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FRACTIONAL STUDY OF MHD CNTS MAXWELL NANOFLUID
WITH HEAT GENERATION, RADIATION AND
THERMODIFFUSION

NAZISH IFTIKHAR, CEMIL TUNC, MUHAMMAD BILAL RIAZ, AND AZIZ-UR-REHMAN

ABSTRACT. Nanofluids are well known for their thermal conductivity as well
as heat transfer phenomena. Carbon nanotubes have a great impact in nan-
otechnology. They have marvellous range of applications in electronics, energy
storage, materials science, reinforcement of turbine blades and chemical process-
ing. This paper is an analysis of flow of MHD carbon nanotubes (CNTs) of
Maxwell nanofluid with heat generation, radiation and thermodiffusion. The
equations for heat, mass and momentum are established in the terms of Caputo
(C), Caputo-Fabrizio (CF) and the Atangana-Baleanu in Caputo sense (ABC)
fractional derivatives. The solutions are evaluated by employing Laplace trans-
form and inversion algorithm. The flow in momentum profile due to variability in
the values of parameters are graphically illustrated among C, CF and ABC mod-
els. Tt is concluded that Atangana Baleanu fractional operator presents larger
memory effects than Caputo and Caputo-Fabrizio fractional operators.

1. INTRODUCTION

Nowadays, carbon nanotubes (CNTs) have fascinated several researchers world-
wide. Their stunning physical properties and very small dimensions makes them
impressively useful in applied sciences, normal and artificial phenomena such as
cooling instruments, crystal glowing, thermal exchange and various organic sciences.
Pandey et al. [40] studied the effects of viscous dissipation and suction/injection on
MHD flow of a nanofluid. At room temperature, thermal conductivity of CNT’s
nanofluid is six times greater than other material’s nanofluid. This result has been
diagnosed by Murshed et al. [36]. Ahmad et al. [5] discussed heat and mass transfer
in Maxwell nanofluid with CNTs.

Through the past thirty years, fractional derivatives have fascinated multiple in-
vestigators as compared to classical derivatives. Also, fractional derivatives are more
credible in mathematical modeling of real world problems [18,24,25,33]. In classical
calculus, derivatives and integrals are uniquely computed. The similar situation ex-
ists in the case of fractional integrals. For example, Samko et al. [48], Podlubny [41],
Oldham and Spanier [38], Miller and Ross [35] used the similar definition to compute
the fractional integrals. But the circumstances are complicated in fractional order
derivative (FOD) because several different competing definitions exist in the litera-
ture. For instance, a few of those approaches includes, the Riemann-Liouville, the
Caputo, the Hadamard, the Marchaud, the Granwald-Letinkov, the Erdelyi-Kober,
the Riesz-Feller, the Caputo-Fabrizio and the Atangana-Baleanu approach. These
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TABLE 1. Nomenclature

Symbol Quantity
w Velocity of the fluid
T Temperature of the fluid
A Concentration of the fluid
g Acceleration due to gravity
Presy Effective Prandtl number
Sc Schmidt number
Gr Thermal Grashof number
Gm Mass Grashof number
Tw Fluid temperature at the plate
Too Fluid temperature far away from the plate
Kw Fluid concentration on the plate
Koo Fluid concentration far away from the plate
(Cp)ns Specific heat at constant pressure
U Laplace transforms parameter
Pnyf Density of nano fluid
kny Thermal Conductivity
X Fractional parameter
o f Dynamic viscosity of nano fluid
Unf Kinematic viscosity of nano fluid
5 Volumetric coefficient of thermal expansion
ﬁ/~\ Volumetric coefficient of expansion for mass con-
centration
Q Thermal sink/source
Sr Thermodiffusion parameter
M Magnetic field
0 Volume fraction parameter
By Expansion Coeflicient
N Fractional contribution of Gm with respect to Gr

definitions coincide only for some particular cases. Among all these approaches to
define fractional differentiation and fractional integration, the approach of Riemann-
Liouville is significant. But the approach of Riemann-Liouville does not properly
address the physics of some fractional derivative initial-boundary value problems.
Also this definition can exhibit the derivative of a constant function other than
zero. To overcome this problem Caputo proposed an alternate definition of FOD
in 1967 [20] and it was used in fluid dynamics to explain the theory of viscoelas-
ticity [21]. Recently, Caputo and Fabrizio [22] provides the modern definition of
non integer order derivative including exponential function and the Atangana and
Baleanu [14] based on Mittag-Leffler function.

FOD inherit nonlocal nature, so it is an excellent tool to get better understanding
of hereditary properties of different processes and materials. Possibly, the first uti-
lization of non integer calculus in physical problems was noticed due to the work of
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Abel [2] while finding the solution of integer order equation, known as tautochrone
problem. In this problem, the curve of an object (frictionless wire), lying in a verti-
1

cal plane, was determined by using the operator D7, and assuming the dependence
of the time position not on the starting point. Bagley [17] presented the first Ph.D
thesis on the applications of FC in viscoelasticity models. Recently, the applications
of FC have been observed in psychology to determine the time variation of emotions
of mankind [6,51]. The applications of FOD problems can be seen in dynamics and
control systems [8], marine sciences and wave dynamics [10, 30, 31, 37|, diffusion
processes [34,39, 58], solid mechanics [27,46,56], medical sciences [13,15,16,54] and
many more [3,9,11,12,23,43,45,47,55,59-61]. Cao et al. [19] analyzed fractional
model of nanofluid over a moving plate. Abro et al. [4] applied a fractional derivative
with non-singular and non-local kernal on a nano-fluid under magnetism. Saqib et
al. [49] highlighted the strong memory effect of Atangana Baleanu fractional model
of CN'Ts nanofluid.

The abeyance of nano-particles in fluid airing notable enhancement of their prop-
erties at reticent nano-particle concentrations are known as nanofluids [57]. Nanoflu-
ids parade enhanced thermal conductivity that escalates with growing volumetric
fraction of nano-particles. In computers and other electronics, nanofluids are used
to cool microchips. Lin et al. [32] inspected silver nanoparticles in vibrant thermal
pipes. Saqib et al. [50] applied ABC derivative to MHD flow of CMC based CNTs
nanofluid. Tkram et al. [29] diagnosed that Caputo fractional model exhibits greater
memory effect as compared to Caputo-Fabrizio fractional model of nanofluid.

The nanofluid with injection/suction, concentration and temperature are used in
dissolution of garbage from nuclear reactors, filtration and absorption of chemicals
by a soft medium. The motion of nano-fluid under the impact of suction/injection
in conical domain was discussed by Sreedevi et al. [52]. Du et al. [23] investigated
the memory effect with derivative’s order. Hayat et al. [26] inspected 3-D flow of
nano-fluid under the influence of heat generation and magnetic field. Ahmad et
al. [7] studied MHD CNTs of second grade nanofluid under the influence of first
order chemical reaction and thermal generation.

This paper reveals study of three different fractional models to show the memory
effect of CNTs Maxwell nanofluid model along with magnetic effect, heat generation,
radiation and thermodiffusion. The impact of emerging parameters for momentum,
mass and energy solutions are plotted by different graphs with real justifications.
Finally, a comparison has been made among C, CF and ABC fractional models.

2. MATHEMATICAL MODEL

Suppose a Maxwell nanofluid with carbon nano tube upon an upright and un-
bounded plate with the impact of magnetic field having strength By, heat genera-
tion, radiation and thermodiffusion. Initially, nanofluid and plate are at rest with
ambient temperature Y. and ambient concentration Ao respectively. As time
increases from 0, plate starts vibrating with velocity U, f(t). As j-axis is normal to
plane, therefore flow field depends only on time 7 and j. Physical interpretation of
the problem can be given as follows by [5]:
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(1 + )\187') 6]W (.777—) :anaJQJW (J:T) +g (/Bf)nf (1 + )\187') (T (]77_) - TOO)

+9(83),y 14+ 200) (R (.7) - Bec)

B? —
(2.1) =222 (14 MO W (5,7),
Pnf
(22)  Kup (14 N0 T (0.7) + () 0,1 (3,7) = Qo (T (3,7) = ot )
~ D, K ~ ~
(2:3) DA (3.7) + 505X (3,7) = 0-A (,7)..

The suitable initial and boundary conditions are
W (]7 0) = 07 :IV\ (]7 0) = TOO’ K (370) = A007
W (0,7) = Upf (F), T(0,7) = Tup, A(0,7) = Ay,

(2.4) W(jﬂ') =0, T(],T):TOO, K(],T):Aoo, as j — 0o.

Dimensionless variables are given below

UsJ U7 W T— Yo A— A Pr
= = -9 W=— T=—o— Azipe I a———
J an’T Unf' U,’ Ty — Voo Aw — As’ Teff 14+ Nr
n nf (Aw — Moo D K7 (T — Too B2
SC_Q, _(p/BA)f( ),Sr: 7 ( ),M:UVfQO,
Dy, (pﬁ'r)nf (Tw - Too) anTm (Aw Aoo) pnon
(2.5)
l/anO UQ)\l - l/nf’r
Q = 7T AN 7179 A= ° ) f T)= f )
WU = oy 1O =)
and dimensionless set of governing equations are:
(2.6)

(L+207) 0:W (3,7) =05 W (3,7) + (L +A0;) [T (3,7) + NA (5,7) = MW (5, 7)]

L .
(2.7) o:Y (y,7) = Preff8]]T (,7) — QY (3,7),

(2.8) o-AN(y,7) = é

Also dimensionless initial and boundary conditions are:

W(],O):O, T(],O):O, A(],O)ZO,
W (0,7)=f(r), Y(0,7) =1, A(0,7) =1,
(2.9) W(y,71)=0, T(3,7)=0, A(y,7) =0, as j — oc.

2 2
05N (9,7) + S0, (3,7).
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2.1. Preliminaries. The Caputo time derivative and its Laplace transform is given

by [1]:

Cpxminm— L[99
(210) DX (.77 ) -z (2 _ X) /b <(T — Q)X+1i> do,
(2.11) L(“DXm (5,7)) = uXL (m (5,7)) —u¥""g(5,0).

where = (-) is gamma function.
The Caputo-Fabrizio time derivative its Laplace transform is given by [28]:

X _Gx) [T X(T=x) 99 (;0)
(2.12) “EpXm (5,7) = 1—X/b exp (— I~ > B0 do,
(2‘13) £(CFD7)_<m (]77_)) _ ul (m (]77_)) _g(]a 0).

(I-x)u+x

where G (x) is a normalization function.
The Atangana-Baleanu time derivative in Caputo sense its Laplace transform is
given by [42,44]:

wXL (m (9, 7)) —uX!
(2.15) £ (B Dxim (5, 7)) = “EL (10’_))())””)(9(],0)

where AB () is a normalization function.

3. SOLUTIONS VIA CAPUTO

Following are the fractional solutions of heat, mass and flow with Caputo frac-
tional derivative.

3.1. Temperature profile. By using definition of Caputo derivative eq. (2.10),
we have

1
C _ 2
(31) DTTC (]7 T) - ?effa”,rc (]a 7-) - QTC (]a 7—) )

Taking Laplace of eq. (3.1) by using eq. (2.11)
(3.2) Y (5,u) = Pregp (u¥ + Q) Ye (9,u) = 0.

Solution of eq. (3.2) is

(33) T, () = 2o WP Q)
u
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3.2. Concentration profile. The following Caputo derivative form of concentra-
tion eq. (2.10) is

1
(3.4) “D;Ac(3,7) = §afjAc (3,7) + Sro}Ye (5,7) .
Taking Laplace of eq. (3.4) by using eq. (2.11), we get
21 ~ 27
(3.5) DA (9, 7) = ScuXAc (9, 7) == —SeSr9;, Y (3,7) -
Solution of eq. (3.5) is
(3.6) Ac(g,u) = (1 + Z> eIV Seux _ (Z)e IV Prepp(wx+Q),
u
where
P X
(57) 7 - SeSrPresy (X + Q)

Preps—Sc 1 1
Prefo u ux_,’_PTeff*SC
TE

3.3. Velocity Profile. The following Caputo derivative form of velocity eq. (2.10)
is

(3.8) (14 A°D;)0-We(5,7)

= P W, (3,7) + (1+XD;) [Te (5,7) + NA (5, 7) — MW, (5, 7)].
Taking Laplace of eq. (3.8) by using eq. (2.11), we get solution
(3.9)

+<1+>\u><) 1 1 <1_1>
A 2 \/4 (Preff/\Q—M) B (Preff—/{lHM))Z A A

X (6_9\/P7“eff(ux+Q) — e_JAS) — 1+ )N <1 — 1)
A\/(Sc—(1+/\M))2 o |\ A
) p)

% le_J\/Scux + SCS?l“P’I”eff (UX + Q) (6—]\/Scu>< i e—]\/Preff(uX-i-Q)) _ 16_]‘45

U w = Prggf-Sc U
P'refo
where
(3.10)
\/4 <Prefo—M> _ <Preff—(1+,\M))2
A A
71 = ,

2



FRACTIONAL MHD CNTS MAXWELL NANOFLUID 129

N 2
2 (4 (Press@ — M) — (Fret=Hi) >

_ uX,

7 - <preff -1+ )\M)>

2\ 1
(3-;12>: <<Preff _2(; +>\M)) - Zl> W —7).

3.13

( A2>: <(preff —2&1 +>\M)) N Zl) (W — 7).
(3.14)

\/(Sc(1+)\M)>2 _aM
do— | (S aany X X
5 22 2 ’

(3.15)

\/(Sc—(1+)\M))2_4M
_ by py
Ay — uX — (Sc (1—i—)\]\4))+

2\ 2 ’
(3.16)
2
1+ AMN\1? [ (Q+AM)* —4\M
= X —
=i e (2520)] 1 —aa]

4. SOLUTIONS VIA CAPUTO-FABRIZIO

The non-integer order solutions via singular kernel Caputo-Fabrizio fractional
derivative for temperature, concentration and velocity are as follow:

4.1. Temperature profile. By using definition of Caputo-Fabrizio derivative eq.
(2.12), we have

1

(4.1) CFDTTCf (g,7) = ?effc‘)fj'fcf (9,7) —QTCf (9,7),
Taking Laplace of eq. (4.1) by using eq. (2.13)
Presru
(4.2) 8j2chf (g,u) — " j_ifi + PressQ | Tep (5,u) = 0.
—X

Solution of eq. (4.2) is

P;eff’“‘
_ =X
_ A\ s e +PressQ

(4.3) Te (o) = e
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4.2. Concentration profile. The following CF derivative form of concentration
eq. (2.12) is

1
(4.4) D Aoy (g,7) = §afjAcf (3:7) + 8102 Yer (5,7) -
Taking Laplace of eq. (4.4) by using eq. (2.13), we get
— Scu
(4.5) 07 Ay (5:7) —

ch (1) = —SCSTOJQJTCJ? (9,7) .
(=) (u+2%5)

Solution of eq. (4.5) is

: (&)
A, 1 To(u ) -J u%‘*‘PT’efo
(4'6) ACf (]’ ’LL) - < - Zg) " X)(u+ ) - (ZB) (& +1§x .
u
where
Pre
47) 7= ScSr < T j)](‘u + (u + ﬁ) Prefo)

1-x

p P'refoX
TeffU _ Sc + P,r, Q) 1—x
< 1-x 1-x eff (Preff—%+Prefo)

1 1
E - PTEfoX
1—x
u + Pr
S
(T 25 +PregsQ)

4.3. Velocity Profile. Applying definition of Caputo-Fabrizio (2.12) to non-
dimensional flow eq. (2.6)

(4'8) (1 + )‘CFDT) 8TWCf (]7 7—)
= 05, Wer (5,7) + (L+ AT D) Yoy (3,7) + NAeg (5,7) = MWey (3,7)],
Taking Laplace of equation (4.8), we get solution
Wer (gu) =— F(u)e ?Ms
A
()t (5)) ¥ EE——
( Teff +Pr€fo < %)) 2B) B+ By Bs— B

% (e ]M3 _ e—JM2)
(1 ) Mt (%) ()
(1- ) et - () )

(4.9) X le_JMl + Bs (e—JMl _ e—JM2) _ le—]Ms ’
U U

_l’_
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where
(4.10)
4M

B = [PTefoX— X —(1+>\>M]2— i

_ _ _ Pre

1-x 1-x 1-x Brett 4 Progp@ — (14 25) M
(4.11)
BQ_U+< PreppQx —x— (1 —x+ A\ M )

2(P7”eff+(1—x)P’l”efo—(1—X+)\)M) ’
(4.12)

By Se—x+1-x+A) Sc—x—i—(l—x—i—)\)_( X )
5 2(1—x+ ) 21— x+\) L—x+X))’

(4.13)

B Sce—x+(1—=x+N) Se—x+(1—=x+2X\) X
B4_“< 2(1—x+2) +\/ 2(1—x+2) <1—x+)\>>’

(4.14)

Sesr (e + (u+ 25) PregsQ)

B5 = R PT‘efoX
TeffU _ Sc 1—x
( 17X 17X + P’l"efo> P’Vl‘effu_lsc J,-Prefo
—Xx —Xx
1 1
- Pr ’
q + f{f;QX
P're c
1—£f_1€X+PTefo
(4.15)
Scu Pregru
M, = , My =

(=) (u+2%5)

B I-=x+MNu+x
Mg_\/(UJrM)( (1—x)u+x )

5. SOLUTIONS VIA ATANGANA BALEANU

The non-integer order solutions via Atangana Baleanu derivative of temperature,
concentration and velocity are as follow:

5.1. Temperature profile. By using definition of Atangana Baleanu derivative
eq. (2.14), we have
1

5.1 ABC D v =
( ) abc (]v T) Preff

a?JTabc (]7 T) AT (]7 T) s



132 N. IFTIKHAR, C. TUNC, M. B. RIAZ, AND A. U. REHMAN

Taking Laplace of eq. (5.1) by using eq. (2.15)

PregpuX
(5.2) 832]Tabc (g,u) — uxii—% + PreprQ | Tape (3,u) =0
1-x

Solution of eq. (5.2) is

P'refqu
_ 1 —J FIJ;XLJrPrefo
(5.3) Yape (7,u) = Ee X .

5.2. Concentration profile. The following ABC derivative form of concentration
eq. (2.14) is

1
(54) CFDTAabc (]7 T) = gafjAabc (.]) T) + STaJQJTabc (]a T) .
Taking Laplace of eq. (5.4) by using eq. (2.15), we get
ScuX —

(5.5) aijabc (9,7) — ) Nape (9, 7) == —ScSr@?JTabc (9,7).

(=20 (w+ 15

Solution of eq. (5.5) is

<PTeff“X

A 1 - S+XX —J uxl%*‘P?“efo

(5'6) Agbe (],U) = < + Z4> e <17X>(“ +17x) _ (Z4) e T=x .
u

where
ScSr (L“effux + (uX + X ) Pr Q)
T—x T—x eff

p N P'refoX
Teffu Sc + P ) 1—x
- - TefQ P
( ! X ! X Eff ( 1rf{(f - 1€CX +P7’efo>

(5.7) Zy

1 1
E - PrflifoX
ux + Pr —X
S
)

5.3. Velocity Profile. Applying definition of Atangana Baleanu (2.14) to non-
dimensional flow eq. (2.6)

(5.8)  (1+APCD,) 8- Wape (5,7)

= 0 Wane (3:7) + (L APCD0) [Tape (3.7) + NAase (3:7) = MWase (3,7)]
Taking Laplace of eq. (5.8), we get solution
Wape (7,u) = — F(u)e s
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(1 25) s (25)) ¥ FE——

( L 4 ProssQ — (1—1—&)) (2By) Co+B Co— By

% (6 P _ e_]PQ)

(1+ - X)Mux+ (—X)

1
(1 _ L) \/Scx+(1x+)\) _ (17§H> (03 - 04)

_|_

T—x MI—x+A)
(5‘9) % 1 eI +Cs (6 P _e—Jpz) _le—Jps
u u 7
where
(5.10)
aM
| [PressQx X A ? T
B = — —(14+— M| — -
1—x 1—x 1—x Teff+Prefo ( ﬂ)M
(5.11)
Pr, —x—(1-— MM
02:ux+< reff@x —x— (1 —=x+4A) >
Q(Preff—i-(l—x)P?“efo—(1—X+)\)M)
(5.12)
O — X Se—x+{1-x+A) Sc—x+(1—x—i—)\)_< X )
5 2(1—x+A) 2(1—x+A) L—x+X))’
(5.13)

B Sc—x+(1—-x+X) Se—x+{0-x+A) X
04_u><—< 2(1—x+A) +\/ 2(1—-x+A) (1—X+>\>>’

(5.14)

SeSr (M + (ux + ﬁ) Prefo)

C5: - . < PrefoX
Teffu* _ _Sc + Pr Q) 1—x
— 1— eff ProppuX
(8 -5 T e PressQ
1 1
- —— ,
q wxt riif)(QX
Pr S
el =25 PressQ
(5.15)
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e (),

The results obtained for velocity, temperature and Concentration after solving the
fractionalized models are complex and generalized in nature. As the models were
fractionalized with power Law, exponential and non-local kernel to see the signif-
icance of memory effects. These are generalized results and as we use fractional
parameter goes to 1 and ignore slip condition, we recovered the result calculated for
integer order case. The detail is as by taking xy — 1 with no slip condition in eq.
(24), we will get similar results as for integer order obtained by Ahmad et al. [5] [eq.
(20)]. As x — 1 and ignoring slip condition in eq. (40), identical results are exist
in Ahmad et al. [5] [eq. (20)]. And as x — 1 in eq. (55) and omit slip condition
results for fractional order reduce to integer order presented by Ahmad et al. [5]
[eq. (20)]. This shows worth of our results.

The roots are complex in nature in order to find their inverses we use inversion
algorithm namely Stehfest’s formula [53] one of the simplest algorithm we use to
sort out the inverse Laplace transform.

o(rt) = &7 [;@ (r, £7) + Re { St~k (r, LTkl H

where Re(.) is the real part, i is the imaginary unit and N; is a natural number.

6. RESULTS AND DISCUSSION

MHD Maxwell CNT’s flow of nano-fluid has been studied, in this paper for three
particular time derivative (C, CF and ABC). Fractional models of flow, heat and
mass are introduced. Graphs has been drawn to elaborate the effects of y, M, A,
Pregy, Se, St and N for fractional models.

6.1. Effect of x: From figure 1, we can observe that velocity of Maxwell nano-fluid
decreases as the order of fractional derivative increases. As there is non-local and
non-singular kernel present in Atangana Baleanu time derivative, velocity is highest
for ABC.

6.2. Effect of M: Figure 2 illustrates that as magnetic field amplifies, fluid flow
de-escalates. Lorentz force is a frictional force caused by magnetic field. When
magnetic field maximizes, there is an increase in Lorentz force at outermost layer
of fluid. this leads into decrease in velocity of nano-fluid. ABC fractional model
bears highest flow rate as compared to Caputo and Caputo-Fabrizio fractional MHD
models.

6.3. Effect of \: Figure 3 shows that as A increases, velocity profile decreases. The
velocity function has also seen for variable time. As relaxation time enhances the
backward flow and reduces the velocity. Also, when A ascends, thickness of momen-
tum boundary layer minimizes that leads to downshift the flow. Since increment in
relaxation time suggests that fluid will acquire additional time to relax, it affirms
decrease in velocity.
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6.4. Effect of Pr.ss: The flow profile declines providing the values of Prs; rise
as displayed in figure 4. Pr.yy is directly and inversely proportional to momentum
and thermal diffusivity respectively. Fluid’s viscosity increases granting decrease in
thermal diffusivity. In response, flow field decreases and it is minimal for Caputo.

6.5. Effect of Sc: From figure 5, as the values of Sc increases, it increases kinematic
viscosity but decreases mass diffusivity. This successively descends flow profile of
nano-fluid as presented in figure 6. Velocity field for ABC, CF and C is supreme,
adequate and least respectively.

6.6. Effect of Sr: The fluid flow increases the way St escalates as shown in figure
6. As velocity profile increases, the momentum boundary layer becomes thicker. It
is greatest for ABC fractional MHD Maxwell model.

6.7. Effect of N: Figure 7 and 8 elaborates the effect of N on velocity. Flow profile
increases when N > 0 and opposite for N < 0. Velocity is maximal, average and
minimal for ABC, CF and C respectively.

7. CONCLUSION

This article inquires time-dependent, MHD Maxwell CNTs flow of nanofluid.
The C, CF and ABC operators are used to construct equation for heat, mass and
velocity. Solutions of model equations are presented by Laplace transform. Several
graphs are given to illustrate impact of incipient parameters for solutions. Some
remarkable finding are:

1. Fluid flow descends for x, M, Pr.f; and Sec.

2. Increment in flow field has been generated when A and Sr increases.

3. For N > 0, velocity of nano-fluid escalates. Whereas for N < 0, flow shows
opposite behavior.

4. Among C, CF and ABC, flow profile is maximum for ABC.
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