigated by Cho and Kim [2], where as

Q;Ef’l(c, 1;a;2) =: Lp(a,c) (ceR; a¢Zy)
is the operator which was introduced and studied by Liu and Srivastava [13].

Remark 1.2. The operator Q’;:gf s(e1) is a generalization of several known operators
in earlier works, some of which are being recalled below.

LOM  ((p+1,dy, - dgydida,- - d)f(2) = ZZQJP/O tP=LE (1) de.

2. Q];:S+1,S(P, di, - ,dg;di,da, -+ ,ds) f(2)
= I;:;-‘rl,s(p +1,d1,- - dsidi,da, oo ds) f(2)
= f(2).
3. QZ:;Jrl,S(p? di, - ds;dy,da, -, ds) f(z) = 2'(2) 4};2pf(z)‘
4.Q0% (p+1,dy, e dsydydy, o ds) f(2) = 2f(2) +p(j—pl+ Uf(Z)‘
5. QU (diyday -+ ,dy, 1ida,da, - dy) f(2) = M _ prpLf()
(=p<neN) (see[8]).
6. QP (54 1y, dy, 130,y dy) f(2) = Z;ip /0 L p(t) dt

(0 >0;2€U*) (see [3] and [8]).

o - X (a0t p)prk(di)p+k
7. Q8 (e)f(z) = 2P + apz®
P2l kgm (€1)p+k(€2)p+k
(see [18] for ea =1, a+p=p, di = a+ [ and e; = ).

Let P be the class of all functions w which are analytic and univalent in U, and
for which w(U) is convex with

w(0) =1 and R{w(z)} >0 (z€U).

Next, by making use of the linear operator Q’;;g s(e1), we introduce the following
subclasses of the meromorphically multivalent (p-valent) function class M, .

Definition 1.3. A function f € M, is said to be in the meromorphically mul-
tivalent (p-valent) function class MSK2 (q,s,€ @ w) if f satisfies the following

p,k,v
subordination condition:
"

1 (2(Eens) @) v (Qhistens) ()
P8\ (= n@histen (@) + v (Sfiutens) ()

(1.10) +& | <w(z)
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(WeP; 0SE<p; 0Sv 1 a>—p; zel).

Definition 1.4. A function f € M, is said to be in the meromorphically multiva-
p7
lent (p-valent) function class MC;‘fly(q, s,m, &, w, @) if there exists another function
g € MSK?’zly(q,s,f : w) such that the following subordination condition holds
true:
k,a ! 2 k,a "
1 z(Qpas(er)f) (2) +v2° ( Qpgsler)f) (2)
(111) —— — — — 0| <9(2)
P (1= 1) Qi(en)glz) + vz (Qhglen)g) (2)

(peP; 0=n<p; 0Sv=1 a>-p; z€l).

Remark 1.5. By choosing several particular values of the parameters involved in
Definition 1.3 and Definition 1.4 above, we get several known function classes which
are recorded below.

1. MSIC;’;}O((], s, w) = MS;‘;;l(q, s,€ :w) (Patel and Palit [20]).
2. MSZ’,:}l(q, $,§ 1 w) = MK (g, 8, € 1 w).
3. MS?”gl (q,8,6:w) = MS*(q,s, :w) (Cho and Kim [2]).

4. MKT5 (g, 8,€ - w) = MK*1(q,5,& :w) (Cho and Kim [2]).

e 1 +AZ «,e
5. ./\/lSle,’k,lV <q, s,&: T Bz) = /\/lSp:kl(q, s,&: A, B)

(-1<B<AZ).

1+ Az

a,€e1 .
6. MC <q,sm,§, 1+ B2

p,k,v
(-1<B<AZ).

> (¢,8,1m,§: A, B)

7. MS;’,?(Z L& w) = Ep88 4ip(§5w)  (Mostafa [18]).
8. MIC;’?(Z L& w) =8,K8 (1 p(§w)  (Mostafa [18]).
9. MCb(2,1,€mw, ¢) = 5,08 o4 (§mw, @) (Mostafa [18]).

10. MCO7L (2,16 nw,¢) = BpC o p(§mw, @) (Mostafa [18]).

e1,0+p

We need each of the following lemmas in our present investigation.

Lemma 1.6. (see [7]) Let the function w be convex univalent in U with
w(0) =1 and R{Cw(z) +n} >0 (n,{€C).
If the function ¢ is analytic in U with ¢(0) = 1, then the following subordination:

) B
¢(z)+<¢(z)+n< (2) (€0
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implies that
d(z) < w(z) (z € D).

Lemma 1.7. (see [16]) Let w be a conver univalent function in U. Also let the
function p be analytic in U with

R{p(z)} >0 (z € ).
If the function v is analytic in U and p(0) = w(0), then the following subordination:
w(2) + 2p(z) w'(2) < w(2) (z€ )
implies that
p(z) < 1(z) (z € U).
2. A SET OF MAIN INCLUSION RELATIONS
Unless otherwise mentioned, we assume throughout this article that

e1 >0, e,djeR\Zy (i=2,3,---,¢;7=12,---,5), v>0,

> —p and —-1<B<AZL1.
We now state our first main result as Theorem 2.1 below.

Theorem 2.1. For w € P, if

R < mi
Tar )} <l

{a+2p—§ 61+p—§} 0<¢<p)

p=¢ ' p=¢§
then each of the following inclusion relations holds true:

(21)  MSKp L (g, & w) © MSKppl (a5, & w) © MSKp,™ (g, 8, & w).

p,k,v p,k,v p,k,v

Proof. We consider a function h(z) given by

"

[ (Qsstens) @+ v (Qstens) ()
P\ (1= Qhis(en s () + vz (Qislens) )
The function h(z) is analytic in U and h(0) = 1.

If we now assume that f € MSIC?ngljel(q, s,&; w) and make use of (1.8), we get

—h(z)p -8+ 2p+a—-%)
a+p
/
(1= 0@t e f(2) + vz (gt (enf) (2)
k,a k,o ! .
(1= 0)Qfis(e)f(2) + vz (Qhislenf) (2)
Upon logarithmically differentiating both sides of this last equation, we find that
2l (2)
—(p=h(z) + (a+2p—§)

(22)  h(z) = y:

(2.3) h(z)+




SUBCLASSES OF MEROMORPHICALLY MULTIVALENT FUNCTIONS 335

(2 (Qhatens) @) v (Qhstens) @) e
P&\ (- (bt ) + vz (Qhat ens) )
Thus, by the above hypothesis, we have
R{-(p—Ouw(z)+(@+2p -8} >0  (z€l).

Finally, by applying Lemma 1.6 to (2.3), it follows that h(z) < w(z), that is,
that f € MSICIO;’,?V(q, s,&,w). Using the same lines of arguments as above, we can
similarly prove the second inclusion relation asserted by Theorem 2.1. The proof of

Theorem 2.1 is now completed. O
Theorem 2.2. For w,¢ € P, if
at+2p—§ e +p—5}
p—¢& 7 p=¢§
then each of the following inclusion relations holds true:

MCETV (5,1, €, w, ) C ML (g, 5,1, 6w, 9)

p,k,v p,k,v

(2.4) C MCoet (g, 8,m,6,w, 9).

max f{w(z)} < min{ (0=¢<p),

z€U zeU

Proof. In order to prove the first part of Theorem 2.2, let
f e MCyy " (a,8,m.6,w,0).

p,k,v
Then, from Definition 1.4 of the meromorphically multivalent (p-valent) function
class MCZJ,gly’el(q, s,m, &, w, @), there exists a function
g€ ./\/lc'SlC;‘7J,;1V’61 (q,s,mw)

such that
(= ( gﬁj%eﬁf)%z)+Lw2< ﬁﬁi%egf)"@>
P 1@ ) () + v (i ens)

(z € ).

We now introduce a function h(z) given by

+n ] < ¢(2)

29 A= (i) @ + v (Qiutens) @)
. P (1—10(Q§$Aeggxzy+yz(Qﬁgdeﬂg)%z) n

The function h(z) is analytic in U with h(0) = 1. So, upon using the identity (1.7)
in (2.5), we get

(0~ mh(=) + 1] [(p — (=) + € = (a+ 20){(p — (=) + 71
2 (@t ens) (o) + w22 (e ) (2)
(1= )(@s(e)a) (=) + vz (Qhlen)s) (2)

(2.6) + (a+p)

9
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which, on further simplification, yields

—(p—n)zh(2)
—(p—=r(z) + (a+2p—¢§)
(2.7)

+[=(p—n)h(z) —n] = (@ +p)

2 (bt ens) ) +v2? (st ens) )
(0= D)@+ (Shlen)s) ()] 1=~ Or(o)+a + 20— )

where, for convenience,

"

1 2(DEeng) () +v22 (Siteng) ()
PE\ 1= n(@ia(e)e) + vz (Qia(en)s) (=)

Thus, by using the identity (1.7) in (2.8), we obtain

(1= )@k (eng)(=) + vz (bt (en)g) (2)

(2.8) r(z) =

+¢

e -0t @9
(29) = (1= )@, (e)a)(2) + vz (b ea) (2)
Also, if we use (2.9) in (2.7), we get
h(z) + 2h(2)

—(p=&r(z) +(a+2p—¢)
/ "
210, L[ =(@Eens) G et (G ens) )
: =T o o 7 n
P (1= v) (@t (en)g) (2) + vz (2t (en)g) (2)
(z € U).
Therefore, by the above hypothesis, we have
R{-(p—uw(z)+(a+2p-§}>0 (z€).
Lastly, by applying Lemma 1.6 to (2.10), it follows that h(z) < w(z), that is,

that f € Mcg;,j}y (q,8,m,&,w,@). The same lines of arguments can be used to prove

the second inclusion relation asserted by Theorem 2.2. This evidently completes
the proof of Theorem 2.2. O

3. APPLICATIONS OF THE INTEGRAL OPERATOR F),
In this section, we consider the integral operator F), defined by (see, for example,

[12])

(1) RN =" [ ar o),
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which readily yields

2 (Qhau(en) Fuf) (2) = (u—p+ 1) Qi (e1) £(2)
(3.2) — (p+1) Qe s(e1) Fuf(2):
Theorem 3.1. Let w € P and

max R{w(z)} < prl=g

na o (0=¢<p).

If f € MS’C(Lel (Q7 S, 57 w)? then F/L(f) € MSKa’el (qa S, ga ’LU)

kv p,k,v

Proof. Let f € MSK®:* (q, s, &, w) and suppose that
pk,v

"

1 (2 (@astens) () + v (hgalens) )
PE\ (= 0)Qhiu(en () + vz (Qis(en) f)' (2)

Choosing the function q(z) as follows:
(3.4)

(3.3) — +& | = 4(2) < w(z).

"

1 (e B) () + v Qe Bur) ()
PN (1= 0)(@hislen) Fuf)(2) + vz (Qguler) Fuf ) (2)

we see that q(z) is analytic in U and q(0) = 1. So, by using the identity (3.2) in
(3.4) and carrying out the same procedure as in our proof of Theorem 2.1, we get

+&

q(z) =

2q'(2)
3.5 (z) = +q(2).
(39 S LCETETES
In view the above hypothesis, if we apply Lemma 1.6 to (3.5), it follows that ¢ < w,

that is, that F,(f) € MSIC;”;}V(q, s,&,w). The proof theorem 3.1 is thus completed.
O

Theorem 3.2. Let w,¢ € P and suppose that

max R{w(2)} < R 0=&<p).
Iff € MCZ:;};;(Q» Sanafa w, ¢)7 th’en Fu(f) € MC;[:]SV(Qa 3»77757107 (b)

Proof. To prove Theorem 3.2, we first let f € MC;’;ly(q, s,m,&,w,¢). Then, from
Definition 1.4 of the meromorphically multivalent (p-valent) function class MC;‘”,:}V(q, s,m, &, w, @),

there exists a function g € MS;"’;}V(q, s,&,w) such that

"

1 z (Q’;:é",s(el)f)/ (2) +v2? (Q’;ﬁ:fj‘,s(el)f) (2)
P\ (=) (Qhaen))(2) + vz (Qffaten)s) (2)

(z €eU)

l(z) :=— +n | <é(z)
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We now set
k:, !/ k, 1
[ 2 (Disten) Buf) () + vz (Qhisen) Fuf ) (2)

P\ (1= w)(Qff(en) Fug)(2) + vz (Qislen) Fug) (2)

where r(z) is analytic in U with 7(0) = 1. Also let the function (z) be given by
(3.7)

(3.6) () = —

+nl.

1 [ 2 (Ghdsten) Fug) (2)+ 22 (Qhia(er) Fug) ()
P8\ (- n)(Qhsler) Fug) (2) + vz (Qaler) Fig) (2)

The function 1(z) is analytic in U with ¢(0) = 1. So, by using (1.7) in (3.7), we
get

¥(2) = -

+¢

"

2 (Qhga(eng) () + v (Qbaen)s) (2)
(1= 0)(Qhss(er) Fug) (2) + vz (Qhs(er) Fug) (2)
(3.8) = —(p— V() +p+1-¢

By making use of (1.7) in (3.6), we obtain

mﬂ—@—fwmuﬂ—s}

(n—p+1)

2 (Qaatens) () +v2? (Qalens) )
(1= )(Qhsler) Fag)(=) +v= (Qhster) Fug) ()

=(u—p+1)
(3.9)

1
| <_ (p—mr(z) + 77) ’
which, in view of (3.8), yields
21’ (2)
—(p =) +p+1-¢
Finally, by the above hypothesis, we can find that
R{-(p—8o(z) +(u+1-9}>0  (2€0),

so that, by applying Lemma 1.6, it follows that r(z) < ¢(z), that is, that F,(f) €

Mc;‘,jly(q, $,m, g, ¢). Hence we have completed the proof of Theorem 3.2. O

(3.10) I(z)=r(z)+ (z € U).

4. SPECIAL CASES AND CONSEQUENCES

This section is devoted to the presentation of some special cases and consequences
of our main results (Theorem 2.1, Theorem 2.2, Theorem 3.1 and Theorem 3.2).
First of all, if we put
1+ Az

w(z) = 1+ Bz
in Theorem 2.1, we are led to the following corollary.

(-1=B<A<1; 2€0)
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Corollary 4.1. If

1+A _ . fa+2p—§ er+p—¢

T 5 = Hun ) ’
1+B ~ zeU p—E& p—E&

then each of the following inclusion relations holds true:

MSKST (g,5,6 A, B) € MSKSTY (.5, A, B)

C MSICZ”;}UH (¢,s,& A, B).

Remark 4.2. Theorem-2.1 and Theorem-2.2 generalize and extend several known
results in earlier investigations which are being recalled below.

1. Under the same hypothesis as before, if we set ¥ = 0 in Theorem-2.1, we get a
result obtained by Patel and Palit [20, Theorem 3.1].

2. Upon taking p = 1, if we further set v = 0 and v = 1 in Theorem-2.1, respectively,
we get the known results derived earlier by Cho and Kim [2, Theorem 1 and Theorem
2].

3. Choosing p = 1 and ¢ = s = 1 in Theorem-2.1, we get a result of Aghalary [1,
Theorem 1].

4. In the case when p = 1, if we put ¥ =0 and v = 1 in Corollary-4.1, we get both
results established by Cho and Kim [2, Corollary 1].

5. Upon taking p =1 and v = 0 in Theorem 2.2, we get another result of Cho and
Kim [2, Theorem 2].

Remark 4.3. By putting
1+ Az
w(z) = 1+ Bz
in Theorem 3.1, we are led to the following corollary.
Corollary 4.4. Let
1+ A < p+1-£
1+ B p—E&

Then f € MS’C;’]j’ly(q7sanvgvAa B)

(-1£B<AZL1; 2€0)

(bL>0; -1<B<ASL;05¢6<1).

Remark 4.5. By assigning suitable particular values to p and v in Theorem 3.1,
Theorem 3.2 and Corollary 4.4, we can derive a number of known results. Some of
these special cases are recorded below.

1. Upon taking p = 1, if we set v =0 and v = 1 in Theorem 3.1, respectively, we
get the results of Cho and Kim [2, Theorem 4 and Theorem 5.

2. Under the same hypothesis as before, if we set v = 0 in Theorem-3.1, we get a
result obtained by Patel and Palit [20, Theorem 3.8].
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3. Upon setting p = 1, if we take v = 0 and v = 1 in Corollary 4.4, respectively, we
get both results of Cho and Kim [2, Corollary 2].

4. Upon taking p = 1 and v = 0 in Theorem 3.2, we get a result of Cho and
Kim [2, Theorem 6], which, in turn, generalizes the results obtained earlier by Goel
and Sohi [9].

5. If wetake ¢ =2, s=1, a+p=pu, e =, ez =1and di = o+ § in our main
results (Theorem 2.1, Theorem 2.2, Theorem 3.1 and Theorem 3.2), then we get all
of the results obtained by Mostafa [18].

5. CONCLUDING REMARKS AND OBSERVATIONS

In recent years, several authors used hypergeometric functions to define and in-
vestigate many different subclasses of meromorphic functions in Geometric Function
Theory of Complex Analysis. Motivated by these earlier works, we have introduced
and studied the following two general subclasses of meromorphic multivalent (p-
valent) functions:

MSK:;;}?V(Q’ $,& 1 w) and M ;;;11/((1’ s,m, &, w, P)

in the punctured unit disk U*. Each of these subclasses is defined as an analogue
of the Choi-Saigo-Srivastava operator for meromorphic functions. Here, in this ar-
ticle, we have established inclusion properties and other results for each of these
subclasses, which are associated with an integral operator F),. For functions f be-
longing to the aforementioned subclasses, we have derived some sufficient conditions
for F),f to be member of the subclasses:

MS’C;;?,IV((LS:& w) and MC37’£}V(q,s,n,§,w,¢).

We have also briefly considered relevant connections of the developments reported
here with those in some earlier works on the subject.

We conclude our present investigation by drawing the attention of the interested
readers toward the potential for further researches developing similar or analogous
results based upon such other meromorphic function classes as those that were
studied in (for example) several recent works (see, for details, [10], [14], [15], [24],
[26], [27] and [28]; see also [29]).
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