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UPPER BOUND OF FIFTH HANKEL DETERMINANT FOR A
CLASS OF ANALYTIC FUNCTION

GURMEET SINGH, GAGANPREET KAUR, AND MUHAMMAD ARIF

ABSTRACT. In this present article, we drive a bound of the fifth Hankel de-
terminant for the class of analytic function f such that Re@ > « for some
a,(0 <a<1)and z € U = {z;|z| < 1}. Moreover, the upper bounds of this
problem for symmetric analytic functions class are also obtained.

1. INTRODUCTION

The goal of this specific section is to include some simple notions regarding Geo-
metric Function Theory that will allow us to understand our main findings in a
precise way. In this regard, first we start to define the most basic class A which
represents the set of all analytic(holomorphic) functions f in region U = {z; 2| < 1}
having the Taylor series expansion

(1.1) f(z) = z+Zanz”
n=2

In addition, let S C A be the class of all functions which are univalent in U.
Let P denote the class of analytic functions p whose real parts are positive in U
having the form

(1.2) p(z) =1+ Z cnz"
n=1

In 1916, Bieberbach [7] claimed the coefficient structure for f € S and it became
a challenge to all the mathematician. Finally in 1985 de-Branges [10] proved it
completely. In(1916-1985) this period, while tackling with this conjecture, several
subfamilies of § connected with different image domains were defined such as Star-
like, Convex, Close to Convex with nice geometric properties. These families are

defined as
:{fGS,R { f;S)}>0,zeU}
(2)

f
:{fES,Re{(]{(ZZ)> }>O,26U}

= {feS,Re{zg(/S)} >0,g(2)65*,z€U}

2010 Mathematics Subject Classification. 30C45.
Key words and phrases. Analytic function, Hankel determinant, Univalent function, n-fold sym-
metric function.




78 G.SINGH, G. KAUR, AND M. ARIF

Now for o € [0, 1), the class T («) is defined as

(1.3) T(a):{f€A7Re{f(Zz)}>a,z€U}

Also T(0) = 7. The families 7 and 7 (3) play an important role in the theory of
univalent functions although their elements are functions which are not necessarily
univalent. One of the important results given by Marx [21] and Strohhacker [32] is

ces'(3)7(3)

where C is a class of convex function, S* (%) is class of starlike function of order %
z

The interesting fact is that the function f(z) = %5, z € U is extremal function
for many computational problems in above three classes. The class T plays a
fundamental role in the theory of semigroups of analytic functions as a generator
of one-parameter continues semigroups studied by Berkson, Porta, Shoikhet, Elin
and others (see [31], [11]). For other classical results concerning the classes 7 and
T (3) see [ [20], [27]]. Kowalczyk et al. [14] proved third Hankel determinant for
class T («).

The Hankel determinant H,,(f) where ¢ > 0,n > 1 for a function f € S was

defined by Pommerenke [24,25] as

Qp An+1 " Qnig—1

an+1 n+2 " Qn4q
(1'4) Hq,n(f) =1 . . . .

Un+g—1 Qn+q - On42g-—2

Computing the upper bound of H, , over subfamilies of A is an interesting problem
to study. The growth rate of H,, as n — oo has been studied by Noonan and Noor
[22,23] for different univalent functions. Sharp upper bound of Hso(f) = asas — a%
of order 2 were obtained by various authors. It is worth citing a few of them
[9,12-14,18].

The estimation of Hs;(f) is much more difficult than the case of Ha2(f). Very
few papers have been devoted to third Hankel determinant. The first paper on
H31(f) was given in 2010 by Babalola [5] in which he obtained the upper bound
of Hs1(f) for the families of §*,C and R . Later on some other authors [ [29],
[30], [30], [6], [8], [28], [15]] published their work concerning Hsz;(f) for different
subfamilies of analytic and univalent functions. In 2017, Zaprawa [33] improved the
results of Babalola [5] by proving

1 for fesS*
|H31(f)| =4 0.090 for feC
0.683 for feR

and claimed that these bounds are still not sharp. For the sharpness, he considered
the subfamilies of §*,C and R consisting of function with m fold symmetry and
obtained the sharp upper bounds. But in 2018, Kwon et al. [16] improved the
zaprawa results for starlike function and proved Hs(f) < %. Different authors
have studied the third Hankel determinant for different subfamilies of & but till
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2018, no one succeeded. In 2018 Kowalczyk et al. [14] and Lecko et al. [17] proved
the sharp bounds Hs1(f) < 13z and Hs1(f) < § for the sets Convex function and
Starlike function of order half respectively. Research work on 2nd and 3rd Hankel
determinant is still continuing for various classes and subclasses of univalent and
analytic function while the research on fourth Hankel determinant has also started.
The first paper on Hy 1(f) for function with bounded turning has been obtained by
Arif et al. [3] and they proved f € R then |Hy1(f)| < 0.78050. Here, in this paper
we contribute in the fifth Hankel determinant for a class of analytic function 7 («)
with the motivation from recent paper of Arif et al. [4] fifth Hankel determinant for

function with bounded turning.

2. PRELIMINARY LEMMAS

In order to find the sharp upper bound of Hs 1)(f) we need the following lemmas
and results

Lemma 2.1. Ifp € P is of the form (1.2) , then

(2.1) len] <2 for neN
(2.2) |entk — Acnex] <2 for 0< A<
(2.3) lemen —cper| <4 for m4n=k+1

For the inequalities in (2.1) ,(2.2) , (2.3) see [26]

Lemma 2.2. Ifp € P is of the form 1.2, then 2c2 = ¢2 + (4 — ¢3) for some x with
|z| <1 This result is due to Libera [19]

Theorem 2.3. If f € T then
(2.4) |an| <2

) where p € P of the form (1.2) we

Let f € T according to deﬁmtlon p(z
1) , we get the result.

can easily obtain that a, = ¢,—1 by usmg (2.
Theorem 2.4. If f € T (%) then
(2.5) lan| <1

If f € T(3) then &) 2(p(z) + 1) where p € P of the form (1.2) we can easily

z
find the coefficients a, = %+ Now apply (2.1) , we get our desired result.

3. BOUNDS OF FIFTH HANKEL DETERMINANT
First, Hs1(f) can be written in the form
(3.1) Hs1(f) = asHaa(f) — ashi + azha — agAs + Ha3(f)

where als are coefficients of function f € A of the form (1.1) and A1, A2, A3, Ha2(f)
and Hy3(f) are determinants of order 4 given by

(3.2) Hyo(f) = agHz2(f) — arA1 + agAz — asAs;

(3.3) Hy3(f) = agH33(f) — agAy + a7As5 — agle;
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(3.4) A1 = a2A7 — a3Ag + a4Ag — agA1p;
(3.5) A2 = aaA11 — agAiz + asAi3 — asAqa;
(3.6) A3 = a2A15 — azAie + asAi7 — asAss;
where

3.7) Hs3o(f) = az(asas — ag) — as(aszapg — aqas) + ag(azas — ai);

3.8) Hs3(f) = as(asar — a?) — as(agar — asag) + as(asa — a?);

'OO
Nej
N

A1 = ag(asar — asag) — az(azar — a?) + as(azag — asas);

@
—
o

Ay = ag(asar — ag) — as(aqar — asag) + as(agas — a?));

_CJJ
=
=

As = az(asar — ag) — ayg(agar — asag) + as(agas — ag);

@
il
DO

Ay = az(asas — agar) — as(asas — af) + as(asar — asag);

@
—
w

A5 = az(agag — a%) — a4(azag — agar) + as(azar — a%);

©w
—_
o

Ag = ay(agag — a%) — as(asag — agay) + ag(asar — ag);

@
i
o

A7 = ayg(agag — ayag) — as(asag — a%) + ag(asas — agar);

Ag = a3(a6a9 — a7a8) — a4(a5a9 — a?) + a5(a5a8 — a6a7);

w
il
~

Ag = az(asayg — agag) — as(asag — asar) + as(asag — asar);

w
=
00

Aqo = az(asar — a?) — as(asar — asag) + as(asag — a2);

had
—
©

A1y = as(arag — a3) — as(agag — aras) + ag(agas — a?);

@
o
S

Ao = az(arag — a§) — as(asag — agag) + ag(asag — agar);

'OJ
[\)
—_

Az = as(%ag - a708) - (14(615@9 - aﬁas) + aﬁ(asa7 - G%);

~~ I~ o~~~ o~~~ I~~~ I~~~ N I~ I~ o~~~ o~~~ I~~~ o~ o~~~ o~ o~
w
—
(@]
NID NN N NN NN

3.22) A1y = asz(agag — a2) — ay(asas — agay) + as(asar — ai);
3.23) A1s = as(arag — a%) — ag(agag — ayag) + ar(agag — a%);
3.24) A1 = ayg(azag — a%) — ag(asag — agag) + ar(asag — agar);
3.25) Av7 = ay(agag — arag) — as(asag — agag) + ar(asar — ag);
and

(3.26) A1g = ay(agag — a2) — as(asag — agar) + ag(asar — a2).

In (1.4) it can be easily checked that Hs1(f) is a polynomial of eight successive
coefficients as, as, a4, as, ag, a7 and ag of function f in the concerned class. These
coefficients are connected with the coefficients of p from class P.
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Theorem 3.1. If f € T of the form (1.1) then
(3.27) |Hao(f)] <192
Proof Let f € T of the form (1.3) , we have @ =p(z)

where p € P of the form (1.2) by identifying the coefficients we can easily obtain
that

(3.28) Gp, = Cp—1
using (3.28) in (3.7) , (3.9) , (3.10) and (3.11), it follows that
Hs3o(f) = crezes — c162 — c2es + 2cac304 — cg
A1 = cie3c6 — c1c405 — c%c@- + chZ + cac3es — 0304
Ag = creqc6 — clcg — C9C3C + CaC4C5 + C§C5 - c;;c?l
A3 = cocycg — Cgcg — cgcﬁ + 2c3cqc5 — ci
by using (2.1) and (2.3) in above equations, we obtain
(3.29) [H32(f)] <24, |A1] <24, |Ag| <24, Az <24

Now by using the (3.29) along with (2.4) in (3.2) we obtain the desired result. Hence
it completes the proof of theorem.

Theorem 3.2. If f € T of the form (1.1) then
(3.30) |Has(f)| < 192

Proof Let f € T of the form (1.3) and using (3.28) in (3.8) , (3.12) , (3.13) and
(3.14), it follows that

Hs3(f) = cacace — cack — cic + 2c3cacs5 — Co
Ay = cocycr — cacsce — 0307 + 03c§ + c3cqCq — 0?105
As = cacse7 — CQC% — C3C4C7 + Cc3C5C6 + chG — 04c§
Ag = c3c507 — c;;c% - 63107 + 2c4c5c6 — cg
by using (2.1) and (2.3) in above equations, we obtain
(3.31) |H33(f)] <24, |Ag| < 24,|A5] <24, [Ag] < 24.

Now by using the (3.31) along with (2.4) in (3.3) we obtain the desired result. Hence
it completes the proof of theorem.

Theorem 3.3. If f € T of the form (1.1) then
(3.32) I\ < 192

Proof Let f € T of the form (1.3) and using (3.28) in (3.15) , (3.16) , (3.17) and
(3.18), it follows that

A7 = c3c5c8 + C4C§ - CZCg — c3cC7 + cqc507 — c§c6
Ag = cocseg — cac7cs + 0207 + 030% — C3C4C8 — C4C5Cq
Ag = cocycg — coc7Cs — 0308 + c3¢c5C6 + Cc4C3C7 — C?LCG

2 2 3
A1p = cacace — Cacy — C3C6 + 2c3¢4C5 — €



82 G.SINGH, G. KAUR, AND M. ARIF

by using (2.1) and (2.3) in above equations, we obtain
(3.33) |A7| <24, [Ag] <24, |Ag| <24, Ay <24

Now by using the (3.33) along with (2.4) in (3.4) , we obtain the desired result.
Hence it completes the proof of theorem.

Theorem 3.4. If f € T of the form (1.1) then
(3.34) Xo| < 192

Proof Let f € T of the form (1.3) and using (3.28) in (3.19) , (3.20) , (3.21) and
(3.22), it follows that

A1 = c3ceg — 0303 — c4c5c8 + cqcqc7 + 0207 — 0502
A1 = cocees — 0203 - cicag + 2c4c507 — C%CG‘
A13 = CaC5C8 — CoC7Ce — C3C4C8 + C3C5CT + C4C5C6 — Cg
A1y = cocser — czc% — C3C4C7 + C3C5C + CZCﬁ — C4C§
by using (2.1) and (2.3) in above equations, we obtain
(3.35) |A11] <24, [Agp] <24, [Agg] <24, |Ayyf <24

Now by using the( 3.35) along with (2.4) in (3.5) , we obtain the desired result.
Hence it completes the proof of theorem.

Theorem 3.5. If f € T of the form (1.1) then
(3.36) As| < 102

Proof Let f € T of the form (1.3) and using (3.28) in (3.23) , (3.24), (3.25) and
(3.26) , it follows that

A5 = cyccg — C$C4 — c%cs + 2c5cc7 — cg
A1 = c3c6C8 — C3C$ — C4C5C8 + C§C7 + cqceC7 — 0502
A17 = c3cseg — Cc3C7C6 — cics + cyc507 + 0402 - c%ca
A1g = c3cse7 — 0302 — 0?167 + 2c4c5c6 — cg
by using (2.1) and (2.3) in above equations, we obtain
(3.37) [Ars| <24, [Agg] <24, [Arr] <24, |Ags] < 24.

Now by using the (3.37) along with (2.4) in (3.6) , we obtain the desired result.
Hence it completes the proof of theorem.

Theorem 3.6. If f € T of the form (1.1) then
(3.38) |Hs.1(f)] < 1728.

By putting the bounds found in theorem (3.1) , (3.2) , (3.3) , (3.4) and (3.5)
along with (2.4) in (3.1), we get our desired result.

Theorem 3.7. If f € 7’(%) then
(3.39) Hia(f)] < 12
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Proof Let f € T(%) we have

(3.40) % _ o)+ 1)

where p € P of the form (1.2) by identifying the coefficients we can easily obtain
that

(3.41) ap, =

Cn—1
2
using (3.41) in (3.7) , (3.9, (3.10) and in (3.11) , it can be easily assemble as

1 1 1 2 1

Hso(f) = §016365 — gclci — §C§C5 + §026304 — gcg
1 1 1 1 1 1
A = gclcgc(; — gclc405 — gchG + gCQCi + §(220305 — §c§04
1 1 1 1 1 1
Aoy = gclc4c(5 — gclcg — §020306 + §0204C5 + §C§C5 — gCSC?L
1 1 1 2 1
Az = §0204c6 - gCQCg - §C§C6 + §0364C5 — §C?1
by using (2.1) and (2.3) in above equations, we obtain
(3.42) |H32(f)] <3, [A1] <3, [Ag] <3, |Az] <3.

Now by using the (3.42) along with (2.5) in (3.2) , we obtain the desired result.
Hence it completes the proof of theorem.

Theorem 3.8. If f € T(%) of the form (1.1) then
(3.43) Hia(f)] < 12

Proof Let f € T (3) of the form (1.3) and using (3.41) in (3.8) , (3.12) , (3.13)
and (3.14) , it follows that

1
H3s3(f) = 3 (0204c6 — CQCg — cgcﬁ + 2c3c405 — ci)
1 2 2 2
Ay = 3 (cacacr — cacsce — c3e7 + 3¢5 + c3cac6 — C4C5)
1
Ay = § (020507 — CQC% — C3C4C7 + Cc3C5C6 + cicG — C4C§)
1
Ag = 3 (030507 — 030% — 6307 + 2c4c506 — cg)
by using (2.1) and (2.3) in above equations, we obtain
(3.44) [H33(f)] <3, |A4] <3, |As| <3, [Ae[ <3

Now by using (3.44) along with (2.5) in (3.3) , we obtain the desired result. Hence
it completes the proof of theorem.

Theorem 3.9. If f € T (3) of the form (1.1) then
(3.45) I\ < 12
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Proof Let f € T (3) of the form (1.3) and using (3.41) in (3.15) , (3.16) , (3.17)
and (3.18), it follows that

1
2 2 2
Ay = 3 (030508 + cacg — cijcg — €3C6CT + CaCs5CT — 0506)

1
Ag = § (020508 — CaC7Ce + 0207 -+ 0302 — C3C4C8 — 040506)
1
Ag = g (626468 — C2C7Cy — C%Cg + c3c5c6 + cac3C7 — CZCG)
1
A = 3 (020406 — CQC% — C%CG + 2c3cac5 — Ci)
by using (2.1) and (2.3) in above equations, we obtain

Now by using the (3.46) , along with (2.5) in (3.4) , we obtain the desired result.
Hence it completes the proof of theorem.

Theorem 3.10. If f € T(%) of the form (1.1) then
(3.47) No| < 12

Proof Let f € T (3) of the form (1.3) and using (3.41) in (3.19) , (3.20) , (3.21)
and (3.22) , it follows that
1

2 2 2
Ay = 3 (cscees — c3¢7 — cacses + cacecr + 507 — C56¢)

1
2 2 2
Ay = 3 (020608 — cac7 — g + 2cqacs507 — 0506)

1
3
A3 = g (026508 — C2C7C6 — C3C4C8 + C3C5CT + C4C5C6 — 65)

1
ANV = § (020507 — 0202 — C3C4C7 + C3C5C6 + 6?166 - 0402)
by using (2.1) and (2.3) in above equations, we obtain
(3.48) [An] <3, [Ap <3, [Ag] <3, Al <3.

Now by using the (3.48) along with (2.5) in (3.5) , we obtain the desired result.
Hence it completes the proof of theorem.

Theorem 3.11. If f € T (3) of the form (1.1) then
(3.49) Ag| < 12

Proof Let f € T (3) of the form (1.3) and using (3.41) in (3.23) , (3.24) , (3.25)
and (3.26) , it follows that

1
2 2 3
As = 3 (C4C6C8 — c7cq — C5C8 + 2c5¢6C7 — CG)

—_

Ay = = (cscocs — e3¢ — cacses + cier + cacger — cscq)

8
1 2 2 2
A7 = 3 (636508 — C3C7C6 — C4C8 + C4C5CT7 + C4Cf — 0506)
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1

Alg = g (C3C5C7 — c;;c% — 642107 + 2646566 — Cg)
by using (2.1) and (2.3) in above equations, we obtain
(3.50) |A1s| <3, |Ar| <3, A7 <3, |As| < 3.

Now by using the (3.50) along with (2.5) in (3.6) , we obtain the desired result.
Hence it completes the proof of theorem.

Theorem 3.12. If f € T (3) of the form (1.1) then

(3.51) [Hs,1(f)| < 60

By putting the bounds found in theorem (3.7 ), (3.8) , (3.9) , (3.10) and (3.11)
along with (2.5) in (3.1) , we get our desired result.

4. BOUNDS OF Hj1(f) FOR TWOFOLD AND FOURFOLD SYMMETRIC FUNCTIONS

A function f is said to be n-fold symmetric if f(ez) = ef(z) holds for all z € U,
where ¢ = exp(%) means the principal n-th root of 1. The set of all n-fold
symmetric functions belonging to S is denoted by S, i.e. n fold univalent function
having the following expansion

(4.1) f(z) =2+ Zank+lznk+la zeU
k=1

An analytic function f of the form (4.1) belongs to the family 7 if and only if

f(ZZ) =p(z) with peP™
where
(4.2) PO = {p(z) :p(z) =1+ chkz”k}
k=1

Observe that if f € S® then f(z) = z+a52°+ a9z’ +... and consequently Hs1(f) =
a3(a? — ag) and if f € S@ consists all function of S which are odd and of the form
f(z) = z+azz®+az2°+... so Hs 1(f) = (a2 —azar) (a3 +aga3 + a2 — 2azasar — azay).
Theorem 4.1. In four fold Symmetric function

1 feTW then |Hs(f)| < 16.

2 fe (T(%))(‘D then |Hs1(f)| < %\1;?

Proof 1: Let f € T™ then there exist a function p € P such that
z
1) =p(2)

z
using the series (4.1) and (4.2) for n = 4, we can write
(4.3) as =c4, a9 =Cg
now Hs 1(f) = ad(a? — ay).
Therefore Hs 1(f) = c3(c3 — cg)
as maz{ci(c? — cg);p € P} which is same as maz{c}(c? — c2);p € P}
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because of the obvious equivalence p € P < ¢ € P provided that p(z) = q(z%)
By Lemma (2.2)

1
K =& - e) = 5é(d - o4~ &)
where || < 1. Since K is invariant under rotation, we can assume that ¢ = ¢ is a
non-negative real number; so ¢ € [0,2]. Hence
1
K] = 5 — (4 - o] < 2lef?

then maz{2c;c € (0 2)} = 16 Hence we get our desired result.
2. Let f € T(%)( then there exist a function p € P(™ such that

fz) _ 1
J\C) 1
&) ) +)
using the series (4.1) and (4.2) for n = 4, we can write
(4.4) 2(15 = C4, 2@9 = C8

now Hs 1(f) = a3(a2 — ag).

Therefore Hs1(f) = 55¢5(ci — 2cs8) as maz{z5¢5(c] — 2cs);p € P} which is
same as maz{z5¢3(c? — 2c2);p € P}

because of the obvious equivalence p € P*) < ¢ € P provided that p(z) = q(z*)
By Lemma (2.2)

1 2 1 2
K= 3201(61 2cp) = 501( z(4 — 7))
where |z| < 1. Since K is invariant under rotation, we can assume that ¢ = ¢ is a

non-negative real number; so ¢ € [0,2]. Hence
1 1
K] = e - (4 - )| < (4 - )

then it is easy to show that mam{ 354 —c?);ce(0,2)}) = 355 Hence we get our

desired result.

Theorem 4.2. For Two fold symmetry
1 feT®@ then |Hs1(f)| < 80.
2 fe(T(3)® then |Hs.(f)] < 3.

1 Let f € T® and it is clear that ag = a4 = ag = ag = 0, Consequently
Hs1(f) = (a2 — azar)(ad + agal + a? — 2azasar — asao)

Since f € T there exists a function p € P such that @ = p(z) by
using (4.1) and (4.2) for n = 2, we get

1+ a322 + a5z4 + a7z6 4. =142+ 0424 + 0626 + ...
.az =¢C2, a5 =~«C4, a7 =Cg, Qa9 =Cg

|Hs1(f)] = |(c] — eaco)((cacs — c) + ca(cacs — caco) + ca(cf — caco)))|
By using triangular inequality and Lemma (2.3) we get our desired result.
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2 For f € (T(3))® there exists a function p € P2 such that % = p(z) by
using (4.1) and (4.2) for n = 2, we get we can easily assemble the estimates

. 2a3 =ca, 2a5 =-c4, 2a7=cg, 2a9=cg

1 1 1 1
|Hs1(f)] = \Z(Ci - 0206)(1(0408 —cg) + §02(C2CS — c4c6) + §C4(Ci — ¢ca¢6))|

By using triangular inequality Lemma (2.3) we get our desired result.
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