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find new soliton wave solutions for the (1+1)-dimensional Oskolkov equation [2,13].
We are considering the (1+1)-dimensional Oskolkov equation:

(1.1) ℏt − σℏxxt − p2ℏxx + ℏℏx = 0,

where ℏ is a function of x and t and σ, p2 are constants. Equation (1) pre-
sented the dynamics of an incompressible visco-elastic Kelvin-Voigt fluid and fluid
dynamics. Various kinds of Oskolkov equation are determined through numerous
techniques [9,19] to build a closed-form wave solution. The modified simple equation
approach [19] is executed to discover the closed-form wave answer from Oskolkov
equation. The (G’/G)-expansion approach [2] is implemented to determine the
exact wave answer from Oskolkov equation.

2. Glimpse of the (Φ,Ψ)-expansion method

We are considering:

(2.1) P (ℏ, ℏx, ℏxx, ℏt, ℏtt, ℏxt, ...) = 0,

where P is a polynomial in ℏ and its derivatives.
Step 1: Use the traveling variable:

(2.2) ℏ = ℏ(x, t) = ℏ(Γ),Γ = p3(x− V t),

where p3 and V are constants to be determined later. Using (3) into (2), we get:

(2.3) R(ℏ, p3ℏ′, p23ℏ′′,−p3V ℏ′, p23V 2ℏ′′,−p23V
2ℏ′′, ...) = 0.

Step 2: Calculate N through rule of the homogeneous balance in equation (4).
Step 3: Considering the solving form:

(2.4) ℏ =

M∑
i=0

SiΨ
i +

M∑
i=1

TiΨ
i−1Φ,

where Ψ = (⊖
′

⊖ ) and Φ = (Ω
′

Ω ). And ⊖ = ⊖(Γ) and Ω = Ω(Γ) represent the
solution of the coupled Riccati equations

⊖′(Γ) = −⊖ (Γ)Ω(Γ),

Ω′(Γ) = {1− Ω(Γ)}2.
These coupled Riccati equations give us four types of hyperbolic function solutions
including sech, tanh, csch and coth such as

⊖(Γ) = ±sech(Γ),Ω(Γ) = tanh(Γ),

⊖(Γ) = ±csch(Γ),Ω(Γ) = coth(Γ).

Step 4: A polynomial in Ψ or Φ is accomplished plugging equation (5) into equa-
tion (4). Determining the coefficients of the equivalent power of Ψ or Φ produces a
system of algebraic equations, which can be determined to construct the values of
Si or Ti using MAPLE. Turning the over measured values of Si or Ti in equation
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(5), the general solution of the studied equation completes the calculations of the
result of the proposed model.

3. Mathematical analysis

We are considering the Oskolkov equation:

(3.1) ℏt − σℏxxt − p2ℏxx + ℏℏx = 0.

Using ℏ = ℏ(x, t) = ℏ(Γ) and Γ = p3x− p4t, then (6) becomes:

(3.2) 2p23p4p1ℏ′′ − 2p2p
2
3ℏ′ − 2p4ℏ+ p3ℏ2 = 0.

Now implementing the method of homogeneous balance between ℏ′′ and ℏ2 in
(7), then we find:

(3.3)
ℏ(Γ) = S0Ψ

0 + S1Ψ
1 + S2Ψ

2 + T1Ψ
0Φ+ T2Ψ

1Φ

= (S0 − T2) +
T1

Ω
− (S1 + T1)Ω + (S2 + T2)Ω

2.

Collecting the coefficient of Ψ and Φ and solving the resultant system, then we find:
Cluster I:

p3 = ±
√

−1

24p1
, p4 =

−p2
10p1

, S0 =
6

5
p3p2 + T2,

S1 =
12

5
p3p2, S2 =

6

5
p3p2 − T2, T1 = 0.

Substituting the above values of (8), we get:

ℏ1(Γ) =
6

5
p3p2{1− 2tanh(Γ) + tanh2(Γ)}.

ℏ2(Γ) =
6

5
p3p2{1− 2coth(Γ) + coth2(Γ)}.

Cluster II:

p3 = ±
√

1

24p1
, p4 =

p2
10p1

, S0 =
18

5
p3p2 + T2,

S1 =
12

5
p3p2, S2 = −6

5
p3p2 − T2, T1 = 0.

Similarly, we get:

ℏ3(Γ) =
6

5
p3p2{3− 2tanh(Γ)− tanh2(Γ)}.

ℏ4(Γ) =
6

5
p3p2{3− 2coth(Γ)− coth2(Γ)}.

Cluster III:

p3 = ±
√

−1

24p1
, p4 =

p2
10p1

, S0 = −6

5
p3p2 + T2,

S1 =
12

5
p3p2, S2 = −6

5
p3p2 − T2, T1 = 0.
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Similarly, we get:

ℏ5(Γ) = −6

5
p3p2{1 + 2tanh(Γ) + tanh2(Γ)}.

ℏ6(Γ) = −6

5
p3p2{1 + 2coth(Γ) + coth2(Γ)}.

Cluster IV:

p3 = ±
√

1

24p1
, p4 =

−p2
10p1

, S0 = −18

5
p3p2 + T2,

S1 =
12

5
p3p2, S2 =

6

5
p3p2 − T2, T1 = 0.

Similarly, we get:

ℏ7(Γ) =
6

5
p3p2{−3− 2tanh(Γ) + tanh2(Γ)}.

ℏ8(Γ) =
6

5
p3p2{−3− 2coth(Γ) + coth2(Γ)}.

4. Numerical simulations

In this part, we found some new soliton wave solutions that represented as hy-
perbolic function solutions through the (Φ,Ψ)-expansion method. After applying
the (Φ,Ψ)-expansion method, we got six new soliton wave answers: Representation
kink-type shape and interaction between lump shape and rough wave shapes. Us-
ing the (Φ,Ψ)-expansion method to the Oskolkov equation has not been published
earlier to our knowledge’s skilled. We will provide a few graphical depictions of the
nonlinear model’s above-defined new soliton wave answers arising in incompressible
visco-elastic Kelvin-Voigt fluid received employing the (Φ,Ψ)-expansion method.
Figures 1 to 4 illustrate the graphical depictions of some selected computational
results of the problem received utilizing the studied method. They are pictured
below. In Figure 1, we show the kink-type wave shape of the solution ℏ1 using the
following parameter values λ = 3 , µ = 1 , p1 = 0.5 and p2 = 1 . In particular,
Figure 1 shows the three-dimensional shape and contour shape of the solution ℏ1.
Using the same parameter values as shown three-dimensional shape and the con-
tour shape of the solution ℏ2, ℏ3 and ℏ4 represented by the lump shape, rough wave
shape and interaction between lump shape and rough wave shapes are plotted in
Figures 2, 3 and 4.

5. Conclusion

This study successfully performed the (Φ,Ψ)-expansion method on the Oskolkov
equation that defines the dynamics of an incompressible visco-elastic Kelvin-Voigt
fluid. Utilizing the (Φ,Ψ)-expansion method, we make some new soliton wave so-
lutions such as hyperbolic function solutions which represent as kink-type shape,
the interaction between lump shape and rough wave shapes. The applied method’s
play reveals that this method’s effectiveness and attraction and its power to perform
other nonlinear models arising physics, mathematics and engineering and deserves
future research.
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Figure 1. The graphical representation of the solution ℏ1: (a) Real
three dimensional shape, (b) Imaginary three dimensional shape, (c)
Real contour plot, (d) Imaginary contour plot, (e) Real two dimen-
sional plot and (f) Imaginary two dimensional plot.

Figure 2. The graphical representation of the solution ℏ2: (a) Real
three dimensional shape, (b) Imaginary three dimensional shape, (c)
Real contour plot, (d) Imaginary contour plot, (e) Real two dimen-
sional plot and (f) Imaginary two dimensional plot.
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Figure 3. The graphical representation of the solution ℏ3: (a)
Three dimensional shape, (b) contour plot and (c) Two dimensional
plot.

Figure 4. The graphical representation of the solution ℏ4: (a)
Three dimensional shape, (b) contour plot and (c) Two dimensional
plot.
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