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EXPONENTIAL PENALTY FUNCTION WITH MOMA-PLUS FOR
THE MULTIOBJECTIVE OPTIMIZATION PROBLEMS

ALEXANDRE SOM, KOUNHINIR SOME, ABDOULAYE COMPAORE, AND BLAISE SOME

ABSTRACT. In this article, we proposed a modified version of MOMA-Plus method
in which the Lagrangian penalty function is replaced by the exponential penalty
function to transform the constrained multiobjective optimization problem into
an unconstrained multiobjective optimization problem. The theoretical results
of this new Pareto optimal solutions process are proved and some numerical re-
sults are obtained on six common tests problems enabling us to highlight the
performance of this new method.

1. INTRODUCTION

Generally, the modelling of most decision problems gives the multiobjective op-
timization formulation. A multiobjective optimization problem is characterized by
the presence of several objectives which must be simultaneously optimized through
some constrained functions. Practically, the objective functions are in conflict which
explains the difficulties in finding a single optimal solution. In addition, the best
value of certain functions automatically leads to worst values of other objective
functions. Meanwhile, it is almost impossible to find in literature some methods
which are able to resolve all kinds of multiobjective optimization problems. In order
to find the Pareto optimal solutions of these problems, several methods have been
developed [?,6,7,11,14,19,22]. One of the fashionable practices used in resolving
these problems consists in transforming the multiobjective optimization problem
into a single objective optimization problem by using an aggregation function for
objective functions and penalization techniques for the constraints. MOMA-Plus
method [17,19,20] can be seen likened to any of these methods.

In the previous works on the MOMA-Plus method, Tchebychev weighted distance
and the Lagrangian function were used to firstly transform successively the initial
problem into single objective and then single objective without constraints. The
recent works of Liu and Feng [10] on the exponential penalty function enabled
us to find out its advantages among which the fact that it can be used for any
kind of function with continuous variables whether differentiable or not, see e.g.,
[2,5,8,10,12,13,16,21,23].

In this work, we will replace Lagrangian penalty function by the exponential
penalty function to solve some multiobjective optimization problems. Then, the
Tchebychev weighted distance will be used to transform the initial multiobjective
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optimization problem into single objective without constraints. Thereafter, the
exponential penalty function will be applied to transform the last formulation of
the problem into a single objective optimization without constraints problem which
is a modification of the MOMA-Plus method and we will obtain a variant of MOMA-
Plus. We will demonstrate the theoretical foundation of this MOMA-Plus modified
version and thereafter apply it to solve six test problems taken in Zitzler [6].

To better present our work, Section 2 will be used as preliminary. Section 3 will
include the main findings of this work and Section 4 will deal with the conclusion.
2. PRELIMINARY

2.1. Definitions.
A multiobjective optimization problem can be formulated as follows :

min  f(x) = (fi(x), fo(x), -, fp(x))

(2.1) sr. 4 9@) <0

o r e R?
where f = {fi, f2, -+, fp} is the vector whose components are the objective func-
tions; g = {g1,92, - ,gm} is also a vector whose components are the constraints

for the optimization of f. In order to solve this problem, it is important for us to
know the decision space and the objective space which are given by :

(2.2) x = {z € R, g(z) <0} and Y = f(x).

Definition 2.1. For z* € x, x* is a weakly Pareto optimal for the problem (2.1)
if and only if there is no other point = € x such as : fj(x) < fj(z*), Vj=1,p.

Definition 2.2. For z* € y, z* is a Pareto optimal for the problem (2.1) if and
only if there is no other point x € x such as : f;(z) < fj(z*), V j = 1,p and at
least one j € {1,2,--- ,p}, fj(x) < fj(z*).

Definition 2.3. For z* € Y, z* is called ideal point if and only if the components
of z* are obtained by the following formula : z; = minge, fx(z), k =1, p.

Definition 2.4. For a objective function f = (f1, f2,---, fp) of a considered opti-
mization problem, the Tchebychev weighted distance is formulated by :

(23) W(f(x),)\, Z*) = mjax{)\]]f](x) - Zj‘},j = 1727 Y 4
where A = (A1, A2, -+, \p) such as \; > 0 and Z§:1 A\ =1

Definition 2.5. For a function with several variables, the Alienor transformation
allowing to transform it in single variable is formulated as following [3] :

1
(2.4) x; = h;i(0) = B [(bz —a;) cos(wif + ¢;) + a; + bi],withi =1,---,n.
where Vi = 1,n, w; and ¢; are sequences which are slowly increasing and 6 €
b—a)fl + (b or _
[0; emaz], with Hma:c = ( a) 2+ ( + a) and 91 = M
w1

Note that a = min, 13 a; and b = max;_15;b; with z; € [a;, b;],i = 1,n.
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Theorem 2.6. (See in [3]). All point in R™ can be approached at least by one point
defined by Alienor transformation z; = h(0).

Proof. The proof can be seen in [3] at page 19. O

Many other Alienor transformation can be found in the literature [1,4].

Definition 2.7 (See in [10]). A penalty function is a function which enables the
transformation of the constrained optimization problem into unconstrained opti-
mization problem. A better example is the exponential penalty function which will
be used in this work :

(2.5) Py(z) = Ql > Dongi(x)]
Cr—

where ¥(t) = exp(t — 1) and o, is the penalty coefficient satisfying lirJIrl On = +o00.
n—-+00

2.2. MOMA-Plus method description.

MOMA-Plus method is a method developed by Somé K. [19,20] for the resolution of
multiobjective optimization problem. It consists in transforming a given multiobjec-
tive optimization problem into the single objective optimization and using Alienor
transformation to reduce the number of variable before looking for the solutions.
These main steps are :

aggregation : they use an aggregative function defined in the Definition 2.4
to transform the initial problem into a single objective optimization problem
with constraints;

penalization : it is at this stage that the obtained problem from step 1 is
transformed into single objective optimization problem without constraints
by using the penalty function presented in Definition 2.7;

domain reduction : MOMA-Plus authors use the Alienor transformation
(see Definition 2.5 ) to transform the previous problem form several variables
into single variable;

resolution : for the resolution of the obtained problem which is a single ob-
jective and a single variable the authors use the Nelder-Mead simplex algo-
rithm [15];

solution initialization : the obtained solution is one dimension solution and
the initialization of this solution in the dimension of the initial problem needs
to re-use the previous Alienor transformation given by the relation (2.4).

3. MAIN RESULTS

The new method proposed in this work corresponds to the modified version of
MOMA-Plus in which the Lagrange penalty function is replaced by a penalty ex-
ponential function. The theoretical and numerical results will be presented in this
section.

3.1. Theoretical results.
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3.1.1. MOMA-Plus Modified version.
Fach step of our method will be presented in this paragraph.

STEP I : Objective functions aggregation
The use of the aggregation function defined in Definition 2.4 gives the fol-
lowing problem :

(3.1) ot { g(z) <0

Theorem 3.1. All optimal solution of the problem (5.1) is the Pareto op-
timal solution to the problem (2.1) and conversely.

Proof. Let z* be a Pareto optimal solution to the problem (2.1) and note
that I = {1,2,--- ,p} and 2" = (27, 23, , z,) the ideal point. Then, there
is no solution x € x such as fj(xz) < fj(z*), Vj € I and at least one k #

Js fk(x) <:fk(x*)'

= fx such as : fj(x) — z; < fi(2") — 27, Vjeland at
least one k # jand fx(x) — 2z < fr(z™) — 25, -

— fzsuch as ¢ |fj(x) — 2j| < |fj(2*) — z}|, Vj € I and at
least one k # j and |fr(x) — 25| < |fr(z™) — 2.

— fz such as : max{|f;(z) — zj|} < max{|f;(z*) — 25|} and at
Jjel Jjel

least one k # j and
mae{| () — 241} < ma{| (") — 2]}

— frsuchas : WU(f(x),\2%) <¥(f(z*),\ 2%).

This implies that #* is the optimal solution to the problem (3.1).

Conversely, let * be an optimal solution to the problem (3.1). Then
Ve e x, U(f(x*),\2z*) <¥(f(x),\ 2*). Assuming that =* is not a Pareto
optimal solution to the problem (2.1). Then Jy € x,Vj € I, f;(y) < fj(z¥)
and at least one k € I, fi(y) < fu(z*).

= Jyex,Vjel : fily)—z < fj(a") -2 and at least one

k# G, fi(y) — 2 < frla®) — 2
= Jyex,Vjel : Nlfjly) — 2] < Nlfj(z") — zj| and at least
one k # j, \j| fj(y) — 25| < Ajlfi(2™) — 2]

—3yexviel ¢ maxulh) - 1) < max{ylf) - 1),

= Jyex,Vjel : U(f(y),\z") <¥(f(z¥),\ z*) which is

absurd.

Therefore z* is a Pareto optimal solution to the problem (2.1). O
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STEP II : Penalization of constraints
For the conversion of the problem (3.1) into a single objective optimiza-
tion problem without constraints, we use the exponential penalty function
defined in the relation (2.5). We obtain the following formulation :

minge, I'(z) = W(f,\, 2*) + ; 5 Wongi(a))

n =1

First of all, let us enumerate the important properties about this exponential
penalty function :

Lemma 3.2 (See in [10]). Let x be the set of eligible solutions of the problem
(2.1). So :
(i) if = € x, then lim — Z Iongi(x)] = 0;

n—>=400 an 1

i) i , th lim — > d]ongi(z)] = :
(i) o z ¢ X, then lim - @; [0ngi(2)] = +o00
Definition 3.3 (See in [10]). Let us define S,, ¢ R* and
(i) l1m S, = {z € RF: x € S, for infinitely many n € IN*, };

n—-—+

(i) EIE S, ={xeRF: xS, for all but finitely many n € IN*}.

We note x* the set of the weakly Pareto optimal solutions to the problem
(2.1).

Lemma 3.4 (See in [10]). Let be g, > 0 and lim _On = +oo. If x* €

on—+
“lim x} then x* € x.

n—+o00

Proof. See in [10], Lemma 2, page 669. O

Let us designate by x;\x* = {z : z € x},, but z ¢ x*}. Let ¥} = {«*}
be the optimal solution of the problem (3.2).

Theorem 3.5. lim (Y,"\x*) =

n——+oo

Proof. Assuming that liI_P (Y, \x*) # 0. Then there exists a subset {ng, k =
n—-+0o0

1,2,---} such as 2/ € 1ir£1_ (Y \x*). Thus, 3ng > 0 such as for ngy > ng
ng—

we have 2/ € Y \X* As 2’ € V! then I'(2') < I'(y), Yy € x.
If 2/ € x, as 2/ §é x*, so there Jy € x such as f;(y) < f;(2'), Vj € L.

= Vjel : fily) -z < fi(z') =2,
=Vjel : |fj(y) =z <|f;(2') = 2],

= vViel : XNl|fily) — 2| < Ajlfi(@) = 2|,
—Vjel : U(f(y),\ ") <W(f(@),Nz").
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Moreover, as ' € x and also y € Y, according to the Lemma 3.2 we have
these two equations :

m

lim (= 3> 9(0g:())) = 0
)

nE—=>+00 Op, i1
1 m

lim > ongi(y))) = 0.

ng—-+oo an i=1
So dng € IN*, ng > no,
(f(y), A =z")+ > Uon9i(y) <¥(f(@), A\ 2") + — Z V(0n, 9i ("))

ne i=1 N 1=

That implies that I'(y) < I'(2) which is absurd.

If 2/ ¢ x, then there exists y € x such as f;(y) < fj(2'),Vj € I. We obtain
the same result which is W(f(y), A, z*) < ¥(f(a'), A\, z*). But as 2/ ¢ x and
y € X, according to the Lemma 3.2, we have these two equations :

lim (—— 3 9(00g:(2"))) = +o0

ni—-+oo an i— 1

lim (3 9(on:(y)) = 0.

Nng—>+00 an i=1

So there exists no € IN*, ng, > ng :

P(f(y), ") + — i Homgi () < F(F(), A 2*) + —— 3= (om,0i(x))-

Ony, i=1 Ony, i=1
Thereafter I'(y ) < I'(2'), which is absurd because 2/ € Y, hence
Jim (Vi) = O
Theorem 3.6. nEI—Poo(Yn \x*) = 0.

Proof. Assuming that lim (Y,*\x*) # 0
n—+o00

Then 32’ € lir}g (Y,*\x*) and there exists ng such as for n > ng, 2’ € Y,*\ *
n—-+0oo

which leads to 2’ € Y;f and 2/ ¢ x* from ng. So
vy € x, I'(2') < I'(y).

If ' € x, as o' ¢ x* there exists y € x such as f;(y) < fj(z’). Based on the
previous Proof the inequality ¥ (f(y), A, 2*) < @ (f(2'), A, 2*) is verified. As
Y according to the Lemma 3.2,

lim Z Yongi(z')) =0 and lim Z Y ongi(y)) = 0.

n—+00 Op j=1 n—+00 Op =
So Ing > 0, n>n0

(f(y, A 2"))+— Z V(ongi(y)) < (f(2'), A 2" )+ — Z I(ongi(z)). Tt is

On i=1 On i=1
equivalent to I'(y) < I'(z'). This inequality is a contradiction according to
the relation (3.3) because z’ is an optimal solution to the problem (3.2).

If 2 ¢ x,3y € x, fi(y) < fj(a'), Vj € I. The same reasoning gives
U(f(y), N\ 2%) <W(f(2"),\ 2%). As 2’/ ¢ x, according to the Lemma 3.2,
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1 m 1 m
lim — > ¥(ongi(2')) = +oo and lim — > ¥(0ngi(y)) = 0. So Ing >

1 1
0,n > no, — > Fengi(y)) < — > (engi(2')). Hence ¥(f(y),\ ") +
n =1 n =1

L 1 m .
— ;ﬁ(gngi(y)) <U(f(a'),\ 2*) + o ;ﬁ(gngi(x')). So I'(y) < I'(x") which
is absurd because z’ is an optimal solution of the problem (3.2), hence
im (V) = 0. O
STEP III : Decision space reduction
Alienor transformation presented by relation (2.4) is used here to transform
several variables problems into a single variable problem as follows :

min I'(6)
(3.4) {0 € [0; Omaz]

with I'(h(8)) = (I" o h)(6) where h(6) = (h1(6), ha(8), - , hn(6)).

Theorem 3.7 (See in [3]). All minimum value of the problem (3.2) can be
approached by the minimum value of the problem (3.4).

Proof. The proof can be found in [3]. O

STEP IV : Resolution in reduced space
As the problem (3.4) is a single objective with one variable then Nelder-
Mead algorithm [15] has been used to solve it. This resolution is done after
the discretization of research domain [0; Opax] as follows (See in [18]) : where

| { Sl T s || |
t T .

| ] -". i ] _.'- ; s
| B N/ Bl RN Ay S
%q M T e e S—

&l SU—

FiGURE 1. Nested domains

x1 =0 and zp+1 = Omax-

STEP V : Solution configuration
After obtaining the optimal solution of the problem (3.4), we will re-use the
Alienor transformation defined above to build a Pareto optimal solution of
the initial problem (2.1).

3.1.2. Algorithm of MOMA-Plus modified version.
These are the main steps towards the algorithm of our new method :

(1) Choose A;
(2) For j from 1 to p do
¥ (z) «— max [\j|fj(z) — z;‘\] ("aggregation”);
End for
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(3) P(x) «— dlongr(2)];
For i from 2 to m do
P(z) «— P(z) + Jongi(2)];
End for
I'(z) «+— ¥(x) + P(x); ("penalization”)
(4) For i from 1 to n to
x; = h;i(0); (” Alienor transformation”)
End for
F(0) «— I'(h1(0), h2(0),- - -, hn(0));
(5) 6 <— Apply Nelder-Mead algorithm to F(6); ("resolution”)
(6) For i from 1 to n,
x; = h;i(0); ("solution initialization”)
End for

3.2. Numerical results.

3.2.1. Problems test presentation.
All multiobjective problems dealt with in this work are from the Zitzler [6] test
problems which are presented in the following table :

Remark 3.8. For the problems whose constraints have the form z; € [a;,b;], we
will transform them into two constraints namely x; — b; < 0 and a; — x; < 0, Vi.

3.2.2. Graphic representation of Pareto optimal solutions.

3.2.3. Performance analysis.

A performance study of the obtained solutions is done on the convergence to the
Pareto front and the diversification on the Pareto front. There are many formulas
in the literature to access the performance of algorithms but we use those proposed
by Deb et al [6]. It is v for the convergence and A for the diversification :

d
(35) y=t

@AMZ
SR

=L

N—1 _
de +di+ Y |di —d
and A= =1 —
dy +dj+ (N —-1)d
where N is the number of the solutions given by the MOMA-Plus modified version;
dy and d; are respectively the euclidean distances between upper extreme solutions
and lower extreme solutions given by MOMA-Plus modified version; d; and d are
respectively the euclidean distances between two consecutive obtained solutions and
the arithmetic average of d;. The following table presents the value of convergence
and diversification :
For a comparative study of our results, the following table shows the performance
index for the same test problem provided by initial version of MOMA-Plus [18] :
According to the table 2 and 3, MOMA-Plus modified version is better than the
initial version of MOMA-Plus about the convergence of the obtained solutions in all
test problems. However, we have the opposite result for the diversification criterion.
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TABLE 1. Multiobjective test problems

Indexes Mathematical formulation n  Bounds

minfl(acl,acg) =1
1+ 2o
x

min fo(z1,22) =

01<z: <1
O<$2<5

{min fi(z) =22

2 mi,x2 €[0;1]

T min fa(z) = (z — 2)° 1 z€[0;4]

min f1(z)

min fo(z) =g (1 — ,/flT(z))

glz) =1+ 9 X zn::rz
i=2

z = (x1,22, -+ ,zn) € [0.1]"

Ts 30 @€ [0;1]

n—1

min fi(z) = z1

min f2(z) = g(x) x (1 — (%)2)

T4 9 n
g(m):1+n_1 X;xl

x = (z1,22,  ,xn) € [0.1]"

min fi(z) = x1

min fa(z) = g(z) x h(z)

g(z) = 14+ —— x > a,

Ts n—1 = 30 z; € [0;1]

_q_ Jh@ A or e
h(z) =1 OO (107 f1(z))

x = (x1,72, -+ ,xyn) € [0.1]"

min fi(z) = z1

30 x; €[0;1]

min fo(z) = g(x) X /1 — S
Ts 9 w9 30 m; €[0;1]
g(@) =1+ =5 x > @

n— =2
x = (x1,22, -+ ,zy) € [0.1]"

TABLE 2. MOMA-Plus modified version performances

MOMA-Plus modified T1 T2 T3 T4 T5 T6

v 0.0077 | 0.0011 | 0.0044 | 0.0018 | 0.0029 | 0.0018

A 0.9819 | 0.9843 | 0.9823 | 0.9821 | 0.9823 | 0.9819

TABLE 3. MOMA-Plus method performances

MOMA-Plus T1 TQ T3 T4 T5 T6
v 0.0691 | 0.0042 | 0.0046 | 0.0137 | 0.0599 | 0.1154
A 1.1833 | 0.0309 | 0.9820 | 0.3483 | 0.9835 | 0.9818
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4. CONCLUSION

Testing the MOMA-Plus modified version on six test problems has indeed been
a success. This enables us to obtain solutions with better convergence and diver-
sification. Moreover, our work mainly consisted of an analytical approach at each
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stage of the MOMA-Plus modified version. Thus, the numerical results have lead
us to conclude that MOMA-Plus modified version is the best alternative for solving
multiobjective optimization problem when the convergence is the main criterion.
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