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APPROXIMATING THE SOLUTION OF THE DIFFERENTIAL
EQUATIONS WITH FRACTIONAL OPERATORS

RANA TALHA AHMED AND AYESHA SOHAIL

ABSTRACT. In this manuscript, we described a brief history of fractional calculus
from sixteenth century to twentieth century. Basic functions like gamma func-
tion and Mittag-Leffler function are defined which help to understand fractional
calculus. Popular fractional integral and derivative operators are also defined.
Fractional order ordinary and partial differential equations are also introduced.
In this research, we study and proposed two basic methods to solve fractional or-
der ordinary differential equations like semi-analytical method which is followed
by Laplace Transform and a numerical method which is followed by Backward
(Implicit) Euler’s method. To support theses methods we also solved a few ex-
amples for better understanding.

1. INTRODUCTION

fractional calculus(Research Background) is described in detail. Secondly, a few
basic definitions of fractional operators are presented with examples of a few func-
tions. Lastly, some fractional order ordinary differential equations and partial dif-
ferential equations will be discussed.

1.1. Research Background. To classify the fractional calculus as a new branch of
mathematics is absolutely inaccurate. Actually, the birth of classical and fractional
calculus happens just about same. Actually, the fractional calculus started in 17"
century. Recently, some books on the topics of fractional calculus are published
([15, 26, 33]) and incorporate bundle of knowledge. A few research articles are
also published on the history of fractional calculus ([31,32]). Accordingly, the
introduction this research article involved a brief description of history of fractional
calculus which depends on the above books and research articles mentioned.

Newton and Leibniz are considered the pioneers of classical calculus. The startup
of fractional calculus is linked with Leibniz. In reality, some questions about the
fractional order. Particularly the 1/2 case were asked by L’Hospital who inspired
Leibniz to think about fractional calculus [19]. Leibniz also discussed about frac-
tional order derivatives with Johann Bernoulli in 1695 and John Willis in 1697
([4,6]). Euler discussed about fractional derivatives in [17]. He linked factorials
with gamma functions as a generalization of it. Lagrange [18] worked on integer
order power laws that can be moved to fractional order under some conditions. The
first disclosed definition of fractional derivatives is given by Laplace in his book [11].
Lactoix, Euler, Fourier, Abel ([20,30,35]) were also contributed in the field of frac-
tional calculus in eighteenth century.
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In nineteenth century some work on fractional derivatives is given by Watanabe,
Riesz, B.S. Nagy, M. Caputo ([2,13,23,27]).

In twentieth century, an advanced work on fractional calculus started in almost
mid of it.

1.1.1. What is Fractional Operator? If m and ny are two real numbers then the
simplest fractional operator is given below

(1.1) eme™” = @nimn,

A fractional operator is an operator which is applied to an operand with a non-
integral power or a real number time. For example, if in particular 71 = o = 1/2,
then in equation (1.1)

(12) @1/2@1/2 — @1/2+1/2 — @1 — @

1.1.2. Operator Definition and Properties. This section includes some useful func-
tions and some popular definitions of fractional derivatives as well as integrals. The
literature of fractional calculus includes several fractional derivatives and integrals.
Some popular names among them are

i) Riemann-Liouville type
ii) Caputo type
iii) Griinwald-Letnikof type and Chen type etc.
Their equivalence on some functions can be seen in the standard books ([3,26,33]).
About advatages and importance point of view, we can say that these definitions

have their own place in several kind of mathematics related problems. First of all
we define Gamma functions and then Mittag-Leffler functions.

1.1.3. The Gamma-Functions. In the fractional calculus theory, the most impor-
tant and fundamental function is Gamma function, which is a generalized form
of factorial, n! which allows one to take m as a real number as well as a complex
number.

This function is defined as

(1.3) I'(k) = /00 e P Ldn.

Its limiting form is defined as

. 0"
_913(1)77(774—1)...(774—9)’

(1.4) (k) Re(n) > 0.

Useful properties of this function are

Firstly
Ik+1)=kI'(k)=6(0 —1)! = 0.
Secondly, at n = —6, (# =0,1,2,...) the Gamma function will have sample poles.
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1.1.4. The Mittag-Leffler Fucntion. This function is a generalization for an expo-
nential function in terms of one-parameter [1].
The generalization is given below

_ 1’
(1.5) B0 =3 1

For two-parameters form see [36] and is given by

i~ 0

- Ui
(1.6) E““”‘Zﬁwm+@*k>aq>m'

When ¢ = 1, we get Mittag-Leffler Function in one-paramter.
This function can be seen particularly in a relationship with hyperbolic sine and
hyperbolic cosine functions by

E51(n°) = cosh(n)
and
nE22(n?) = sinh(n),

and it can also be linked with error function and can also be used as a tool in the
solution of systems of fractional order, for further details see ([7,34]).

1.1.5. The Riemann-Liouville Type. Left Riemann-Liouville fractional derivative

1 df .
(1.7) DY [p(n)] = 1“(«9—k)d179/ (n—v)" " 1e(w)dv,n > .
Right Riemann-Liouville fractional derivative
(e v 9—k—1
(1.8) "Dy lom) = wo s g [ (=0’ e(w)drn <.
Y 6 — k) dn? "
For example, consider the function
o(n) = (n— =),
I'(l1+wv) _
fk B e S _ . \v—k
D =) = e

Similarly, for ¢(n) = e
DM = 7 Bk ()

Left Riemann-Liouville fractional integral

1 K _
(19) T lom) = g [ 0= 00 >
Right Riemann-Liouville fractional integral

1

(1.10) 10 = 7 / "= o),y < .
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1.1.6. The Caputo Type. Left Caputo fractional derivative

0
(1) EDE 0] = g [ =) gleldvn > @

Right Caputo fractional derivative

_1\9 0
(L12) B (o] = g [ e e < b
n

The Caputo fractional integral

(1.13) Ao (n) = 6(n) = D ¢ (0) T, (0 =1 < k < 0).

For more details see [16]. The Caputo fractional derivative is useful for both kind
of homogeneous and in-homogeneous boundary as well as initial conditions in ap-
plication of modeling of several real life systems. Relationships between Riemann-
Liouville type fractional integrals and derivatives with Caputo type fractional inte-
grals and derivatives is discussed with the help of Laplace transforms, see [25].

1.1.7. The Grinwald-Letnikof Type. Left Grinwald-Letnikof fractional derivative

. k:—i— 1)gz§( z'p)
1.14 WD’“ =1 E l _ ]
( ) [ pm% Z 1 (k: ; 1),6p =n—-x

Right Griinwald-Letnikof fractional Derivative

1.1 HEDE_[p(n)] = lim — } { + ¢ nt .

1.1.8. The Chen Type. Left Chen Fractional Derivative

(1.16) DEO0N) = e | =) o) >
Right Chen fractional derivative
-1 d [~

1.1 DF == —n)7F .
(117) 00 = Ry ) o0 < 2
Left Chen fractional integral

1
(1.18) ) F— (v)dv,n > z.

Right Chen fractional integral

[ -
/ N Lo(w)dv,n < 2.
n

1.2. Fractional Order Differential Equations. In this section, we will define
fractional order ordinary and partial differential equations.

(1.19) I

”\
_
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1.2.1. Fractional Order ODE’s. Those ordinary differential equations which involve
the derivatives of non-integral order are known as fractional order ordinary differ-
ential equations. The researchers in the history of mathematics got an interest
in fractional order ordinary differential equations not so far but since the mid of
twentieth century. The reason of the development and progress in fractional order
ordinary differential equations is that these equations can make complex kind of
mathematical models easily. Other than local connections in space-time, this kind
of equations solved with the help of kernels present in integral equations. Also
these equations are useful in science and engineering almost all over the world of
researchers [24].

In this section,firstly, we will define Riemann-Liouville fractional order differential
equation. Secondly, we will define Caputo fractional order differential equation.
Lastly, we will state a result which will relate Caputo differential equation with
Volterra integral equation.

1.2.2. Riemann-Liouville Fractional Order Differential Equation.

(1.20) (*D ) (n) = ¥[n, ¢(n)], k > 0,n > .

Along with the conditions

(DFig)(at) =y i=1,2,3,...,0

1.2.3. Caputo Fractional Order Differential Equations.

(1.21) (*DE, ¢) () = ¥[n, 6(m)), k > 0,7 > z.

Along with the initial conditions
®Dip)(0) = y;,i=0,1,2,3,...,0 — 1.

Lemma 1.1. Let J.(0) = [0,¢| be an interval in which the function ¢(n) has con-
tinuous derivatives with outputs in [po — &, do + &], then ¢(n) satisfies the equation

MDEG(n) = (0, ¢(n)),0 < k < 1,1 > 0,6(0) = ¢o

if it satisfies the following Volterra integral equation [5]

n
o) =0+ s [ (=) 00 o)
I'(k) Jo

1.2.4. Fractional Order PDE’s. Derivation of theorems of existence as well as unique-
ness for ordinary differential equations as well as partial differential equations is
already a hard problem that is seen by the researchers in the history of mathemat-
ics. As a result, each problem is a special case inside itself. Therefore for fractional
partial differential equations, the process of finding solutions will be more awful.
Hence, in this section we will present only some results for simple fractional partial
differential equations.
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1.2.5. Linear and Homogeneous Fractional Order Partial Differential Equation. Con-
sider

ok 91
(1.22) Q;(tz ) _, cg(x?z;f)

and the initial condition is

£eRT neR

¢(1,0) = do(n),

where i is a coefficient which is positive, 0 < k < ¢ < 1, ¢(n,€) is a real valued

function, g—; and % are Riemann-Liouville fractional partial derivatives and ¢g(n)

is continuous over all values of 7. The general solution of equation (1.22) is given
by the following lemma.

Lemma 1.2. Assume that both n,& € RT then general solution of equation (1.22)
18

(1.2 61, €) = dnl(o + ik,

where ¢o(n) is available in initial condition.

1.2.6. In-Homogeneous Fractional Order Partial Differential Equation. Consider

ok o(n, L09(n,
(1.24) (giz 9 _; q;(;q 3

and the initial condition is

=9(n,€£),feR " neR

#(1,0) = ¢o(n).

The general solution of equation (1.24) can be found with the help of Fourier trans-
forms.

1.2.7. Fractional Partial Differential Equation (Wave). Consider

a2k 82q
(1.25) g;(;l]c’f) =2 ;ZU(Z;Q’”E [z,9],€ € R%,n € R.

Along with the boundary and initial conditions

¢(n,0) = do(n),

é(x, &) =0,
d*¢(n,0)  d*¢o(n)

v Atk

#(y,§) = 0.

Where 0 < 2k <1 and 1 < 2¢g < 2.
The general solution of equation (1.25) is given below

I'(1+q)

T(1+k) T'(1+k)

where 11 and 9 are functions given by boundary and initial conditions.

I'(1+q)

(1.26) o(n,&) = Y1 (n? +i )+ o (n? —i &),
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1.2.8. The Diffusion Fractional Equations. The diffusion is modeled in a specific
kind of porous medium in geometric media is an application of non-integer order
derivative. The modeled equation is connected to geometric dimension of the ma-
terial which must be porous type [14].

Consider

(1.27) DY () = My(n),

where ¢(n) is across geometric association and a greater or observable flow, M is a
constant number, k is geometric dimension and ¥ (n) is known as driving force.
Another diffusion fractional equation is given in [29].
Consider

(1.28) DQ/leS(Tlaf) - 1 8( ky—109(1,€)

“on
where k1 and k9 confide in the geometric dimension of media. For more details
see [8].

Another diffusion fractional differential equation of one-dimension is given below

2
(1.29) Dre(i, €) = ‘”;5;20 FeR.

nkg —1 an

If in particular & = 1, then the equation (1.29) becomes diffusion classical wave
equation, if in particular £ = 2, then the equation (1.29) becomes wave classical
equation. Lastly for 0 < £ < 1 and for 0 < k& < 2 the equation (1.29) will be called
diffusion ultra-slow process and intermediate ultra-slow processes, respectively, see
[37].

2. MATERIALS AND METHODS

In this section, we will present two methods to solve fractional order ordinary dif-
ferential equations by means of two techniques; the first techniques is semi-analytical
method which follows Laplace transforms whereas the second technique is a numer-
ical approach in which we present Euler’s method for one term and multi-term
fractional order ordinary differential equations and lastly we will present some im-
portant results of existence and uniqueness of fractional order ordinary differential
equations.

2.1. Methods to Solve Fractional Differential Equations.

2.1.1. Method 1: Semi-analytical. In this section, we will use Laplace transform to
solve fractional order ordinary differential equations with the fractional derivative
of Riemann-Liouville and Caputo type.

2.1.2. The Laplace Transform [21]. Let ¢(n) be a function with n € [0, c0) then the
Laplace transform of ¢(n) is defined as

(2.1) Clo(m)] = b(s) = /0 " e (n)dn.
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The integral in (2.1) converges only when the function ¢(n) is known to be of
exponential order k£ > 0 [21], i
(22) lim e ’“”ch( )| <,V > &' € € 10,00).

n—oo

After transforming our original problem from original variable 7 to a new variable
s, we must need to transform our problem from new variable s to old variable 7, so
we will need the inverse of Laplace transform in this regard [22].

The inverse of Laplace transform is defined as:

. v—1€ R
(2.3) 6(n) = £71d(s)] = —— lim ¢"(s)ds, v € R.

2t £—00 v—i€

The formula given in (2.3) used rarely while solving problems but in purposes of
theory, the researchers use this formula many times.

The Laplace transform of convolution of two functions:

The convolution of ¢(n) and (n) is denoted by ¢(n) *1(n) [12] and is defined as

n)—/ncﬁ(n—v dv—/¢

and when 7 < 0, then the convolution ¢(n) *
The Laplace transform of convolution ¢(n ) (n)

(2.4) LIo(n) * Y ()] = d(s)d(s)

with ¢(s) and t(s) exist.
The Laplace transform of a few functions is given below:

Let b e R
1
b
clem =L
Lleos(bn)] = -
coson 524 b2’
. b
Llsin(b)] = 55,
L[cosh(bn)] = ot
. b
L[sinh(bn)] = ot
ol'(k
E[aﬁk] = S;ﬁ(q),

LI p(n)] = d(s —b),
Lb(n) + ctb(n)] = bp(n) + cb(n).
For any positive integer o > 0
L7 ()] = sd(n) — 577 $(0) — 72/ (0) — ... — 7 1(0),

ilgk—1

ﬁ[n’“‘l_lEﬁé(bn’“)] =k pt
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2.1.3. Laplace Transform of Riemann-Liouville Fractional Order Integral.

£ET 0] = Ll | =0 otw)av)
Using the definition of convolution of two functions
Clg ™ 0t = Ll L6 )

we have
LI = ().
Note that ‘T*[¢(n)] = D% (n)].

2.1.4. Laplace Transform of Riemann-Liouville Fractional Order Derivative. The
Riemann-Liouville fractional order derivative is:

Dho] = — L@ [Tk
DO = T =g/, (1= )
(2.5) DM[p(n)] = v (),
DE o] = L
(2.6) D¥[o(n)] = ding[lb(n)]'
Integrating both sides of (2.6) 6 times we get
(2.7) w(n) =D~ Pg(n)],
where D~(=%) in (2.7) is fold integration of order (k — 6).
_ 1 ko1
(2.8) v = s | 0=
Apply Laplace transform on both sides of (2.8)
Py 1 ! o0—k—1
00) = Ll | 0= owan
(2.9) ¥(s) = s OHg(s).

Apply Laplace transform on both sides of (2.5)
LED*p(m)]] = L1 ()]
= s'9(n) = s"1(0) — s"2¢/(0) —... = ¢1"1(0)

0—-1

= 9(n) — 3 s ()

(2.10)

and we also note that if
b(n) = D~ g(n)).

Differentiate both sides of above equation with respect to n upto (6 —i — 1) times,
we get

(2.11) ' () =DM g(n)
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at n =0 (2.11) becomes
(2.12) WTTH0) = FDM T [4(0)]
put (2.12) in (2.10), we get

-1

(2.13) LEDFg(m)]] = s°b(n) = D s* D D]g(0)].
i=0
It is important to note that the formula of Laplace transform for integer order de-

rivative of a function is similar to that of the fractional order derivative in Riemann-
Liouville type.

2.1.5. Laplace Transform of Caputo Fractional Order Derivative. The mathemati-
cal definition of Caputo fractional order derivative is:

0
(214) SO0 = g | 0 )" o)l

The alternate form of definition (2.14) is:
(2.15) %DM ()] = DN Dls(n)], 0 —1 < k < 0.

We can also say that the Caputo fractional order derivative is equivalent to (6§ —
k) — th order fold integration of 6 — th order differentiation of the function ¢(n).
Apply Laplace transform on both sides of (2.15)

(2.16) LED*[g(m)) = £[D~CH D[ ()]
The right hand side of (2.16) is similar to Riemann-Liouville integral, so
(2.17) LED*g(m)])) = s~ LD?[p(n)])-
Expanding the formula for Laplace transform of integer order differentiation we get
~ 9_1 . .
sTO P [h(s) = > s [p(0)]]
i=0
=5~ O [%9(s) — [s"07V(0) + 5" (0) + 267 (0) + ... + sV (0)]]
01

= ORI [0(s) — 3 sO- D0 (o))
0

1=

>

-1
_ 5—0+k+0¢(5) _ 80—1'—1—9+k¢(i) (0)

o

1=

Hence, the required formula for Laplace transform of Caputo fractional order de-
rivative is:

0—1
(2.18) LED o)) = s"d(s) = Y s* 7160 (0).
=0
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2.1.6. Initial Value Problem of Riemann-Liouville Type. Problem:
(2.19) EDE[p(m)] — Aop(n) = b, > 0,0 —1 < k < 6.
Along with the initial conditions

EDR o) |ymo = ¢iyi = 0,1,2,...,0 — 1.

Solution:
Take Laplace transform on both sides of (2.19)

L D*[p(n)] — Aé(n)] = Lbn),

~ b
k _ %
66 =230 = 3 + 3
. b 0—1
(5 = N)fs) = S5 + 3 exs’
i=0
A bs2 o1 cist
2.20 = — —.
Apply inverse of Laplace transform on both sides of (2.20), we get
. bs—?2 i s
-1 _ =1 i
[’ [¢(S)]_E [(Skf)\) +l:0 (Sk*A)]
Hence, the required analytical solution is:
0—1
(2.21) ¢(n) =" Bk a(On®) + > e B ().
i=0

2.1.7. Initial Value Problem of Caputo Type. Problem:
(2.22) “Dlp(n)] — Ap(n) =bn,n > 0,0 —1 <k <.
Along with the initial conditions

¢D(0) = ¢;,i=0,1,2,...,0 — 1.

Solution:
Take Laplace transform on both sides of (2.22)

LI*D[p(n)] — Ad(n)] = L[bn],
0—1
Fos) = 3 s 190(0) - 2d6) = .
ZZOA b 6—1
(s~ Ndle) = 5+ 30k le,
=0
- bs™2 ol sh—i=le,
(223) ¢(S) = m + v (Sk — )\) .

11
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Apply inverse of Laplace transform on both sides of (2.23), we get

6] = £ ey + 2

Hence, the required analytical solution is:

0—1

(2.24) ¢(n) = b Bk (On®) + D e’ Br i ().
=0

2.1.8. Method 2: Numerical. Numerical methods to solve differential equations are
basically of two categories.

(i) One-step methods
(ii) Multi-step methods

One-step methods are suitable only when single iteration is required to obtain a
numerical value of the dependent variable using the values from the previous itera-
tion. Whereas in the multi-step methods we use more than one previously obtained
iterations to obtain the solution. The better choice of numerical method for frac-
tional order differential equations is to use the multi-step methods. While using
multi-step methods in solving fractional order differential equations each iteration
involves all the previous iterations and values, so we can say that the solution pro-
cess may takes more time in computations. Roughly speaking, we can say that the
multi-step methods are quadrature type convolution formulas.

Let p = [k] and consider a fractional order differential equation with the deriva-
tive of Caputo type:

(2.25) “D*[g(n)] = ¥ (n, ¢(n))

with the initial conditions

$(10) = b0, ¢ (1m0) = B4, & (10) = B

P (ng) = ¢,

where (1, ¢(n)) is continuous and ¢y, gZ)O , (()2), e (()p U are derivatives at initial

value of the independent variable 7.
Apply Riemann-Liouville integral on both sides of (2.47):

DR [p(n)]] = Ty (n, ¢(n))]

we get,

o) = Tyalgsml(n) = 1 [ -ttt o0)as

10

220 o) =Toaloml) + g [ -9l o)
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where T),—1[¢; 10](n) is a polynomial called Taylor’s polynomial whose degree is p—1
which is for the function ¢(n) is given below centered at 1y [10].

|
—

(2.27) Tyl mln) = 3 0 ).

7

Il
o

3

The multi-step method for (2.26) is written as a convolution type formula:

(2.28) G =En+ > bnithi, i = (i, $i),
=0

where &, and b, are the coefficients and 7, = 1g9+nh is a grid which is assigned with
a fixed step-size. The coeflicients &, and b, will be derived using two categories of
multi-step methods.

(i) Product-integration method
(ii) Fractional multi-step method of linear type

The Product-integration method and fractional multi-step method of linear type
are completely based on the integral in (2.47).

2.1.9. Product-Integration Methods. The Product-integration methods were origi-
nally introduced in 1954 [28]. The Product-integration methods are used to solve
weakly-singular Volterra integral equations of second kind and as in (2.26) we de-
rived a weakly-singular Volterra integral equations of second kind, so we can relate
Product-integration method to fractional order ordinary differential (2.47).

The Product-integration method for (2.26) is given by a grid n, = no+nh,h >0
is a fixed step size.

Mi+1

n—1
229 o) = Tylosmlm) + s 3 [ (=) (w00
i=0 "

where we approximate ¥ (v, ¢(v)) in each [n;,7;+1], with the help of some polyno-
mials through interpolation.
The Forward Euler’s method for fractional order differential equations:

n—1
(2:30) b = Tpo1[d310) (mn) + HE > (i, ).
=0

The Backward Euler’s method for fractional order differential equations:

(2.31) bn = Tp1[6im0) (1) + BE S ¥ wn(mi, 0),
1=0
where
k k
o _ (1P —nt
n I(k+1)
and

Vv, d(v)) = Y(Miv1, Piv1) + %[T/}(mﬁ-h@—kl) — (i, di)l, v € [ Mig1]-
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The order of convergence is h > 0,i.e.

|¢(77n) - ¢n| = O(h)
with h — 0.
Here note that ¢(n,) is analytical solution of fractional differential equation(2.47).

2.1.10. Fractional Multi-step Methods of Linear Type. As we know that the Riemann-
Liouville fractional integral is:

1 U
(232) L 0] = 1 | 0= o).
710 F(k) -
The fractional multi-step form of (2.32) is given by Lubich [28].
- k
(2.33) 1k =nE el o),
=0

where @Sﬁ’ are obtained below

(2.34) i O i = 0W (1), 0M) (1) = (5(u) ",
=0
where
_p(1/p)
(2.35) O(p) = o/

p(x) = pox’ + poxr' ' + pra’ P+ .+ py,
o(z) = ooz’ + opx’ + o2 4.+ oy,

and d(p) is a generating function for multi-step method of linear type which has
not any zeros in the dist |u| < 1 that is also closed.

The approximation in (2.33) is of order ¢ > 0 and its convergence is followed by
(Theorem 2.1) in [28].

(2.56) 5 [00m)] = FIf [0 (ma)]] < Al —mo)* ",

where A is a constant and is not depending on h > 0. Note that ¢(n) is smooth
sufficiently. When ¢(n) is non-smooth then the approximation form of (2.33) is:

(2.37) FIE (6] = 1S Ona(n) + 1S 0 6.

i=0 i=0
As a result for fractional differential equations, the fractional multi-step method of
linear type of (2.26) is:

(238) bn = Tp1 (im0 () + 1* Y Onith(mi, i) + B>~ OF (s, 1)

=0 =0

for more details see [9].
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2.1.11. Numerical Approach to Fractional Differential Equations With Many Terms.
The equation involving fractional derivatives in many terms is:

(2.39) Ao DES(m)] + No—1 Dy~ [6()] + - - + A D2 [6 ()] + M DR [6(1)]
= ¢(n, ¢(n))

n (2.39). A1, Mg, ..., g1, g are real coefficients and kg, ko1, ..., ko, k1 are frac-
tional orders of derivatives either Riemann-Liouville or Caputo and are in descend-
ing order such that kg > kg_1 > ... > ko > ky with the leading term Ag # 0. Here

pj = “C]],] = 172,...,9.
The initial conditions to (2.39) are:

é(m0) = do,
d
@) = 5",

dPo—1

G om) = 6

(2.39) is known as multi-terms fractional order differential equation ([9,28]).
The discrete form of (2.39) as a numerical approach is obtained by applying
Riemann-Liouville integral operator on both sides of (2.39).

We set
-1\ _—
¢(77) = Tp9—1 [¢, 770] (77) - Z /\7;“770 ’ [¢(77) - ij—l [‘bv 770](”)]
(2.40) J=1

Aeﬁl’“e [ (n, &(n))

Forward Euler’s method for multi-term fractional order differential equation:

Pj—1

A (n—mno)he—ki (i)
d)n_Tpe 1¢7770 +ZAGZF@—|—]§9—]€ +1¢ (?70)

(ko—k; (k
(2.41) _Z)\Jhke ks Z nes 1) hngCnG?q 1 (Nsy Ps)-

Backward Euler’s method for multi-term fractional order differential equation:

)i—ke—kj

On = Ty, [P3m0) (1) + Z /\7‘. ' F((Z _T_ Z(; - 1¢(i)(770)

0—1
)\.

(242) DI D DA hkezcifez_l.
j=1
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Example 2.1. Consider a fractional order ordinary differential equation:

Dy [3(m)] = —(p(n))"* + (L5n"%% — )3 4+ 2.250(k + 1)

(2.43) _ 30(5+0.5k) | 4032055 *
r'(5-05k)  T(O—Fk)

Along with the initial condition ¢(0) = 0. The analytical solution [9] to (2.43) is

9
(2.44) () =n° =30 + o
We apply forward and backward Euler’s method on (2.43) with a step size of h = 214

and k = 3 in the interval [0, 1].

2
15 Forward Euler 15 Backward Euler
/ A\ o \
N X N
P \ i’ A
F \ Fd %
/ \
_f/ \ .J,-' \
o ! / 1 g ! 7 \
= / = \
£ / \ £ / \
3 / \ £ /
= 5 / \
5 / \ 3 / \
: \ B \
< i \ g
] \ 2 [ \
05t | \ 1 oSt | ]
\ | \
{ \ | \
| | \
I|I | \
| |
| II
| |
| )
o o
0 0.2 04 0.6 0.8 (1] 0.2 0.4 0.6 0.8
Independent Variable

Independent Variable
Example 2.2. Consider a Multi-term Fractional Order Ordinary Differential Equa-
tion:

(2.45) 0" (n) + Dg°d(n) + ¢"(n) +4¢' (n) + DY d(n) + 4¢(n) = 6cos(n).

Along with the initial conditions ¢(0) = 1,¢'(0) = 1,¢"(0) = —1.
The analytical solution to (2.45) is:

(2.46) d(n) = ﬁsin(% +1).

We apply forward and backward Euler’s method on (2.43) with a step size of h = 214
in the interval [0, 100].
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Forward Euler Backward Euler
SRS R i

HHNHE AU

T

=
i
=
i

Dependent Variable
s
Dependent Variable
=

n
=
n

il \'_
NU | Mw HUU | H‘ww

20 40 60 80 100 ez 20 40 60 80 100
Independent Variable Independent Variable

2.2. Important Results. In this section we will present existence and uniqueness
theorems for fractional order ordinary differential equations of Caputo Type [9].

Let p = [k] and consider a fractional order differential equation with the deriva-
tive of Caputo type:

(2.47) %D [p(m)] = (n, ¢(n))

with the initial conditions

é(10) = do, &' (o) = &4, 6" (m0) = 857,

6"V (no) = 6,
where (1, ¢(n)) is continuous and ¢y, g[)(()l), ¢(()2), cel (bép ~U are derivatives at initial
value of the independent variable 7.
Theorem 2.3 (Existence [9]). Let D = [0, M] x [¢3 — q, 3 + q]; M, q > 0 also let
the function ¢ : D — R is continuous. Define M* = min{M, (qﬂg‘cr;l))%} There
must exist the function ¢ : [0, M*] — R.
Theorem 2.4 (Uniquenes [9]). Let D = [0, M] x [¢) — q, 88 + q]; M,q > 0 also let

the function ¥ : D — R is bounded on the set D and 1 satisfies the condition below:
For some £ € D

where W > 0 is a real constant.

3. CONCLUSIONS

In this present research article, we have examined Laplace Transform Method
as a Semi-Analytical Method and Numerical Method as Backward Euler’s Method
and solved fractional order ordinary differential equations. One can easily apply
these techniques to solve fractional order ordinary differential equations of Riemann-
Liouville and Caputo Type operators. For initial level of understanding of the
subject of fractional calculus, this research article is specially designed.
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