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INERTIAL-BASED ITERATIVE ALGORITHMS FOR SOLVING
GENERALIZED SPLIT COMMON NULL POINT PROBLEMS IN
REAL HILBERT SPACES

JEREMIAH NKWEGU EZEORA AND PREBO CLIFFORD JACKREECE

ABSTRACT. Based on the recent important result of S. Reich and T. M. Tuyen
[iterative methods for solving the generalized split common null point problem
in real Hilbert spaces, Optimization, DOI:10.1080/023 31934 2019.1655562], we
propose and study an inertial-based algorithm without prior knowledge of the
operator norm for solving generalized split common null point problems in real
Hilbert spaces. We compared our algorithm with that of Reich and Tuyen with
a numerical example and it is seen that our algorithm out performs that of Reich
and Tuyen.

1. INTRODUCTION

Let C' and @ be nonempty, closed and convex subsets of real Hilbert spaces Hy
and Hy, respectively. Let T': Hy — H> be a bounded linear operator with adjoint
T* : Hy — Hy . The split feasibility problem (SFP) is formulated as follows:

(1.1) Find an element 2* € T := CNT1(Q).

The SFP was first introduced by Censor and Elfving [?] for modelling certain inverse
problems. It is also known to play an important role in medical image reconstruc-
tion and signal processing (see [?]). Consequently, the problem has motivated the
research of many mathematicians. See for example, Byrne [?,?], Censor et al. [?,7],
Masad and Reich [?], Moudafi [?], Schopfer et al. [?], Shehuet al. [?], Sahu et a.l [?]
Reich and Tuyen [?], Xu [?,7].

A popular algorithm for solving the SFP is the C'Q method of Byrne [?,?]: for
any starting point € Hy, the sequence {x,} is defined by

(1.2) 1 = P (2 — T (I = P T2,) V>0,

where Pgl and sz are the metric projections from H; onto C' and from Hy onto
Q respectively and v € (0,2/]|T]?).

Since every closed and convex subset C of a Hilbert space H is the null point set of
the maximal monotone operatorA = i, where i¢ is the indicator function of C,
the SFP becomes a special case of the split common null point problem (SCNPP)
defined as follows; find a point z* € H; such that

(1.3) 0€ Ai(z*) and 0 € Ay(Ta*),
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where A; : H; — 2Hi = 1,2 are maximal monotone operators and T : H; — Hs
is a bounded linear operator. This problem has also been investigated by many
researchers ( See for example, Takahashi et al. [26,27] and Tuyen [28] and the
references therein). Other related problems to the aforementioned are; the split
common fixed point problem (SCFPP) [9], the split variational inequality problem
(SVIP) [13].

We remark that the SFP, SCFPP, SCNPP and the SVIP as well as several other
related problems can be reformulated as the following generalized split problem. Let
V and W be two Hilbert or Banach spaces and let 7' : V' — W be a mapping from V'
to W. Suppose that (P;) and (P,) are two given problems in V' and W respectively.
Then the problem is to find an element x* in V' such that z* is a solution to (P;) and
T'(x*) is a solution to (P). We denote this problem by (P). A more general form of
problem (P) is defined as follows: Let Vi, Va,...,Vx be Hilbert or Banach spaces
and let T; : V; — Viy1,i = 1,2,..., N — 1 be mappings from V; to V;y1. Suppose
that (P;),i =1,2,..., N are N problems on V;, respectively. Then the more general
form of problem (P) is to find an element z* € V; such that z* is a solution to (Py),
Ti(x*) is a solution to (Pz),..., and Ty_1(Tn—2(...T2(T1(z*)))) is a solution to
(Pn). We denote this problem by (GP). There are practical problems which can be
modelled in the form of problem (GP). For instance, the production line balancing
problem, where the quantity of semi-finished products from the previous process has
to be equal to that intended for the next process [22]. Since the methods for solving
the SCNPP can be applied to related problems such as the SFP, the SCFPP and the
SVIP. In [22], Reich and Tuyen considered the following generalized split common
null point problem (GSCNPP): Let H;,i = 1,2,..., N be real Hilbert spaces and let
A H; — 2% 4 =1,2, ..., N be maximal monotone operators on H;, respectively.
LetT;: Hi — Hiy1,i =1,2,..., N —1 be bounded linear operators such that T; # 0
and

S:=ATHO)N T A 0) NN T (T (TRl (ARH0))) # 0.
Consider the following problem:
(1.4) Find an element z* € S,
that is, a point * € H; such that
0€ Ai(z"),0 € Ao(Thz"),...,0 € AN(TN-1(TN—2,...,T1(z"))).

Since this new problem is much more general than the split feasibility problem
(SFP), it turns out to have many more applications. In Reich and Tuyen [22],
the authors in order to solve Problem 1.4, proposed and studied different modi-
fications of the C'Q method and established several strong convergence theorems
for their algorithms. Furthermore, they presented several applications of their
results and exhibited a numerical example to illustrate the performance of their
algorithms. We remark that the step size v in the algorithms studied by Reich
and Tuyen [22] depends on the operator norm of the bounded linear operators,
T;,i = 1,2,...,N — 1. This is restrictive since the norms of the bounded linear
operators, 15,4 = 1,2,..., N — 1 are not known precisely. In fact, it is known that
computation of the norm of bounded linear operators is very difficult in general and
in some cases impossible.
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Although the results obtained in Reich and Tuyen [22] are novel and important in
application, their algorithms have a draw back arising from the restriction on ~. It
is therefore of interest to obtain those results without the restrictive condition on
the step size, 7.

Recently, inertial type algorithms for solving optimization problems have become
of great interest to numerous researchers. Since Polyak [21] studied an inertial
extrapolation process for solving smooth convex minimization problems, there have
been growing interests in the design and study of iterative methods with inertial
term. For example, inertial forward-backward splitting methods, Attouch et al. [1],
Cholamjiak et al. [10], inertial ADMM, Bot and Csetnek [3], and inertial forward
backward- forward method, Lorenz and Pock [14]. The inertial term is based upon
a discrete analogue of a second order dissipative dynamical system, (see Attouch et
al. [1]) and is known for its efficiency in improving the convergence rate of iterative
methods. The inertial type algorithms have been tested in the solution of certian
number of problems (for example, imaging and data analysis problems, motion of
a body in a potential field) and the tests show that they actually give remarkable
speed-up when compared with corresponding algorithms without inertial term (see
for example, Attouch et al. [1], Beck and Teboulle [2], Bot and Csetnek [3], [23], [12],
Shehu et al. [25] and the references therein).

Inspired by the above mentioned results, the goals of this paper are; to construct
inertia based algorithms such that the step size is independent of prior knowledge
of the operator norms of the associated bounded linear operators, to prove strong
convergence of the algorithms to solution of Problem 1.4, to test the performance of
the obtained result using numerical example and finally to campare the performance
of our algorithm with that of Reich and Tuyen [22].

The rest of the paper is organised as follows; Section 2 contains definition of
terms and needed Lemmas, in Section 3, we present the major contributions of the
paper, in Section 4 , we give applications of our results and in Section 5, we give
a numerical example to test the performance of our algorithm and compare it with
the performance of the algorithm studied by Reich and Tuyen [22].

2. PRELIMINARIES

In this section, we present some definitions and known results needed for our
convergence analysis.
Let C be a nonempty, closed and convex subset of H. It is known that for each
x € H, there is a unique point Pg x € C such that

2.1 — PHy|| = inf ||z —
(2.1) ||z — Pg x| ggCHx vl|

The mapping Pg : H — C defined by (2.1) is called the metric projection from
H onto C. Pg is known to satisfy the following inequality:

(2.2) (x — PHa,y—z)<0VzreH, VycC.

A mapping T': C' — C is said to be nonexpansive if ||Tz—Ty|| < ||[x—y|| V z,y € C.
We denote by F(T') the set of fixed points of a mapping 7', that is, F(T) = {x €
C:Tx=ux}.



272 J. N. EZEORA AND P. C. JACKREECE

Definition 2.1. A set-valued mapping T : H — 2 is said to be monotone if for
any x,y € H,

(z—y,f—g) 20,
where f € Tz and g € Ty. The Graph of T is defined by
Gr(T):={(x,f) e Hx H: f € Tz}.

When Gr(T) is not properly contained in the graph of any other monotone mapping,
we say that T is maximal. If A is monotone, then we can define, for each A > 0, a
nonexpansive single-valued mapping Ji' : R(If + A\A) — D(A) by
Ji= (1T )T

It is known that J /‘\4 is a single valued nonexpansive mapping.
Lemma 2.2 ([17]). Let {a,} and {c,} be sequences of nonnegative real numbers
such that

ap+1 < (1 =6p)an +bp+cp Vn>1,

where {0,} is a sequence in (0,1) and {by} is a real sequence. Assume Y -2 ¢y <
o0o. Then the following results hold:

(i) If by < 0, M for some M >0, then {a,} is a bounded sequence.
(i) If Y207, 6n = 00 and limsup,, _, ., g—z <0, then limy, o0 an = 0.

Lemma 2.3. ( [16,22] ) Let A: D(A) C H — 2H be a monotone operator. Then
the following four statements hold true.

(i) Forr > s> 0, we have
|z — JAz|| < 2||x — JAz|| for all x € R(IT +rA) N R(IT + 5A).
(i) For all v > 0 and for all x,y € R(I"" +rA), we have
(@ —y, Jle = Jly) > [[J22 — TP
(iii) For allT > 0 and for all x,y € R(I" +rA), we have
(I = Jhe — (1 = TNy, 2 —y) > (|14 = T e — (14 = Tyl
(iv) If S = A71(0) # (0 , then for all points £* € S and x € R(I" +rA), we have
1Az — €12 < [l — €712 — [z — a2

Lemma 2.4 ([11]). Assume that T is a nonexpansive mapping of a closed and convex
subset C' of a Hilbert space H into H. Then the mapping I — T is demiclosed on
C, that is, whenever {xy,} is a sequence in C which weakly converges to some point
x € C and the sequence (I —T)(z,,) strongly converges to some point y, it follows
that (I —T)(z) = .

Lemma 2.5 ([18]). Let {sy} be a real sequence which does not decrease at infinity in
the sense that there exists a subsequence {syn, } such that s,, < Sp,+1 Yk > 0. Define
an integer sequence {T(n)}, where n > ng, by 7(n) := max{ng < k <n:sp < sky1}.
Then T(n) — oo as n — co and for all n > ng, we have mar{s, (), sn} < Sr(n)+1-
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Lemma 2.6 ([31]). Let {s,} be a sequence of nonnegative numbers,{c,} be a se-
quence in (0,1) and let {c,} be a sequence of real numbers satisfying the following
two conditions: (i) sp1 < (1—am)Sptancy; (40) > vy an = 00, limsup,, o ¢p < 0.
Then limy,,_ooSn = 0.

3. MAIN CONTRIBUTIONS
In this section, we present our major contributions of the paper.

Lemma 3.1. Let H;, + = 1,2,3,...,N be real Hilbert spaces, T; : H; —
Hii 1, 1,2,3,...,N —1 be bounded linear operators and let A : H; — 2

be a mazximal monotone operator on Hy. Then, for any r > 0 and
v € (E 2/(I=IMTN 1 TN 2. Tiz—(I—JN TN _1Tn—2.. T1y])? _ 6) if
TET T (I—JA TN TN 2 Tia—T; T3 . T (I—JM TN 1TN—2--T1y|[?

Ty T (I=INTNATN -2 .. . Tia=TiTs ... T (I—JNTNn-1TN—2... Ty #
0, elsey=k wherek is a nonnegative constant , then the operator

Fx)=a—yT5Ty ... T (I = JNTy 1 Ty_o... Thx

s a nonexpansive self-mapping of Hy.
Proof. For any z,y € Hy, using Lemma 2.3 (iii) and the condition on v, we get
|F (@) = F)IP = [l =Ty Ts ... Ty (I = I T Tn—s ... Thx
—y =TTy T (I — INTN 1 Tn_o ... Tyy|?
=z —y—v(T7T5 ... Th (I — INTNATN—2... Tha
~TTs T (I = TN TN TN—2 ... Thy)||?
= |lz —y||* = 29(Tn-1TN-2... T1z — Tn—1TN—2
Ty, (I = INTN 1\ Tn_s... Thx
— (I = I TN 1Tn—2... T1y)
+ 2Ty Ty . T (I — TN 1T —s ... Thx
—TiTy . T (I = JNTN ATy _o... Tiy|]?
<l —yl? =2 = I TN—2... Tie — (I = J) Ty 2. Thy|]?
+ 2Ty .. T (I — INTN A Ty—o... Ty
—TiTy . T (I — JNTN ATy _o... Tiyl]?
<|lz —yl* =721 — T TN_2...Tix — (I — T TN_o... Try|
— ATy T (I — TN 1 Tn—s... Thx
~TT5 . TR (I = TN TN—2 ... Thy| ]
(3.1) < ||z =yl
Hence, F is nonexpansive. ]

We consider Problem 1.4 for the case N = 3. The general case will be studied at
the end of this section. For any xg,z_1,u € Hy, let {z,,} be the sequence generated
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by
Wy = Tp+ Op(xy — Tp_1)
Yin = wn— Ty (I - J[‘%fn)Tngwn
Yo = Yim— 2Ty — ngn)lel,n
Y3 = Jﬁfnyz,n

(3.2) Tpt1 = opu+ (1 —an)ysn, n>0.

where {3}, = 1,2, 3, are sequences of positive numbers and{«,, } is a sequence in
(0,1). We shall prove strong convergence of the sequence {z,} under the following

conditions: N
2\\(1H3*J/@fn)TzTumll2
6’ sk (T H . 7A?) 2
7775 (1 3_Jg3 )T Tiwnl|

(1) v € ( —€) if TyTy(I' - J;jn)Tngwn £ 0,

else y1., = k1 where k1 is a nonnegative constant .

2|(172 752 YTiyymll?
2 € (e, e
@ 72m € (¢ I3 (22— 757 ) Tiyn 2
else y2., = k2, where k2 is a nonnegative constant .
(3) min{inf{p1 n},inf{Bon}, inf{B3,n}} > 6 >0. (4) lima, =0, ) o, = oo,

lim;,—y00 z—ZHxn — Tp-1]| = 0.

—€) if TP — T2 YTiyin #0,

Theorem 3.2. If conditions (1), (2), (3) and (4) hold, then the sequences {xy} and
{wn} generated by (3.2) converge strongly to Pghu as m — oo.

Proof. The proof is divided into two steps.
Step 1: The sequences {z,,} and {y;,} ¢ = 1,2,3 are bounded. Let ¢ € S be fixed,
then

Hl’n—I—l _QH = Hanu"i_(l _an)yS,n_QH
(3.3) < anllu—ql| + (1 —an)llysn — 4|
Using Lemma2.3 (iv) and the fact that ¢ € S, we get

A
(3.4) 1930 —all* < vz — all® = lly2,n — T3, y20l[?
Now, from (IH2 — Jlizn)qu = 0 and Lemma 2.3(iii), we have
* A
g2 —all® = llyrn = 2T (I™ = 52 VT2 — dl|?
g1 — all® = 22y — ¢ Tf (12 — T2 )Ty )

+ T - Jg?n)lel,n\lz

< My = all* = 292ll(172 = T52 ) Tigrnl?

+ VallTE (I = J52 )Tyl

< lyin — all® = 72 NI = 52 )iyl
(3.5) — Yol TT (72 = T3 Tiyial?).

From (I3 — Jgfn)Tngq = 0 and Lemma 2.3(iiii), we have
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g1 —all® = |[wn = NIy T3 (172 = T52 YT T1w, — g

llwn = gl = 21,0 (wn — ¢, TET5 (I = T2 Y ToThw,)
Rall TTT5 (17 = T2 Y ToTyw,|?

llwn = qll* = 2710l | (1™ = 52 YT Trw,|?

W allTFT5 (17 = J42 Y ToTyw,|?

[lwn = all® = 11,0 (21T = 52 YT Tiwnl?

(3.6) — Al TIT3 U™ = T2 YT Tiw,| ).

IN +

_l’_

Using (3.3) — (3.6) and condition (1),, we obtain

[znt1 — ql] < anllu— gl + (1 — an)l[w, — 4|
= (1 —an)l|lzn — g+ Op(xn — 2n_1)|| + anllu — q]
< (1= ap)llzn — gl + (1 = an)bnl|zn — Tn-1]| + an|lu — q||

On
(3.7) < (1= ap)llzn = gll + an([lu = gll + —=lzn = zn-]l)

Applying condition (4) and Lemma 2.2 (i) in (3.7), we have that {||z, — ¢||} is
bounded and so {z,} is bounded. Consequently, {w,} is bounded . Moreover, it
follows from (3.4) — (3.6) and condition (2) that the sequences {y;,} i = 1,2,3 are
also bounded.

Step 2 : =, — Pglu

Let € = Pglu. By convexity of || - ||? , we have

e = €17 < anllu—&|1* + (1= an)llysn — €I
(3.8) < amllu =&l + llysn — €I
Using (3.4) — (3.6), we obtain

|znr1 = €I° < anllu— €[ + [lyzn — €I
< agllu = &I + llyan — &l1° = 120 — 5, v2ll?
< agllu—=&[[* +lyrn = €11* = v2n (21172 = T2 YTyl
— Yol | TF (172 = T52 YTayinl?) = [y — 5 vonll?
< anlu = €|* + ||wn — €I
— Y 2T = J52 YToThw,|[* =yl TYT5 (I = J42 ) ToThw,||)
— .0 (2]|(172 — J,é‘;n)lel,nHQ — o.ul Ty (172 — Jg;%n)lel,nHQ)
(3.9) —lyo.n = T4 yo.nll®
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lwn —€1? = [len — &+ bnlzn — zn1)l]?
< lan = €l + 2|20 — €llbnllzn — a1l + 05|20 — 21
(3.10) = |len — &I* + Oul2llen — &l + Onllen — zn1ll]llzn — znl]

Now using (3.10) in (3.9), we get

|z —&I° < anllu— &P + [|zn — €]
+ Onllzn — 2p1|2]|zn — &|] 4 Onl|zn — 2n—1]]]
— a2 = J5 )T Tyw,|?
I TITE (I — T8 T Ty P)
— a2 = T52 ) Tiyall?
* A

— Yol TF (I - 42 ) Y)

(311) - HyZ,n - J[ﬁl‘nyQ,nHz

So,

12,0 = T5! y2nll* + 710 (AT = T2 Y ToThw,|?

Yl TET5 (I = T2 ) ToThw,|[)

Yo (U™ = T52 VTayunl* = 2l TT (T2 = T52 YT 7)
anllu = €|* + |lzn — &1 = [|zns1 — €|

Onl|zn — zp—1|[2l|2n — €Il + Onllzn — Tn1]]]

anllu = €|* + |lzn — €l1* = [|2ns1 — €|

o
(3.12) + anOTnHmn = Tn1||[2][an — €] + Onl|zn — 2n-l]]
n

+ IN +

Furthermore, from (3.4) — (3.6), we obtain
|’xn+1_§”2 < (I—an)llysn — §H2+2an< =& Tny1 — &)
< (1_an)|’wn €||2+2an<u_§’xn+l g)
< (1= ) [lln — 2 + Oulln — Zu s [2l[n — €11 + Onl 0 — 201l
+ 2an(u =& anp1 — §)
On
= (I—oan)llzn — §||2+Oéna |zn — zna|[2]|zn — £l
Onl|zn — zn-1l]
(313) + 2an<u_£7xn+1_£>
Set oy = [|zn — &|?, cn = %Hxn — Zn-1||[2[|zn — &l| + Onllzn — zn-1l]] + 2{u —

&, Tnt1 — &), then (3.13) becomes
(3.14) Ont1 < (1 —ap)on + ancy
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We now show that o, — 0 as n — oo by considering two possible cases.
Case A: The sequence {o,} eventually decreases, that is, there exists Ny > 0 such
that {0y} decreases for n > Ny and so {0y} converges. From conditions (4) and
(3.12), we have

(3.15) g2 = T3 g2l =0,
That is
(3.16) 1Ys.n — Y2mll — 0,

Next, from (3.12), we obtain

Y 2T = T2 YT,
— Yl T (17 = T2 Y ToThw,||?)

< agllu— €12+ [lzn — €1 = [lznsn — €
0
+ o |lon — 2] 2|20 — €]
Qnp
(3.17) 4+ Opllzn — zn-1]]] = 0, n — occ.

From condition (1), it follows that
2|(Is — T4 YTy Tyw,|[?
: —€
1T T5 (115 — J42 YToTrw,|?

Yin

So
Yl TP T5 (17 = J52 YToThw,||* < 2|17 = T3 )ToTiw,||”
T T3 (I = T30 ) ToTyw,|f?,
which gives
e|| Ty Ty (172 — J[;‘;?:H)TQTW”H? < 2|1 — Jgfn)TQlenH?
(3.18) — Al TTT5 (1% = T2 Y ToTyw,* = 0
That is
|| T3 Ty (11 — Jgfn)TQlenH -0

Furthermore, from (3.17), we have

2e[|(1"s — T2 YToThwn|? < 71 (2|17 = J52 )ToTiw,||”

< apllu— €[ + |lzn — €17

0
= lznt1 *§H2 JrO‘n*onn *xn71|’[2”xn =&l
Qp

+ 9n|’$n - wnle]
(3.19) + AT (I3 - Jgfn)TQlenH? =0
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Thus,
(3.20) (175 — T3 YTaTiw,|| = 0, n — oo,
Furthermore, using condition (2) and similar argument, we obtain
(3.21) (172 = J52 YTiyiall = 0, n— o0
From (3.2), (3.20) and (3.21), we obtain
(3.22) ly1n —wnll =0, [ly1n — y2null =0
Utilizing conclusions (3.16) and (3.22), and noticing (3.2) we obtain
(3.23) lys;n —wnl| — 0, |lwy, — || =0

It also follows from (3.2), condition (4) and boundedness of {y3,} that

(3.24) |zns1 —y3nll = anllu—ysnll =0

Having in hand (3.24) and (3.23), we have
(3:25)  [[zns1 = @nll < lzni1 = yanll + [ly3n — wall + [|wn = 2l = 07 = oco.

Next we show that limsup,,_,,, ¢, < 0. Indeed, suppose that {x, } is a subsequence
of {x,} such that

limsup(u — &, 2, — &) = lim (u — &z, — §).
n—o00 k—o00

Since the subsequence {an, } is bounded, there exists a further subsequence {zy, }
of {zy, } such that Ty, — &*. We may assume without any loss of generality that
T, — &

We claim that £* € S. From (3.23), (3.16) and (3.22) we obtain that y;,, — &*
¢ = 1,2,3. Since T1 and 75 are bounded linear operators,we have 11y, — T1£*
and ToTzy,, — ToT1€*. It follows from Lemma 2.3(i) , (3.15) , (3.21) and (3.22)
that

[Y2,m, — J/gl;,nylnk” — 0, H(IH2 - Jéz’n)lel,nkH — 0,
(3.26) ||(I"s — Jgfn)TﬁlwnkH? -~ 0.

Thus, from y2,, — &, Tyin, — TW&" , TaTiz,, — ToT1£*. and Lemma 2.4,
we conclude that £* € F(J3! ), Tig* € F(J32 ) and TyT1&* € F(J52 ), that is,
& el
From & = Péqlu and (2.1), we deduce that

limsup(u —§,zp — &) = (u—§,& —¢) <0,

n—oo

which when combined with (3.25), implies that limsup,,_,., ¢, < 0, as claimed.
Hence all conditions of Lemma 2.6 are satisfied. Therefore we conclude that o, — 0
that is

Tp — Pglu.
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Case B. Suppose the sequence {o,} is not a monotone sequence. Then, as in
Lemma 2.5, we can define an integer sequence{7(n)}, where n > ng (for some ng
large enough), by

T(n) ;= max{k <n:op < ogy1}

Moreover, {T(n)} is an increasing sequence such that 7(n) — oo as n — oo and
Or(n) < Or(nt1) for all n > ng. From (3.12), we deduce that

0< Or(n+1) — Or(n) < O‘T(n)Hu - 5”2 + HT(H)HxT(n) - xT(n)—1||[2HxT(n) - §||
+ 97‘(71) | ‘xr(n) = Zr(n)-1 ‘ H
Or(n)

Qr(n)
(3.27) + OrwyllZrm) — Trm)-1lll-

Since a(,y — 0 and noticing condition C'4 we have from (3.27) we get

= a'r(n)Hu - 5”2 + Qr(n) "wT(n) - xr(n)—lH[QHxT(n) - g”

(3.28) Or(n+1) — Or(n) —7 0.
Furthermore, we have o.(,41) < (1 — a.,-(n))O'T(n) + Qr(n)Cr(n), Where

limsup ¢;(,,) < 0.
n—oo
Since 0r(ni1) > Orn) and appy > 0, we have o4,y < cr). Also since
limsup,,_, ¢r(n) < 0, we have lim, o0 0-(,) = 0. This together with (3.28) im-
plies that limy, o 07(,41) = 0. Thus,
0 < oy <max{o (), 0n} < Ornyr) — 0.

Consequently, o,, — 0, that is, z, — £ := Pglu. Knowing that ||w, — z,|| — 0, we

also have that w, — £ := Pé{{lu. This completes the proof.
O

Next , we study strong convergence of the sequence {z,} generated by 2o, z_1,u €
Hl )

Wy = 2Zn+ On(zn — 2n-1)
t = wo =TT - T30 ) ToThw,
ton = tin— Yo Ty — J;;?n)lel,n
tyn = Jh! ton

(3.29) Znt1 = onf(zn) + (1 —ap)tz,, n>0.

where f: Hy — Hj is a contraction with coeffiecient ¢ € [0, 1).

Theorem 3.3. If conditions (1),(2,(3) and (4) hold, then the sequence {z,} gen-
erated by (3.29) converges strongly to a point £* € S, which is the unique solution
to the variational inequality

(I = )¢ y—&)Vyes.



280 J. N. EZEORA AND P. C. JACKREECE

Proof. Pgl f is a strict contraction, so by Banach ’ s fixed point theorem, Pgl f has
a unique fixed point £* which is the unique solution to the variational inequality

(I =g y—¢)vyes.
Using Theorem 3.2 , with f(£*) replacing v in (3.2) , we see that the sequence {z,}
converges strongly to Pglf@*) =£*.

Now we assert that ||z, — || — 0 as n — oo. Using nonexpansiveness of J{!, A >
0 with A maximal monotone and Lemma 3.1, we obtain

anl|f(zn) = FIEN + (1 — o)tz n —
andllzn — &+ (1 — an)|[t2n —
and||zn — & + (1 — am)l[t1n —
anb||zn — &7 + (1 — an)|[zn — wal|

(1= (1= d)an)llzn — wall + andljwn — €]

[[2n41 — Tl

(VAN VANR VARSI VARSI VAN

(3.30)
Notice that

12 —wnll < 20 — 2ol + |20 — whll,
|zn+1 = Tnga|| < (1*(1*5)O‘n)|‘zn*$n||+(1*(1*5)an)“xn*wn”
+  and|wn, — |
< (1= (1 =§an)llzn = x|l + |20 — wall + and|lw, — €]
= (1_(1_5)O‘n)Hzn_mnH+9n‘|xn_xn—lu+0‘n5”wn_f*|’
O, *
= (1—(1—5)an)!\zn—mn!\+ana |zn — 1] + andl|wn, — |
0, "
(3.31) = (1—(1—5)an)Hzn—aan+an[a—Hxn—xn_1H+5Hwn—§ H]

Using condition (4) and the fact that w, — £*, we obtain

0
*an ||z — zp_1|| + O||wn, — || — 0, n — oc.
n

Hence by Lemma 2.6, we conclude that ||z, — z,|| = 0, n — oo.
Consequently,

This completes the proof.

O
Remark 3.4. In Theorem 3.3, if the sequence {z,} is defined by 29, z_1,u € Hy,
Wy = 2Zn+ O0n(2n — 2n—1)
b = wa - T TEU — I3 ) TThw,
ton = tin— Y25 (I - Jé%n)lel,n

A
tS,n = Jml’ntzn
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(3'32) Zn+l1 = anf(t?;,n) + (1 - an)t3,n> n > 0.

where f : H;y — Hj is a contraction with coefficient § € [0,1). If conditions
(1),(2),(3) and (4) hold, then the sequence {z,} generated by (3.32) converges
strongly to a point £* € S, which is the unique solution to the variational inequality

(UM =gy —€)vyes.
Notice that with {z,} defined in (3.2) and u = f(£*), we have
(3.33) lznt1 = Zngal] < andlftsn — (| + (1 = om)llt3,n — ysnl|

Since £* € S, we have J[iln(f*) = f*,Jg;zn(Tlf*) =&, and Jéfn(Tngf*) = &*.
Thus it follows from Lemma 3.1 that

(3.34) [t = &7l < It — &7
(3.35) [ton =l < ltrn — &7
(3.36) 1 =& < JJwn — &7

It follows from (3.30) and (3.34) — (3.6) that

[Zn41 — Tntal] < (1_(1_5)0‘n)||zn_$n”+(1_(1_5)an)||$n_wn||
+  and||wn — &7

0,, "
(3.37) < (1 —(1- 5)04n)Hzn — Zn| +0‘n[OTH$n — Tp1|| + 0lJwn, — € H]

By similar argument to the proof of Theorem 3.3, we obtain that z, — £*.

Finally, we observe that by applying arguments which are similar to those used
in the proofs of Theorems 3.1 and 3.2, we obtain the following theorem regarding
Problem 1.4.

Theorem 3.5. Assume that the following conditions hold:
2||(IH3 JgS )TN 1Th—2.. lenH

1 —€
(1) 1 € (6 TFTs .. Ty (IH3— JA3 )TN 1Ty 2. Tywn| |2 )
if Ty .. . Tn_a(I3 —J 33H)TN_1TH,2 o Thwy, #0,
else y1,, = k1 where k1 is a nonnegative constant ,
H
2H( N—(i—-1)_J AN—(i-1) )TNfimle(i—l),nHQ

BN—(i—1),n
Yin € (67 H AN_ - 6)
’ * 71— (i—1)
||T1TN_1(I N—(i—1) — JﬁN (i— 1)n)TN_i...T1y(i—1),nH2
. " (THN_in . 7AN=(i-1)
if Tf ... Tn—;(I"N=G-1 Ton o )IN—i - T1yg—1)n # O,
else vin = k2 where ka is a nonnegative constant ;i =2,3,...,N —1

(2) min{inf, {Bin}i=1,2,...,N} > >0. (3)lima, =0, > ap =00,
limy, 00 %Hxn —Tp_1]] =0.
Then the sequence {xy} generated by xo,x_1 € Hy, and
Wy = Tp+ en(ﬂfn - xn—l)
Yin = wp— 1 TiTs . T (I — Jgj\],\jn)TNflTNfZ . Tiwy,
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* * * A —

v = Yo — 2Ty TR (TN = TGN )Ty Tyt
YN—-1n = YN-—2mn — '7N—2,nT1* (IH2 - J/@é%n)lel,n

YNn = Jé%n (nyl,n)

L anf(xn) + (1 - an)yN,m or

Tp+1 = anf(yN,n)

(3.38) + (I —an)ynm, n >0,
where {Bin},i = 1,2,...,N are sequences of positive numbers and{cy,} is

a sequence in (0,1), converges strongly to an element £ € S, which is the
unique solution to the variational inequality

(I — f)ey— &) VyeSs.
4. APPLICATIONS

4.1. Generalized split feasibility problem. Let C' be a nonempty, closed and
convex subset of a real Hilbert space H. Denote by i the indicator function of C,
that is,

o= {1 07

Then i¢ is a proper, lower semicontinuous and convex function. Hence its subd-
ifferential di¢ is a maximal monotone operator. It is known that

dic(x) = N(z,C)={ve H:{x—y,v) >0V yeC}

where N(z,C) is the normal cone of C at x.
We denote the resolvent operator of dic by J., where r > 0. Suppose z = J,y for
each y € H, that is,

X .
— € dic(x) = N(z,C).
Then we have
(y—z,x—v) >0 Yvel.
Since this inequality characterizes the metric projection, it follows that x = Pg Y.

Applying Theorem 3.5 yields the following result regarding an algorithm for solving
the generalized split feasibility problem in Hilbert spaces.

Theorem 4.1. Let H;,i = 1,2,...,N, be real Hilbert spaces and let C;, i =
1,2,..., N be closed and convex subsets of H;, respectively. Let T; : H; — H;jy1 i =
1,2,..., N — 1 be bounded linear operators such that

S:=CiNTyHC) N NI T (TR (CN)))) # 0.

If conditions (1) and (3) of Theorem 3.5 hold, then the sequence {x,} generated
by xo,x—1 € H1, and

Wy = xn‘i'en(-rn_xn—l)
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Yin = wn— 1 TiT5 . Th (I — PINTN T s . Thwy,
Yo = Y —2nDi Ty . T (TN — PEY Ty . Ty,
YN-1n = YN-2. — YN—2TF (T2 PCI*{;)leNfQ,n
yna = P (yn-1a)
Tnt1 = anf(zn) + (1 —an)ynn, or
(4.2)  wp1 = anf(ynn) + (1 —an)ynm, n>0

converges strongly to an element £* € S, which is the unique solution to the varia-
tional inequality

(I — f)ey— €)Y Vyes.

Remark 4.2. Other applications to various problems of contemporary interest such
as : Generalised Split common null point problem, Generalized split equilibrium
problem and Generalized split varational inequality problem studied in Reich and
Tuyen [22] can easiy be obtained when we use the algorithms developed and studied
in this work. We do not consider them as that amounts to mere repetition.

5. NUMERICAL EXAMPLE

In this section, we adapt the numerical example, Example 5.1 of Reich and Tuyen
[22] to examine the convergence of the sequence {x,} defined in Theorem 4.1 of this
work. Furthermore, we compare the performance of the sequence {z,,} of Theorem
4.4 of Reich and Tuyen [22] with the performance of the sequence {z,,} of algorithm
4.2 of Theorem 4.1 of our work.

Example 5.1. Consider the following problem: find an element ¢* € R* such that

& eSS =8 NT 1 (S) NN Ty (Ss) # 0,
where S1 = {z € R* : ||z — a1|| < K?},5 = {z € RO : ||z — ag|| < K3},53 =
{r € R®: ||z —a3|| < K2}. and T} : R* — RS and Tb : R® — R® are bounded
linear operators, the elements of the representing matrices of which are randomly
generated in [—5, 5]. The coordinates of the centres a1, as, ag are randomly generated
in [—1, 1], the radii K, K2, K3 are randomly generated in the intervals [4, 8], [6, 12]
and [8,16], respectively, and the coordinates of the initial point x( are randomly
generated in [—2,2].
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Table 1. Numerical results comparing our Algorithm (4.2) with
Algorithm of Theorem 4.4 of [22]

Table 1: Numerical results with TOL,, < 1073.

No. of runs Algorithm (4.2 Reich and Tuyen

CPU TOL, Iter CPU TOL, Tter
1 0.0147 9.2895¢~ 9% 26 0.0370 9.7693¢~ 9% 30
2 0.0249 9.3055¢~ %% 23 0.0605 9.7872¢7 01 28
3 0.0356 9.5573¢~ 9% 22 0.0356 9.7210e~ %% 29
4 0.0133 9.1936e %% 16 0.0343 9.4517¢ 9% 23

Table 2: Numerical results with TOL,, < 10~%.

No. of runs  Algorithm (4.2) Reich and Tuyen

CPU TOL, Iter CPU TOL, Iter
1 0.0188 9.8944¢ 9 68 0.0422 9.9382¢7 95 78
2 0.0209 9.8308¢~ % 96 0.0742 9.8560e~ % 111
3 0.0545 9.9239¢9% 102 0.0810 9.9312¢=%® 122
4 0.0183 9.8528¢=% 69 0.0390 9.8775¢~% 01

Remark 5.2. In Example 5.1 above, , the function TOL,, is given by
1
3
+ ||Ta(Tizn) — PE (To(Tya,))|?) ¥ n > 1.

It is clear that if at any nth step, TOL, = 0, we get that z, is a solution to the
problem.

TOL, = ~(|lzn — PE (@u)|? +||Ti(x0) — PR (Thz,)|?

6. CONCLUSION

In this paper, we constructed inertia based algorithms such that the step size is
independent of prior knowledge of the operator norms of the associated bounded
linear operators, and proved strong convergence of the algorithms to solution of
Problem 1.4. Adapting the example in [22], we compared the performance of one
of our algorithms , algorithm 4.2 with algorithm of Theorem 4.4 of Reich and
Tuyen [22] . From the table of values and the graphs above, it is seen that our
algorithm out performs that of Reich and Tuyen [22] since our algorithm takes less
CPU time to converge.
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