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GENERIC WELL-POSEDNESS OF SYMMETRIC MINIMIZATION
PROBLEMS

ALEXANDER J. ZASLAVSKI

ABSTRACT. In this paper we study four classes of symmetric optimization prob-
lems which are identified with the corresponding spaces of objective functions,
equipped with appropriate complete metrics. Using the Baire category approach,
for any of these classes we show the existence of subset of the space of functions,
which is a countable intersection of open and everywhere dense sets, such that for
every objective function from this intersection the corresponding symmetric opti-
mization problem possesses a solution. These results are obtained as realizations
of a general variational principle which is established in this paper.

1. INTRODUCTION

Assume that (X, p) is a complete metric space. Denote by M; the set of all lower
semicontinuous and bounded from below functions f : X — R'. We equip the set
M; with the uniformity determined by the following base

E(e) ={(f,9) e Mi x My : [f(z) —g(z)| < € for all z € X},

where € > 0. It is known that this uniformity is metrizable (by a metric d) and
complete [14].
Consider a minimization problem

f(z) = min, z € X,

where f € M.

This problem has a solution when X is compact or when f satisfies a growth con-
ditions and bounded subsets of X are compact. When X does not satisfy a compact-
ness assumption the existence problem becomes more difficult and less understood.
It is possible to overcome this difficulty by using the so-called generic approach which
is applied fruitfully in many areas of Analysis (see, for example, [1,2,5-7,9,14] and
the references mentioned there). According to the generic approach we say that a
property holds for a generic (typical) element of a complete metric space (or the
property holds generically) if the set of all elements of the metric space possessing
this property contains a G5 everywhere dense subset of the metric space which is
a countable intersection of open everywhere dense sets. In particular, it is known
that the optimization problem stated above (see [2,9,10,14] and the references men-
tioned therein) can be solved generically (for a generic objective function). Namely,
there exists a set F C M; which is a countable intersection of open and everywhere
dense sets such that for each f € F the minimization problem has a unique so-
lution which is a limit of any minimizing sequence. This result and its numerous
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extensions are collected in [14]. It should be mentioned that generic existence re-
sults in optimal control and the calculus of variations are discussed in [15] while
generic results in nonlinear analysis are presented in [3,8,11-13]. In particular, [15]
contains generic results on the existence of solutions for large classes of optimal
optimal control problems without convexity assumptions, generic existence results
for best approximation problems are presented in [1,3,11], generic existence of fixed
points for nonlinear operators is shown in [7,8,11] and the generic existence of a
unique zero of maximally monotone operators is shown in [13]. In the present paper
our goal is to obtain a generic existence of minimization problems with symmetry.
These results are important because has applications in crystallography [4]. The
first such result was obtained in [16].

In this paper we study four classes of symmetric optimization problems which
are identified with the corresponding spaces of objective functions, equipped with
appropriate complete metrics. Using the Baire category approach, for any of these
classes we show the existence of subset of the space of functions, which is a countable
intersection of open and everywhere dense sets, such that for every objective function
from this intersection the corresponding symmetric optimization problem possesses
a solution and is well-posed. These results are obtained as realizations of a general
variational principle which is established in this paper. This variational principle
extends the variational principle of [2].

2. A GENERIC VARIATIONAL PRINCIPLE

We will obtain our well-posedness results as a realization of a variational principle
which is considered in this section. This variational principle is an extension of the
variational principle of [2].

We consider a complete metric space (X, p) which is called the domain space and
a complete metric space (A, d) which is called the data space. We always consider
the set X with the topology generated by the metric p. For the space A we consider
the topology generated by the metric d. This topology will be called the strong
topology. In addition to the strong topology we also consider a weaker topology
on A which is not necessarily Hausdorff. This topology will be called the weak
topology. (Note that these topologies can coincide.)

For each function h : Y — [—00, 0], where Y is nonempty, set

inf(h) = inf{h(y): ye€ Y}
and
dom(h) ={y €Y : h(y) < oo}.
For each z € X and each nonempty set D C X put
p(z, D) = inf{p(z,y) : y € D}.
For each x € X and each r > 0 set
B(z,r)={y€X: plz,y) <7}

If Z in a topological space and Y C Z, then Y is equipped with a relative
topology.
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We assume that with every a € A a lower semicontinuous function f, on X is
associated with values in R = [—o0, 00].

Assume that a mapping 7' : X — X is continuous and the mapping 72 =T o T
is an identity mapping in X:

(2.1) T?(z) = x for all 2 € X.

This implies that T(X) = X, if z1,22 € X and T(z1) = T(x2), then 1 = x2 and
that there exists 771 = T..
Assume that A C A is a closed set in the strong topology such that

(2.2) faoT = f, for all a € Ar.

The space Ap C A is equipped with the relative weak and strong topologies. (Note
that these spaces can coincide.)

In our study we use the following basic hypothesis about the functions.

(H) For any a € Ap, any € > 0 and any v > 0 there exist a nonempty open set
W in A with the weak topology, = € X, a € R! and 1 > 0 such that

wni{be Ar: d(a,b) <e} #10

and for any b € W,

(i) inf(fp) is finite;

(ii) if z € X is such that fy(2) < inf(fy) + n, then p(x,{2,T(2)}) < v and
fo(z) —al < 7.

We show (see Theorem 2.1 below) that if (H) holds, then for a generic a € A the
problem minimize f,(x) subject to z € X, has a solution.

Given a € Ar we say that the problem of minimization of f, on X is well-posed
with respect to data in A (or just with respect to A) if the following assertions hold:

(1) inf(f,) is finite and there exists z, € X such that

{r e X : fo(z) =inf(fo)} = {xa, T(x4)}

(2) For each € > 0 there are a neighborhood V of a in A with the weak topology
and § > 0 such that for each b € V, inf(f3) is finite and if z € X satisfies fj(z) <
inf(fp) + ¢, then

’fb(Z) - fa('fca)| <e
and

min{p(z, {20, T(xa)}): p(T(2), {0, T(wa)})} < €.

Theorem 2.1. Assume that (H) holds. Then there exists an everywhere dense (in
the strong topology) set B C Ap which is a countable intersection of open (in the
weak topology) subsets of Ap such that for any a € B the minimization problem of
fa on X is well-posed with respect to A.

Following the tradition, we can summarize the theorem by saying that under the
assumption (H) the minimization problem for f, on (X, p) is generically well-posed
with respect to A or that the minimization problem for f, is well-posed with respect
to A for a generic a € A.
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Proof. Let a € Ap. By (H) for any natural n = 1,2,... there are a nonempty open
set U(a,n) in A with the weak topology, z(a,n) € X, a(a,n) € R' and n(a,n) >0
such that

(2.3) U(a,n)N{be Ar: d(a,b) <1/n} #0
and for any b € U(a, n), inf(f,) is finite and if z € X satisfies
fo(z) < inf(fy) +nla,n),

then
[fo(2) —ala,n)[ < 1/n
and
p(xz(a,n),{z,T(z)}) < 1/n.
Define
(2.4) B, = (U{U(a,m): a€ Ar, m >n})NAr
for n = 1,2,.... Clearly for each integer n > 1, the set B,, C A is open in the

relative weak topology and in view of (2.3), it is everywhere dense in the relative
strong topology. Set

(2.5) B=n,_,8,.

Since for each integer n > 1 the set B, is also open in the relative strong topology
generated by the complete metric d we conclude that B is everywhere dense in the
relative strong topology.

Let

(2.6) beB.

Evidently inf(f;) is finite. By (2.4)-(2.6), there are a sequence {a,}>°; C Ar and
a strictly increasing sequence of natural numbers {k, }°2 ; such that

(2.7) bel(an, ky), n=1,2,....
Assume that {z,}2°; C X and
(2.8) Jim fy(2n) = inf(fp).
Let m > 1 be an integer. By (2.8), for all large enough n the inequality
(2.9) fo(zn) <inf(fy) + nlam, km)
is true and it follows from the definition of U(am,, kn), (2.3), (2.7) and (2.9) that
(2.10) [fo(zn) = @lam, km)| < k!
and
(2.11) pa(am, k), {zn, T(2n)}) < k!

for all large enough n. Since m is an arbitrary natural number we conclude that
there exists a subsequence {z;, },2 such that at least one of the sequences {z;,},2,
and {T(zl-p)}gil converge. Since the mapping 7T is continuous and 7 is the identity
mapping we conclude that these both sequences converges. Denote

(2.12) rp = lim 2.

p—0o0
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Then
T(zp) = plgglo T (zi,)-

As fy is lower semicontinuous, by (2.4)-(2.6) and (2.8),

(2.13) folwn) = fo(T(2p)) = inf(fp).
By (2.10) and (2.11) with 2z, = a2, n =1,2,...,

(2‘14) ’fb(xb) - a(amykm)| < k;zla
(215) p(:v(am,km),{a:b,T(xb)}) < k‘l;zl
Assume that £ € X satisfies

(2.16) fo(€) = inf(fp).

By (2.10), (2.11) and (2.16) with z, = &, n=1,2,. ..,
(2.17) p(@(am, k), (€, T(E)}) < kit

Together with (2.15) and (2.17) these relations imply that
min{p(&, zs), (&, T(xs)), p(T(€), 1), p(T(E), T(wp)} < 2Kk,

Since m is any natural number we obtain that
min{p(ﬁamb% p(ﬁvT(xb))a p(T(§)7xb)7 p(T(f),T(%b))} - 07

¢ € {ap, T(xp)}
and
{:E c X fb(.%') = mf(fb)} = {iL‘b,T(xb)}.

Let € > 0. Choose a natural number m for which

(2.18) 4kt < e

Let

(2.19) a € U(am, km,)-
Clearly inf(f,) is finite. Let z € X and

(2.20) fa(2) < inf(fa) + n(am, km).
By the definition of U (am, km), (2.3), (2.19) and (2.20),
(2.21) [fa(2) = aam, k)| < k'
(2.22) o, k), {2, T(2)}) < bl

By (2.13)-(2.15), (2.18), (2.21) and (2.22),
linf(fy) — fa(2)| < 2k,;' <e,

min{p(z,z), p(z,T(2s)), p(T(2),20), p(T(2),T(xp))} < €.
Theorem 2.1 is proved.

347
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3. THE FIRST GENERIC RESULT

Assume that (X, p) is a complete metric space. Denote by M; the set of all lower
semicontinuous and bounded from below functions f : X — R'. We equip the set
M; with the uniformity determined by the following base

Ele)={(f,g9) e My x My : |f(z) —g(z)] <eforall z € X},

where € > 0. It is known that this uniformity is metrizable (by a metric d) and
complete [14].

Denote by M., the set of all continuous functions f € M;. It is not difficult to
see that M. is a closed subset of M;.

Consider a minimization problem

f(z) = min, z € X,
where f € M;. Set
A=M,

and f, = a for all a € A. For the space A the strong and weak topologies coincide.

Assume that a mapping 7 : X — X is continuous and the mapping 7% = T o T
is an identity mapping in X:

T?(x) =z for all z € X.
In this section A7 is either the set of all f € M; such that
f(T(z)) = f(z) forall z € X

or the set of all f € M, satisfying the equation above.

Clearly, Ap is a closed subset of A. It is equipped with the relative topology
induced by the metric d.

In [16] it was shown that there exists a set F C Az which is a countable inter-
section of open and everywhere dense sets in Ap such that for each f € F, the
minimization problem of f on X is well-posed with respect to A.

Here we deduce this result from Theorem 2.1. The following lemma was obtained
in [16].

Lemma 3.1. Assume that f € Ar, e € (0,1), v > 0,
5 € (0,8 tey),
T € X satisfies
f(@) < inf(f) +9,
f(x) = f(x) +ymin{l, p(z,Z), p(T(z),7)}, v € X
and that -
. U={geM;: (f,g9) €E0)}
Then f € Ar and for each g € U and each z € X satisfying
g(z) < inf(g) + 0
the following inequality holds:
min{p(z,z), p(T(2),z)} <e.

We can easily proof the following auxiliary result.
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Lemma 3.2. Let f € M; and let € be a positive number. Then there exists a
neighborhood U of f in M; with the weak topology such that for each g € U,

inf(g) — inf()] < ¢
and if x € X satisfies g(x) < inf(g) + €, then
lg(z) —nf(f)] < 2e.
The following result holds.

Theorem 3.3. There exists an everywhere dense set B C Ar which is a countable
intersection of open subsets of Ar such that for any f € B the minimization problem
of f on X is well-posed with respect to A.

By Theorem 2.1, in order to prove this result it is sufficient to show that (H)
holds. The hypothesis (H) follows from Lemmas 3.1 and 3.2.

4. THE SECOND AND THIRD GENERIC RESULT

Let (X, p) be a complete metric space. Fix # € X. Denote by M the set of all
bounded from below lower semicontinuous functions f : X — R! U {oo} such that

(4.1) dom(f) # 0 and f(x) — oo as p(x,0) — oo.

We equip the set M with strong and weak topologies.
For each function h: Y — R!' U {oo}, where Y is nonempty, set

epi(h) = {(y,) €Y x R*: a > h(y)}.

Assume that a mapping 7' : X — X is continuous and the mapping 72 =T o T
is an identity mapping in X:

(4.2) T?(z) =« for all z € X.
Set
(4.3) Mp={feM: fol = f}.

For the set M we consider the uniformity determined by the following base:
Es(n) ={(f,9) € M x M

(4.4) f(z) <g(x)+ntand g(x) < f(z)+n " forall z € X},

where n is a natural number. Clearly this uniform space M is metrizable and
complete. Denote by 75 the topology in M induced by this uniformity. The topology
T, is called the strong topology.

Now we equip the set M with a weak topology. We consider the complete metric
space X x R! with the metric A(-,-) defined by

(4.5) A((z1,01), (T2, a2)) = p(x1,22) + |1 — g, z1,22 € X 1,09 € R'.

For each lower semicontinuous bounded from below function f : X — R! U {oo}
with a nonempty epigraph define a function Ay : X x R' - R' by

(46)  As(z,a) = mH{A((,0), (1,8)) : (1.5) € epi(f)}, (w.0) € X x RL.
For each natural number n denote by E,(n) the set of all pairs (f,g) € M x M
which have the following property:
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C(i) For each (z,a) € X x R! satisfying p(z,0) + |a| < n,
(4.7) Ap(z,0) - Aglw,a)] < 0%
C(ii) For each (z,a) € X x R! satisfying
(4.8) a <n, min{As(z,a),Ag(z,a)} <n

the inequality (4.7) is valid.

It was shown in Section 4.4 of [14] that for the set M there exists the uniformity
generated by the base E,(n), n = 1,2,.... This uniformity is metrizable (by a
metric Aw) and it induces in M a topology 7, which is weaker than 75. The
topology T, is called the weak topology.

For the set M we consider the metrizable uniformity determined by the following
base:

Em) ={(f,g9) € M x M : (4.7) is valid for all (z,a) € X x R!

(4.9) satisfying p(x,0) + |a| < n}

where n = 1,2,.... Denote by 7. the topology induced by this uniformity. The
topology T, is called the epi-distance topology [14]. Clearly the topology 7. is weaker
than 7.

Let ¢ € M. Denote by M(¢) the set of all f € M satisfying f(z) > ¢(x) for all
x € X. Tt is easy to verify that M(¢) is a closed subset of M with the topology
Tw- We consider the topological subspace M(¢) C M with the relative weak and
strong topologies. Since the function ¢ satisfies (4.1) with f = ¢ for any natural
number n there exists a natural number m > n, depending on n and ¢, such that
(4.8) implies

p(z,0) + |a| < m.

This implies that the topologies 7,, and 7, induce the same relative topology on

M(¢p). Set
(4.10) Mr(¢) = Mr N M(9).

Clearly, M is a close set in M with the relative strong topology and Mr(¢) is a
closed set in M(¢) with the relative strong topology. We prove the following two
results.

Theorem 4.1. Let A = M, f, = a, a € A and Ay = Mp. Then there exists
an everywhere dense (in the strong topology) set B C Ap which is a countable
intersection of open (in the weak topology) subsets of Arp such that for any f € B
the minimization problem of f on X is well-posed with respect to A.

Theorem 4.2. Let A = M(¢), Ar = Mr(¢) and fo = a, a € M(¢). Then
there exists an everywhere dense (in the strong topology) set B C Mr(¢) which is
a countable intersection of open (in the weak topology) subsets of Mr(¢) such that
for any f € B the minimization problem of f on X is well-posed with respect to

Mr(9).



GENERIC WELL-POSEDNESS OF SYMMETRIC MINIMIZATION PROBLEMS 351

5. PROOFS OF THEOREMS 4.1 AND 4.2
The next result follows from Lemmas 4.9 and 4.10 of [14].

Lemma 5.1. Let f € M and let § be a positive number. Then there exists a
neighborhood U of f in M with the weak topology such that for each g € U

|inf{g(z) : x € X} —inf{f(z): z € X}| <o.
Denote by &7 the set of all f € My for which there exists z; € X such that

(5.1) flxy) =inf{f(z) : z € X}.

Lemma 5.2. Let

(5.2) feMr.

Then there exists a sequence f, € Ep, n = 1,2... such that f,(x) > f(z) for all
zeX andn=12,... and f, — f as n — oo in the strong topology.

Proof. For each natural number n there exists z,, € X such that

(5.3) fzy) <inf{f(z): v € X} +1/n.
Forn =1,2,... define
(5.4) fn(x) = max{f(x), f(z,)} for all z € X.

By (5.3) and (5.4), forn=1,2... and all z € X,

(5.
(55)  fu(T(2)) = max{f(T(2)), f(zn)} = max{f(2), f(zn)} = fulz).
By (5.1) and (5.3)-(5.5),
fmeér,n=12,....
By (5.3) and (5.4),
fin fu=1
in the strong topology. Lemma 5.2 is proved. g
Lemma 5.3. Let f € &7, vy € X,
flzy) =inf{f(z) : € X},

(5.6) €€ (0,1), e € (0,¢), 6 € (0,167 ¢3),
p(T(z),x¢) <€/8 for all x € B(T(xy),2€1),
(5.7) p(T(x), T(x¢)) < e for all x € B(xy,65¢ ).
Define a function f by
(5.8) f(@) = f(z) + 2 temin{p(T (), ¢), p(z,2¢), 1} for all z € X.

Then there exists a neighborhood U of f in M with the weak topology such that for
each g € U and each x € X satisfying g(z) < inf(g) + 6,

l9(z) = fzf)l <
min{p(z,zy), p(T'(z),zf)} <e.
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Proof. By (5.8),

,]F eér.
Lemma 5.1 implies that there exists a neighborhood Uy of f in M with the weak
topology such that

(5.9) |inf(g) — inf(f)| < §/2 for all g € U.
Fix an integer

(5.10) no > |inf(f)|+4+45!

and put

(5.11) U=UyN{geM: (f,g) € Ew(no)}.
Let g € U and let x € X satisfy

(5.12) g(x) <inf(g) + 9.

In view of (5.9), (5.11) and (5.12),

(5.13) g(x) < inf(f) + 20.

It follows from C(ii), (5.10), (5.11) and (5.13) that there exist
(5.14) (y, ) € epi(f)

such that

(5.15) p(y,x) < 2ng*

and

(5.16) lae — (inf(f) + 20)| < 2nyt

By (5.6), (5.8), (5.10), (5.14), (5.16) and the definition of f,
fly) + 27 emin{p(y, xp), p(T(y),z5),1} = f(y) < a
< inf(f) + 26+ 2ng* < inf(f) + 36
= flzy) +36 < f(y) +9.

Together with (5.7) this implies that

min{p(y,zs), p(T(y),zs), 1} < 6oe !
and
(5.17) min{p(y, zf), p(T(y),zs)} < 65 .
By (5.9) and (5.13),

9(x) — F(zp)| < lg(x) — inf(g)| + |inf(g) — nf(F)| < 2 < .

In view of (5.17), there are two cases:

(5.18) ply, ) < 65 L,

(5.19) p(T(y),x5)} < 66e .
If (5.18) is true, then together with (5.6), (5.10) and (5.15) this implies that
p(z,xp) < 2ngt + 65! < e
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Assume that (5.19) holds. Then (5.7), (5.19) and the equality T2(y) = y,

ply, T(zg)) < e1.
Together with (5.10) and (5.15) this implies that
p(z, T(xg)) < 2ngt + e < 261.
Together with (5.8) this implies that

p(T(x). 27) < /8.
Thus in both cases

min{p(z,z¢), p(T(z),xzf)} < e
Lemma 5.3 is proved. O

By Theorem 2.1, in order to prove Theorem 4.1 (Theorem 4.2 respectively) it is
sufficient to show that (H) holds. The hypothesis (H) follows from Lemmas 5.2 and
5.3.

6. THE FOURTH RESULT

Denote by My the set of all bounded from below lower semicontinuous functions
f:X — R'U{oo} which are not identically infinity. We equip the set M, with a
weak and a strong topology.

For each natural number n denote by G, (n) the set of all (f,g) € Mj x M, such
that

sup{A;(z,a) : (z,a) € epi(g)}, sup{Ay(z,a): (v,a) € epi(f)} <n .
(Note that the equation above means that the Hausdorff distance between epigraphs
does not exceed 1/n.) For the set M; we consider the complete metrizable unifor-
mity determined by the base G, (n), n = 1,2,.... We equip the space M, with a
topology 7, induced by this uniformity. The topology 7, is called a weak topology.

Also for the set Mj we consider the complete metrizable uniformity determined
by the following base:

U(n) ={(f.9) € My x My
f(z) < g(z)+n'and g(z) < flz) +n L, z € X}.

The space My is endowed with the topology 7 induced by this uniformity. The
topology 75 is called a strong topology.

Set A = Mj and f, = a for each a € A. Assume that a mapping T': X — X is
continuous and the mapping 72 = T o T is an identity mapping in X:

T?(x) =z for all z € X.

Set
Ap={feMy: foT = f}.
Clearly, Ar is a closed set in A with the strong topology. We prove the following
result.

Theorem 6.1. There exists an everywhere dense (in the strong topology) set B C
Ar which is a countable intersection of open (in the weak topology) subsets of Ar
such that for any f € B the minimization problem of f on X is well-posed with
respect to A.
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In order to prove Theorem 6.1 we need the following two lemmas. The first
lemma is proved in a straightforward manner.

Lemma 6.2. Assume that f € My and that € is a positive number. Then there
exists a neighborhood U of f in My with the weak topology such that

|inf(g) — inf(f)| < e for all g € U.
Denote by & the set of all f € Az such that there exists z; € X satisfying
flxg) =inf{f(z) : € X}.

Analogously to Lemma 5.2 we can show that £ is everywhere dense in Ap with the
strong topology.

Lemma 6.3. Let f € &, vy € X,

(6.1) flzg) =inf{f(z): v € X},

(6.2) e €(0,1), e1 € (0,¢), 6 € (0,167 1¢?),
(6.3) p(T(x),z5) < ¢/8 for all = € B(T(xy),2€1),
(6.4) p(T(x), T(xf)) < e1 for all x € B(xy,65¢ ).

Define a function f by
(6.5) f(@) = f(z) + 27 temin{p(T(z), z¢), p(x,2¢), 1} for all x € X.

Then there exists a neighborhood U of f in A with the weak topology such that for
each g € U and each x € X satisfying g(x) < inf(g) + ¢,

lg(z) — f(zf)| <€
min{p(z,zs), p(T(z),z5)} <e.
Proof. Clearly, )
feAr.
Lemma 6.2 implies that there exists a neighborhood U of f in M, with the weak
topology such that for each g € U,

(6.6) Ay(r,0) <1671, (z,a) € epi(f),
(6.7) Ap(r,a) < 16716, (z,a) € epi(g),
(6.8) |inf(g) — inf(f)| < 6/16.

Let g € U and let x € X satisfy

(6.9) g(z) < inf(g) 4 ¢.

In view of (6.8) and (6.9),

(6.10) l9(x) — inf (f)| < 2.

It follows from (6.8) and (6.10) that there exist

(6.11) (y, @) € epi(f)
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such that

(6.12) ply,z) <8716

and

(6.13) lae — (inf(f) +20)| < 8714,

By (6.1), (6.5), (6.11) and (6.13),

f) + 2 'emin{p(y, z5), p(T(y),z¢),1} = f(y) < «

<inf(f) +26+8716 < f(wp) +36 < fly) + 0
and
(6.14) min{p(y, z5), p(T(y),zf)} < 66 .
By (6.1), (6.2), (6.5) and (6.10),

lg(z) — f(zy)| < |g(z) — inf(f)] <20 <e.

In view of (6.14), there are two cases:

(6.15) p(y,zp) < 66,

(6.16) p(T(y),zs) < 65"
If (6.15) is true, then together with (6.2) and (6.12) this implies that

p(z,xs) <65t +8715 <e.
Assume that (6.16) holds. Then by (6.4) and (6.16),

p(y: T(xp)) = p(T*(y), T(xy)) < e1.

Together with (6.2) and (6.12) this implies that

p(z, T(xy)) < e +815 < 26
Together with (6.3) this implies that

p(T (@), 2) < /8.

Thus in both cases

min{p(a:,a:f), p(T(a:),a:f)} S e

Lemma 6.3 is proved. U

By Theorem 2.1, in order to prove Theorem 6.1 it is sufficient to show that (H)
holds. The hypotheses (H) follows from Lemma 6.3.
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