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REDUCTIONS OF ANTI-SELF-DUAL YANG-MILLS EQUATION
OVER HEISENBERG GROUP

GUANGZHEN REN AND QIANQIAN KANG

ABSTRACT. In this paper, we investigate the reduction of anti-self-dual (ASD)
Yang-Mills equation over Heisenberg group. We reduce the ASD equation to a
system of equations in four dimensions by an action of one dimensional group
generated by the Reeb vector. We also give the the complex Bogomolny equation
over Heisenberg group by an action of two dimensional group.

1. INTRODUCTION

In the classical flat case, by complexifying the real space R* as C* by

yi+iys —ys—iy
1.1 Y2, Y3, Ya) X X
() () = (T )

for (y1,vy2,y3,v4) € R*, ones can construct twistor space by using complex geometry
method (cf. [4] [11] [14]). If we denote a point of C* by (y4a/) with 2-component
spinor indices A = 0,1, A’ = 0/, 1/, an a-plane in C* is the set of all (y44/) satisfying

(1.2) < Yoo Yo’ > ( o ) _ ( wo >
Yoy Yiv Ty w1

for fixed 0 # (7, ) € C? and wog, w1 € C, which is the integral surfaces of the
integrable distribution Vj, := WO/%AO/ — Wllﬁ (A =0,1). A connection V is
called anti-self-dual (briefly ASD) if it is flat over any a-plane, which is equivalent
to F(Vp, V1) = 0, where F' is the curvature of V. Then the connection form A :=
Agordyoor + Aprrdyorr + Arordyior + A11/dyp1 of V is ASD if and only if

%0100,, - %1000,, + [Aoos A1o] = 0,

OA 0Agy OA OAygr _
(13) o Oyior + [A01/a AlO’] + oor v + [AOO’a All’] =0,

Ay BAny _
Ty~ By T Ao, A =0,

where Aga = A(5-2—). The reduction of ASD Yang-Mills equation (1.3) means

OYsar
reducing the number of variables to construct its resolution. Ward [15] proposed

the programme of reducing the ASD Yang-Mills equation. And Mason [11] defined
the associated Higgs fields and gives the classification of reductions of the ASD
Yang-Mills equation.
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The 5D real Heisenberg group £ is the space R? with multiplication given by

(1.4) (v,8)o(y,8) = (y+y.s+5 +2(v1vh — vov/ — ysvly + yavh)) ,

where y,y’ € R* and s,s’ € R. Similarly to (1.1), by the real imbedding R> — C®

given by

(1.5) Yoo Yo | ._ | yitiye —ys+iy f— i
vio v ys+iys  y1— iy ’

the real Heisenberg group 4#% can be imbedded into the 5D complex Heisenberg
group ¢, which is the complex space C® := {(y, )|y € C* ¢ € C} with the multi-
plication given by

(1.6) (y,t)o(y',t)=(y+y,t+t +B(y.y")) .

where B(y,y') = ooy — Yor¥iy + Y10¥oy — Y11y, - There are two reasons to
choose the imbedding. On the one hand, by an isomorphism SO(6,C)/P = JZ,
Ren and Wang [12] used the method in [1] and gave the twistor transform over
Heisenberg group. Here P is a parabolic subgroup of SO(6,C). On the other hand,
with the advantage of two-component station, they could use the twistor method
to study the ASD equations over # and J#®. Moreover, the anti-self-dual (ASD)
equation over SR is a model of horizontal ASD equation over 5D contact manifold
(cf. 2] [3] [6] [7] [8] [9] [16]). In this paper, we consider the reduction of ASD
equations over 5D Heisenberg group 7.
We have left invariant vector fields on 57

0 0
Voo i= m— —yu'T, Vor i= =— +y0'7T,
Yoo Yo’
Vig i= —— —youT, Vi = —— T,  T:=—.
10 Do Yo1 11 G + Yoo ot

It is easy to see that
(1.8) Voo, Viv] = [Vaor, Vorr] = 2T,

and all other brackets vanish. Consequently, for nonhomogeneous coordinates ¢ of
CP?', if denote

(1.9) Va:=CVay —Var, A=0,1,

we have
[Vo, V1] = 0.

Namely, span{Vp,V1} is an abelian Lie subalgebra and an integrable distribution
for fixed 0 # (mg, 7)) € C2. Their integral surfaces are hyperplanes, which we also
call a-planes.

A connection is called anti-self-dual (briefly ASD) if it is flat over any a-plane.
Let ® = By + &10:010 + By1/0°Y + &11:0' + B0 be a g-valued connection
form on #, where {#44", 0} are 1-forms dual to {Vaa/, T}. ® is ASD if and only if
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it satisfies the ASD Yang-Mills equation

(1.10)
Voo (®107) — Vio (®oor) + [Poor, P1or] = 0,
Vor (®10) + Voo (P117) — Vio (Porr) — Vir (Poor) + [Poor, Prr] + [Por, 1] = 0,
Vo (@117) — Vi (®orr) + [®or7, P117] = 0.

This paper is organized as follows. In Section 2, we investigate the invariance
of connections and Higgs fields on manifold [11]. In Section 3, we recall the ASD
equation over Heisenberg group and give its more concrete form. In Section 4, we
investigate the reduction of ASD equation by Reeb vector. And we also give the the
complex Bogomolny equation over Heisenberg group by the method of reduction.

2. HiGGS FIELD

In [11], Mason gave classification of the integrable systems that arise as sym-
metry reductions of the anti-self-dual Yang-Mills (ASDYM) equation. And he also
introduced the associated Higgs field and gave the process of the reduction. In this
section, we supplement some calculation details and proofs of some propositions
about reduction in [11].

Let 7 : E — U be a vector bundle. Let (e1,ea,...,e,) be the frame field of E.

Then a section of F can be written as (e1,ea,...,¢e,) s € I'(U, E), where
S1
s = 8:2 e C".
Sn

Suppose that H is a Lie group acting on the manifold U as m — p.m for any p € H
and m € U. A lift of action of H on U to E is that, for any p € H, the action
m — p.m induces a linear map p. : B, — E,,,, defined by

(21) p*(s,m) = (\I](,O, m)s,p.m) ’
where ¥(p, m) is the GL(E)-valued function over H x M.

Remark 2.1. Here the linear map p, : £ — E must satisfy the compatibility
conditions:
(1) w(p«(s,m)) = p(n((s,m))), i.e. the following diagram

(s,m) —= (¥(p,m)s, p.m)

ok

m p-m

is commutative.
(2) p — ps« is group homomorphism, i.e., for any pi, po € H, we have (p1p2)s =

P14P2%-
Note that, (p1p2), (s,m) = (¥(p1p2,m)s, p1p2.m) and

P14P2:(8,m) = p1, (¥(p2,m)s, p2.m) = (V(p1, p2.m)¥(p2,m)s, p1.p2.m) .
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Then the condition (2) is equivalent to

(22) W(p1p2,m) = ¥(p1, p2.m)¥(p2,m),

which means that ¥ is an automorphic function.

Suppose the lift of action of H on U to F satisfy the above condition. Then we
can define a pull-back action of H on section s € I'(U, E') by

prs(m) = p* (s(p.m)) .
Let V be a connection on E. Locally,
V ((e1,e2,...,en)s) = (e1,€2,...,ey,) (ds + Ps),
where ® is a matrix-valued 1-form, called the gauge potential.
Lemma 2.2. The gauge potential ® satisfy the gauge transformation.

Proof. Let (e}, €),...,e),) be another frame field of E. Then there exists A € Gi(n)
such that

(2.3) (€1, €y en) = (e1,e,...,e5) A
Denote V (€},¢€h,...,¢el) = (e},¢€h,...,¢el,)®. Then we have
V (el ey, ... eh) =V ((e1,e2,...,en) A) = (€1,€2,...,€,) (dA+ PA)
= (e}, eh,....e,) (A1dA+ A1 A).
So the connection form of V satisfy the gauge transformation

d = A 1dA+ AP A.

Proposition 2.3. The pull back of ® by p € H defined by
pr® =0 14v + v low
s a connection.

Proof. Since

/

P+ ((6’1,6’2, .. .,en)) = p«((e1,€2,...,en)A) = (e1,€2,...,e,)VA
= (e}, e, ..., el )ATUA,
Note that
P = (A pA)TIA(ATITA) + (AT A) T (AT A)
= AT UTTA (AT dAATT WA+ ATTATA + AT1IdA)
+ATTUTTA (AT A+ AT0A) (AT A)
=AM dA+ AT (T AT + U eT) A
= A7ldA+ A7 p* D A.
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So we have the commutative diagram
o ——= @
PP —— p*d’,

Then p*® is a connection.
O

For each vector X € b (the Lie algebra of H), let {¢;} be the corresponding one
parameter subgroup and L’y be the Lie-derivative along X. Locally, its lift to the
bundle is defined as

P8 (pr(m )) —s(m)

pris(m) | prys(m) —s(m)
)

s(m) | ¢ —Ids(m)>

t

Lxs:=lim
t—0

-t
ke

where 0y := lim;_,¢ £ = 1s endomorphism of F/, which is a matrix-valued function
on U. Higgs field is defined by

(2.4) ¢XS = VXs—LXS:(Qx—HX)S,

which measures the difference between the covariant derivative along X and the
Lie derivative along X. The adjoint bundle of F is adj(E,) = E, ® EX. The
connection extends in a natural way to sections of adj(E) by Vo = d¢ + [®, ¢] for
¢ € adj(E) and to forms with values in adj(E) by V® = d®+PAQ—(—1)PQA D for
Qe AP(M) A adj(E). Moreover, the action of the operators L, extends to sections
of adj(E) by Lx = X(6) + [0, 9],

We say that the connection is invariant if it is preserved by the action of H, that
is, if p*V = V for every p € H. At the Lie algebra level, for every X € h the
condition is that

(2.5) Lx(VS) = V(Lxs).

% s(pr(m

m)) —
t
m)) —
t

Obviously, if V is invariant under the action of X , we have
(2.6) LxF =L%F +[0x, F],
and hence that the conformal group preserves ASD eauqtion. Then we have

Lemma 2.4. [11] If the connection is invariant with respect to H, for X, Y € b,
we have

(1) L/X(I) + [Hx, (I)] = dfx;

(2) X(¢v) +[0x,9v] = dx vy

(3) X.d® = —[0x,P] — dox.
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Proof. (1) Locally,
V(Lxs) =V (X(s)+0xs) =d(Xs+0xs)+ P (X(s)+ 0xs)
=dX(s) +dbx s+ 0xds + PX(s) + POxs,
Lx(Vs) = Lx (ds + ®s) = L'y (ds + ®s) + 0x(ds + ®s)
=dX(s) + L'xy® s+ ®X(s) + Oxds + Ox Ps.
By (2.5), we have L'y ® + [0x, ®] = dfx.
(2) For X,Y € b, since Lx(Vys) = Vixys + Vy(Lxs), we have Vixy|s =

Lx(Vys) — Vy(Lxs). Moreover, Lixys = [Lx,Lyls = LxLys — LyLxs. So
we have

Qb[X,Y]S = V[ny}s — L[va]s = (Lx(VyS) - Vy(LXs)) - (LxLys - LyLXs)
= Lx(VY — Ly)S — (Vy — Ly)(LXs) = LX(qbyS) — gby(LXs)
= (Lxoy)s = (X(oy) + [0x, ov])s.
(3) Since Ly =do X1+ X_od, we have
X.d® = Ly® — d(X_®) = dix — [fx, ] — d(X D) = —[0x, D] — dox,
by using (1). O
Let U be an elementary open set in 5. We can pick out a submanifold S C U
that intersects each orbit transversely at a single point and we can identify S with
S=U/H ={xzH|x € U}. Take H, = {x - h|h € H} as the orbit for z € S, and its
Lie algebra is
ba := {X € b|X(x) = 0}.
By the transversality condition, we have
T.U=T,Sah,.
And denote V' = V|g, F/ = F|s.
Theorem 2.5. [11] For x € S, we have that
(1) if X, Y € T,,S, we have F(X,Y) = F'(X,Y);
(2) if X € TS, Y € by, we have F(X,Y) = Vi dy;
(3) if X,Y € by, we have F(X,Y) = ¢ix,y] + [¢x, Py ]

Proof. (1) It holds obviously by the definition of F’.
(2) By the third identity in Lemma 2.4, for Y € b,, we have d®(Y, X) = — [0y, Px]—
X(¢y) with X € T,,S. Then we have

F(X,Y) =d®(X,Y) + [0x, Py] = X(dy) — [Px, Oy] + [Px, Dy]
= X(¢y) + [@x, dy] = Vixoy.
(3) By (2) and the second identity in Lemma 2.4, we have
F(X,Y)=Vx¢y = X(¢v) + [Px, ¢v] = ¢ix,y) — [0x, dv] + [Px, ¢v]
= dixy) + [0x, oy ]



REDUCTIONS OF ANTI-SELF-DUAL YANG-MILLS EQUATION OVER HEISENBERG GROUP 265

3. ANTI-SELF-DUAL YANG-MILLS EQUATION
Let
(3.1) ® = Dy 0% + B0 + Doy 0°Y + D110 + Bro

be a matrix-valued connection form on #, where {#44' 0} are 1-forms dual to
{VAA/,T} and (I)AA’ = (I)(VAA/) and (I)T = (I)(T). Locally,

044 = dyaar, 0 = dt + y11:dyoo + yordyio — yiodyor — Yoordyy-
Define the connection associated to the connection form &
(3.2) Va=Var —(Vay = (Var + @ar) = ((Vao + Paor),

A =0,1, for fixed ¢ € C. A connection on J# called anti-self-dual (briefly ASD) if
it is flat over any a-plane, i.e.

(3.3) F(Vo, Vi) = 0.
The ASD condition (3.3) is equivalent to

CF(Voos Vior) = C(F (Voors Vi) + F(Vorr, Vior)) + F(Vorr, Virr) = 0.
Comparing the coefficients of ¢2, ¢! and ¢°, we get
(34)  F(Voo,Vio) =0, F(Voor,Viv) + F(Vor, Vie) =0, F(Vorr, Vir) =0,
which is equivalent to (1.10).

Remark 3.1. However, if we choose the connection form with respect to 1-forms
dyoor, dyo17, dyior, dyr17, dt, the connection form (3.1) can be written as

(3.5) ® = Agordyoor + Arodyror + Aorrdyor + Arrrdyrr + Agdt
where App = q)(aijB,) and A; = q)(%). Then the ASD equations (1.10) can be

rewritten as

%Joofl - %ﬁi’ + [Aoor, Aror] = you (a%:; — o 4 [AoouAt])
Y11 ( Ph _ 20w 4 [Am/,AtQ -0,
St — SL0t 4 [Ao, Av] + G52 — G52 + [Aov, Aror]
(3.6) —Yor’ aay?lt, - % + [Aorr, Ae] ) — y1or 3%?5, - % + [Aior, A¢]
+yoor 58325, - 8%‘2‘)/ + [Aoors Ad] ) + y1v 5‘91/?1/ - 8‘211’ + [An, A ) =0,
%3;11,/ - ?921011,' + [Aor/, A117] + Yoor (a%?f, - % + [AOl/,AtD
—Y10/ (a%?f, — % + [A11/, A¢] ) = 0.

Moreover, if F(T,-) = 0, the ASD equation (3.6) could reduce to classical case
(1.10).
4. REDUCTION

In this section, we consider the reduction of ASD equation generated by the right
action of Lie subgroups of Heisenberg group, which preserves a-surface.
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4.1. Reduction by Reeb vector. I':= {(0,0,0,0,s)|s € R} is an Abelian sub-
group of . It is generated by T. Consider the transversal hyperplane S = C* =

{Y00'> Y10’ Yo17, Y11 }, whose coordinates are constant along 7. Let V' := V|g be the
connectlon restricted to C*.

As ay -€TSand T € TT , by Theorem 2.5, the ASD equations (3.4) reduce to

3A ' 0Apy

W0 2% 4 (Ao, Aver] — YoV ér+y11rV' o ¢ =0,
ayOO’ 8y10’ ayoo’ le’
0Awr 0Apy 0 OAgr

— + [Agor, A1/ + + [Ao1/, Aror

Yoo 3y11' [ 00 H] Oyor/ aym' [ o1 10]
+vo0V_o ¢ +y110V - ¢T - y01'V 2 oT — y10'V61a or =0,
0Aq1 aA /

o + [Aor, Al — iV o1 + yoor V ¢r =0,
8y01' 3y11' f’yu/ Byou

where Agp = O( %) and ¢ is the Higgs field along T'.

4.2. The complex Bogomolny equation. Consider the Lie subgroup I' = {H(o, _, s, 0,s0)[s1,52€R }
Its right action on H(

H

Yoo/ Y10/ Yor/ Y1175t) 1S
Yoo’ Y10’ 7901/7911/775) ’ H(07_5175170752) = H(yoo/71/10/_5171/01/""5171/11/7t+52+y10’31+yo1’51)'
So the corresponding vector fields X; and X are
0 0
X1 = -
(4.1) dyorr Oy
Xo=T.

We can choose a transversal S to the orbits by

+ (yorr + y10)T = Vor — Vig,

S = {yoo»* := yorr + Y10, Y11/, t = 0}.

Since [Vp1/, Vi1/] = 0, we can choose the invariant gauge such that ®q;; = @11/ = 0.
In this case, the reduced Lax pair is

42 L= (o), M=t ¢ ow).

Yoo’ Oy1vr Ox
where ¢ is the higgs filed with respect to Vigr. So the ASD equations reduce to
Op10/ 0Dy
(4.3) 8?!)33/ o 8?50 + [(1)00’7 ¢10’] =0,
: 8¢)10/ 6@00/
0z~ Oy ’

which is the generalized complex Bogomolny equation over Heisenberg group.
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