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is a given continuous functions, 0 < δ < ξ < η1 < η2 < · · · < ηn < 1, λ ∈ R,
q0, q1, and q2 are real constants with q2 6= 0.

The concept of nonlocal problems introduced by Bicadze and Samarskii [6] is
found to be more practical than the classical problems with the initial conditions,
see also Byszewski [8–10]. In the last few decades, several kinds of nonlocal problems
have been studied. One can notice that g(x) given in (1.2) may be expressed as
g(x) =

∑p
j=1 αjx(tj) where αj , j = 1, . . . , p, are given constants and 0 < t1 < · · · <

tp ≤ 1. For more details, we refer to the work by Byszewski [8, 10].
We discuss the existence of solutions for the problem (1.1)-(1.2) by means of the

nonlinear alternative for contractive multi-valued maps and the combination of the
nonlinear alternative for contractive single-valued maps and a selection theorem due
to Bressan and Colombo for lower semicontinuous multivalued maps with nonempty
closed and decomposable values. An example is constructed for the illustration of
main results.

2. Basic results

Before presenting some auxiliary results, let us recall some preliminary concepts
of fractional calculus [17,29].

Definition 2.1. Let ϕ be a locally integrable real-valued function on −∞ ≤ a <
t < b ≤ +∞. The Riemann–Liouville fractional integral Iαa of order α ∈ R (α > 0)
for ϕ is defined as

Iαa ϕ (t) = (ϕ ∗Kα) (t) =
1

Γ (α)

t∫
a

(t− s)α−1 ϕ (s)ds,

where Kα(t) =
tα−1

Γ(α) , Γ denotes the Euler gamma function.

Definition 2.2. Let ϕ ∈ L1[a, b], −∞ ≤ a < t < b ≤ +∞ and ϕ ∗ Km−α ∈
Wm,1[a, b],m = [α] + 1, α > 0, where Wm,1[a, b] is the Sobolev space defined as

Wm,1[a, b] =

{
ϕ ∈ L1[a, b] :

dm

dtm
ϕ ∈ L1[a, b]

}
.

The Riemann–Liouville fractional derivative Dα
a of order α > 0 (m − 1 < α <

m, m ∈ N) for ϕ is defined as

Dα
aϕ (t) =

dm

dtm
I1−α
a ϕ (t) =

1

Γ (m− α)

dm

dtm

t∫
a

(t− s)m−1−α ϕ (s)ds.

Definition 2.3. Let ϕ ∈ L1[a, b], −∞ ≤ a < t < b ≤ +∞ and ϕ ∗ Km−α ∈
Wm,1[a, b],m = [α], α > 0. The Caputo fractional derivative cDα

a of order α ∈ R
(m− 1 < α < m, m ∈ N) for ϕ is defined as

cDα
aϕ (t) = Dα

a

[
ϕ (t)− ϕ (a)− ϕ′ (a)

(t− a)

1!
− · · · − ϕ(m−1) (a)

(t− a)m−1

(m− 1)!

]
.
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If ϕ ∈ Cm[a, b], then the Caputo fractional derivative cDα
a of order α ∈ R (m−1 <

α < m, m ∈ N) for ϕ is defined as

cDα
a [ϕ] (t) = I1−α

a ϕ(m) (t) =
1

Γ (m− α)

t∫
a

(t− s)m−1−α ϕ(m) (s)ds.

In the sequel, the Riemann–Liouville fractional integral Iαa and the Caputo frac-
tional derivative cDα

a with a = 0 are respectively denoted by Iα and cDα.

Property 2.4 ([17]). With the given notations, the following equality holds:

(2.1) Iα(cDαφ(t)) = φ(t)− c0 − c1t− · · · − cn−1t
n−1, t > 0, n− 1 < α < n,

where ci (i = 1, . . . , n− 1) are arbitrary constants.

The following lemmas associated with the linear variant of problem (1.1)-(1.2)
play an important role in the sequel.

Lemma 2.5. For any y ∈ C([0, 1],R) and q21 − 4q0q2 > 0, the solution of linear
multi-term fractional differential equation

(2.2) (q2
cDσ+2 + q1

cDσ+1 + q0
cDσ)x(t) = y(t), 0 < σ < 1, 0 < t < 1,

supplemented with the boundary conditions (1.2) is given by

x(t) =
1

q2(m2 −m1)

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
y(u)du ds

+ρ1(t)
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
y(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
y(u)du ds

]
+ρ2(t)

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
y(u)du ds(2.3)

−λ
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
y(u)du ds

]}

+g(x)
[
em2t + ρ1(t)

(
em2ξ −

n∑
i=1

ji +
n∑

i=1

jie
m2ηi

)
+ρ2(t)

(m2e
m2 − λem2δ − λ

m2

)]
,

where

A(κ) = em2(κ−s) − em1(κ−s), κ = t, 1, ξ and ηi,

m1 =
−q1 −

√
q21 − 4q0q2
2q2

, m2 =
−q1 +

√
q21 − 4q0q2
2q2

,
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ρ1(t) =
ω4ϱ1(t)− ω3ϱ2(t)

µ1
, ρ2(t) =

ω1ϱ2(t)− ω2ϱ1(t)

µ1
,

ϱ1(t) =
m1(1− em2t)−m2(1− em1t)

m1m2
,

ϱ2(t) = q2(m2 −m1)(e
m2t − em1t),

µ1 = ω1ω4 − ω2ω3 6= 0,(2.4)

ω1 =
1

m1m2

[
m2

(
1−

n∑
i=1

ji − em1ξ +
n∑

i=1

jie
m1ηi

)
−m1

(
1−

n∑
i=1

ji − em2ξ +

n∑
i=1

jie
m2ηi

)]
,

ω2 = q2

(
m2 −m1)(e

m1ξ − em2ξ −
n∑

i=1

jie
m1ηi +

n∑
i=1

jie
m2ηi

)
,

ω3 =
1

m1m2

[
m2

(
1− em1 − λδ + λ/m1(e

m1δ − 1)
)

−m1

(
1− em2 − λδ + λ/m2(e

m2δ − 1)
)]
,

ω4 = q2(m2 −m1)
(
(em1 + λ/m1(1− em1δ))

−(em2 + λ/m2(1− em2δ))
)
.

Proof. Applying the operator Iσ on (2.2) and using (2.1), we get

(2.5) (q2D
2 + q1D + q0)x(t) =

∫ t

0

(t− s)σ−1

Γ(σ)
y(s)ds+ c1,

where c1 is an arbitrary constant. By the method of variation of parameters, the
solution of (2.5) can be written as

x(t) = c1

[
m2(1− em1t)−m1(1− em2t)

q2m1m2(m2 −m1)

]
+ c2e

m1t + c3e
m2t

− 1

q2(m2 −m1)

∫ t

0
em1(t−s)

(∫ s

0

(s− u)σ−1

Γ(σ)
y(u)du

)
ds

+
1

q2(m2 −m1)

∫ t

0
em2(t−s)

(∫ s

0

(s− u)σ−1

Γ(σ)
y(u)du

)
ds,(2.6)

where m1 and m2 are given by (2.4). Using x(0) = g(x) in (2.6), we get

x(t) = c1

[
m2(1− em1t)−m1(1− em2t)

q2m1m2(m2 −m1)

]
+ c2

(
em1t − em2t

)
+ g(x)em2t

+
1

q2(m2 −m1)

[∫ t

0

(
em2(t−s) − em1(t−s)

)
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×

(∫ s

0

(s− u)σ−1

Γ(σ)
y(u)du

)
ds

]
,(2.7)

which together with the conditions x(ξ) =
∑n

i=1 jix(ηi), x(1) = λ
∫ δ
0 x(s)ds yields

the following system of equations in the unknown constants c1 and c2:

c1ω1 + c2ω2 = V1,(2.8)

c1ω3 + c2ω4 = V2.(2.9)

where

V1 = −
∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
y(u)du ds

+

n∑
i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
y(u)du ds

+g(x)
( n∑

i=1

jie
m2ηi − em2ξ

)
,

V2 = −
∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
y(u)du ds+ g(x)

(λem2δ − λ−m2e
m2

m2

)
+λ

∫ δ

0

∫ s

0

[(em1(δ−s) − 1)

m1
− (em2(δ−s) − 1)

m2

](s− u)σ−1

Γ(σ)
y(u)du ds.

Solving the system (2.8)-(2.9) together with the notations (2.4), we find that

c1 =
V1ω4 − V2ω2

µ1
, c2 =

V2ω1 − V1ω3

µ1
.

Substituting the value of c1 and c2 in (2.7), we obtain the solution (2.3). The
converse of the lemma follows by direct computation. This completes the proof. □

We do not provide the proofs of the following lemmas, as they are similar to that
of Lemma 2.5.

Lemma 2.6. For any y ∈ C([0, 1],R) and q21 − 4q0q2 = 0, the solution of linear
multi-term fractional differential equation

(2.10) (q2
cDσ+2 + q1

cDσ+1 + q0
cDσ)x(t) = y(t), 0 < σ < 1, 0 < t < 1,

supplemented with the boundary conditions (1.2) is given by

x(t) =
1

q2

{∫ t

0

∫ s

0
B(t)(s− u)σ−1

Γ(σ)
y(u)du ds

+χ1(t)
[ ∫ ξ

0

∫ s

0
B(ξ)(s− u)σ−1

Γ(σ)
y(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
B(ηi)

(s− u)σ−1

Γ(σ)
y(u)du ds

]
+χ2(t)

[ ∫ 1

0

∫ s

0
B(1)(s− u)σ−1

Γ(σ)
y(u)du ds(2.11)
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−λ
∫ δ

0

∫ s

0

(m(δ − s)em(δ−s) − em(δ−s) + 1

m2

)
×(s− u)σ−1

Γ(σ)
y(u)du ds

]}

+g(x)
[
emt + χ1(t)

(
emξ −

n∑
i=1

jie
mηi
)

+χ2(t)
(mem − λemδ + λ

m

)]
,

where

B(κ) = (κ− s)em(κ−s), κ = t, 1, ξ and ηi,

m =
−q1
2q2

,

χ1(t) =
ϖ3v2(t)−ϖ4v1(t)

µ2
, χ2(t) =

ϖ2v1(t)−ϖ1v2(t)

µ2
,

v1(t) =
mtemt − emt + 1

m2
, v2(t) = q2te

mt,

ϖ1 =
mξemξ − emξ + 1−

∑n
i=1 ji(mηie

mηi − emηi + 1)

m2
,(2.12)

ϖ2 = q2

(
ξemξ −

n∑
i=1

jiηie
mηi
)
,

ϖ3 =
m2em −mem +m−mλδemδ + 2λemδ − 2λ−mλδ

m3
,

ϖ4 = q2

(m2em − λmδemδ + λemδ − λ

m2

)
,

µ2 = ϖ1ϖ4 −ϖ2ϖ3 6= 0.

Lemma 2.7. For any y ∈ C([0, 1],R) and q21 − 4q0q2 < 0, the solution of linear
multi-term fractional differential equation

(2.13) (q2
cDσ+2 + q1

cDσ+1 + q0
cDσ)x(t) = y(t), 0 < σ < 1, 0 < t < 1,

supplemented with the boundary conditions (1.2) is given by

x(t) =
1

q2b

{∫ t

0

∫ s

0
F(t)

(s− u)σ−1

Γ(σ)
y(u)du ds

+τ1(t)
[ ∫ ξ

0

∫ s

0
F(ξ)

(s− u)σ−1

Γ(σ)
y(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
F(ηi)

(s− u)σ−1

Γ(σ)
y(u)du ds

]
+τ2(t)

[ ∫ 1

0

∫ s

0
F(1)

(s− u)σ−1

Γ(σ)
y(u)du ds(2.14)
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− λ

a2 + b2

∫ δ

0

∫ s

0

(
b− be−a(δ−s) cos b(δ − s)

−ae−a(δ−s) sin b(δ − s)
)(s− u)σ−1

Γ(σ)
y(u)du ds

]}

+g(x)
[
e−at cos bt+ τ1(t)

(
e−aξ cos bξ −

n∑
i=1

jie
−aηi cos bηi

)
+τ2(t)

(
e−a cos b− λ

a2 + b2
(a− ae−aδ cos bδ + be−aδ sin bδ)

)]
,

where

F(κ) = e−a(κ−s) sin b(κ− s), κ = t, 1, ξ and ηi,

m1,2 = −a± bi, a =
q1
2q2

, b =

√
4q0q2 − q12

2q2
,

τ1(t) =
p3ν2(t)− p4ν1(t)

µ3
, τ2(t) =

p2ν1(t)− p1ν2(t)

µ3
,

ν1(t) =
b− be−at cos bt− ae−at sin bt

a2 + b2
, ν2(t) = q2be

−at sin bt

p1 =
1

a2 + b2

[
b− be−aξ cos bξ − ae−aξ sin bξ

−
n∑

i=1

ji(b− be−aηi cos bηi − ae−aηi sin bηi)
]
,

p2 = q2b
(
e−aξ sin bξ −

n∑
i=1

jie
−aηi sin bηi

)
,(2.15)

p3 =
1

a2 + b2

[
b− be−a cos b− ae−a sin b− bλδ

+
bλ

a2 + b2
(a− ae−aδ cos bδ + be−aδ sin bδ)

− aλ

a2 + b2
(b− be−aδ cos bδ − ae−aδ sin bδ)

]
,

p4 = q2b
[
e−a sin b− λ

a2 + b2
(b− be−aδ cos bδ − ae−aδ sin bδ)

]
,

µ3 = p1p4 − p2p3 6= 0.

3. Existence results for problem (1.1)-(1.2) with q21 − 4q0q2 > 0

Let us recall some basic definitions on multi-valued maps [11,16].
For a normed space (X, ‖ · ‖), let Pcl(X) = {Y ∈ P(X) : Y is closed}, Pb(X) =

{Y ∈P(X) : Y is bounded}, and Pcp,c(X)={Y ∈P(X) : Y is compact and convex}.
A multi-valued map G : X → P(X) is convex (closed) valued if G(x) is convex
(closed) for all x ∈ X. The map G is bounded on bounded sets if G(B) = ∪x∈BG(x)
is bounded in X for all B ∈ Pb(X) (i.e. supx∈B{sup{|y| : y ∈ G(x)}} < ∞). G is
called upper semi-continuous (u.s.c.) on X if for each x0 ∈ X, the set G(x0) is a
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nonempty closed subset of X, and if for each open set N of X containing G(x0),
there exists an open neighborhood N0 of x0 such that G(N0) ⊆ N. G is said to be
completely continuous if G(B) is relatively compact for every B ∈ Pb(X). If the
multi-valued map G is completely continuous with nonempty compact values, then
G is u.s.c. if and only if G has a closed graph, i.e., xn → x∗, yn → y∗, yn ∈ G(xn)
imply y∗ ∈ G(x∗). G has a fixed point if there is x ∈ X such that x ∈ G(x). The
set of fixed points of the multivalued operator G will be denoted by FixG. A mul-
tivalued map G : [0; 1] → Pcl(R) is said to be measurable if for every y ∈ R, the
function

t 7−→ d(y,G(t)) = inf{|y − z| : z ∈ G(t)}
is measurable.

Definition 3.1. Let q21−4q0q2 > 0. A function x ∈ C([0, 1],R) possessing a Caputo
fractional derivative of order σ+2 is a solution of the problem (1.1)-(1.2) if x(0) =

g(x), x(ξ) =
∑n

i=1 jix(ηi), x(1) = λ
∫ δ
0 x(s)ds, and there exists a function v ∈

L1([0, 1],R) such that v(t) ∈ F (t, x(t)) a.e. on [0, 1] and

x(t) =
1

q2(m2 −m1)

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
v(u)du ds

+ρ1(t)
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
v(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
v(u)du ds

]
+ρ2(t)

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
v(u)du ds(3.1)

−λ
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
v(u)du ds

]}

+g(x)
[
em2t + ρ1(t)

(
em2ξ −

n∑
i=1

ji +
n∑

i=1

jie
m2ηi

)
+ρ2(t)

(m2e
m2 − λem2δ − λ

m2

)]
.

3.1. The Carathéodory case.

Definition 3.2. Amultivalued map F : [0, 1]×R → P(R) is said to be Carathéodory
if

(i) t 7−→ F (t, x) is measurable for each x ∈ R;
(ii) x 7−→ F (t, x) is upper semicontinuous (u.s.c.) for almost all t ∈ [0, 1];

Further a Carathéodory function F is called L1−Carathéodory if

(iii) for each α > 0, there exists φα ∈ L1([0, 1],R+) such that

‖F (t, x)‖ = sup{|v| : v ∈ F (t, x)} ≤ φα(t)
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for all x ∈ R with ‖x‖ ≤ α and for a.e. t ∈ [0, 1].

For each y ∈ C([0, 1],R), define the set of selections of F by

SF,y := {v ∈ L1([0, 1],R) : v(t) ∈ F (t, y(t)) for a.e. t ∈ [0, 1]}.

We define the graph of G to be the set Gr(G) = {(x, y) ∈ X × Y, y ∈ G(x)} and
recall a result for closed graphs and upper-semicontinuity.

Lemma 3.3 ([11, Proposition 1.2]). If G : X → Pcl(Y ) is u.s.c., then Gr(G) is a
closed subset of X × Y ; i.e., for every sequence {xn}n∈N ⊂ X and {yn}n∈N ⊂ Y , if
when n → ∞, xn → x∗, yn → y∗ and yn ∈ G(xn), then y∗ ∈ G(x∗). Conversely, if
G is completely continuous and has a closed graph, then it is upper semi-continuous.

The following lemma will be used in the sequel.

Lemma 3.4 ([18]). Let X be a separable Banach space. Let F : [0, 1]×R → Pcp,c(X)
be an L1− Carathéodory multivalued map and let Θ be a linear continuous mapping
from L1([0, 1], X) to C([0, 1], X). Then the operator

Θ ◦ SF : C([0, 1], X) → Pcp,c(C([0, 1], X)), x 7→ (Θ ◦ SF )(x) = Θ(SF,x)

is a closed graph operator in C([0, 1], X)× C([0, 1], X).

We apply the following form of the Nonlinear Alternative for contractive maps [24,
Corollary 3.8] to prove our main result in this section.

Theorem 3.5. Let X be a Banach space, and D a bounded neighborhood of 0 ∈ X.
Let Z1 : X → Pcp,c(X) and Z2 : D̄ → Pcp,c(X) two multi-valued operators satisfying

(a) Z1 is contraction, and
(b) Z2 is u.s.c and compact.

Then, if G = Z1 + Z2, either

(i) G has a fixed point in D̄ or
(ii) there is a point u ∈ ∂D and θ ∈ (0, 1) with u ∈ θG(u).

Theorem 3.6. Assume that:

(H1) F : [0, 1]× R → Pcp,c(R) is L1−Carathéodory multivalued map;
(H2) g : C([0, 1],R) → R is a continuous function satisfying the condition:

|g(u)− g(v)| ≤ ℓ‖u− v‖, ℓ < ∆−1
1 , ∀ u, v ∈ C([0, 1],R), ℓ > 0;

(H3) there exists a continuous nondecreasing function ψ : [0,∞) → (0,∞) and a
function p ∈ C([0, 1],R+) such that

‖F (t, x)‖P := sup{|y| : y ∈ F (t, x)} ≤ p(t)ψ(‖x‖) for each (t, x) ∈ [0, 1]× R;

(H4) there exists a number M > 0 such that

(3.2)
(1− ℓ∆1)M

‖p‖ψ(M)α+ ℓ0∆1
> 1,

where ℓ0 = |g(0)| and

ρ̂1 = max
t∈[0,1]

|ρ1(t)|, ρ̂2 = max
t∈[0,1]

|ρ2(t)|,
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ε = max
t∈[0,1]

∣∣∣m2(1− em1t)−m1(1− em2t)
∣∣∣,

α =
1

|q2m1m2(m2 −m1)|Γ(σ + 1)

{
ε+ ρ̂1

[
ξσ|m2(1− em1ξ)

−m1(1− em2ξ)|+
n∑

i=1

|ji|ησi |m2(1− em1ηi)−m1(1− em2ηi)|
]

+ρ̂2

[
|m2(1− em1)−m1(1− em2)|(3.3)

+
δσ|λ|

|m1m2|
|m2

2(m1δ − em1δ + 1)−m2
1(m2δ − em2δ + 1)|

]}
,

∆1 = max
t∈[0,1]

|em2t|+ ρ̂1

(
|em2ξ|+

n∑
i=1

|ji||em2ηi + 1|
)

+ρ̂2

( |m2e
m2 |+ |λ||em2δ + 1|

|m2|

)
.

Then the boundary value problem (1.1)-(1.2), with q21 − 4q0q2 > 0, has at least one
solution on [0, 1].

Proof. To transform the problem (1.1)-(1.2) into a fixed point problem, we introduce
an operator N : C([0, 1],R) −→ P(C([0, 1],R)) defined by

N (x) = {h ∈ C([0, 1],R) : h(t) = M(x)(t)},
where

M(x)(t) =
1

q2(m2 −m1)

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
v(u)du ds

+ρ1(t)
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
v(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
v(u)du ds

]
+ρ2(t)

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
v(u)du ds

−λ
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
v(u)du ds

]}

+g(x)
[
em2t + ρ1(t)

(
em2ξ −

n∑
i=1

ji +

n∑
i=1

jie
m2ηi

)
+ρ2(t)

(m2e
m2 − λem2δ − λ

m2

)]
,

for v ∈ SF,x.
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Now, we define two operators Ā : C([0, 1],R) −→ C([0, 1],R) by

Āx(t) = g(x)
[
em2t + ρ1(t)

(
em2ξ −

n∑
i=1

ji +

n∑
i=1

jie
m2ηi

)
+ρ2(t)

(m2e
m2 − λem2δ − λ

m2

)]
,(3.4)

and a multi-valued operator B̄ : C([0, 1],R) −→ P(C([0, 1],R)) by
B̄(x) = {h ∈ C([0, 1],R) : h(t) = B̄1(x)(t), v ∈ SF,x},

where

B̄1(x)(t) =
1

q2(m2 −m1)

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
v(u)du ds

+ρ1(t)
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
v(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
v(u)du ds

]
(3.5)

+ρ2(t)
[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
v(u)du ds

−λ
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
v(u)du ds

]}
.

Observe that N = Ā+ B̄. We shall show that the operators Ā and B̄ satisfy all the
conditions of Theorem 3.5 on [0, 1]. The proof consists of several steps and claims.

Step 1: We show that Ā is a contraction on C([0, 1],R). For x, y ∈ C([0, 1],R), we
have

|Āx(t)− Āy(t)| ≤ |g(x)− g(y)|
[
|em2t|+ ρ1(t)

(
|em2ξ|+

n∑
i=1

|ji||em2ηi + 1|
)

+ρ2(t)
( |m2e

m2 |+ |λ||em2δ + 1|
|m2|

)]
≤ ℓ∆1‖x− y‖,

which, on taking supremum over t ∈ [0, 1], yields

‖Āx− Āy‖ ≤ L0‖x− y‖, L0 = ℓ∆1 < 1.

This shows that Ā is a contraction as L0 < 1.

Step 2: B̄ is compact and convex valued and it is completely continuous. This will
be established in several claims.

Claim I: B̄ maps bounded sets into bounded sets in C([0, 1],R). Let Eζ = {x ∈
C([0, 1],R) : ‖x‖ ≤ ζ} be a bounded set in C([0, 1],R). Then, for each h ∈ B̄(x), x ∈
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Eζ , there exists v ∈ SF,x such that

h(t) =
1

q2(m2 −m1)

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
v(u)du ds

+ρ1(t)
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
v(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
v(u)du ds

]
+ρ2(t)

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
v(u)du ds

−λ
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
v(u)du ds

]}
.

Then, for t ∈ [0, 1], we have

|h(t)| ≤ 1

|q2(m2 −m1)|
sup
t∈[0,1]

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
|v(u)|du ds

+|ρ1(t)|
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
|v(u)|du ds

+

n∑
i=1

|ji|
∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
|v(u)|du ds

]
+|ρ2(t)|

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
|v(u)|du ds

+|λ|
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
|v(u)|du ds

]}

≤ ‖p‖ψ(ζ)
|q2(m2 −m1)|

sup
t∈[0,1]

{∫ t

0

∣∣∣em2(t−s) − em1(t−s)
∣∣∣ sσ

Γ(σ + 1)
ds

+|ρ1(t)|
[ ∫ ξ

0

∣∣∣em2(ξ−s) − em1(ξ−s)
∣∣∣ sσ

Γ(σ + 1)
ds

+

n∑
i=1

|ji|
∫ ηi

0

∣∣∣em2(ηi−s) − em1(ηi−s)
∣∣∣ sσ

Γ(σ + 1)
ds
]

+|ρ2(t)|
[ ∫ 1

0

∣∣∣em2(1−s) − em1(1−s)
∣∣∣ sσ

Γ(σ + 1)
ds
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+|λ|
∫ δ

0

∣∣∣(em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

∣∣∣ sσ

Γ(σ + 1)
ds
]}

≤ ‖p‖ψ(ζ)
|q2m1m2(m2 −m1)|Γ(σ + 1)

{
ε+ ρ̂1[ξ

σ|m2(1− em1ξ)

−m1(1− em2ξ)|+
n∑

i=1

|ji|ησi |m2(1− em1ηi)−m1(1− em2ηi)|]

+ρ̂2[|m2(1− em1)−m1(1− em2)|

+
δσ|λ|

|m1m2|
|m2

2(m1δ − em1δ + 1)−m2
1(m2δ − em2δ + 1)|]

}
,

which yields

‖h‖ ≤ ‖p‖ψ(ζ)
|q2m1m2(m2 −m1)|Γ(σ + 1)

{
ε+ ρ̂1ξ

σ|m2(1− em1ξ)

−m1(1− em2ξ)|+
n∑

i=1

|ji|ησi |m2(1− em1ηi)−m1(1− em2ηi)|]

+ρ̂2[|m2(1− em1)−m1(1− em2)|

+
δσ|λ|

|m1m2|
|m2

2(m1δ − em1δ + 1)−m2
1(m2δ − em2δ + 1)|]

}
.

Claim II: B̄ maps bounded sets into equi-continuous sets.
Let t1, t2 ∈ [0, 1] with t1 < t2 and y ∈ Eζ , where Eζ is a bounded set of C. Then

we obtain

|(B̄x)(t2)− (B̄x)(t1)|

≤ 1

|q2(m2 −m1)|

{∣∣∣∣∣
∫ t1

0

∫ s

0

[
A(t2)−A(t1)

](s− u)σ−1

Γ(σ)
v(u)du ds

+

∫ t2

t1

∫ s

0
A(t2)

(s− u)σ−1

Γ(σ)
v(u)du ds

∣∣∣∣∣
+|ρ1(t2)− ρ1(t1)|

[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
|v(u)|du ds

+
n∑

i=1

|ji|
∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
|v(u)|du ds

]
+|ρ2(t2)− ρ2(t1)|

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
|v(u)|du ds

+|λ|
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
|v(u)|du ds

]}
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≤ ‖p‖ψ(ζ)
|q2m1m2(m2 −m1)|Γ(σ + 1)

{(
tσ1 − tσ2

)∣∣∣m1(1− em2(t2−t1))

−m2(1− em1(t2−t1))
∣∣∣+ tσ1

∣∣∣m1(e
m2t2 − em2t1)−m2(e

m1t2 − em1t1)
∣∣∣

+|ρ1(t2)− ρ1(t1)|[ξσ|m2(1− em1ξ)−m1(1− em2ξ)|

+
n∑

i=1

|ji|ησi |m2(1− em1ηi)−m1(1− em2ηi)|]

+|ρ2(t2)− ρ2(t1)|[|m2(1− em1)−m1(1− em2)|

+
δσ|λ|

|m1m2|
|m2

1(m2δ − em2δ + 1)−m2
2(m1δ − em1δ + 1)|]

}
,

which tends to zero independently of x ∈ Eζ as t2 − t1 → 0. As B̄ satisfies the
above assumptions, therefore it follows by the Arzelá-Ascoli theorem that B̄ :
C([0, 1],R) −→ P(C([0, 1],R)) is completely continuous.

Since F is completely continuous, it is enough to show that it is upper semicon-
tinuous, which will be achieved via a closed graph result given by Lemma 3.3 in the
following step.

Claim III: B̄ has a closed graph. As a consequence of Lemma 3.4, it follows that
B̄ = Θ◦SF is a closed graph operator (for details, see [2]), where Θ : L1([0, 1],R) →
C([0, 1],R) is the linear operator defined by

v 7→ Θ(v)(t) =
1

q2(m2 −m1)

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
v(u)du ds

+ρ1(t)
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
v(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
v(u)du ds

]
+ρ2(t)

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
v(u)du ds

−λ
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
v(u)du ds

]}
.

Hence B̄ has a closed graph (and therefore has closed values). In consequence, the
operator B̄ is compact valued.

Thus the operators Ā and B̄ satisfy all the conditions of Theorem 3.5 and hence
its conclusion implies either condition (i) or condition (ii) holds. We show that the
conclusion (ii) is not possible. If x ∈ θĀ(x) + θB̄(x) for θ ∈ (0, 1), then there exists
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v ∈ SF,x such that

x(t) =
θ

q2(m2 −m1)

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
v(u)du ds

+ρ1(t)
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
v(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
v(u)du ds

]
+ρ2(t)

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
v(u)du ds

−λ
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
v(u)du ds

]}

+θg(x)
[
em2t + ρ1(t)

(
em2ξ −

n∑
i=1

ji +

n∑
i=1

jie
m2ηi

)
+ρ2(t)

(m2e
m2 − λem2δ − λ

m2

)]
.

Following the method for proof of Claim I, and using the fact that

|g(x)| ≤ |g(x)− g(0)|+ |g(0)| ≤ ℓ‖x‖+ ℓ0, ℓ0 = |g(0)|,
we can obtain

|x(t)| ≤ ‖p‖ψ(‖x‖)
|q2m1m2(m2 −m1)|Γ(σ + 1)

{
ε+ ρ̂1[ξ

σ|m2(1− em1ξ)

−m1(1− em2ξ)|+
n∑

i=1

|ji|ησi |m2(1− em1ηi)−m1(1− em2ηi)|]

+ρ̂2[|m2(1− em1)−m1(1− em2)|

+
δσ|λ|

|m1m2|
|m2

2(m1δ − em1δ + 1)−m2
1(m2δ − em2δ + 1)|]

}
+|g(x)|

[
|em2t|+ ρ1(t)

(
|em2ξ|+

n∑
i=1

|ji||em2ηi + 1|
)

+ρ2(t)
( |m2e

m2 |+ |λ||em2δ + 1|
|m2|

)]
≤ ‖p‖ψ(‖x‖)α+∆1(ℓ‖x‖+ ℓ0).

Thus

(3.6) ‖x‖ ≤ ‖p‖ψ(‖x‖)α+∆1(ℓ‖x‖+ ℓ0).

If condition (ii) of Theorem 3.5 holds, then there exists λ ∈ (0, 1) and x ∈ ∂Br

with x = λN (x). Then, x is a solution of (1.1)-(1.2) with ‖x‖ = M. Now, by the
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inequality (3.6), we get

(1− ℓ∆1)M

‖p‖ψ(M)α+ ℓ0∆1
≤ 1,

which contradicts (3.2). Hence, N has a fixed point in [0, 1] by Theorem 3.5, and
consequently the problem (1.1)-(1.2) has a solution. This completes the proof. □

3.2. The lower semi-continuous case. In this section, we study the case when
F is not necessarily convex valued by applying the nonlinear alternative contractive
single-valued maps and a selection theorem due to Bressan and Colombo [7] for
lower semi-continuous maps with decomposable values.

Let us mention some auxiliary facts. Let X be a nonempty closed subset of a
Banach space E and G : X → P(E) be a multivalued operator with nonempty
closed values. G is lower semi-continuous (l.s.c.) if the set {y ∈ X : G(y) ∩B 6= ∅}
is open for any open set B in E. Let A be a subset of [0, 1] × R. A is L ⊗ B
measurable if A belongs to the σ−algebra generated by all sets of the form J ×D,
where J is Lebesgue measurable in [0, 1] and D is Borel measurable in R. A subset
A of L1([0, 1],R) is decomposable if for all u, v ∈ A and measurable J ⊂ [0, 1] = J ,
the function uχJ + vχJ−J ∈ A, where χJ stands for the characteristic function of
J .

Definition 3.7. Let Y be a separable metric space and let N : Y → P(L1([0, 1],R))
be a multivalued operator. We say N has a property (BC) if N is lower semi-
continuous (l.s.c.) and has nonempty closed and decomposable values.

Let F : [0, 1]×R → P(R) be a multivalued map with nonempty compact values.
Define a multivalued operator F : C([0, 1] × R) → P(L1([0, 1],R)) associated with
F as

NF (x) = {w ∈ L1([0, 1],R) : w(t) ∈ F (t, x(t)) for a.e. t ∈ [0, 1]},
which is called the Nemytskii operator associated with F.

Definition 3.8. Let F : [0, 1]×R → P(R) be a multivalued function with nonempty
compact values. We say F is of lower semi-continuous type (l.s.c. type) if its
associated Nemytskii operator F is lower semi-continuous and has nonempty closed
and decomposable values.

Lemma 3.9 ([13]). Let Y be a separable metric space and let N : Y → P(L1([0, 1],R))
be a multivalued operator satisfying the property (BC). Then N has a continu-
ous selection, that is, there exists a continuous function (single-valued) g : Y →
L1([0, 1],R) such that g(x) ∈ N(x) for every x ∈ Y .

Theorem 3.10. Assume that (H2), (H3), (H4) and the following condition hold:

(H5) F : [0, 1] × R → P(R) is a nonempty compact-valued multivalued map such
that
(a) (t, x) 7−→ F (t, x) is L ⊗ B measurable;
(b) x 7−→ F (t, x) is lower semicontinuous for each t ∈ [0, 1].

Then the boundary value problem (1.1)-(1.2), with q21 − 4q0q2 > 0, has at least one
solution on [0, 1].
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Proof. It follows from (H2) and (H5) that F is of l.s.c. type. Then, by Lemma
3.9, there exists a continuous function f : C([0, 1],R) → L1([0, 1],R) such that
f(x) ∈ F(x) for all x ∈ C([0, 1],R).

Consider the problem

(q2
cDσ+2 + q1

cDσ+1 + q0
cDσ)x(t) = f(x(t)), 0 < t < 1,(3.7)

x(0) = g(x), x(ξ) =
n∑

i=1

jix(ηi), x(1) = λ

∫ δ

0
x(s)ds.(3.8)

Observe that if x ∈ AC([0, 1],R) is a solution of (3.7)-(3.8), then x is a solution to
the problem (1.1)-(1.2). Now, we define two operators, namely A′ : C([0, 1],R) −→
C([0, 1],R) by

A′x(t) = g(x)
[
em2t + ρ1(t)

(
em2ξ −

n∑
i=1

ji +

n∑
i=1

jie
m2ηi

)
+ρ2(t)

(m2e
m2 − λem2δ − λ

m2

)]
,

and B′ : C([0, 1],R) −→ C([0, 1],R) by

B′x(t) =
1

q2(m2 −m1)

{∫ t

0

∫ s

0
A(t)

(s− u)σ−1

Γ(σ)
f(x(u))du ds

+ρ1(t)
[ ∫ ξ

0

∫ s

0
A(ξ)

(s− u)σ−1

Γ(σ)
f(x(u))du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
A(ηi)

(s− u)σ−1

Γ(σ)
f(x(u))du ds

]
+ρ2(t)

[ ∫ 1

0

∫ s

0
A(1)

(s− u)σ−1

Γ(σ)
f(x(u))du ds

−λ
∫ δ

0

∫ s

0

((em2(δ−s) − 1)

m2
− (em1(δ−s) − 1)

m1

)
×(s− u)σ−1

Γ(σ)
f(x(u))du ds

]}
.

Clearly A′,B′ : C([0, 1],R) → C([0, 1],R) are continuous. The arguments used in
the proof of Theorem 3.6 apply and hence guarantee that A′ and B′ satisfy all the
conditions of the Nonlinear Alternative for contractive maps in the single valued
setting [15] and hence the problem (3.7) has a solution. □

4. Existence results for problem (1.1)-(1.2) with q21 − 4q0q2 = 0

Definition 4.1. Let q21−4q0q2 = 0. A function x ∈ C([0, 1],R) possessing a Caputo
fractional derivative of order σ+2 is a solution of the problem if x(0) = g(x), x(ξ) =∑n

i=1 jix(ηi), x(1) = λ
∫ δ
0 x(s)ds, and there exists a function v ∈ L1([0, 1],R) such
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that v(t) ∈ F (t, x(t)) a.e. on [0, 1] and

x(t) =
1

q2

{∫ t

0

∫ s

0
B(t)(s− u)σ−1

Γ(σ)
v(u)du ds

+χ1(t)
[ ∫ ξ

0

∫ s

0
B(ξ)(s− u)σ−1

Γ(σ)
v(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
B(ηi)

(s− u)σ−1

Γ(σ)
v(u)du ds

]
+χ2(t)

[ ∫ 1

0

∫ s

0
B(1)(s− u)σ−1

Γ(σ)
v(u)du ds

−λ
∫ δ

0

∫ s

0

(m(δ − s)em(δ−s) − em(δ−s) + 1

m2

)
×(s− u)σ−1

Γ(σ)
v(u)du ds

]}

+g(x)
[
emt + χ1(t)

(
emξ −

n∑
i=1

jie
mηi
)

+χ2(t)
(mem − λemδ + λ

m

)]
,

The proof of the following theorem is similar to that of Theorem 3.6. So it is
omitted.

Theorem 4.2. Assume that (H1), (H2) and (H3) hold. In addition we suppose that

(H4)
′ there exists a number M1 > 0 such that

(1− ℓ∆2)M1

‖g‖ψ(M1)β + ℓ0∆2
> 1,

where ℓ0 = |g(0)| and

χ̂1 = max
t∈[0,1]

|χ1(t)|, χ̂2 = max
t∈[0,1]

|χ2(t)|,

β =
1

|q2|m2Γ(σ + 1)

{
(1 + χ̂2)|mem − em + 1|

+χ̂1

[
ξσ|mξemξ − emξ + 1|+

n∑
i=1

|ji|ησi |mηiemηi − emηi + 1|
]

+
|λ|δσχ̂2

|m|

∣∣∣mδ(emδ + 1) + 2(1− emδ)
∣∣∣},

∆2 = max
t∈[0,1]

|emt|+ χ̂1

(
|emξ|+

n∑
i=1

|ji||emηi |
)

+χ̂2

( |mem|+ |λ||emδ + 1|
|m|

)
.
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Then the boundary value problem (1.1)-(1.2), with q21 − 4q0q2 = 0, has at least one
solution on [0, 1].

5. Existence results for problem (1.1)-(1.2) with q21 − 4q0q2 < 0

Definition 5.1. Let q21−4q0q2 < 0. A function x ∈ C([0, 1],R) possessing a Caputo
fractional derivative of order σ+2 is a solution of the problem (1.1)-(1.2) if x(0) =

g(x), x(ξ) =
∑n

i=1 jix(ηi), x(1) = λ
∫ δ
0 x(s)ds, and there exists a function v ∈

L1([0, 1],R) such that v(t) ∈ F (t, x(t)) a.e. on [0, 1] and

x(t) =
1

q2b

{∫ t

0

∫ s

0
F(t)

(s− u)σ−1

Γ(σ)
v(u)du ds

+τ1(t)
[ ∫ ξ

0

∫ s

0
F(ξ)

(s− u)σ−1

Γ(σ)
v(u)du ds

−
n∑

i=1

ji

∫ ηi

0

∫ s

0
F(ηi)

(s− u)σ−1

Γ(σ)
v(u)du ds

]
+τ2(t)

[ ∫ 1

0

∫ s

0
F(1)

(s− u)σ−1

Γ(σ)
v(u)du ds

− λ

a2 + b2

∫ δ

0

∫ s

0

(
b− be−a(δ−s) cos b(δ − s)

−ae−a(δ−s) sin b(δ − s)
)(s− u)σ−1

Γ(σ)
v(u)du ds

]}

+g(x)
[
e−at cos bt+ τ1(t)

(
e−aξ cos bξ −

n∑
i=1

jie
−aηi cos bηi

)
+τ2(t)

(
e−a cos b− λ

a2 + b2
(a− ae−aδ cos bδ + be−aδ sin bδ)

)]
.

Theorem 5.2. Assume that (H1), (H2) and (H3) hold. In addition we suppose that

(H4)
′ there exists a number M1 > 0 such that

(1− ℓ∆3)M2

‖g‖ψ(M2)γ + ℓ0∆3
> 1,

where ℓ0 = |g(0)| and
τ̂1 = max

t∈[0,1]
|τ1(t)|, τ̂2 = max

t∈[0,1]
|τ2(t)|

γ =
1

|q2b(a2 + b2)|Γ(σ + 1)

{
(1 + τ̂2)

[
|b− be−a cos b− ae−a sin b|

]
+τ̂1

[
ξσ|b− be−aξ cos bξ − ae−aξ sin bξ|

+
n∑

i=1

|ji|ησi |b− be−aηi cos bηi − ae−aηi sin bηi|
]

+|λ|δσ τ̂2
[
|bδ − e−aδ sin bδ|

]}
,
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∆3 = max
t∈[0,1]

|e−at cos bt|+ τ̂1(|e−aξ cos bξ|+
n∑

i=1

|ji||e−aηi cos bηi|)

+τ̂2

(
|e−a cos b|+ |λ|

a2 + b2
(|a− ae−aδ cos bδ + be−aδ sin bδ|)

)
.

Then the boundary value problem (1.1)-(1.2), with q21 − 4q0q2 < 0, has at least one
solution on [0, 1].

We do not provide the proof of the above theorem, as it is similar to that of
Theorem 3.6.

6. Example

Example 6.1. Consider the following boundary value problem of fractional differ-
ential inclusions

(2 cD12/5 + 3 cD7/5 + cD2/5)x(t) ∈ F (t, x(t)), 0 < t < 1,(6.1)

x(0) =
1

9
sinx, x(1/5) = x(1/4) + 2x(1/3) + x(1/2),

x(1) = 2

∫ 1/6

0
x(s)ds,(6.2)

where

F (t, x(t)) =

[
1

2
e−t sinx,

|x|
8(|x|+ 6)

+
1

20
cos2 t

]
.

Here, σ = 2/5, ξ = 1/5, η1 = 1/4, η2 = 1/3, η3 = 1/2, δ = 1/6, j1 = 1, j2 = 2,
j3 = 1, λ = 2, q21 − 4q0q2 = 1 > 0, ℓ = 1/9, and ℓ0 = 1.

Clearly ‖F (t, x(t))‖ ≤ p(t)ψ(‖x‖), where p(t) = e−t and ψ(‖x‖) = 1
2 . Using the

value α ≈ 6.9171, we find that M > 0.584302. Since the hypothesis of Theorem 3.6
is satisfied, the problem (6.1)-(6.2) has at least one solution on [0, 1].
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