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HARMONIC INDEX OF GRAPHS WITH ADDED EDGES

PUSHPALATHA MAHALANK AND ISMAIL NACI CANGUL

ABSTRACT The harmonic index of a graph G is defined as the sum of the weights
Tdn + - of all edges uv of G, where du denotes the degree of a vertex u in G. Several
operations including edge and vertex deletion and addition are utilized to ease
the calculations related to some properties of graphs. In this work, we present
the effect of adding a new edge to a connected simple graph on harmonic index
is studied. In particular, some statements for the change of harmonic index of
path, cycle, complete, star, complete bipartite and tadpole graphs are obtained.

1. INTRODUCTION

The Randi¢ index is one of the most successful molecular descriptors in structure-
property and structure-activity relationships studies. The Randi¢ index R(G) is
defined as

[2]. Another variant of Randi¢ index is the harmonic index denoted by H(G).

Throughout this paper, all graphs are finite, simple, undirected and connected.
Let G be a graph with vertex set V(G) and edge set E(G). The degree of a vertex
v € V(G) is denoted by dgv or briefly by dv. A vertex of degree one will be called
a pendant vertex. We will use P,, C,, Sn, K, K, s, and T, ; to denote the path,
cycle, star, complete, complete bipartite and tadpole graphs of order n, respectively,
where n = r + s in the latter two.

2. HARMONIC INDEX

Let e = uv be an edge in G. The numberdugw will be called the weight of the
edge e. The harmonic index of a graph G denoted by H(G) is defined as the sum
of the weights of all edges e = uv of G, is given by

2
G) = Z du + dv’
wvekE

In this work, we find the change of the harmonic index of a given graph G when
an edge e is added. This effect differs for adding a pendant edge or a non-pendant
edge.
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3. CHANGE IN THE HARMONIC INDEX WHEN A NEW EDGE IS ADDED

In combinatorial study of graphs, operations such as adding and deleting vertices
and edges are frequently employed. In recent years, several such works have been
published. In [1], the effect of edge and vertex deletion on omega invariant was
considered. In [4], Zagreb indices of graphs having added edges are studied. In [3],
the effects of edge deletion and addition on several Zagreb indices of graphs are
calculated. In this section, we will determine the amount of change in the harmonic
index when a new edge is added to a simple graph. We have

Theorem 3.1. Let G be a simple graph and let G + e be the graph obtained by
adding an edge e to G. If a new edge e is added to G to join the vertex v € V(Q)
of degree dgv with a new pendant vertex u, then

2 2

2+ dav i €B(C) (dgvi + dgv)(dgv; + dgv + 1)

H(G+e)— H(G) =

Proof. Let the neighbouring vertices of v in the graph G be vi, va, -+, V4,0 Of
degrees dgvi,dguva, - - - ,dgv, respectively. Let us add a new pendant edge e between
the existing vertex v € G of degree dgv and a new vertex u which is not a vertex
of G. We know that the harmonic index of a graph G can be stated as

G G+e

FIGURE 1. Adding a pendant edge e to G

2 2
HG) = Y —————r >
v €B(G) dgvi + dgv vivjeb;g(G) dgvi + dav;
Vi, 057V
Therefore
H(G+e) = Y + Y +
i EB(G) dG1evi + dgiev vivjeE;é(G) dgievi +dgrev;  dgiev + dgieu
V;, 0 7V

2 2 2
= 2 dovi +dgu+1 2 dovi +dgv; 1+ dov+ 1
wicB () TGV T AGY vwseB(q) GV T 4GY GvY
Vi,V AV
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Hence
2 2 2
H(G —H(G) = —
( + €> ( ) 2+ dgv + Z [dei +dav+1 daqv; + dgv
v; €E(G)
= sri X 2
2+ dagv i €B(C) (dgvi + dgv)(dgu; + dgv + 1)

which gives the result. O

Next we calculate the effect of a non-pendant edge addition on harmonic index:

Theorem 3.2. Let G be a simple graph and let u, v € V(G) be two non-adjacent
vertices. If we add a new edge e between u and v, then

dau

2 2

dou + dgv + 2 B ; (dgu + d(;ui)(dgu +dgu; + 1)

H(G+e)— H(G) =

dgv

2
) JZ:; (dgv + dgui)(dgv + dgvi + 1)

Proof. Let the vertices of graph G be uq,ug, -+ ,uq,y and v1,v2, -+ ,Vq.0- Let us
add a new non-pendant edge e by joining two existing vertices u, v of G. We know

uz Va2

G G+e

FI1GURE 2. Adding a non-pendant edge e to G

that the harmonic index of a graph G can be stated as

R
— dgu + dgu; = dgv + dgv; wieV(C) dew + dgt
w,t¢{u,v}

Therefore
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dau dgv

2 2 2
G+e) = + +
( ) dgiet + dgiev Zl dgiet + dgieu; ; dGg1ev + dayev;
+ 2 g
wieV(G) dGgtew + dgyet
w,t¢{u,v}
dgu dgv

2 2 2
= + +
dou+1+dgv+1 ;d(;u+l+d(;ui ;d0v+1+dgvj

Hence
dau

2 Z 2
dau+ dgv + 2 P (d(;u -+ dGui)(dGu + dqu; + 1)

H(G+e)— H(G) =

dgv

2
- ]z; (d(;v + dej)(dg’U + dej + 1)

which gives the result. O

4. EFFECT OF EDGE ADDITION ON H(G) FOR SOME CLASSES OF GRAPHS

In this section, using the above results for adding a pendant or a non-pendant
edge, we get easy results for graph classes P,, Cy, S,, K,, K, and T, ,.

4.1. Path graph P,. First we have

Lemma 4.1. The harmonic index of a path graph P, is
n 1
H(P,)=—-—-.
(P =3 -

Proof. From the definition of the harmonic index, we get the result as follows:

H(Pn) =

O

Therefore by Theorems 3.1 and 3.2, we can obtain the harmonic index of an edge
added path graph considering the following possibilities for P,:

a) If a pendant edge e is added to one of the two end points having degree 1 then,

1
_m&+@:g+§
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b) If a pendant edge e is added to a vertex which is next to end point of P, of
degree 2 then,

n 1
H(P, =—+4 —;
(Bnte) =5+ 35
¢) If a pendant edge e is added to a midpoint of P, of degree 2 which is not next
to endpoints then,

n 2
H(P, =—+4 —;
(Bnte) =35+ 35
d) If a non-pendant edge e is added to the vertices v;, v; such that v; is a endpoint
and v; is not next to the other endpoint. so that d; = 1,d; = 2 or vice versa then,

n 2
H(P == - —;
(Fute)=35- 15
e) If a non-pendant edge e is added to the vertices v;, v; such that v; is a endpoint
and v; is next to other endpoint. so that d; = 1,d; = 2 or vice versa then,

n 1
f) If a non-pendant edge e is added to both the end vertices v;, vj so that d; = d; =1
then,
n
H(P,+e)= 5
g) If a non-pendant edge e is added to the vertices v;, v; such that both the vertices
are the midpoints of P, and one after the other. so that d; = d; = 2 then,

n 4

H(P, =— - —;
(Bnte) =5~ 35

h) If a non-pendant edge e is added to the vertices v;, vj such that both the vertices
are next to the endpoints. so that d; = d; = 2 then,

n 11
H(P, == - —;
(Bute) =5 = 55
i) If a non-pendant edge e is added to the midpoints v;, v; such that both the
vertices are not one after the other. so that d; = d; = 2 then,

n 3
H(P, =——-—.
Fnte)=5"1
Therefore, we determine the change in the harmonic index when a new edge is
added to a path graph Pp:

Corollary 4.2. When a new edge is added to a path graph P, its harmonic index
etther increases by 0.5, 0.2333, 0.3, 0.0333 or 0.1667 or decreases by 0.0333, 0.1,
0.2 or 0.1333.
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4.2. Cycle graph C,. First we have

Lemma 4.3. The harmonic index of a cycle graph C, is

n
H(C,) = 5
Proof. By the definition, we easily get that
2
H(C,) =
(Cn) du + dv
uveCh
o
2

g

FEither by Theorems 3.1 and 3.2 or by calculation of all possible cases, we can obtain
the harmonic index of an edge added cycle graph. Since all the vertices are of degree
2 in C},, we have,

a) If a pendant edge e is added to any one of the vertices v; of C), of degree 2, then
3

TO;

b) If a non-pendant edge e is added to the vertices v;, v;, such that both the vertices
are adjacent to each other. so that d; = d; = 2, then

H«%+@:g+

n 1
H(C == — —;
(Cnte) =535
c) If a non-pendant edge e is added to the vertices v;, v}, such that both the vertices
are not adjacent to each other. so that d; = d; = 2, then

n 1
H(C, =———.
(Cn+e) 5~ 1%
So we proved the following result:
Corollary 4.4. When a new edge is added to a cycle graph Cy,, its harmonic index
increases by either 0.3 or decreases by 0.0333 or 0.0667.

4.3. Star graph S,,. First we have

Lemma 4.5. The harmonic index of a star graph S, is
2(n—1)
—

H(Sn) =

Therefore by Theorems 3.1 and 3.2, we can obtain the harmonic index of an edge
added star graph considering the following possibilities for S,. Since the vertex of
Sy is either pendant or of degree n — 1, we have,

a) If a pendant edge e is added to one of the vertex v; of S,, of degree 1 then,
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b) If a pendant edge e is added to the vertex v; of S,, of degree n — 1 then,
2n
1+ n;
c) If a non-pendant edge e is added at the vertices v;, vj such that d; = d; =1
then,

H(S,+e)=

I 2(n-3)
n+1 + 2 + n
d) If a non-pendant edge e is added to the vertices v;, vj such that d; =1, d; = n—1
or vice versa then,

H(S,+e)=

4 +2(n—2).

H(Sn—l—e):2+n T n

So we proved the following:

Corollary 4.6. If an edge is added to a star graph Sy, its harmonic index increases
2 2 2 n’4n—8 2(n—2)

by either 37 n2 ntn?’ 2n(n+l) n(n+1)(n+2)

or decreases by

4.4. Complete graph K. First, similarly to the above cases, we have

Lemma 4.7. The harmonic index of a complete graph K, is

Hence Theorems 3.1 and 3.2 imply that the harmonic index of an edge added com-
plete graph have the following possibilities. As all the vertices of K,, are of degree
n — 1, we have

a) If a pendant edge e is added to one of the vertex v; of K, of degree n — 1 then,
2n3+n2—|—5n—6_
2n+2)2n—1)"

b) If a non-pendant edge e is added at the vertices v;, v; such that d; =d; =n —1
then,

H(K,+e) =

mt—3n3+n2—2n+4
2n(n —1)(2n — 1)

H(K,+e)=
So we proved the following result:

Corollary 4.8. If an edge is added to a complete graph K,, its harmonic index

increases by either % or decreases by %

4.5. Complete bipartite graph K, ;. First we have

Lemma 4.9. The harmonic index of a complete bipartite graph K, s is
2rs
H(K,,) = .
() = =
By Theorems 3.1 and 3.2, we can obtain the harmonic index of an edge added

complete bipartite graph considering the following possibilities for K, ;. Recall that
the degree sequence of K, s is {r®, s"}. Hence the possibilities are as follows:
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a) If a pendant edge e is added to a vertex of degree r then,

H(K,\+e) 2r3s + 252 + 2r2s% + 6125 + 4rs® + 8rs + 2r + 25 — 4r
e) = :
e r3 4+ 3r2 + 2r25 + rs? + 5rs 4+ 252 4+ 2r + 2s

)

b) If a pendant edge e is added to a vertex of degree s then,

H(K,\+e) 2rs3 + 2r2 + 2r2s2 + 6rs? + 4r2s + 8rs + 2r + 25 — 4s
e) = :
e §3 4352 4+ 2rs?2 + 125+ 5rs +2r2 +2r + 2s

)

c) If a non-pendant edge e is added to two existing vertices v;, v; such that
di = dj =T then,

4r3s + 4r2s% 4+ 8r2s + 4rs? + 8rs + 2r2 + 252 — 8r2 — 6r + 2s

H(K, =
(Krs +e) 213 + 4r2s + 2rs2 4+ 4r2 4+ 6rs + 2r + 25 + 252 ’

d) If a non-pendant edge e is added to the vertices v;, vj such that d; = d; = s
then,

H(Kps + ) Arsd + 4r2s% + 8rs? + 4r%s + 8rs + 212 + 252 — 852 + 2r — 6s
e) = _ .
s 253 + 4rs? + 2725 + 452 4 61rs + 2r + 25 + 212

7

e) If a non-pendant edge e is added to two existing vertices v;, vj such that d; = r
and d; = s or vice versa then,

6r2s + +6rs + 4r2s2 + 2r3s + 2rs3 + drs — 2r — 25 + 4
34 53 +3r2 4352 + 2r + 25+ 3r2s + 3rs2 + 6rs

H(K,s+e)=

So we proved

Corollary 4.10. When a new edge is added to a complete bipartite graph K, s, its
harmonic index increases by either
615> + 4r2s — 2r2 + 253 + 252
4+ 3r3 + 3r3s + 2r2 + 3r2s2 4+ 8125 + Trs? + 4rs + 253 + rs? + 2527

or
6r2s 4 4drs? + 273 4 2r2 — 242
5% 4+ 383 4+ 3rs3 + 252 + 31252 4+ 8rs? + Tr2s + 4rs + 2r3 + r3s 4+ 22’
or
2r3 4+ 2r2 — 653 — 682 + 6r2s — 2rs® — 4rs
2r3 4+ 2102 + 284 4 453 + 252 4+ 2r3s + 6753 + 8r2s + 10rs2 + 6r2s2 + 4rs’
or

—67% — 612 + 253 + 252 — 2125 + 6rs? — 4rs
2rd 4+ 4r3 + 2r2 4 253 4+ 252 + 6135

+ 2rs® + 6r2s% + 10r2s + 8rs® + 4rs,

or

—2r? — 282 + 47 + 45 — 4rs
rd 4 st 4 313 4 353 + 2r2 + 252 4 4r3s + 4rs? + 9r2s + 9rs? + 6r2s? 4 4drs’
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4.6. Tadpole graph T, ;. We have

Lemma 4.11. The harmonic index of a tadpole graph T, s is

15(r+s)—4
H(T,,) = (30)

Therefore by Theorems 3.1 and 3.2, we can obtain all the changes in the harmonic
index of an edge added tadpole graph considering the following possibilities for 7T} ,:

By theorem 3.1, if we add a new pendant edge, we have the following cases to
consider:

1) If a pendant edge e is added to a vertex v,4s of degree 1, then

15(r +s)+ 11
(T ) = P00

as the unique neighbour of v,y is v,45—1 of degree 2.

2) If a pendant edge e is added to a vertex v; of degree 3, then

15(r +s) 4+ 2
H(Tr,s+€):(3o)

as the three neighbours of v; are all of degree 2.

3) All other vertices of T, s are of degree 2 and each has exactly two neighbours.
There are three subcases:

3a) If a pendant edge e is added to one of the vertices vy, v, or v, of degree 2,
then
5(r+s)+2
10
as the two neighbours of each of these vertices are of degree 2 and 3.

H(T,s+e) =

3b) If a pendant edge e is added to one of the vertices vs, vy, -+, Vr—1, Upt2,
Vpy3, -+, Upps—o Of degree 2, then
3(r+s)+1
H(TT,S + e) — (6)

as both neighbours of these vertices are of degree 2.

3c) If a pendant edge e is added to the vertex v,4s_1 of degree 2, then

5(r+s)+1
10
as the two neighbours of v, 451 are v, 52 and v,45 of degrees 2 and 1, respectively.

H(T,s+e)=

This concludes the case where a pendant edge is added to a tadpole graph 7, .
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Secondly, let us add a new non-pendant edge e to connect two existing vertices
v; and v; of degrees d; and dj, respectively.

By Theorem 3.2, we have the following possibilities:

4) If a non-pendant edge e is added between v,;5_1 and one of the vertices vs,

V4, vy Up—1, Up42, * 5 Upqs-2 of degree 27 then
15(r+s) —8
H(Ts +e) = (30>
as the two neighbours of v, s_1 are v,y and v,4 52 of degrees 1 and 2 respectively
and two neighbours of the vertices vs, v4, - -+, Up_1, Upya, - -+, Upps—o are of degree
2.

5) If a non-pendant edge e is added between v,s—1 and one of the vertices vo,
vy or Upy1 Of degree 2, then

15(r +5) — 7
30

as the two neighbours of v, s_1 are v,y and v,4 52 of degrees 1 and 2 respectively
and two neighbours of the vertices vy, v, or v,y are of degrees 2 and 3.

H(T,s+e)=

6) If a non-pendant edge e is added between the vertices v,4s—1 and v of degrees
2 and 3, respetively, then

35(r+s) — 22
70 '

as the two neighbours of v, s_1 are v,y and v,y45_2 of degrees 1 and 2 respectively
and three neighbours of vy are v9, v, and v,41 of degree 2.

H(T,s+e)=

7) If a non-pendant edge e is added between two of the vertices vs, vy, -+, vp_1,
Vp42, Upt3, -+, Upps—o Of degree 2, then
15(r+s)—6
(1,0 = 98

as the two neighbours of these vertices are of degree 2.

8) If a non-pendant edge e is added between two of the vertices ve, v, and v,41
of degree 2, then
15(r+s) — 4
30 )
as the two neighbours of these vertices are of degrees 2 and 3.

H(T.s+e)=

9) If a non-pendant edge e is added between the vertices v; and v,45 of degrees
3 and 1, respectively, then

3(’F+8)71'

H(T,s+e)= 5
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as the neighbours of vy are v,, vo and v,11 of degree 2 and the unique neighbour of
Upts 1S Upys—1 Of degree 2.

10) If a non-pendant edge e is added between vy of degree 3 and one of vo, v,
and v,y1 of degree 2, then

105(r 4+ s) — 41
H(T,s+e) = ( 210) .

as the neighbours of v; are v,, v9 and v,41 of degree 2 and the neighbours of vy, v,
and v,y are of degrees 2 and 3.

11) If a non-pendant edge e is added between v; of degree 3 and one of the

vertices vz, V4, + -+, Up—1, Up42, Upt3, - -, Urps—2 Of degree 2, then
105(r + s) — 52
H(T,s+e) = .
(Trs +¢) 210
as the neighbours of vy are vy, v, and v,41 of degree 2 and the neighbours of the
vertices v3, Vg, + -, Up—1, Ur42, Upy3, -+, Urps—2 are of degree 2.

12) If a non-pendant edge e is added between the vertices vy45 and vy4s—1 of
degrees 1 and 2, respectively, then

5(r+s)—1
10 '

as the unique neighbour of v, is vy45—1 of degree 2 and two neighbours of v, 441
are vy4s and v,4 59 of degrees 1 and 2 respectively.

H(T,s+e)=

13) If a non-pendant edge e is added between v, 4, of degree 1 and one of vs, vy,

Cee Up_1, Upy2, - -, Upps—o Of degree 2, then

a(r+s)—1
as the unique neighbour of v,4s is v,45—1 of degree 2 and two neighbours of the
vertices v3, Vg, -+, Up_1, Urt2, * -, Upyrs_2 are of degree 2.

14) If a non-pendant edge e is added between v, 14 of degree 1 and one of vy, v,
and v,y of degree 2, then

15(r +s) —2
30 '

as the unique neighbour of v,45 is vy4s—1 of degree 2 and two neighbours of the
vertices va, v, and v,y1 are of degrees 2 and 3.

H(T s +e)=

So we proved the following result:

Corollary 4.12. If an edge is added to a tadpole graph T, s, its harmonic index

- - 111 3 7 1 1 1 1 2 1 1
increases by either 3, 15 or decreases by {5 or 15 or

' 5> 37 100 30 30’ 15’ 10’ 6° 15
1t does not change.
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5. SUMMARY AND CONCLUSIONS

In this work, the effect of adding a new edge to a connected simple graph on
harmonic index is studied. This effect differs for adding a pendant edge or a non-
pendant edge. Both effects are formulized and all possible differences are determined
for six most frequently used graph classes P, Cy,, Sp, Ky, K, s, and T, 5. And there
will be a continuation of this paper for other indices.
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