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ON A NONLINEAR CONSTRAINED PROBLEM OF A
NONLINEAR FUNCTIONAL INTEGRAL EQUATION

A. M. A. EL-SAYED, E. M. HAMDALLAH, AND REDA GAMAL AHMED

ABSTRACT. In this article, we study a nonlinear constrained problem of a nonlin-
ear functional integral equation constrained with a nonlinear positive constraint
of functional equation with parameters in the class of Lebegue integrable func-
tions L1[0,7].

1. INTRODUCTION

It is well-known that a lot of problems investigated in engineering, mechanics,
mathematical physics, vehicular traffic theory, queuing theory and also several real
world problems can be described with help of various functional integral equations.
The theory of functional integral equations is highly developed and constitutes a
significant and important branch of nonlinear analysis. It is also known control
theory in control systems engineering deals with the control of continuously oper-
ating dynamical systems in engineered processes and machines. There have been
published, up to now, numerous research papers; see [6-10,12,14-16].

In this paper, we are concerned with the nonlinear positive constrained problem
of the nonlinear functional integral equation

(11) 2(t) = fit, /0 folt, 5,2(s), u(s))ds), € [0,7],

under the positive constraint u satisfies the (constraint) functional equation with
parameter A

(1.2) u(t) = g(t, Au(t)), tel0,T].

The existence of at least and exactly one solution x € L1[0, 7] under certain condi-
tions will be proved. The continuous dependence of the solution z € L1[0, 7] on the
set of solutions u of the (constraint) functional equation (1.2) and on the parameter
A and the functional g will be studied.

2. EXISTENCE OF SOLUTION

Consider the constrained problem of the nonlinear functional integral equation
(1.1) and the nonlinear positive constraint (1.2) with the following assumptions:

(1) f1 : [0,T] x R — R satisfies Caratheodory condition i.e., measurable in
t € [0,T] for all z € R and continuous in z € R for all ¢ € [0,7]. There
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exist an integrable function ay(t) € L'[0,T] and a positive constant b; > 0,
such that
[f1(t @) < ax(t)] + bafz].

(2) f2:[0,7]x[0,T] x R? — R satisfies Carathéodory condition i.e., measurable
in t,s € [0,7] for all z € R and continuous in z € R for all ¢,s € [0,T].
There exist an integrable function k(t,s) € L'[0,T] and a positive constant
by > 0, such that

|[f2(t, s, 2,u)| < |K(E, 8)] + ba(la] + |ul).

T gt
/ / k(t,s)dsdt < M.
0 0

(4) g :[0,T] x R — R satisfies Carathéodory condition. There exist a measur-
able function ay(t) € L'[0,T] and a positive constant b3 > 0, such that

9(t,u) <az(t)] + bs(lul)-
(5) b1boT < 1, b3|)\‘ < 1.

(3)

Definition 2.1. By a solution of the functional integral equation (1.1) we mean a
function = € L1[0,T] that satisfies (1.1).

Theorem 2.2. Let the assumptions 1-5 be satisfied, then the functional integral
equation (1.1), has at least one solution x € L1[0,T] depending on the existence of
at least one solution uw € L1][0,T] of the functional equation (1.2).

Proof. Let the operators A;, As associated with the functional equation (1.2) and
the functional integral equation (1.1) respectively by

Awu(t) = g(t, Aul(t
Agz(t) = / fa(t, s, x(s),u(s))ds).

Let @, = {u € Li[0,T] : [lullz, < r}, where 7= l'ii!m-
Then we have, for u € Q.

[ Avu(t)]

l9(t, Au(t))]

<
< ax(t) + bs|Au(t)]

Integrating the above inequality from 0 to T" and making the change of variable we
have

T T
/ Avu(t)]dt < /(ag(t)—i—bg]/\u(t)])dt
0 0

< / Jax(®)ldt + by / (t)dt.

llazllz, + b3|Al[Jw]l L,
llazl|z, + b3|Alr = 7.

Hence

<
<
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Therefor A; : @, — @, and the class of functions {Aju} is uniformly bounded in

Qr.
Let © be bounded subset of @Q,., then A;1(Q2) is also bounded on Q.
Let u € 2, then

T
(v = Al = [ (A = (Ar(e) e
T 1 t+h
= [ s - (A
T t+h
< [ttt = gtexa(o)asa

since f € L1[0,T1], It follows that

t+h
2/‘ (s, Mu(s)) — g(t, Au(t))|dsdt — 0 as h— 0,
t

From Egorov’s theorem [13]

5
i1 6>0, Es5cClo,1], M<E)<E s.t

Ai(u)p, — A1(u) = 0 uniformly on I — Ej.

1
[A1(w)p — Arul|z, = /0 [(A1(u))n — A1(u)|dt

(2.1) :/[_E (A (u)p — Ax(u)|dt + : |(Ar(u)n — A1 (u)]dt,

using assumptions 1 and 2 we obtain

1 t+h
i),

t+h
(2.2) gm%@+m>/ ds < 2r.
t

t+h
g(s, Au(s)) — g(t, \u(t))|dsdt < 2]11/15 [mg(s) + Abs|u(s)]dt

from (2.1) and (2.2), we have

€
Aluh—AluL S/ dt+27’/ dt
() I, 2u(l — Es) Ji—g; Es

= ————u(l — Es) + 2ru(Ej)

2u(I — Es)
<E+E_
=377

then (Aju)p — (Aju) uniformly. Hence, by Arzela Theorem [13], A1(Q) is relatively
compact. Hence A7 is compact operator.
Let {u,} C @, and u, — u, then from ( assumption 4) the continuity of the
function g we obtain
lim Ayu, = lim g(t, Aun(t), 1)
n—oo

n—o0
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= g(t, A lim wu,(t),n) = Aju.
n— oo

Then u, — v = Aju, — Aju as n — oo. This mean that the operator A; is
continuous operator.

Then by Schauder fixed point Theorem [11] there exist at least one solution
u € L1[0,T] of the ( constraint) functional equations (1.2).

Now, for the existence of solutions of the functional integral equation (1.1) we
have the following.

Let Qr, = {z € L1]0,T] : ||z||r, < 71}, where 71 = llalHLlfﬁZ%glbﬂh.

Then we have, for x € Q,,

Asa(®)] < A, /O folt, 5,2(s), u(s))ds)|

IN

ax(t) + by /0 | Falt, 5,2(s), u(s)) ds

< a(t) + bl/o (k(t,s) + balz(s)| + balu(s)|)ds

Integrating the above inequality from 0 to T" and making the change of variable we

have
T T t
/ |Agx(t)|dt < /(al(t)-l—bl/(k(t,s)—l—bﬂx(s)\+b2|u(s)|)ds)dt
0 0 0
T T t
< / |a1(t)|dt+b1/ / k(t, s)dsdt
0 0 0
T t
—i—blbg/ /(\x(s)]—l—]u(s)\)dsdt.
0 0
Hence
|Agzl[z, < laillz, + 01 M + biboT (||| L, + [JullL,)
< laillp, + 01 M 4+ b1b2T(r1 + 1) = r1,

Therefor As : @Q,, — @, and the class of functions {Asx} is uniformly bounded in

Qry-
Let ©; be bounded subset of @, then A2(€2;) is also bounded on Q,,.

Let z € ©4, then

T
|(Asw)n — Agtllz, = / ((Ag)n(t) — (Agz) (1))t

T t+h
— /0 |f1L/t |(Aazx)(s)ds — (Agx)(t)|dt

/oT % /tHh fuls, /0 F2(s,0,2(9), u(9))d?)

—fi(t, /0 fa(t, s, x(s),u(s))ds)|dsdt

IN
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since f1, fo € L1[0,T], It follows that

t+h s
lll/j \fl(s,/o Fals,0,2(0), u(0))d6)

— fi(t, /Ot fa(t,s,x(s),u(s))ds)|ds -0 as h—0,

then (Asz)n, — (Agx) uniformly. Hence, by Arzela Theorem [13], A3(€) is rela-
tively compact. Hence As is compact operator.
Let {z,} C Qr, and z, — x

t
lim Asx, = lim fl(t,/ fa(t,s,xn(s),u(s))ds) = Asx.
n—oo n—00 0
Then z,, - z = Asx, — Asx as n — oo. This mean that the operator A, is
continuous operator.

Then by Schauder fixed point Theorem [11] there exist at least one solution
x € L1]0,T] of the functional integral equation (1.1). O

3. MEASURE OF NON COMPACTNESS

The usefulness of the measure of noncompactness was pointed out by [2]. For
papers studied such kind of equations (see [1,3,5], and references therein).
Consider Problem (1.1) under the constrain (1.2) with the following assumptions:

1: fi: 1 =10,T] x Rt — R" satisfies Carathéodory condition, that is, fi is
measurable with respect to t for all z € R and continuous in 2 € R* for
almost all ¢ € [0,7].

Silt, ) < [ma(8)] + kalz].

where my € L1[0,7] and k; is a positive constant. Moreover, f; is nonde-
creasing with respect to all variables.

2 fo:IxIxRTxRT — RY satisfies Carathéodory condition, that is, f5 is
measurable with respect to t,s for all (z,y) € RT x Rt and continuous in
z,y € RT for almost all t € [0,7].

faltss,m,y) < |ma(t; s)] + ka(l2| + [y])-

where mg € L1[0,T] and ko is a positive constant. Moreover, fo is nonde-
creasing with respect to all variables.

3: g: IxRT — R* satisfies Carathéodory condition, there exist an integrable
function bg > 0, such that

lg(t,2)| < [ms(t)] + b(|z]),

where m3(t) € L[0,T] and b is a positive constant. Moreover g is nonde-
creasing with respect to all variable.
4
Theorem 3.1. Let the assumptions 1'-2" be satisfied, if bsA < 1, then problem
(1.1)~(1.2) has at least one positive monotonic nondecreasing solution x € L1[0,T].
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Proof. Let the operator F; defined by the formula
(Fiu)(t) = g(t, Au(t)), t€10,7T].
By, ={u € L1[0,1] : ||ul|z, < 71}. Let u € L1]0,T], then we have
[(Fiu)(®)] < [ms3(t)] + bsAful.
This implies that

T
|l = /0 ((Fyu) (1) dt

1
/0 (s ()] + baAul)dt

[ms]] + b3 Al|ull
< [ma|| + bgAry = 1.

<
<

Hence Fyu € L]0, 1], moreover the operator F; maps B,, into itself, where

b lmall
1—b3A

Now, let Q,, C B,, containing of all functions positive and nondecreasing on [0, 1].
Clear that ), is nonempty, closed, bounded and convex. This mean that Q,, is
a bounded subset of L; consisting of all functions positive and nondecreasing on
[0,1]. Then by [4] @, is compact in measure. Now, we show that F transform
the a positive nondecreasing function into functions of the same type. If x € @,
then u(t) is positive nondecreasing function on [0, 7] and g(s, Au(s))ds, t € [0,T] is
positive and nondecreasing function on [0, 7] [4]. Thus the operator Fy : @, — Q.
Now, we show that Fj is continuous operator on Q,,. Let u, € @Q,, such that

Uy — u. Then from our assumptions, we get

nh_}n(lo Fiu, = nh_)nolo(g(t,)\un(t)))

= g(t, A li_>m up(s))ds = Fiu.

Thus F} is continuous on @y, .

Finally, we show that Fj is contraction with respect to the measure of non com-
pactness x.

Let U be a nonempty subset of Q,,. Fix ¢ > 0 and take a measurable subset
D C I such that meas D < e. Then for any u € U, we get

|Faulp < /D gt Mau(t))|dt

lmslp + blAl|ullp + -

IN

But
lim{sup[/ |ma(t)|dt : D C [0,T], meas. D < €]} =0.
e—0 D
Thus, we obtain
BF1u)(t) < bBA(u(t)),

and
B(FU) < bBAU),
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since (), is compact in measure, thus
x(FU) < bAx(U),

since b < 1, it follows that F}j is contraction. Now by Darbo fixed point theorem,
then exist at least one fixed point in ),,. Consequently, there exist at least one
solution u € [0,7T] of problem (1.2) and solution is positive and nondecreasing on
[0, T7.

Now, let the operator F» defined by the formula

t
(Fox)(t) = fi(t, /0 Folt s, (), u(s))ds),  te[0,T).
B,, ={z € L1[0,1] : ||z||z, < 72}. Let x € L1, then we have

(Fa)(t)] < |A /0 falt, 5,2(5), u(s))ds)

IA

()] + /O \Falt, 5,2(5), u(s))|ds

IN

Ima(8)] + ka /O [lma(t, )| + ka(|z(s)| + |u(s)])]ds.

This implies that

[(Fo)|

IN

T T t
/ \ml(t)\dt+k:1/ /[|m2(t,s)]+k:2(|x(s)|—i—\u(s)])]dsdt
0 0 0
|| + B M + kukoT 2] + kukaT|ul.

A

Hence Fyz € Li, moreover the operator F» maps B,, into itself, where

o — Hm1” + k1M + k1koTry
2 1 — kykoT

Now, let @, C B, containing of all functions positive and nondecreasing on [0, 1],
thus @, is compact in measure.

Similarly, the operator F» : @, — @, and it is continuous operator on Q,.

Finally, we show that F5 is contraction with respect to the measure of non com-
pactness .

Let X be a nonempty subset of @Q,,. Fix € > 0 and take a measurable subset
D C I such that meas. D < e. Then for any x € X, we get

|Fallp < /D fma (1) dt + Ky /D /0 (ma(t, $)| + ka(|(s)] + fu(s)))dsdt.

But
lim{sup[/ |mi(t)|dt : D C [0,T],meas. D < €]} =0,
e—0 D
lim{sup[/ |ma(t,s)|dt : D C [0,T], meas. D < €]} =0,
e—0 D

and
lim{sup[/ lu(t)|dt : D C [0,T),meas. D < €]} = 0.
e—0 D
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Thus, we obtain
B(Fox)(t) < kikaB(z(1)),
and
B(F2X) < k1k28(X),

since (), is compact in measure, thus
X(F2X) < kikax(X),

since (% + ko) < 1, it follows that F» is contraction. Now by Darbo fixed point
theorem, there exist at least one solution z € [0, 7] of Problem (1.1) under the con-
strain (1.2) and the solution is positive and nondecreasing on [0, T]. This completes
the proof. O

4. CONTINUOUS DEPENDENCE
4.1. Continuous dependence on the set of solutions of the constraint.
Consider firstly the following assumptions
1*: f1 :[0,7] x R — R is measurable in ¢ € [0,7] and satisfies the Lipschitz
condition
(4.1) |fi(t,x) = fi(t,y)] < bilz —yl,
2*: fo:[0,T] x [0,T] x R? — R is measurable in ¢,s € [0,7] and satisfies the
Lipschitz condition
|f2<t7 S,.T7'U) - fQ(t7 87x17u1)| S b2(|$ - .'IZ'1| + |u - U1|)

Theorem 4.1. Let the assumptions 1*-2* be satisfied, then the solution of the
functional integral equation (1.1) is unique. Moreover, this solution depends con-
tinuously on the set of solutions of the ( constraint) functional equations (1.2) in
the sense that, if

Ve>0, 3 0(e) st |u—u|p, <d=|lz -2, <e¢,

where x*(t) is the solution of

t
(4.2) z*(t) = fl(t,/ fa(t, s, 2" (s),u"(s))ds), te(0,7T],
0
and wu, u* are any two solutions of the ( constraint) functional equations (1.2).

Proof. From assumption 1*, we obtain

[fut, 2)| = 1@, 0)] < [fo(t, @) — f1(t,0)] < b
and
[f1(t,2)| < brlz| + [f1(8,0)] = brlz| + ai(t), ar(t) = [f1(¢,0)].
Therefor assumption 1 is satisfied, also by the same way we can show that as-
sumption 2 is satisfied. Then the assumptions of Theorem 2.2 are satisfied and the

solutions of the functional integral equation (1.1) exist.
Let x,y be two the solution of (1.1), then

)~y = |t / falt, s,2(s), u(s))ds)
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At /0 folt, 5,9(s), u(s))ds)|

IN

by /0 Falt, 5,2(5), ul(s)) — falt, 5,y(s), uls))|ds

IN

b1b2/0 |x(s) — y(s)|ds

Integrating the above inequality from 0 to 7" and making the change of variable we
have

IN

T t
/ (bibs / [2(s) — y(s)|ds])dt
0 0
biboT ||z — yl|L, -

T
/ (1) — y(t)|dt
0

A

Hence
1-— blbgT)Hx — yHLl < 0.
Since b1boT < 1, then z(t) = y(t) and the solution of the functional integral equation
(1.1) is unique.
Now, Let x,z* be two solutions of the functional integral equations (1.1) and
(4.2) respectively corresponding to the two solutions w,u* of the ( constraint)
functional equations (1.2). Then

2(t) — 2" )] = | / folt, 5, 2(s), u(s))ds)
i, /0 folt, 5,2 (s), u" (5))ds)|

IN

by /0 falt, 5, 2(5),u(s)) — Folt, 5,2 (s), u* (5))]ds

IN

b1b2/0 ]x(s)—x*(s)]ds—i—blbg/o lu(s) — u* (s)]ds

Integrating the above inequality from 0 to 7" and making the change of variable we
have

T T t
/0 (t) — 2" (O)]dt < /O[blbg/o (s) — 2*(s)|ds

t

Fbibo / lu(s) — u*(s)|ds]dt
0

bleTH.Z‘ — l'*HL1 + b1bT6

IN

Hence
N bi1bo T
— < =
||SU x ||L1 — 1 _ b1b2T
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Then the solution of the functional integral equation (1.1) depends continuously on
the set of solutions uw € L;[0,T7] of the ( constraint ) functional equation (1.1).. O

4.2. Continuous dependence on the parameter )\ and the functional g.
Consider firstly the following assumptions
3*: g : [0,7] x R — R is measurable in ¢ € [0,7] and satisfies the Lipschitz
condition
(4.3) l9(t, ) — g(t,y)| < bslz —yl.

Theorem 4.2. Let the assumption 3* be satisfied, then the solution of the func-
tional equation (1.2) is unique. Moreover, this solution depends continuously on the
parameters \, u and the functional g, if

Ve >0, 3(e) st | A= X <1, |lg— 9"z, <3 =|lu—u|r, <e,
where u*(t) is the solution of
(4.4) u*(t) = g(t, \*u*(¢t)), te(0,7],
Proof. From assumption 3*, we obtain
‘g(ta J})| - |g(ta 0)| < |g(t7 .Z') _g(t70)| < b3|l‘|
and
lg(t, z)| < bslz| + |g(t,0)] = bs|z| + az(t), az(t) = |g(t,0)|.
Therefor assumption 4 is satisfied. Then the assumptions of Theorem 2.2 are satis-

fied and the solutions of the functional equation (1.2) exist.
Let u,v be two the solution of equation (1.2), then

lu(t) —v(@)] = |g(t, Au(t)) — g(t, Mo(t))|
< bylhu(t) — M(t)|

Integrating the above inequality from 0 to T" and making the change of variable we
have

T T
/ u(t) — v(t)|dt < / (bs|Mu(t) — M(t))dt
0 0

IN

T
N /0 fu(t) — v(t)]dt.

Hence
lu —vllL, < bs[Al[lu—vlL,.
Since bg|A| < 1, then u(t) = v(t) and the solution of the functional equation (1.2)
is unique.
Let u, u* be two solutions of the functional equations (1.2) and (4.4) respectively.
Then

u(t) —w* ()] lg(t; Au(t)) — g™ (¢, A" (1))
lg(t, Au(t)) — g(t, A"u(t))]
+lg(t, Au(t)) — g(t, Au™(2))]

+lg(t, A (t)) — g7 (8, Au (1))

t
t

IN
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< bshu(t) — AN u(t)] + bs| A u(t) — Au*(2)]
+lg(t, A u*(t)) — g"(t, A"u*(1))]-

Integrating the above inequality from 0 to 7" and making the change of variable we
have

T T
/ () — u*(@B)|dt < / sl hu(t) — Au(t)] + bl A"u(t)
0 0
(8] de
T
+ / gt At (1) — g* (8, A (1))t
< 63T51 —+ b352||UHL1 + b3|)\*|||u — U*||L1 —+ (53.
Hence
. b3o1||ul|r, + 6
(45) o — iz, < 20l 40

1— bs|\¥|

Then the solution of the functional integral equation (1.2) depends continuously on
the parameter A and the functional g. O

Definition 4.3. The solution = € L1[0,T] of the functional integral equation (1.1)
depends continuously on the parameter A and the functional g, if

Ve >0, 4 5(6) s.t ‘)\ — )\*‘ < 6y, Hg — g*HLl < 03 = H:L’ — x*HLl < €9,
where x*(t) is the solution of equation (4.2).

Theorem 4.4. Let the assumptions of Theorem 4.1 and 4.2 be satisfied, then the
solution of the functional integral equation (1.1) depends continuously on the pa-
rameters A, p and the functional g.

Proof. Let x,z* be the two solutions of the functional integral equations (1.1) and
(4.2) respectively. Then

lz(t) — 2" (t)] = |f1(75»/0 fa(t,s,2(s),u(s))ds)
R, /0 Folt, 5, 5(5), u* (5))ds)|

IN

bl/o [fa(t, s,2(s),u(s)) — falt, s, 7 (s), u"(s)) ds

IN

b1b2/0 |x(s)—x*(s)|ds—|—b1b2/0 luls) — u*(s)|ds

Integrating the above inequality from 0 to 7" and making the change of variable we

have
T T ¢
/0 |z(t) — 2" (t)|dt < /0 [blbg/o |z(s) — x*(s)|ds
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+b1b2 /t lu(s) — u*(s)|ds|dt
0
< biboT||x — ™|, + b1b2T||u — u*|| L, ,
(4.6)
from (4.5) and (4.6), we obtain
bleT(bg(sl”uHLl + T(53) _
(1 = b1boT)(1 — b3|A*])

Then the solution of the functional integral equation (1.1) depends continuously on
the parameters A\, u and the functional g. Il

[ = 2|z, <

5. EXAMPLES:

Example 5.1. Consider the nonlinear integro—differential equation

z(t) = tre 4 /Ot %(sin(&s +3t) + In(1 +[a(s)])

4+ g3
4
(5.1) seosuls) )y 0.1,
olu(s)]
where
u(t

(5.2) w(t) = £ 42 414 — et t € [0, 7],

Mu()] +t+9

Set
A [ s = et [ s+ + ML)

0 2 4 —+ 83
s* cosu(s)
)
and Nl
gt () = £ + £ + 1+ — 2Ol
u(t)+t+9
Then
1 1
Pt 2(s), u(s)| < 3 (sin(3s+30) + Sals)
1 s*cosu(s)
8 el
and

lg(t, Mu(t))] = [t + 7 + 1] + %(MU(t)!)

The assumptions 1-5 of Theorem 2.2 are satisfied with a1(t) = t*e™ € L1[0,1],
k(t,s) = 1sin(3s +3t) € L'0,1], as(t) = > + 2+ 1 € L1[0,1], by = 3, by =
%,bg = %, bs|\| = %|/\| <1, b1boT = % < 1 Therefore, by applying to Theorem 2.2,
the given the control problem of the functional integral equation (5.1)-(5.2) has a
solution = € L]0, T1.
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