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ON THE STEP 2 GRUSHIN OPERATOR

LEVON SHMAVONYAN

ABSTRACT. The Hamilton-Jacobi theory provides the necessary tools to explore
the geometric and analytic properties of the Grushin operator (Ag). After brief
discussions of sub-Riemannian geometry, which the Grushin operator integrates,
and Hamiltonian formalism, this survey paper introduces techniques that enable
(i) finding all the geodesics of Ag, (ii) formulating a modified complex action,
and (iii) constructing the heat kernel of the operator.

1. INTRODUCTION

In this section, we define subelliptic operators and discuss the sub-Riemannian ge-
ometry they induce. Our discussion of these operators will be restricted to R"™.

For an open subset €2 of R", let L be a second order partial differential operator
on €.

Definition 1.1 (Subelliptic estimate). L is said to satisfy the subelliptic estimate
property if there exists C' > 0 and 0 < € < 2 such that Yu € C§°(2) the following
inequality holds:

(1.1) [ulla—e < C([|Lullo + [[ullo)-

||u||s stands for the Sobolev norm of order s:

lulls = ( [ ta@ra-+1epy d5)2 ,

with @ being the Fourier transform of u (see [10]).

The above property is key in differentiating between elliptic and subelliptic oper-
ators. Specifically, if (1.1) holds for € = 0, then L is an elliptic operator. Whereas
if an operator L satisfies (1.1) for € > 0, then the operator is said to be subelliptic.

Significant progress in understanding subelliptic operators was made by Lars
Hormander who, in one of his major works (see [6]), examined a class of operators
called “sum of squares of vector fields,” generally written as:

m
(1.2) L=>) X:+Xo,

j=1
where X; are vector fields on some n-dimensional manifold M,, for 0 < i < m and
m < n.

One of Hormander’s results that we consult in our discussion of the Grushin

operator is that the operator L is subelliptic iff the vector fields X; (0 < i < m)
satisfy the bracket generating condition, also referred to as Hormander’s condition.
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Theorem 1.1. Vector fields {X7, Xo,... X,,} on a n—dimensional manifold M,,
satisfy the bracket generating property if a finite number of their Lie brackets span
the tangent space TM,,.

The Lie bracket of two vector fields X and Y is defined as
(1.3) [X,Y]=XY -YX.

Definition 1.2 (Step k). X = {X;, Xs,... X} on M,, is said to be step k, if the
vector fields satisfy the bracket generating property and at least & — 1 Lie brackets
are needed to cover the tangent space.

Corollary 1.1. Elliptic operators belong to step 1, while subelliptic operators be-
long to higher (> 1) steps.

Other common operators that can be realized as sum of square of vector fields

are:
2 prt al‘k 2 k Oy, k kJo

k=1 k=1
1 & o\%2 1 1<
- (& > 2Z<wm>=2X%+ngz,
k=1

for m,my € Nand k =

[\D\H

These operators are elliptic except when {zy = 0,k = 1,...n}. We refer to
them as the missing directions. Meanwhile, the distribution span{Xj, Xo,... X, }
is called the horizontal subspace. In the example above, Ly is defined on the product
space R? x ... x R? and has n missing directions.

The role gf geometry is significant in understanding subelliptic operators and
studying their fundamental solutions and heat kernels. Wei-Liang Chow and Petr
Konstanovich Rashevskii (1938, 1939) have shown that if given vector fields do not
cover the tangent space yet satisfy the bracket generating condition—meaning that
the vector fields and their Lie brackets cover the tangent space of the manifold on
which they are defined—then two points on the manifold can be connected by a
horizontal curve.

Theorem 1.2 (Chow-Rashevskii 1938, 1939). If a manifold M,, is topologically
connected and the vector fields X1, Xo, ... X, on M,, satisfy the bracket generating
condition, then any two points on M,, can be connected by a horizontal curve.

Definition 1.3 (Horizontal Curve). A curve is said to be horizontal if the tangents
of the curve are linear combinations of X7, Xo,... X,, in an n-dimensional manifold
M,, with m < n.

Following definition 1.3, we may conclude that for any given two points A and B
on manifold M,, there exists a piecewise differentiable horizontal curve v : [0, 7] —
M, such that:
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and
m
A(s) =D an(s) X
k=1
Now, we are ready to define the sub-Riemannian geometry over a manifold.

Definition 1.4. A sub-Riemannian structure over a manifold M,, is a pair (H, (-, -)),
where H is a bracket generating distribution and (-, ) is a fibre inner product defined

on H.

Following the definitions (1.3) and (1.4), the length of a horizontal curve in the
sub-Riemannian geometry can be obtained as follows:

(1.4) = [ " V) A ds.

In minimizing the lengths of the horizontal curves, we obtain the Carnot-Carathéodory
distance in sub-Riemannian sense, which between two points A, B € M, is given
and denoted by

(1.5) dec(A, B) = inf £(v),

with the infimum being taken over all absolutely continuous horizontal curves con-
necting A and B.

Remarkably, while every point O of a Riemannian manifold is connected to every
other point in a sufficiently small neighborhood by a wunique geodesic, on a sub-
Riemannian manifold there will be points arbitrarily near the point O that are
connected to O by infinitely many geodesics.

For a more thorough treatment of sub-Riemannian geometry, see [1,5,7].

2. HAMILTONIAN FORMALISM

In this section we discuss some geometric mechanics that will be essential in finding
both the geodesics of the Grushin operator and the modified complex action, which
will be essential in formulating the heat kernel of the operator. This section will
also elucidate the development of concepts, such as geodesics.

2.1. Newtonian Mechanics. Let us consider a particle of mass m moving in three-
dimensional space under an external force F(x(t)), where z(t) denotes the position
of the particle m at time ¢. Then, x(t) satisfies Newton’s equation:

dPx(t)
e = F(x(t)).

Moreover, if the force F'(x(t)) can be expressed as —VV (x), then the force is called a
conserved force and V (x) is referred to as the potential energy. In fact, by Newton’s
law, one can show that the total energy E is conserved; i.e. dFE/dt = 0, which we
prove for the one-dimensional case.

Under the absence of any damping or friction, by Newton’s second law, we have:

m
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Assuming that the force is conserved, we have:
d*x(t) dV
4+ =
dt? dx
Multiplying both sides of the equation by dz/dt, we get the time derivative of the
total energy as shown below:

d*z(t)dr dVdr d (m /dz\?2 dE
@ di dxdt_dt<2<dt) V@)) = =0

Thus, we may conclude that F is a constant function over time. Indeed, it can be
shown that in higher dimensions,

dE dQ.%'k ov dmk
i el AT A Biad A o
dt ; (m a * 8:1:k> dt

For properties and applications of conservative systems, see [9].

0.

2.2. Lagrangian Formalism. While fundamental, Newtonian mechanics presents
difficulties, such as in accounting for constraints or analyzing global properties of
the system, that are better dealt with by using Lagrangian formalism.

Let N parameters {¢;,i = 1,..., N} describe the state of a system. A parameter
is an element of some manifold M. Then, the manifold M is referred to as the
configuration space, while the parameters ¢; are called the generalized coordinates,
and their respective time derivatives, ¢, = dg;/dt, are referred to as the generalized
velocities. The function L(q,q’) to be defined later in the Hamilton’s principle is
the Lagrangian of a system.

Let us consider a trajectory ¢(t) for t € [to,ts] and the functional

Ly

S(q(t),q'(t)) =/t L(q,q") dt,

0

which is called the action. Hamilton’s principle, or the principle of the least action,
states that the physically realized trajectory corresponds to an extremum of the
action. Thus, the Lagrangian must be determined in a way to satisfy the Hamilton’s
principle.

Let q(t) be a path realizing the extremum of the action and consider a variation
dq(t) of the trajectory such that dq(tg) = dq(ty) = 0. Under this variation, we have

ty

ty
6S(t) =/ L(g+dq,q' + 6¢') dt/ L(q,q')dt
t

0 to

()
N to 8q dtaq’ 9%

which must equal to 0. This condition allows us to derive the Fuler-Lagrange
equation:

oL doL
dq  dtdq
Letting OL/0q¢" be the generalized momentum p, one has
dp OL
dat ~ oq
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Moreover, accounting for Newton’s equation, one finds that

2
L(q,q) = % <§t]> - V(a)
and its substitution into the Euler-Lagrange equation results in
mquk ov
dt? Oqx
For further discussion of analytic geometry, we need to introduce the notion of
functional derivative, which will also allow us to derive a new form of the Euler-

Lagrange equation. The functional derivative of S with respect to ¢ is defined as
follows:

0.

S(a(t) + ed(t — ), (t) + et = 5)) = S(a(t), d'(1))

— 1
dq(s) Py € ’

d
p— , — p—
S(q(t) +ed(t—s),q(t) + edt5(t s))
oL d OL
=S(g,q) +¢ <aq () = — 8q,(s)) +0(€%).
Hence, the Euler-Lagrange equation can be written as

0S OL d (0L
Sas) ~ 0V <aq> (s)=0.

2.3. Hamiltonian Formalism. As shown above, the Lagrangian formalism yields
a second-order differential equation. The Hamiltonian formalism, on the other hand,
will provide us with equations of motion that are of first order in derivative with
respect to time.

For a given Lagrangian L, the corresponding Hamiltonian is introduced by the
following transformation:

k

where pj, stands for the momentum and is equal to 9L/0q;,.
Note that for the transformation above to be well-defined, the following condition

must be imposed:
api (92[/
det =det | —— 0
+(55) = (i)

Next, we consider an infinitesimal change in the Hamiltonian:

oL oL
6H = <5pkq’ + prdqy, — =—0qK, — 5q’>
zk: k ko ogy aq), *

oL
=> <5pkq;2 - 85%) :
% ak
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The relation above implies that

om _, ooH_ oL
opr, 0qx oqr

Applying the Euler-Lagrange equation to the above equations, one derives the
Hamilton’s equations of motion,

We will use Hamilton’s equations of motion to construct Hamiltonian systems that
will allow us to find bicharacteristic curves solving the system. For a more detailed
treatment of the subject, see [2,8].

3. THE GRUSHIN OPERATOR AND ITS GEODESICS

In this section, we begin our study of the step 2 Grushin operator. The Grushin
operator is the partial differential operator broadly defined as follows:

Definition 3.1 (Grushin operator).
1
Ay = §(X12 + X3)
with vector fields X; = % and Xy = xma% in R? and (z,y) € R2.
When m = 1, we obtain the step 2 Grushin operator.

Definition 3.2 (Step 2 Grushin operator).

19* 1 ,0°

Ag= -2 422
¢ 28$2+2x0y2

From definition (3.2), it is easy to observe that X; and X5 are linearly indepen-
dent vector fields everywhere except when x = 0, which renders X5 = 0. As a
result, A is an elliptic operator on the y-axis, where X5 vanishes and Ag does not
possess Riemannian geometry. Nevertheless, since

) ) 9 [0
X1, Xa] = X (X2) = Xa(X1) = o (ay> ~ oy <a>
0 0? ? 0

- Ay +x&1:8y B x@yax T oy’

which indicates that { X1, X5} satisfy the bracket generating property, Chow-Rasheuvskii’s
Theorem (1.2 on p. 358) may be invoked to conclude that any two points in R? can

be connected by a piecewise differentiable horizontal curve. Specifically, we have
the following:

Theorem 3.1. For any two points P(xg,yo) and Q(x1,y0) on the same horizontal
line y = yo, there exists a single geodesic connecting P and Q. If yy # y1, there are
infinitely many geodesics connecting points P(0, ) and Q(z1,y1).



ON THE STEP 2 GRUSHIN OPERATOR 363

To examine the geometric and analytic properties of the Grushin operator, we will
rely on the Hamilton-Jacobi theory of bicharacteristics. The Hamiltonian function
associated with the step 2 Grushin operator can be expressed as follows:

(31) Hr,y,&m) = 5 (€ + %),

where (z,y,&,n) are the coordinates of T*R?—the cotangent bundle of R2. We are
primarily interested in obtaining the geodesics of Ag, which are the projections of
bicharacteristic curves of H into the (z,y) plane. To do so, we seek to find the
solutions of the Hamiltonian system below associated with (3.1), which represent
the geodesics between two points (g, yo) and (z,y) in R?:

dz d¢ 9 d*x 9
(3.2) 1 e =&, N xn (so — T
dy 2 dn
ds n =T ds Y ’
with, for our purpose, s € [0, 1] and boundary conditions being
(3.3) z(0) =xz0, y(0) =y, z(1)==z, y(l)=y.

The vector fields and the Hamiltonian associated with the Grushin operator
present us with some properties that allow our local investigation of the opera-
tor to have a global effect. For example, since % and 3;8% are translation invariant
in the y-direction, we will have yo = 0 for the rest of this work. Moreover, the

Hamiltonian system (3.2) is invariant under the transformation
(34) (xayagvn) = (xa _yafa _77)

allowing us to concentrate only on the case of y > 0 and n > 0. Additionally, % is
0, which implies that 7 is a constant. Intuitively, considering possible values of 7
is a convenient starting point for developing a rough idea about the solution to the
system (3.2).

3.1. Case I: n = 0. When n = 0, we have % = —z * 0, which implies that & =
£(0) := & and, after integrating and adjusting for the initial conditions, we have

(3.5) x(s) = &os +x0, y(s) =yo=C.
Since the vector fields are translation invariant in the y-direction, we consider

C = 0. Thus, the geodesic in this case is a straight line segment connecting (zo, 0)
and (z,0). To validate the claim of theorem (3.1), we assume conversely that y = 0:

1
(3.6) 0=y=y(l) = 77/0 2% (u) du.

For (3.6) to hold, it must be the case that either n = 0 or z(s) = 0 for all s. For
the latter case, one would also have that £ =0 and xp = x = 0. In this trivial case
the two points coincide and 7 is arbitrary. We state these results in the following
lemma.

Lemma 3.1. In the Hamiltonian system (3.2), the constant 7 is zero if and only
if the initial conditions are (zp,0) and (x,0) with xzy # x with the straight line
connecting (zp,0) to (z,0) being the only geodesic.
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3.2. Case II: n > 0. From our discussion of the case n = 0 and Lemma 3.1, it
follows that in the case of > 0, so is y > 0. From the first row of the Hamiltonian
system, we have
>z d¢ 9
dsZ ds I,
which results in the following second order differential equation:
"+ 5m72 = 0.

Solving the characteristic equation associated with the differential equation, we have
the complex conjugate roots with R(r) = 0 and (r) = n and a general solution

x(s) = C cosns + Cysinns.
Applying the initial conditions, we get
z(0) = xg = C cos(0) + Cysin(0) = C = xo,
2'(0) = £(0) = & = —nxosin(0) + Concos(0) = Cy = 57;),
and conclude that

(3.7) x(s) = xpcosns + % sinms.
n

The calculation of y(s) is more involved and requires some use of trigonometric
identities. For ease of readability, we let B = &y/n.

(3.8) y(s) =1 /0 " ?(u) du

* 1+ cos(2nu
9 cs(n)u
0 2
0

3.9 + xoB sin(2nu) du + B? Ls(%]u) du |.
(3.9) 7 5
0 0

The three integrals of (3.8) are calculated below:

51 2 s 2
x(Q)/ L+ cos(2nu) du = x3 <S +/ cos(2nu) du)
0 2 2 0 2
in(2
(3.10) = :L«(Q) (S + sm(ns)>

2 4n
5 1 2
(3.11) zoB/ sin(2nu) du = zoB ( - COS(W))
0 2n 2n
(3.12) BQ/ 1 — cos(2nu) du— B (s B sm(2ns))
; 2 2 4y

Adding (3.10), (3.11), (3.12) together and multiplying by 7, gives us

(3.13) y(s) =n (;(l’% + B%)s + 4177(:17(2) — B?)sin(2ns) + HUOUB sinQ(ns)) .

Remark 3.1. Our solution for x (3.7) hints at further categorization of n. Namely,
when 7 = k7 for some k € N, then z(s) reduces to (—1)Fz.
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3.3. Case II.A: n # kn. For this case, after adjusting for the initial conditions we
get

z(l) = x = xgcosn + Bsinn,
from which it follows that

(3.14) g T~ %ocosn

sinn

Then, we may find y by applying (3.14) to (3.13) to obtain

1 — sin 7 cos sinn — 7 cos
= (1) = 5 (@ D) (TS o 2 (L)
2 sin” 7 sin“n

_ i(m ) <(77 + sinsqin)l(;n— cosn))
bo— x0)2<(77 —sinn)(1 + cosn)>>.

sin? 7

We write this result more succinctly, as

(3.15) y=7 (@ + 20+ (@ —20)w),
(3.16) i = m ,
(3.17) = ?__:;EZ))

The functions ji and g and their properties will be of special interest in our dis-
cussion. While 7-s solving (3.15) give geodesics connecting (z9,0) and (z,y), not
all of the geodesics stem from solving (3.15). For instance, when = = zy = 0 and
Yo # y > 0, the solutions of (3.15) do not provide us with information about the
geodesics connecting the two points. As a matter of course, we will refer to the
geodesics arising from (3.15) as generic, and exceptional otherwise.

3.4. Case I1.B: n = kn. In this case, by remark 3.1, we have z = (—1)*2. More-
over, setting s = 1 in (3.13), we get

1
km 2y 2
(3.18) y:2(m3+32):>B::|:<kﬂ—x%> :
From (3.18), we must have
2
(3.19) % — 23 > 0= 2y > knad.

The cases when zg = 0 and x¢ # 0 wil be treated separately later. We will now
focus on the properties of functions fi and p.
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3.5. Functions [i(n) and pu(n). In this section we concentrate on fi(n), u(n), and
a function F'(n) defined as

(3.20) F(n) = a*f(n) + b°u(n)
for a,b € R. Because of (3.4) we consider n > 0 only. Below, we summarize some
of the properties of ji and p that will be of use in our discussion.

Lemma 3.2. Forn > 0 and k € N:

(1) Functions i and p are positive functions, vanishing at only n =0 .

(2) Function p has poles when n = 2k, for k € N. Function [, on the other
hand, has poles when n = (2k — 1)7.

(3) Function p is conver in each interval (2(k — 1)m,2k7) and function f is
convez in each interval (2(k — 1)m,2(k + 1)m).

(4) Function p assumes the minimum value of « in each interval (2km,2(k +
1)7), which satisfies tan(o /2) = o} /2. Function fi assumes the minimum
value of o € ((2k — 1)7,2kn) in each interval (2(k — 1), 2(k + 1)7), which
satisfies — cot(a}/2) = o /2.

(5) At the respective minimums, we have:

of

~ oy Y
and (o)) = 5

/
ry— Y%
M(ak)_ 2a

Moreover,

kE— ;) T < plag) < p((2k + D) =

and, similarly,
<2k = D7) = (k= V)m < p(af) < ji(2kn) =
=kr < fi(ogs)"” < ...

Proof. We prove parts 3 through 5 of the lemma for p(n). The cases for ji(n) are
similar.

(3) For n > 0 and n # km, k € N, the second derivative of function p is
n _ 2n+mncosn—3sing  n(1+cosn+n— 3sinn)
N (1 —cosn)? N (1 —cosn)?

Let ¢(n) denote the numerator of x”’. To prove the convexity of fi, it suffices
to show that ¢ (n) > 0 for n € (0,3). Calculating the derivatives of ¥ (n) up
to third order, we have

(n) =2 —nsinn — 2cosn,
(n) = sinn —ncosn,
" (n) = nsiny.

First, we note that ¢"'(n) is always positive for n € (0,3). This fact, coupled
with ¢”(0) = 0, implies that ¢ (n) > 0 for n € (0, 3). Similarly, " (n) > 0

/llz)/
¢//



ON THE STEP 2 GRUSHIN OPERATOR 367

for n € (0,3), coupled with ¢’(0) = 0, implies that ¢'(n) > 0 for n € (0, 3).
Finally, ¢'(n) > 0 for n € (0,3), coupled with ¥(0) = 0, implies that
¥(n) = p"(n) > 0 for n € (0,3). The convexity of the functions p and fi can
be observed in Figure 1 below.

(4) We first calculate the first derivative of p(n) and use the half-angle trigono-
metric identity to reach the desired result.

2 —2cosn —msinn

M/(U) = (1 — cos 77)2

At its minimum, the derivative of u equals 0, implying that
2 —2cosn —nsinn =0,

1—
tan ! — L=cosn _m
2 sinn 2

(5) Using our previous result that at its minimum «, tan o} /2 = a; /2, we have

o o o o
& — gin £ cos =& 1 — cos? 2k
Iy 2 2 2 2
,u(ak) - 9 a&c - ;g a;c
Sin 5 Sin 5 COS 5
!
2 O /
_ s ek ah
2 k 2 2

3
SN\

The graphs above highlight some of the features of functions g and f, such as
their convexity, positivity, and unique minimums, for n > 0.
Lemma 3.2 serves as the underpinning for our next theorem concerning (3.20).

Theorem 3.2. For ab # 0 and k € N, the function F(n) = a®fi(n) + b?u(n) has the
following properties:
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(1) F(n) > 0 for n > 0 and vanishes only at n = 0.

(2) F(n) has poles at n = k.

(3) F(n) is strictly convex in each interval ((k — 1), k7).

(4) F(n) takes a unique minimum at «ay in each interval (km, (k+ 1)7) such that

aop—1 < o, ag, < ay, and

a’al, k odd

b’al, k even.

F(ak) > {

(5) F(a) < F(ags1). Moreover, when a = 0 and b is nonzero, F' reduces to
b%u and when b = 0 and a is nonzero, F' reduces to a?ji.

Proof. Properties (1) through (4) are immediate consequences of Lemma 3.2. Thus,
we concentrate on proving property (5). Let

a? b2

n pa—
14cosn 1—cosn

g(n) =si

and, accordingly,

2 2
g = (o)
14+cosn 1—cosn
which is positive for all n € R — {kn|k € Z}. Note that F' can be expressed in terms
of g using the product rule as follows:

_a277+sin17 91 — siny
" 14cosn 1 —cosn’

(3.21) F(n) = (ng(n)" = g(n) +ng'(n)

Function g¢’s periodicity of 27, which can be observed in Figure 2 below, will aid us
in reaching our goal. Specifically,

(3.22) g(n) = —g(2kw —n), forne (km, (k+ 1)m).

By part (4) of the theorem, F'(n) achieves a unique minimum at o € (kx, (k+1)7).
By (3.22), for n € (km, (k + 1)7) we have:

g(n) = —g(2km —n) and g'(n) = g'(2km — n).
Combining this result with (3.21) we get
F(n) = —g(2km —n) + ng'(2km —n)
= g(2km —n) + (2k7 —n)g'(2kT — 1)
+2( = g(2km —n) + (n — km)g'(2km — 1))
(3.23) = F(2km —n) +2(g(n) + (n — km)g' (n)).
If k is even, then, for n € (km, (k + 1)7), (3.23) reduces to
F(n) = F(2kr —n) 4+ 2F(n — kn),
which implies that
F(ag) = F(2km — ag) + 2F (o — k) > F(2km — o) > F(ag—1),
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since 2F (ay, — km) is positive for all £ € N. A similar argument shows that when
k is odd, (3.23) implies that F(n) > F(2kw — n), for n € (km, (k4 1)7)) and, as a
result,

Flag) > F(2km — ag) > F(ag-1).

FIGURE 2. Graphical Representation of g(n) for a = b = 1.

gm) 1

i
i
2
i i i
7/2,0) (37/2,0) (5%/2,0) (7712, 0) (972,0)
’ & 17" /0, 632“ ‘s i v /0" 34“ [l
i i |
2 i i i
i i i
i i i
1 !
i
4 i
i
i

a? — b?
a? + b?

T

cos 0, =

This theorem has now equipped us with the necessary tools for studying the
geodesics of the Grushin operator.

3.6. The geodesics.

3.6.1. Generic geodesics. Recall that the generic geodesics connecting (xg,0) and
(z,y) arise from n-s that solve (3.15) (page 365), which is equivalent to F'(n) with a =
% and b = 5. Within the generic case, we consider the geodesics connecting
(20, 0) to points (z,y) with varying z and y.
Case I: y is positive, and x2 # z2.

By Remark 3.1, n = km would imply that = (—1)*x(, meaning that 2> = 3.
Hence, n = km is not a solution. In this case, however, Theorem 3.2.5 suggests that
for y > 0 there exists N € N such that F(ay_1) <y < F(ay). Furthermore, by
Theorem 3.2.1-3, we may conclude that there are 2N — 1 solutions to (3.15). If
y = F(ay-1), then ay_; is counted as a solution of multiplicity two. Thus, in
either case there are always 2N — 1 geodesics connecting (xo,0) to (z,y).

k

Example 1. In this example, we find the number of geodesics of the step 2 Grushin
operator connecting point (0,0) to (2,25). Since ag < y = 25 < ay, the number
of geodesic connecting the two points are 2(4)-1=7, which can also be observed in
Figure 8 in the form of intersections of F'(n) and y = 25. Plugging in the values of
xzo =0 and z = 2 into (3.15) results in

(2+0)2n+sinp  (2—-0)?n—siny _n+sinyg n—sing

F(n) = = )
() 4 1+cospy 4 1—cosy 1l4cospn 1—cosny
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FIGURE 3. Graph of F(n) from Example 1

U F(n)

[0%]

a2

the graph of which illustrates the logic behind counting the number of geodesics.

Case II: y is positive and x = zy # 0.

In this case,
2 2 2

20 0 ) 4 0T ) = ) = at).
As a result, we are interested in finding n-s that satisfy fi(n) = y/23. From our
discussion of function fi and Lemma 3.2, it follows that there exists N € N such
that f(a,_) < y/2d = ia(n) < fa(e;). Similar to Case I, we conclude that there
are 2N — 1 geodesics connecting (zg,0) and (zg,y).

Case I11: y is positive and x = —xg # 0.
In this case,

F(n) =

—20 + x0)? —20 — x0)2 x2
F(n) = (OIO)ﬂ(n) + (040)M(77) = Z%Ou(n) = zgu(n).

Again, by Lemma 3.2, we have that there exists N € N such that p(a/y_;) <
y/x3 = pu(n) < p(ay). Thus, similar to the previous cases, we conclude that there
are 2N — 1 geodesics connecting (zg,0) to (—xzo,y).
Case IV: y =0 and x # .

In this case, n = 0 is the only solution to (3.15). While we have derived the explicit
form of the geodesic in section 2.1 (see (3.5) and (3.6) on page 363), we now show
its consistency with (3.7) for y — 07 and n — 0F. Since x # z and y is positive,
we have by Case I that there exists n € (0,7) solving (3.7). Then, (3.7) can be

written as: '
— XpCosSN) S
x(s) = zgcosns + iz = T cos ) sin 7.

sinm ns
Letting y — 07 and n — 0", we have:
x(s) = xo + (x — wo)s,

which is consistent with our finding summarized in Lemma 3.1.
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To develop an all-encompassing theorem on geodesics, we now turn to the excep-
tional geodesics.

3.6.2. Mild exceptional case: y > 0, x? = x3 # 0 with n being an integer multiple
of m but not a solution to (3.15). As mentioned before, these geodesics are called
exceptional, because they are not solutions of (3.15). In the case when 7 = O mod ,
either u(n) or fi(n) disappears in F'(n); hence, the name mild exceptional. In this
subsection, we advance our discussion of Case I1.B and show that geodesics defined
by (3.18) are limits of the generic ones.

Lemma 3.3. For a given y > 0, o9 # 0, and a positive even integer k such that
y > krx3/2, we have that for any e € (0, (k7 — oz%/Q)/2), there exists 6 > 0 such
that for any xg, for which 0 < |x — xg| < d, there exist two geodesics connecting
(70,0) to (z,y) with n =n* or =, n~ < kx <n™*, and |nT — k7| < 2e.

Proof. We will only concentrate on the case when x = x¢p # 0, as the case of
x = —xg # 0 can be treated in a similar way.

Let y > 0 and xg # 0 be fixed. Recall from Remark 3.1 that when x = xg and for
n = km to define a geodesic connecting (zo,0) to (zo,y), k¥ must be an even integer
and (3.19) must hold. As a result, we have:

krax? 5

5 = Toi(n)-
Then, by Lemma 3.2, we have that ag/Q < km and fi(n) is increasing for n €
(ag/z, (k+1)m). Given € > 0 and € € (0, (k7 — ag/Q)/2), let  # x¢ but x close to
xo. By definitions of p(n) and fi(n), there exists § > 0 such that

Yy >

(z+m0)?% ~ krz3 _ kma} krz3
4

) <L (y-150) =4+ 4
if |x —xo| < d and |n — k7| < 2¢
— 2 krx2
ol i) < § (v - 459
if |x —xo| < d and € < |np — km| < 2¢

Remark 3.2. Note that the above results easily follow from the assumptions made.
For example, since x = zg, k is even, and y — kwx% /2 > 0, we have that

B 4737%@ B kw:c% kwx% 1 ( B kwx%)

(z 4+ 20)? . 1
B 2

7 M= 2 S T2 T3
Thus, it follows that if 0 < |z — x| < 9,

i F(n) < d F(n) <wy.
ne(kwirg(rllﬁ+1)7r) (77) yooan ne(kTrIEIQae},(kﬂ'fe) (77> 4

Invoking Theorem 3.2, we have two solutions, ™ and 1, with = < k7 < 5" that
solve y = F(n*). Moreover, the inequalities above imply that |n* — kn| < 2, thus
proving the lemma. O

Now, for simplicity, we may rewrite (3.7) as:

(3.24) z(s) = Asin(ns + «)
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where
2 | g2 - o
A=/x5+ B* and sine = ————.
V5 + B2

Consequently, (3.13) becomes:

s 09 9
(3.25) Mﬁ_nAa/squ+®du—m¥<s_$n(m+ﬂ0+$na).
0

2 4n 4n
Note that when s = 1, we have that

sin7n cos 2 +
(3.26) y=u(1) = B+ 5 (1 TIE20ET)
Solving (3.26) for B, we get that
2
(3.27) B:i¢ I — a2,
1N — sinncosn + 2«

Remark 3.3. B in (3.27) is in C* if rwmﬁz% > x3. Moreover, the sign of B

is determined by relations (3.7) and (3.14).

For zgp,y,n = ni as in Lemma 3.3, we have:

/2
B=+ %—x%, as n — km,

thus recovering (3.18). Hence, if 2y > kma3 and z — x¢, the two geodesics with
n=n" orn~ tend to two distinct geodesics with B > 0 and B < 0, respectively (see
Figure 4). When 2y = k3, consider § > krx3/2 and let x = zo. As § decreases to
kﬂ'l‘% /2, B — 0 and the two distinct geodesics become one. However, this geodesic
does not have multiplicity of two, but rather a multiplicity of three, since another
geodesic merges by Case 1.

FIGURE 4. Two Distinct Geodesics for B > 0 and B < 0.

B <0

A A

B>0

(xo, ) (xo, )

w (xo, 8) —\(XO, 2)

T S
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Going back to (3.14), when n* — 2kn* (as opposed to simply specifying k to be
an even integer) and = — xg — 0, we have

) T — X . x — zgcosnT — zo(1 — cosn®)
lim -— = lim —
ni—>2k7ri sin 7 ni—>2k7ri simn
x—xo—0 x—x9—0
+
. T — T Cos
(3.28) — lim TR0 _p
nto2krt  singy
x—x9—0
where
+ +
. — 2k, x > x or
B>0if { B
n- — 2kn,x < x0,
and

B<o0if nt — 2krt,z < 29 or
N~ — 2knT,x > xg

Next, we consider (3.14) with n* — (2k — 1)7* and 2 + xg — 0:

lim T+ T lim x — 29 cosnT + xo(1 + cosnT)
nEo k=)t sinnT  pE2k—1)nt sin n*
x+x9—0 r+x0—0
(3.20) _ fm Eomecsnt g
nEo k-1t sinp®
r+x0—0
where
B>o0if nt — (2k— 1),z + 29 >0o0r
n~— 2k—1)r ",z —xy <0,
and

+ 2k — nt
B<oif 4" — 2k—1)mT,z+x0<0or
nT — 2k—1)n ,x+x9 >0

Thus, the total number of mild exceptional geodesics connecting (xo,0) to (zo,y)
is 2(N — 1), whereas the total number of mild exceptional geodesics connecting
(%0,0) to (—zo,y) is 2N. From Case II of the generic geodesics, we have o, €
(2N —=1)7m,2N7) and oy € (2N, (2N +1)m). As a result, the number of geodesics
connecting (z9,0) to (zg,y) and (zg,0) to (—xo,y) is 2N — 1. For the former case,
the total number of geodesics is 2N —14+2(N —1) = 2(2N — 1) — 1; whereas in the
latter case, the total number is 2N — 1+ 2N = 2(2N) — 1.

For the cases when z = 2y # 0 and for the mild exceptional case, Figure 5 and
Figure 6 illustrate n’s. In Figure 5, n1, n2, and n5 correspond to generic geodesics,
while 13 and n4 correspond to the mild exceptional geodesics. Note that as y
decreases to w3, 15 approaches and merges with 73 and 14 = 27, which corresponds
to a geodesic of multiplicity three.
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3.6.3. The exceptional case: y > 0,x = x¢g = 0. Making a similar argument as with
the mild exceptional case, for g = 0, we have, for k£ € N,

/2y
B =44/ —=.
km

Hence, there exist infinitely many geodesics connecting the origin, (0,0) to (0,y),
with mor = mor_1 = km for k € N. The geodesics are defined by the following
characteristic curves:

x(s) =+ z—f’r sin (kms)
in(2km
V(o) — (s =)
Thus, every km, for k € N corresponds to two distinct geodesics, as illustrated in
Figure 7.

3.6.4. The main theorem on geodesics. Now, we are ready to summarize our findings
and state them in the following theorem.

Theorem 3.3. Given points (xg,0) and (z,y) in the plane and y > 0,

(1) If = # xo, then (3.15) has finitely many solutions n; for j € {1,2... N},
where N is odd and

N -1 N +1
5 T<nN-1 <y <

where ny_1 = ny occurs when ny = QN-1)/2-
The geodesics connecting (x¢,0) to (x,y) are defined by the curves with the
following parametric equations, with s € [0, 1]:

O<m<mT<mIn<2r<...< ,

T—Tp COS 1)

e {x(s) = xg cos (n;s) + T sin (n;s)

(3:30) y(s) =y Ji 22 ()

FIGURE 5
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FIGURE 6
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FIGURE 7
A
x=x0=0

(m.0) (27,0) (37.0) (47,0)

\%

(2) If x = z9 # 0, then there exist finitely many geodesics C; for j € {1,2... N},
N odd, connecting (¢, 0) to (xo,y). Moreover, the corresponding 7;-s satisfy

O<m<mT<m<m=2r=n<n5 <...<Mg-2 <Nagp—1 =2k =g
N+1
2

Mk+1 < ... <1Mn—2 <ny—1 <Ny < T,

where if N =3 mod 4 and ny = O/(,]V—l)/2’ then ny_o < %W <nNN_1 =

N < %ﬂ; if N =1 mod4 and ny = %ﬂ, then #ﬂ < ny—g <

In—2 = n-1 =y < X mand if ny_e = py—1 = Ylrand N = 1

mod 4, then ny_3 < ny_2 = nn_1 <y <

If n # 2k, the corresponding geodesic has the form (3.30). When y > kma3,
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(3.31)

(3.32)

(3.33)

LEVON SHMAVONYAN

we have 14,1 = N4 = 2km with the two related geodesics being;:

x(s):xocos(2k:7rs) %\/%km) —g 2km
o

Cat—1,Cap; :
y(s) = 2km [; 2*(u) du

Ify = Imm%, then we have N =1 mod 4 and Cn_3 = Cny_1 = Cpy. Thus,
in this case, the geodesic has the same form as (3.31) with £k = (N —1)/4
and x(s) = z cos (N2 L7s).

If x = —x9 # 0, then there exist finitely many geodesics C; for j €
{1,2...N}, N odd, connecting (x,0) to (—zo,y). Moreover, the corre-
sponding 7;-s satisfy

O<m=m=mn2<n3<N4.. Nak—a < Nak—3 = (2k — 1)7 = nup_2
N+1
7T7
2
where if N =1 mod 4 and ny = o/( 1)/4 then ny_o < ny_1 = nn; if

<Mag—1 < ...<nN—2<nNn-1<nn_1 <

N =3 mod 4 and ny = N— 171' thennN o =nn_1 =1nn; and if N = 3
mod 4 and ny_ 2—77N—1— =5 Lz, then ny_o = nN — 1 < 1.

If n # (2k — 1), then the geodesic hae, the same form as (3.30).

If 2y > (2k — 1)mx3, we have 14,3 = ap—2 = (2k — 1)7 with the two related
geodesics, Cyqr_3 and Cyq_o, being:

x(s) = wg cos((2k — 1)775) + %\/%ﬁs) i—% —(2k—1)m
y(s) = (2k — V)m [ a2

If 2y = (2k — 1)7m% we have Cy_o = Cy_1 = Cy. In this case, the geodesic

has the same form as in (3.32) with k£ = 2 and 2(s) = zg cos(X5tns).

If x = xg = 0 and y > 0, then there exist infinitely many geodesics connect-
ing (0,0) to (0,y). The n;-s satisfy the relation and have the form as stated
below:

MmM=nr=n<n3=21 <Ny <...<nNgp—3= 2k —1)T = na_o
< NM4k—1 :2k7T:774k <...
The geodesics are of the following form:

x(s) = i\/gsm(knrs)

sin(2kms) )

Cor—1,Co, : {
y(s) =y(s — Tz

where n9i_1 = 1o, = k.
If y = 0 and 2 = x¢, then there exists a unique geodesic connecting (g, 0)
o (z,0):
c. x(s) = xo+ (x — x0)s
n=0;y(s) =0
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Remark 3.4. The geodesics in cases (2)-(5) are limits of the geodesics in case (1).

4. THE MODIFIED COMPLEX ACTION

The heat kernels of differential operators that model physical phenomena, such as
heat conduction and diffusion, are especially of interest to applied scientists and
their derivation can be highly non-trivial. We use the geometric mechanics method
to find a modified complex action, which is essential in constructing the heat kernel
for the Grushin operator. To give some insight into the problem, we look at the
definition of the heat kernel in the context of the Grushin operator:

Definition 4.1. P, is said to be the heat kernel for the Grushin operator if:
AgP,— 2P, =0, t>0

(4.1) limy_0 Py(x, o, y) = d(z — x0)d(y)
P >0

4.1. Intuitive Approach. To approach the problem of identifying the complex
action for the Grushin operator, we look at the heat kernel of the Laplace-Beltrami
operator, which admits Riemannian geometry.

Definition 4.2 (Laplace-Beltrami operator). For X1, Xs,...,X,, n linearly in-
dependent vector fields defined on an n-dimensional manifold M,,, the Laplace-
Beltrami operator is defined as:

1 n
_ 2
A_§§ X5+,
j=0

“ ..7 stands for lower order terms.

where the

It has been shown (see [2-5]) that the heat kernel, at least on a local scale, is of
the following form:
1 d(x,%0)? 9
P(x,x9) = ——=¢e 2t (ag+art+ast”+...),
+(X,X0) (nt)i2 (ao + a1t + az )
where d(x,xg) is the Riemannian distance between x and xg on M, given that
the metric is induced by the orthonormal set {Xi, Xo,...,X,}, and a; stand for
functions of x and xg. Moreover,

Jj=1

)

2
meaning that d(x’% solves the Hamilton-Jacobi equation.

In the case of the Grushin operator, the heat kernel will be of a similar form:
L
(43) tiae )

where h, similar to (4.2), solves

oh 1 [0h\?%2 22 /0Oh
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Hence, we are interested in solving

0z 0z 0z
4. — 4+ H — | =

for z, with H being
1 1
H(.’E, Y, 5’ 77) = 552 + 51'2772’

for £ = % and n = %Z' Letting v = %, we have

(4.6) H(z,y,t,2,§,n,7) =+ H(z,y,&,n) =0.

Accordingly, we are interested in finding the bicharacteristic curves solving the
following system, where (") denotes the derivative with respect to s:

o' = He = ¢,
y' = H, = na?,
t'=H,=1,

(4.7) ¢ =—H, = —n’a,
W =—H,=0,
v =—H, =0,

2 = ¢H, +nH, +~H,.
This system is an extended system of (3.2). Note that for 0 < s < ¢,

n(0) =7,
V(s) =v=—H,

meaning that n and v remain constant along the characteristic curves. From the
system, we also have:

(4.8) =€ = 2"+n*z=0.
Hence, by solving (4.8) and accounting for the initial conditions, we get:

(4.9) x(s) = z(0) cosns + €<770) sin ns.

Solving for £(0)/n, we get:

§00) _ a(t) — x(0) cos(nt)

(4.10) b ey

)

for sin(nt) # 0. For y, we have:

(4.11) Y (s) = nz*(s),
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where

1+ cos(2ns)> N 22(0)£(0) sin(ns) cos(ns)

) = a(0) (5

L €0 (1 - cos(2ns)> |

n? 2
Then, using (4.10), (4.11), and some trigonometric identities, we get:

B 22(0) sin(2ns) n(0) .
o) =910 = (52 (54 ) a0 sin )

)

-1 (g;?(()) " 5;@) s 4 0G0 (:1;2(0) - 527](20))

0 (1 — cos(2ns))

72(0) sin(2ns)

28
2(0)(x(t) — 2(0) cos(t))
2sin(nt)

22(t) — 22(t)x(0) cos(nt) + x2(0) cos? (nt) sin(2ns)
2 sin?(nt) <"73 - 2>

_l’_

(1 — cos(2ns))

_l’_

__2%(0)
"~ 4sin®(nt)
()
4sin?(nt)
2(0)z(t)
2 sin?(nt)

(2ns — sin(2nt) + sin(2n(t — s)))

(2ns — sin(2ns))
(4.12) (sin(2ns — nt) + sin(nt) — 2ns cos(nt)) .

Moreover, since v = —H, we have:

Z =& +ny - H,
t
(4.13) z(t) = z(0) + / 2 (s)ds = z(0) + S(t),
0
where S(t) will be referred to as the classical action, which is given by

S(t) = /0 (&x' +ny' — H)ds

t
(4.14) = (®) = y(0) + [ (€)= () ds.
From the system and (4.9), we have:

§(s) = 2/(s) = £(0) cos(ns) — nx(0) sin(ns).
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As for H, we may refer to the fact that (s) is constant, to conclude that:
1
H = H(0) = ¢ (£(0) + 72(0)).

and that S(¢) may be rewritten as follows:

o [ (2260 o0 - meiore0) s ) s
0

= n(y(t) — y(0))

N smfj}nﬂ (£2(0) — 222(0)) + n2(0)¢ (O)C()S(z;;)_l-

Finally, after replacing £(0) with (4.10) and some simplifications, we get:

n nt nt
() = n(0(0) - 90) = % ((a(0) + 200 tan(’§) = (@ o(0)cot ).
Remark 4.1. Notably, the Hamiltonian formalism yields in varying ways of cal-
culating distances depending on the operator under the question. For example,
consider (and compare to the S(¢) for the Grushin operator) the Laplace operator
restricted to R, which is defined as

0? 0? 0?
- 02?2 * 0222 * 9%x3’

A

Then, the related Hamiltonian function is:
H=¢& +&+¢&,
and Hamilton’s equations for the bicharacteristic curves are:
_ OH
{379(3) = 9,
_ _OH ’
53,'(5) = T O,
with s € [0, 7], (0) = 0 and z(7) = . Hence,
a(s) =2¢; and  Ei(s) =0,

which imply that &;(s) = C}, meaning that &; are constant along the characteristic
curves. Solving the system, we get the following:

() = 2C; = zj(s) = 2Cjs + dj,
z;(0) =0 = d; =0,
z;i(1) = x5 = C; = %a
with
xj(s) = %s, and &i(s) = %
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The action integral, in this case, yields a function of the distance:

(3
S:/O (;ﬁj(s)xj(s)H(w(s),f(s))) ds

()
0o \272 472

_ e
47

4.2. Solving the Hamilton-Jacobi equation. Recall that from (4.13) z(¢) =
z(0)+ S(t). While we have found S(t), we lack z(0) for solving the Hamilton-Jacobi
equation. Therefore, instead of z(t), we substitute S(¢) into (4.5) and find the
difference. To do so, we first need to calculate the partial derivatives of S(t) with
respect to x,y, and t. Thus, for

S:S(x7x07y7n7t)a .’I}(S) :$($7$07y7777t73)7 .%'0:.1'(()),

we have:

%+§£ ox Ox ds nds ox

OH 9§ OHOn OHOx(s) OH 8y(s)> ds

8x(x7$07y7777t):/ < 5 LE(S) n7y et y(S)

0§ Ox On Odx Ox Ox dy Ox

_ /Ot <§d6:c(s) N d 9y(s) +§,8m(s) n ’ay(8)>ds

ds Ox nds ox ox " ox

bd [ 0x(s) 0y(s)

/0 als<§ Ox T Ox )ds
=)
_l’_ I
. n(s) =5, )

(4.15) = &(t) —n(0) W xg;’ bmt)

Similarly, we may solve for 0S5/0y to get:

875 . . 83/((),177%550777775)
(4.16) oy (& @0 ¥, 1m:1) =n(t) = n(0) By :
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As for 0S/0t, we get:
o8 / /
5 = W2 (O) + )y’ () — H(t)

[ (el 0 omos onony
0 atds  otds Ox ot dy Ot

= £(t)2'(t) +n(t)y'(t) — H(t)

tr do d o 0 0
+/0 <§x+ y+§’£+n’x) ds

ds ot ' ds ot ot
dx(s)|" Ay(s) |
= &' (0) + (0 (1) — 1) + €6 20D | () 2]
ot |, ot |,
Since xg and z(s = t) are fixed points, we get:
de(s=t) =~ 0x(s)
T—O—x(t)_'_ 8t ‘S:t
and that:
G
(4.17) 3 lo="% (t).
On the other hand,
oy(s) ==t dy
(418) ot 1s=0 - (t) Ot ls=0"
As a result, 95/0t reduces to:
as oy
(4.19) yri —H(t) — 77(0)%(0, c).
By letting
(4.20) h =ny(0,...)+ S,
from (4.15) and (4.16), we get the following relations:
oh
Oh
4.21 — =
(4.21) 5, =)
oh

o7 T H (1) y(),£(0),n(1) = 0.

Note that with the new assignment (4.20), we can summarize our findings in (4.2)

as follows: o on oh
— 4+ H t t), —,— | =
5+ (o000, 5. 50 ) =0

and conclude the following theorem.

Theorem 4.1. When nt # tkn for k € N (so that sinnt # 0),

(4.22) h=mny - Z((w +9) tan <”2t> — (x — x9)? cot <";> >

solves the Hamilton-Jacobi equation (4.4).
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4.3. The Modified Complex Action. Since, by definition, the heat kernel cannot
depend on 7, we are interested in modifying the action to eliminate 7. One way
to accomplish this is by summing the kernel over 7. Moreover, given that the heat
kernel has the form t~®e~", where o has not been determined yet, we may sum over
nt = A, since an extra t can be absorbed by the t~* term. In other words, we are
interested in finding a heat kernel of the following form:

1 9(@,20,y,2)
4.23 P = Tt V(N dA
(123 o e (),
where
(424) g(x7$0,y7 )\) = g(x7$0,y777t) = h(x7x07y777ta 1) = th(:L')wanﬂ?vt)

and V' (\) stands for good measure (see the Appendix).
To derive the modified complex action, we first need to go over two lemmas.

Lemma 4.1. g(x,zg,y, \) solves the following eikonal equation:

dg 89)

dg

oA
Proof. From (4.4), we have:
on_ Loy x2<8h>2,
ot 2\ 0z 2 \oy
which by (4.24) becomes:

a2 tox
Since
1 /0h\2 a:zah?_ g ndg
) —7(5) =2t e
for all ¢, setting t = 1 and replacing 1 by A proves the claim. O

We are yet to find the path of integration for (4.23). For succinctness, we may
write the non-classical action as follows:
A A A
(4.26) g(\) =y — 1 <a2 tan (5) — b2 cot (2>>,
where

a? = (x+1x0)® and b= (z—z0)°

Now we concentrate on the second lemma, which will aid us in determining the
integration path.

Lemma 4.2. Let A = 0p = A\ +i)g € C, where p = |A| and A\, \y € R. For a fixed
0,
lim R(g(fp)) = oo

p—00

for all (z,y) off the curve 22 4+ 23 = 0 iff 6 € iR.
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Proof. First, we observe that

A A a’sin2 b2 cos 2
a’ tan (—) — b%cot (—) = )\2 — — )\2
2 2 cos § sin 5

a?(1 —cos A — b%(1 + cos \))

sin A B
_a?(1—cos A —b*(1+cos\))sin A
N sin A sin A

201 _ 2 _

_a (1 cos A —b (1 + cos A)) sin X
(cos(A — A) — cos(A+ X))/2

2 1— _ 12 1 _

_a (1 —cos A —b°(1 +cos\)) sin X

cosh? Ay — cos? \;

Thus,

(4.27) %(9()\)) oyt i (a2)\2 sinh Ay — Ay sin \; N b2/\2 sinh Ao + A\q s1n)\1> .

As with A\, we let 8 = 61 + i05 for 61,65 € R. Then,
(1) if 6; = 0 and 6y = £1, it follows that 6 € iR. For p ~ oo, we get:

cosh Ao + cos A1 cosh Ay — cos \q

a? + b?

§R(g()\)) ~
- x? + x%
T2

it 81 = £1 and 62 = 0, it follows that 6 € R. en, for z© + xj and p — 00,
2) if 0 + do 0, it foll hat 8 € R. Then, f 2 3 d
we get:

O2p tanh(O2p)

p — 00.

R(g(N) = £py = (£ sgn(y))oo.
(3) if 6; # 0 and 0y # 0, it follows that § € C. For p ~ oo, we get:
1
R(g(N)) ~ b1py + Z(aQA2 tanh Ay + b* X3 coth Ao)

a’® + b?
4

x? + 22
= (9131 + v !92\> p-

=bipy + |02]p

2
Choosing y satisfying

results in
R(g(N)) = (sgn(61y)) oo,

thus proving the claim.
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This observation leads us to choose the imaginary axis as the integration path to

have the integrand at its best behavior. Hence, we let
A=—it, T€C,

and set

(4.28) f(r) = g(—ir).

Thus, the modified complex action takes the following form:

(4.29) f(r)=—ir + % ((a: + 20)? tanh% + (2 — x0)? coth %) ,

and the next step would be to find a heat kernel of the following form:

1 T
(4.30) P= o /R etV (r) dr,

where f(7) satisfies the eiconal equation:

of

4.31 —
(4.31) Tar

+H(x7y7f$7fy):f'

5. THE VOLUME ELEMENT

In the previous section we conjectured the heat kernel’s form. However, we still
lack some details in order to state its final form; specifically, the volume element
and o remain undetermined. We make it our goal in this section to fill in those
gaps. We demonstrate that with the correct choice of V(7) (4.30) represents the
heat kernel of the step 2 Grushin operator. Recall that according to Definition 4.1,
the heat kernel of an operator ought to satisfy three properties. Starting with the

first property of (4.1), we show that

b i

e t e t

0\ e~

o+
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Proof.

AR N S AN N
CTot) e T 20z \ ol oxr ] 20y ol gy
—toe~I/tf /2 — qte—le= 1t
B t2a

1/ (0f\2e I/t e 1/to2f
- 2< <8x> tot2  patl aa:2>

1 < <8f)2 z2e= I/t B z2e I/t 02f>

+ 9 @ ta+2 totl 9y2

eI (f/t + a)
T

_e_f/t 1 /0f 22 af 2
- ta+2<z(am> +2(ay) ‘f>

H(Vf)
et 1otf 2?0
tatl \ 2022 2 Oy? )
~—_—
Agf

By (4.31), we have that:

—T% =H(Af)—f.

Thus,

(AG _ ;) e IIV(r) eI <78Tf> V(r) - i;_j:/f (Agf — ) V(r)

ta T a2
eI/t dv o (e 1TtV (r)
- (TdT-f—(Agf—Oé-i-l)V)—l-aT o

Under the assumption that 7e~//*V(7) vanishes at infinity, i.e.

lim e f/'V(r) =0,

T—+00

we have that:

0\ 1
(AG 8t> to‘/Re V(T)dT

1 dav
- 2 4 (Aaf —a+1 =
t0‘+1/Re <7dT+( af —a+ )V(T))dT 0,

for t > 0 and
av
(5.1) T+ (Acf —a+1)V(r)=0.
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From (4.29) and using half angle identities for hyperbolic functions, we may easily
find Agf as follows:

1[/0%f K, 0% f T T T
0

T

(5.2) .

(cothT —csch 7 + coth T + csch7) = g coth 7.

Hence, substituting (5.2) into (5.1), enables us to solve for V' (7) using the separation
of variables technique as follows:

dv

T + <g cothT —a + 1) V(r) =0,

-1
ﬂ: (a —;coth7> dr,

dr T
1 a—1 1
/VdV = ( i 2coth7> dr,

1
logV = (v — 1)(log 7+ log C) — §logsinh7.

We summarize this result in the following lemma:
Lemma 5.1. The general solution of (5.1) is

(Cr)et
v/sinh 7 .

Since we want V' to be holomorphic near 7 = 0 and avoid singularities, we require
o to be equal to n 4 3 for n € N. Thus, substituting this choice of o into (5.3), we

have that:
V(r)=Crmt .
(7) T sinh 7

Expressing V(7) as power series,y »- apTF, and substituting into (5.1), we have
that:

(5.3) Vir) =

o0 T oo
; ko 7" + (5 cothT —a + 1) (kz_o ak7k> =

3 3
a17'+§a0+§a17'—oza0—oza17'+...:

<;’ —a> ao+ O(7) = 0,

where O(7) denotes the terms of higher order. To avoid getting the trivial heat
kernel, we require a = 3/2. Now that we have derived all the necessary components,
we are ready to state the heat kernel of the step 2 Grushin operator in its entirety:
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Pu(x, z0,y) =

1 T 1 T T T
S T (2iy— = (a®tanh = + b2 coth =) ) ),/ dr.
(2m)3/2/ReXP<2t < Wy (“ anhig Homco 2>>> sinht "

6. DISCUSSION

In this paper, we have discussed an operator that possesses relatively new ge-
ometry, the study of which relied on developments in geometric mechanics. We
have demonstrated the application of the Hamilton-Jacobi theory of bicharacteris-
tic curves to identify the geodesics of the operator admitting a unique geometry.
Furthermore, Hamiltonian formalism allowed us to find the action and, later, the
modified complex action for the operator, which is essential in constructing the heat
kernel for the Grushin operator. Aided by a clever choice of a volume element, we
were able to fully derive the heat kernel for the step 2 Grushin operator.

As with many operators with different geometries, advances in the study of opera-
tors, such as Grushin, have proven useful to applied sciences and industry, especially
for problems involving restricted movement in space. Nevertheless, the study of such
operators are highly non-trivial. As one may expect, the study of step 3 Grushin
operator will be no easier than that of step 2 and, in fact, will rely on numerical
solutions, which can be discussed in future research and papers.
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