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due to their wide range of applications. Among others, in the modelling of two phase
flow in a porous media (see [7]), in sedimentation problem (see [5], [6] and [2]) and
in traffic jam on roads with varying conditions (see [23] and [9]).

This study presents a number of finite difference approximations based on oper-
ator splitting to treat convection-diffusion equations as a generalization of (1.1) in
one spatial dimension with discontinuous convective term. To be more precise, we
consider

(1.2)

{
∂u
∂t +

∂
∂xF (u, γ(x)) = ϵ∂

2u
∂x2 , (x, t) ∈ Ω := R× R+,

u(x, 0) = u0(x), x ∈ R,

In (1.2), u = u(x, t) denotes the scalar unknown function to be found, u0 : R −→ R
is a known function, and ϵ is a small non-negative constant. The flux F (u, γ(x))
in (1.2) has a possibly discontinuous spatial dependence through the coefficient
γ(x). The function γ(x) is supposed to be a piecewise smooth function having a
finite number of jump discontinuities. Below, for simplicity, we also assumed that
γ(x) has only one point of discontinuity which is located at x = 0. This make the
line x = 0 an interface for our problem. A typical example of such flux functions
that we will particularly consider has the following multiplicative form

(1.3) F (u, γ(x)) = γ(x)f(u), γ(x) =

{
γ−, x < 0,

γ+, x > 0,

being f is a smooth function and γ−, γ+ are two non-zero constants. Indeed, equa-
tion (1.2) is a particular case of the following model problem, which is a non-linear
degenerate convection-diffusion of parabolic type

(1.4)
∂u

∂t
+

∂

∂x
F (u, γ(x)) =

∂2

∂x2
A(u),

where A is a given function. The authors in [18] constructed approximate solutions
based on an upwind finite difference approach of Engquist-Osher type for this kind of
problems. Let we utilize the linear flux function f(u) = u and ϵ = 0 in (1.3). In this
respect, an immersed upwind interface method was introduced in [34] to construct
the interface criteria into the numerical flux. In contrast to the upwind schemes
that are only first-order accurate, the authors in [26] proposed the second-order
MacCormack method, which is an explicit conservative finite difference scheme to
treat (1.2) numerically. Moreover, the Rung-Kutta discontinuous Galerkin method
for closely related problem was developed in [25]. Moreover, some other approximate
methods have been developed for the closely related model problems to (1.3) can be
found in [10] to [30] and in [3,24,29,32,35–37]. For an overview of some mathematical
results devoted to the problem (1.4) we refer the interested reader to [18] and [19]
and also to the references therein.

In this manuscript, we are interested in developing a number of simple computa-
tional procedures for (1.2) when the convective flux (1.3) is utilized. It is well-known
that classical finite difference approaches present nonphysical oscillations for model
problems with sharp front and in particular with discontinuous coefficients. The
main focus is to investigate the applicability of the operator splitting strategies
for the convection-diffusion problems that have a discontinuous coefficient. The
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principle idea of several successful computational approaches for treating equations
such as (1.2), is based on viscous operator splitting strategy. This implies that we
splits the time evolution into two subproblems to separate the impacts of diffusion
(viscosity) and convection. For instance, in [4] the accuracy, stability, as well as
the convergence properties of the basic operator splitting schemes are investigated
when these schemes are utilized to calculate discontinuous solutions of hyperbolic
scalar conservation laws (1.1) in two dimensions. In particular, they proved that
the Strang splitting procedure and the first-order splitting method always converge
to the unique weak solution, which satisfies the entropy criteria. The paper [17]
presents a semi-discrete scheme to find the approximate solutions of convection-
diffusion equation in m dimensional. The proposed algorithm is relied on the uti-
lization of operator splitting to separate the diffusion part and the convection part
of the underlying equation.

The remaining of this study is organised as follows. Section 2 is devoted to present
some notations that will be used in the subsequent sections. Then, we concisely de-
scribe the main ideas of operator splitting techniques for solving the time-dependent
model problems of convection-diffusion types by decomposing them into a nonlinear
and linear subproblems. This consists of introducing two popular splitting schemes
i.e., sequential and Strang splitting strategies, which are shortly illustrated from
the viewpoint of the local splitting errors. Hence, we develop various numerical
techniques to approximate the solutions of nonlinear and linear subproblems indi-
vidually such that by combining them the solution of the original equation (1.3)
is constructed. These schemes are then tested on a linear as well as non-linear
example in Section 3. We also justify the first and second-order accuracy of the
proposed methods throughout the course of numerical simulations. The manuscript
ends with some conclusions in Section 4.

2. Finite difference approximations

Firstly, we introduce some terminologies and notations to construct the finite
difference methods. Throughout this paper, for the numerical schemes, the time
step and spatial step size are denoted by ∆x and ∆t respectively. Let assume that
the spatial domain R is partitioned into the elements Ij = [xj− 1

2
, xj+ 1

2
) with grid

points xj− 1
2
= j∆x, j ∈ Z. Here, ∆x = xj+ 1

2
− xj− 1

2
is the mesh size. We will

also set the midpoints of the intervals as xj =
1
2(xj− 1

2
+ xj+ 1

2
), ∀j ∈ Z. In the same

manner, we will divide the time domain R+ into In = [tn, tn+1), where tn = n∆t
for n ∈ N ∪ {0}, and ∆t = tn+1 − tn denotes the uniform time step. On the
computational grid (xj , tn) we use Un

j to denote the numerical solution derived via

finite difference approach for to the exact solution u(xj , tn) of (1.2). We will also
set

µ =
∆t

∆x
, I(u, v) =

[
min{u, v},max{u, v}

]
, µ± = γ±

∆t

∆x
.

Finally, let us discretize the initial condition u0(x). The initial condition u0(x) is
considered as follows

U0
j =

1

∆x

∫
Ij

u0(x)dx, ∀j ∈ Z,
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which means that the initial data is projected into the space of piecewise constant
functions.

2.1. Splitting methods. The main idea of operator splitting technique is to con-
vert the solution of an initial value problem into to the solution of some simpler
model problems. For the nonlinear equations, this task is to decompose a problem
into nonlinear and linear subproblems. Hence, we require to solve each subproblem
separately for small temporal steps ∆t, and then concatenate the solutions at the
end of each time step. To introduce the main ideas of operator splitting methods,
let us first rewrite (1.2) as follows

(2.1)
∂

∂t
u(x, t) = (L+N )u(x, t).

Here, the nonlinear operator N as well as the linear operator L are defined respec-
tively as

N := − ∂

∂x
F (·, γ(x)), L := ϵ

∂2

∂x2
.

To proceed, we require to approximate the exact solution of (1.2) by solving two
linear and nonlinear subproblems. Let assume that SN (t) and LN (t) denote the
exact solution operators of the related diffusive and convective subproblems

∂
∂tw(x, t) = L(w), w(x, 0) = w0(x),(2.2a)
∂
∂tv(x, t) = N (v), v(x, 0) = v0(x),(2.2b)

in a given sequential order. Let us denoted u(x, t) ≡ S(t)u0 to be the unique
weak solution of (1.2), which satisfies the entropy conditions. Analogously, let
v(x, t) ≡ SN (t)v0 and w(x, t) ≡ SL(t)w0 denote the (weak) solutions satisfying the
one-dimensional problems (2.2a)-(2.2b).

In this work, we are mainly aimed at the first as well as the second order operator
splitting methods. The evolution of time in the first-order operator splitting method
consists of two steps that abstractly can be expressed as

(2.3) S(T )u0 =
(
SN (∆t) ◦ SL(∆t)

)n
u0 (n∆t = T ).

This is called sequential or Godunov’s fractional splitting method (see [8]). We note
that the order in (2.3) can also be reversed

S(T )u0 =
(
SL(∆t) ◦ SN (∆t)

)n
u0 (n∆t = T ).

It should be noted that it is not yet known which ordering leads to better perfor-
mance in the literature. Now, each subproblems can be discretized independently
using different methods.

In the second-order operator splitting methods, the advancement in time is per-
formed in three steps. This particular splitting procedure is also known as the
standard Strang splitting. In this version, the solution takes the following form:

(2.4) S(T )u0 =

(
SN

(∆t

2

)
◦ SL(∆t) ◦ SN

(∆t

2

))n

u0 (n∆t = T )
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or

S(T )u0 =

(
SL

(∆t

2

)
◦ SN (∆t) ◦ SL

(∆t

2

))n

u0 (n∆t = T ).

In this respect, in the scheme (2.4), as a first step, we solve (2.2a) using the initial
condition of the original problem, and then, utilize the obtained solution as an
initial condition to solve (2.2b), at last utilize the solution as the initial condition,
solve (2.2a) and derive the numerical solution.

It is theoretically proven (see [20] and [31]) that the second-order accuracy of
the method (2.4) is guaranteed when the two parts are solved with at least second-
order accuracy. In this study, we solve the nonlinear subequation (2.2a) by using the
MacCormack scheme, which is a second-order scheme. Thus, to achieve a second-
order accuracy with (2.4) we require that the linear subequation (2.2b) is solved
by a second-order method. For this purpose, we will use three popular schemes
such as MacCormack, Crank-Nicolson, and alternating direction explicit method
for solving the linear counterpart. However, for comparison purpose, we will also
utilize the first-order upwind scheme for (2.2a) and simple first-order methods like
FTCS (forward in time and central in space) for the diffusion problem, which may
only be first-order in time. Clearly, in this case one achieves only the first-order
accuracy in time and our splitting will be based upon the first-order version (2.3).
In the following subsections we will illustrate these numerical procedure in more
details.

2.2. Methods for the nonlinear convection equation. We are going to illus-
trate the schemes that we utilize to approximate the nonlinear convective subprob-
lem (2.2a). We first develop an upwind scheme and then utilize this scheme to
devise a second-order numerical scheme for (2.2a). The first-order upwind scheme
plays an fundamental role in the development of second-order MacCormack scheme
below. In fact, upwind procedure uses concepts from characteristic theory to specify
the direction of spatial differencing.

I) Upwind scheme. To proceed, let we are given two (two-point) numerical flux
functions F± : R2 −→ R, which are locally Lipschitz continuous and satisfy the
consistency property F±(v, v) = γ±f(v). Given V n

j at the time level tn, we calculate

the discrete V n+1
j via the following three-point numerical scheme

V n+1
j−1 = V n

j−1 − µ(Fn,−
j −Fn,−

j−1) (j ≦ 0; n ≧ 0),(2.5a)

V n+1
j = V n

j − µ(Fn,+
j+1 −Fn,+

j ) (j ≧ 0; n ≧ 0),(2.5b)

where Fn,±
j = F±(V n

j−1, V
n
j ). Note that the coupling of two finite difference schemes

(2.5a) and (2.5b) is carried out by evaluating Fn,±
0 = F±(V n

−1, V
n
0 ). To complete

the definition of the scheme we require to specify the numerical flux functions F±.
Far from the interface, we utilize the standard upwind flux. This implies that for
j ̸= 0, the computation of Fn,±

j is done by

(2.6) F±(v, w) =

{
f±(v), if Ṡ ≥ 0,

f±(w), if Ṡ < 0,
Ṡ =

{
f±(w)−f±(v)

w−v , if v ̸= w,

(f±)′(v), if v = w,
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where we have used f±(v) = γ±f(v). In order to define the numerical coupling

procedure, one needs to specify both fluxes Fn,−
0 and Fn,+

0 more precisely. For
this purpose, depending on the sign of the derivative of f± the following cases are
considered:

a) (f±)′(u) > 0, for all u ∈ I(V n
j , V n

j+1),

b) (f±)′(u) < 0, α = L,R, for all u ∈ I(V n
j , V n

j+1),

c) (f−)′(u) > 0 and (f+)′(u) < 0 for all u ∈ I(Un
j , V

n
j+1).

In the first case a) we only need to determine Fn,+
0 that takes the form

Fn,+
0 = f−(V n

−1).(2.7a)

For instance, in the case of linear flux f±(v) = γ±v with γ± > 0, the numerical
scheme (2.5) can be rewritten as

V n+1
j = (1− µ−)V n

j + µ−V n
j−1, if j ≦ −1,

V n+1
j = (1− µ−)V n

j + µ+V n
j−1, if j = 0,

V n+1
j = (1− µ+)V n

j + µ+V n
j−1, if j ≧ 1.

The parameters µ± are called the Courant-Friedrichs-Lewy numbers or CFL num-
bers. The CFL plays an essential role in determining the stability of a numerical
scheme. Standard stability analysis dictates that these CFL numbers should be
chosen such that 0 < µ± < 1. In the second case b) it is sufficient to take Fn,−

0 as

Fn,−
0 = f+(V n

0 ).(2.7b)

Again, utilizing the linear flux f±(v) = γ±v with γ± < 0 in (2.5) after a rearrange-
ment one gets 

V n+1
j = (1 + µ−)V n

j − µ−V n
j+1, if j ≦ −2,

V n+1
j = (1 + µ−)V n

j − µ+V n
j+1, if j = −1,

V n+1
j = (1 + µ+)V n

j − µ+V n
j+1, if j ≧ 0.

In the third and last case c), we consider fluxes that have opposite signs. In this
situation no extra requirement like (2.7a) or (2.7b) is needed for numerical treatment
of the interface and the numerical flux defined in (2.6) is sufficient for computing
V n+1
−1 and V n+1

0 . If we consider the linear flux with γ− > 0 and γ+ < 0 as in the
two former cases, we get{

V n+1
j = (1− µ−)V n

j + µ−V n
j−1, if j ≦ −1,

V n+1
j = (1 + µ+)V n

j − µ+V n
j+1, if j ≧ 0.

II) MacCormack scheme. The upwind scheme already illustrated in the last section,
has at most first-order accuracy. This yields to poor accuracy for model problems
with nonsmooth data. To alleviate these difficulties, we utilize the idea of MacCor-
mack [22] to formally upgrade the upwind scheme (2.5) to second-order accuracy.
This new scheme are obtained by correcting first-order schemes.

The standard algorithm based on MacCormack original scheme consists of a two-
stage procedure known as the predictor-corrector method. This explicit scheme can
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be presented for the (classical) conservation laws (1.1) as follows

Predictor step : V ⋆
j = V n

j − µ∆+
x F

n
j ,(2.8a)

Corrector step : V ⋆⋆
j = V n

j − µ∆−
x F

n,⋆
j .(2.8b)

Here, the backward and forward difference operators ∆−
x ,∆

+
x are defined as

∆−
x Vj = Vj − Vj−1, ∆+

x Vj = Vj+1 − Vj .

Here, Fn
j and Fn,⋆

j are denoted by the flux F evaluated at V n
j and V ⋆

j respectively.

Hence, the solution V n+1
j at the next time step becomes

V n+1
j =

1

2
(V ⋆

j + V ⋆⋆
j ).(2.8c)

It should be stressed that, the first-order spatial derivatives in (2.8a)-(2.8b) are
discretized with opposite one-sided finite differences in the corrector and predictor
stages. The forward differencing operator is utilized in the predictor stage and
backward differencing operator is utilized in the corrector stage. However, applying
these operators in the stages may be interchanged depending on the flux F as we
see in the case of our model problem.

To express the MacCormack scheme in a conservative form and suitable for (1.2),
we take the numerical fluxes H± as

(2.9) H±(u, v) =
1

2

(
f±(u) + f±(v)

)
.

In fact, by putting (2.8a) into (2.8b) followed by inserting the obtained result
into (2.8c) it can be written as conservative. Obtaining the predicted numerical
values V ⋆

j at the first stage by the upwind scheme (2.5), the corrected numerical

values V n+1
j at the next time level is given by

V n+1
j−1 = V n

j−1 − µ∆±
xH

n,⋆
j,− (j ≦ 0; n ≧ 0),(2.10a)

V n+1
j = V n

j − µ∆±
xH

n,⋆
j,+ (j ≧ 0; n ≧ 0),(2.10b)

where

Hn,⋆
j,± = H±(V

n
j−1, V

⋆
j ),

and ∆±
x denotes either the forward or backward difference operator. As mentioned

before, if for computing V ⋆
j in the range j ≦ 0 (j ≧ 0), one uses ∆−

x or ∆+
x , which

completely depends on f±, then in (2.10) we require to utilize an difference one-
sided operation that has the opposite sign. Utilizing both backward and forward
differences for space derivatives in computing the average value of the time derivative
in (2.8c) is the main reason for second-order accuracy. As an illustration, consider
the linear flux functions f±(v) = γ±v with γ− > 0 and γ+ < 0. Thus, the numerical
schemes (2.8a)-(2.8b) will be reduced to{

V n+1
j = V n

j − µ−∆+
x V

⋆
j , V ⋆

j = V n
j − µ−∆−

x V
n
j , if j ≦ −1,

V n+1
j = V n

j − µ+∆−
x V

⋆
j , V ⋆

j = V n
j − µ+∆+

x V
n
j , if j ≧ 0.
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2.3. Methods to treat the linear diffusion equation numerically. To solve
the linear diffusion equation (2.2b) several numerical procedures may be applied.
Let Wn

j denotes the numerical solution calculated at the time level tn. Among
others, the following schemes are considered in this work:

A) Laasonen method or forward in time and implicit central in space (FTICS):.

−rWn+1
j−1 +

(
1 + 2r

)
Wn+1

j − rWn+1
j+1 = Wn

j .

This is an implicit prcedure with truncation error O(∆t+∆x2), which means that
it is first-order accurate. Moreover, it is unconditionally stable scheme (see [33]).

B) Crank-Nicolson (CN) method:

−r

2
Wn+1

j−1 +
(
1 + r

)
Wn+1

j − r

2
Wn+1

j+1 = −r

2
Wn

j−1 +
(
1− r

)
Wn

j − r

2
Wn

j+1.

This is an implicit method and has second-order accuracy. It can be show that
the truncation error O(∆t2 + ∆x2), and unconditionally stable scheme (see [33]).
It should be note that when using the two above schemes for solving the diffusion
equation, in each time step the solution procedure involves only solving tridiagonal
matrices. Next, we introduce a seemingly implicit scheme that has not such property
and indeed is an explicit method.

C) Alternating-directional explicit (ADE) methods: The left to right (L→R) as well
as the right to left (R→L) numerical schemes for the diffuion equation (2.2b) due
to Saulyev (see [27] and [28]) are, respectively, defined as follows:(

1 + r
)
Wn+1

j = rWn+1
j−1 +

(
1− r

)
Wn

j + rWn
j+1,(2.11a) (

1 + r
)
Wn+1

j = rWn+1
j+1 +

(
1− r

)
Wn

j + rWn
j−1.(2.11b)

We emphasize that both the R→L and L→R formulae are seemingly implicit in
nature but can be solved in an explicit manner from left (right) to right (left)
using the imposed boundary condition on the left (right) to get started. Based
upon the L→R and R→L approximations, the first ADE scheme was proposed by
Saulyev as follows (see [28]):(

1 + r
)
Wn+1

j = rWn+1
j−1 +

(
1− r

)
Wn

j + rWn
j+1,(2.12a) (

1 + r
)
Wn+2

j = rWn+2
j+1 +

(
1− r

)
Wn+1

j + rWn+1
j−1 .(2.12b)

The aforementioned scheme has second-order accuracy with O(∆t2+∆x2+∆t2/∆x2)
as the truncation error. Also it is an unconditionally stable scheme. Note that if r
is constant, the scheme is formally first-order because of the presence of the incon-
sistent term O(∆t/∆x)2. To get ride of this inconsistence term, the second ADE
version is proposed in [1], in which the computations are performed simultaneously
in both R→L and L→R directions and the resulting solutions are averaged to obtain

the ultimate Wn+1
j = 1

2

(
pn+1
j + qn+1

j

)
:(

1 + r
)
pn+1
j = r pn+1

j−1 +
(
1− r

)
pnj + r pnj+1,(2.13a) (

1 + r
)
qn+1
j = r qn+1

j+1 +
(
1− r

)
qnj + r pn+1

j−1 .(2.13b)
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This scheme is also unconditionally stable. Also, its truncation error is O(∆t2 +
∆x2). In fact, when averaging is used the term O(∆t/∆x)2 cancel out an the
resulting method becomes second-order.

To summarize, we consider the performance of the following schemes as combina-
tions of previously proposed numerical methods applied to the linear and nonlinear
subproblems (2.2a) and (2.2b) respectively:

• Upwind and ADE/CN/FTCS: Upwind-ADE/CN/FTCS,
• MacCormack and ADE/CN/MacCormack: Mac-ADE/CN/Mac.

For comparison purposes, the methods upwind (see [34] and [26] and MacCor-
mack [26] are also considered in the numerical experiments below.

3. Experimental results

Let us investigate the performance of the MacCormack scheme applied to prob-
lem (1.2). In this respect, several numerical simulations are carried out using
both linear as well as nonlinear model problems. The computational domain is
taken as [−1, 1] and the final time is t = T in terms of second. We partition the
given domain [−1, 1] into M subintervals with uniform mesh size ∆x and using
M = 2s, s = 4, 5, · · · , 10. We further divided [0, T ] into N = ⌈ T

∆t⌉ time steps. To
check the accuracy of the presented combined methods, the relative L1, L2 and L∞
error between the exact true solution ue and the numerical counterpart U∆x are
given with following definitions

E(∆x, p) = ∥U∆x − ue∥p (p = 1, 2,∞).

Also, the rate of convergence is calculated using the formula

log2

(
E(∆x, p)

E(∆x/2, p)

)
for p = 1, 2 and p = ∞.

3.1. Linear case. To deal with linear model problems, we take the linear flux
function as f±(u) = γ±u. Using Fourier stability analysis it is not a difficult task
to show that applying the upwind and MacCormack schemes to ∂tu+ ∂xf

±(u) = 0
is stable under the following condition

0 < max{|γ−|, |γ+|} · µ < 1.

Therefore, to guarantee the stability of the schemes the time step ∆t is taken to be
sufficiently small. In the linear case, the final time T = 0.1 and T = 0.5 are used
for the computations.

Example 3.1. We first study the model problem (1.2) with γ− = 0.02 and γ+ =
−0.04 and take the initial condition for u0(x) defined as follows:

u(x, 0) =

 1, |x| ≦ 1
4 ,

1
2 ,

1
4 < |x| ≦ 3

4 .
0, otherwise.

Obviously, u0(x) is discontinuous at ±1
4 ,±

3
4 . This example is considered in [26].
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The numerical outcomes for this test problem are summarized in Tables 1-2 and
also in Figs. 1-2. In these experiments, diverse values of ∆x and ∆t and final time T .
The viscosity is set ϵ = 0.001. In Table 1, we present the numerical results calculated
at T = 0.1 derived by the sequential splitting procedure (2.3) using ∆t = 0.001
for a different choices of the number of spatial grid points M = 25, 50, 100, and
200. In the aforementioned Table, the performance of various schemes including
Upwind-ADE/CN/FTCS and Mac-ADE/CN/Mac are reported in the L1 norm.
Note that, our experiments show that the corresponding results obtained based
on the Strang splitting procedure (2.4) are almost the same as the results of the
sequential splitting and therefore we omit them. Note that in the ADE we utilize
the second version (2.13a)-(2.13b) which is based on the averaging.

Table 1. Comparison of L1 error norms for different finite difference
schemes based on sequential splitting for Example 3.1 with ∆t =
0.001, ϵ = 0.001, and ∆x = 0.08, 0.04, 0.02, 0.01 evaluated at time
T = 0.1.

It can be obviously observed from Table 1 that the performance of schemes in the
second class, i.e., Mac-ADE/CN/Mac is superior than the schemes in the first class,
namely Upwind-ADE/CN/FTCS. In each class, the same order of accuracy is ob-
servable for all methods in the class. Form these results one immediately concludes
that the performance of methods used for the discretization of convection subprob-
lem, which has a discontinuous coefficient has a direct impact on the performance
of the whole discretization method for (1.2). Indeed, the upwind-type approaches
are first-order accurate while the MacCormack-type procedures are second-order.
To confirm this,we take T = 0.5 and report the corresponding convergence rates for
these methods in Table 2.

Next, for a fixed M = 100, we depict the numerical solutions and the ex-
act true solutions obtained by Upwind-FTCS method at different time levels t =
∆t, 5∆t, 10∆t, . . . , 45∆t, 50∆t in Figure 1, left. In all visualizations, the exact so-
lutions are presented by thick lines and the numerical counterpart are depicted by
(coloured) dashed lines. Furthermore, the corresponding errors in the L1, L2, L∞
norms are visualized in Figure 1, right. In all plots we have used ∆t = 0.01 and
ϵ = 0.00001.

It can be observed from Figure 1 that the numerical model results are found to
be in good alignment with exact results. However, in the vicinity of discontinuities
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Table 2. L1 convergence rates evaluated at time T = 0.5 for differ-
entM based on sequential splitting for Example 3.1 with ∆t = 0.001,
ϵ = 0.001.

Figure 1. Numerical and exact solutions of Upwind-FTCS (left)
and the corresponding L1, L2, L∞ errors (right) of Example 3.1 at
times t = s∆t for s = 1, 5, 10, . . . , 46, 50∆t (left). In both cases,
M = 100 and ϵ = 0.00001.

(i.e, points x = ±1
4 ,±

3
4), the solutions are smeared. Note that, when ϵ is taken

so small the convection term is dominated and the problem (1.2) has a hyperbolic
nature than parabolic. For this example, we also utilize a second-order scheme
based on the MacCormack algorithm. Under the same problem assumptions as in
the Upwind-FTCS, we depict the numerical and exact solution of the scheme Mac-
Mac for Example 3.1 in Figure 2, left. Also, the errors with respect to time in three
different norms L1, L2, and L∞ as shown in the right plot.

3.2. Non-linear case. To further demonstrate the accuracy of the proposed split-
ting finite difference schemes, we consider (1.2) with a non-linear convective flux.
We take f(u) = u2/2, which is known as the Burgers flux. We are aiming at solv-
ing exact solvable problems and compare the numerical results with other existing
computational approaches. In the non-linear and general cases, the time step ∆t
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Figure 2. Numerical and exact solutions of Mac-Mac (left) and
the corresponding L1, L2, L∞ errors (right) of Example 3.1 at times
t = s∆t for s = 1, 5, 10, . . . , 46, 50∆t (left). In both cases, M = 100
and ϵ = 0.00001.

should be selected so that the CFL numbers µmaxj∈Z |(f±)′(Un
j± 1

2

)| < 1. In the

computations below, we take the final time T = 0.1.

Example 3.2. We solve the non-linear model problem (1.2) with γ− = 0.1 and
γ+ = 0.4 and the initial condition for this model problem is given by

u(x, 0) = sin(πx).

For this problem, the viscosity is taken to be ϵ = 0.01. In Table 3, as in the
linear test problem we summarize the numerical errors in the L1 norm obtained
by the schemes Upwind-ADE/CN/FTCS and Mac-ADE/CN/Mac based on the
sequential splitting procedure evaluated at time T = 0.1. All the values are obtained
using ∆t = 0.001 for different choices of the number of spatial grid points M =
25, 50, 100, 200. Although, almost the same accuracies are obtained within each
upwind and MacCormack-type methods, but a slightly better result is obtained
through exploiting first-order splitting procure. Moreover, Among the second-order
schemes, the performance of MacCormack is also slightly better.

In the next experiment, we fix M = 100 and consider the scheme Mac-ADE based
on the sequential splitting for Example 3.2. The numerical solutions at different time
levels as a multiple of ten, i.e., after 1, 10, 20, . . . , 90, 100, time steps are visualized
in Figure 3, left plot. We use ∆t = 0.001, ϵ = 0.01, and T = 0.1 as for the first
experiments in Table 3. In all visualization, the exact solutions are shown by thick
lines and the numerical counterpart are presented by (coloured) dotted, dashed, and
dashed-dotted curves. In the same figure, on the right plot, the behaviour of error
norms versus time in three different norms L1, L2 and L∞ is represented. Looking
at Fig 3 reveals that the numerical solutions obtained via Mac-ADE are in good
alignment with the exact solutions.
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Table 3. Comparison of L1 error norms for different finite difference
schemes based on sequential splitting for Example 3.2 with ∆t =
0.001, ϵ = 0.01, and ∆x = 0.08, 0.04, 0.02, 0.01 evaluated at time
T = 0.1.

Figure 3. Numerical and exact solutions of Mac-ADE (left) and
the corresponding L1, L2, L∞ errors (right) of Example 3.2 at times
t = s∆t for s = 1, 10, 20 . . . , 90, 100∆t (left). In both cases, M = 100
and ϵ = 0.01.

4. Conclusions

A class of finite-difference algorithms based on operator splitting has been devel-
oped for the (non-linear) convection-diffusion problems having discontinuous coef-
ficient arising from modelling many real-world phenomena. While the convective
subproblem is discretized by the first-order upwind and second-order MacCormack
procedures, the diffusion subproblem is solved by means of three popular uncon-
ditionally stable finite difference methods. We have compared both the first and
second-order methods using explicit codes, in both linear and non-linear test prob-
lems. The discussed computational procedures solved our model quite satisfactorily
compared to the existing and standard finite difference algorithms.
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Our computational experiments for (1.2) show that the accuracy of the whole
splitting procedures is restricted on the accuracy of the methods applied to the
convection subproblem (2.2a) that has a discontinuous coefficient. While there are
many high-order accurate schemes available in literature for the diffusion subprob-
lem (2.2b), finding such methods for (2.2a) is not a straightforward task. Therefore,
the first attempt in this direction is to devise higher-order methods for (2.2a). Gen-
eralizations of these methods to higher dimensions are also of interest and needs
further investigations.
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