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We denote a pentagonal chain having k pentagons by C1
5,k. Clearly there are two

types of vertices, those of degree 2 and those of degree 4. The partition table for
the vertices is

di ♯ vi

2 3k + 2
4 k − 1

Table 1. Vertex par-
tition table of C1

5,k

where ♯ is used for the statement ”the number of”. There are two types of edges
one type having two end vertices of degree 2 and other type having one end vertex
of degree 2 and the other of degree 4. Hence the partition table for edges of C1

5,k is
as follows:

(di, dj) ♯ (vi, vj)
(2,2) k + 4
(2,4) 4(k − 1)

Table 2. The edge
partition table of C1

5,k

2. Main additive results

In this section, we study some additive topological graph indices of C1
5,k. The

indices we are interested in here are listed below:

The first and second Zagreb indices are defined in [2] as follows:

M1(G) =
∑

u∈V (G) du
2

and
M2(G) =

∑
uv∈E(G)(dudv).

The forgotten index is introduced by

F (G) =
∑

u∈V (G) du
3.

The first and second generalized Zagreb indices are defined as follows:

Mα
1 (G) =

∑
u∈V (G) du

α

and
Mα

2 (G) =
∑

uv∈E(G)(dudv)
α.

The redefined first, second and third Zagreb indices of a graph G are respectively
defined by

ReZG1(G) =
∑

u,v∈E(G)[
d(u)+d(v)
d(u)·d(v) ],
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ReZG2(G) =
∑

u,v∈E(G)[
d(u)·d(v)
d(u)+d(v) ]

and
ReZG3(G) =

∑
u,v∈E(G)[d(u) · d(v)][d(u) + d(v)].

For all real values of r and s, the second Gourava index is defined by

Mr,s(G) =
∑

u,v∈E(G)[d(u)
r · d(v)s + d(u)s · d(v)r].

The reformulated first and third Zagreb indices of a graph G are respectively defined
by

RM1(G) =
∑

u,v∈E(G)[d(uv)
2]

=
∑

u,v∈E(G)[d(u) + d(v)− 2]2

and
RM3(G) =

∑
u,v∈E(G)[d(uv)

3].

The inverse sum index is defined by

ISI(G) =
∑

uv∈E(G)
dudv
du+dv .

Next we recall the sigma index. It is an important irregularity measure defined by

σ(G) =
∑

uv∈E(G)(du− dv)2.

The Bell index is defined as another irregularity measure by

B(G) =
∑

u∈V (G)(du− 2m
n )2

where the order and size of G are denoted by n and m, respectively.

The irregularity index is defined as another irregularity index by taking all the
vertex degrees into account:

Irr(G) =
∑

u∈V (G)

∣∣du− 2m
n

∣∣ .
Another well-known irregularity index is the Albertson index defined by the sum

of absolute values of all the differences between degrees of pairs of vertices forming
an edge:

Alb(G) =
∑

uv∈E(G) |du− dv|.
Generalized Harmonic index is similarly defined by taking arbitrary power α as

follows:

H∗
α(G) =

∑
uv∈E(G)

(
2

du+dv

)α
.

One of the famous degree based topological graph indices is the atom bond con-
nectivity index which has molecular applications in terms of atoms and chemical
bonds between them which are respectively modeled by vertices and edges of the
graph modeling the molecule:

ABC(G) =
∑

uv∈E(G)

√
du+dv−2

dudv .

The geometric-arithmetic index is defined as the ratio of these two means over
all the edges of the graph by

GA(G) =
∑

uv∈E(G)
2
√
dudv

du+dv .
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The augmented Zagreb index is defined by

AZ(G) =
∑

uv∈E(G)

(
dudv

du+dv−2

)3
.

One of the most well-known topological graph indices is known as the Randić
index which is defined as

R(G) =
∑

uv∈E(G)
1√
dudv

.

The reciprocal Randić index is defined similarly to Randić index and has some
advantages in chemical calculations:

RR(G) =
∑

uv∈E(G)

√
dudv

and finally, we recall the sum connectivity index as

χ(G) =
∑

uv∈E(G)
1√

du+dv
.

We now present our main result of the section:

Theorem 2.1. Some additive topological graph indices of C1
5,k are

M1(C
1
5,k) = 4(7k − 2);

M2(C
1
5,k) = 4(9k − 4);

F (C1
5,k) = 8(11k − 10);

Mα
1 (C

1
5,k) = 2αk(3 + 2α) + 2α+1(1− 2α−1);

Mα
2 (C

1
5,k) = 22α(k(2α+2 + 1) + 4− 2α+2);

ReZG1(C
1
5,k) = 4k + 1;

ReZG2(C
1
5,k) = 19k+4

3 ;

ReZG3(C
1
5,k) = 16(13k − 8);

Mr,s(C
1
5,k) = 2r+s+1

(
k(1 + 2r+1 + 2s+1) + 2(1− 2r − 2s)

)
;

RM1(C
1
5,k) = 4(17k − 12);

RM3(C
1
5,k) = 8(33k − 28).

ISI(C1
5,k) = 19k−4

3 ;

σ(C1
5,k) = 16(k − 1);

B(C1
5,k) = 4(3k+2)(k−1)

4k+1 ;

Alb(C1
5,k) = 8(k − 1);

H∗
α(C

1
5,k) = (k + 4)2−α + 4(k − 1)3−α;

ABC(C1
5,k) = 5

√
2

2 k;

GA(C1
5,k) = (3+8

√
2)k+12−8

√
2

3 ;

AZ(C1
5,k) = 40k;

R(C1
5,k) = 1+2

√
2

2 k + 2−
√
2;

RR(C1
5,k) = 2

[
(1 + 4

√
2)k + 4(1−

√
2)
]
;



PENTAGONAL CHAINS 105

χ(C1
5,k) = 3+4

√
6

+ k + 2(3−
√
6)

3 .

Proof. We start with the first Zagreb index using Table 1 giving the vertex partition
of C1

5,k. We have

M1(C
1
5,k) =

∑
v∈V (G) dv

2

= 22(3k + 2) + 42(k − 1)

= 4(7k − 2).

Secondly, by Table 2, we have

M2(C
1
5,k) =

∑
uv∈E(G) dudv

= 2 · 2 · (k + 4) + 2 · 4 · (4k − 4)

= 4(9k − 4).

Next, we have the forgotten index of C1
5,k by means of Table 1:

F (C1
5,k) = 23(3k + 2) + 43(k − 1)

= 8(11k − 10)

For other indices, we do similar calculations as below to obtain the result:

Mα
1 (C

1
5,k) = 2α(3k + 2) + 4α(k − 1)

= 2αk(3 + 2α) + 2α+1(1− 2α−1)

Mα
2 (C

1
5,k) = (2 · 2)α(k + 4) + (2 · 4)α(4k − 4)

= 22α
[
k + 2α+2k + 4− 2α+2

]
Hα(C

1
5,k) = (2 + 2)α(k + 4) + (2 + 4)α(4k − 4)

= 2α (k(2α + 4 · 3α) + 4(2α − 3α))

ReZG1(C
1
5,k) = 2+2

2·2 (k + 4) + 2+4
2·4 4(k − 1)

= 4k + 1

ReZG2(C
1
5,k) = 2·2

2+2(k + 4) + 2·4
2+44(k − 1)

= 19
4 k + 4

3

ReZG3(C
1
5,k) = 2 · 2(2 + 2)(k + 4) + 2 · 4(2 + 4)4(k − 1)

= 16(13k − 8)

Mr,s(C
1
5,k) = (2r2s + 2r2s)(k + 4) + (2r4s + 4r2s)(4k − 4)

= 2r+s+1
(
k(1 + 2r+1 + 2s+1) + 2(1− 2r − 2s)

)
RM1(C

1
5,k) = (2 + 2− 2)2(k + 4) + (2 + 4− 2)2(4k − 4)

= 4(17k − 12)

RM3(C
1
5,k) = (2 + 2− 2)3(k + 4) + (2 + 4− 2)3(4k − 4)

= 8(33k − 28)

ISI(C1
5,k) = (k + 4)44 + 4(k − 1)86

= 1
3(19k − 4)



106 B. K. MAJHI, P. MAHALANK, O. CANGUL, AND I. N. CANGUL

σ(C1
5,k) = 4(k − 1)(2− 4)2

= 16(k − 1)

B(C1
5,k) = (3k + 2)(2− 10k

4k+1)
2 + (k − 1)(4− 10k

4k+1)
2

= 4(3k+2)(k−1)
4k+1

H∗
α(C

1
5,k) = (k + 4)(24)

α + 4(k + 1)(26)
α

= (k + 4)2−α + 4(k − 1)3−α

Rα(C
1
5,k) = (k + 4) 1

22α
+ 4(k − 1) 1

23α

= 2−2α (k + 4 + 4(k − 1)2−α)

H(C1
5,k) = (k + 4)24 + 4(k − 1)26

= 1
6(11k + 4)

ABC(C1
5,k) = (k + 4)

√
2
4 + 4(k − 1)

√
4
8

=
√
2
2 · 5n

GA(C1
5,k) = (k + 4)2

√
4

4 + 4(k − 1)2
√
8

6

= 1
3

(
12− 8

√
2 + k(3 + 8

√
2)
)

AZ(C1
5,k) = (k + 4)(42)

3 + 4(k − 1)(84)
3

= 40k

Alb(C1
5,k) = (k + 4)|2− 2|+ 4(k − 1)|2− 4|

= 8(k − 1)

R(C1
5,k) = (k + 4) 1√

4
+ 4(k − 1) 1√

8

= 1
2

(
2(2−

√
2) + (1 + 2

√
2)k

)
RR(C1

5,k) = (k + 4)
√
4 + 4(k − 1)

√
8

= 2
[
4(1−

√
2) + k(1 + 4

√
2)
]

χ(C1
5,k) = (k + 4) 1√

4
+ 4(k − 1) 1√

6

= 3+4
√
6

6 k + 6−2
√
6

3 .

□

3. Main multiplicative results

Next, we calculate some multiplicative topological indices of the pentagonal chain
C1
5,k. We have our main result:

Theorem 3.1. Some multiplicative topological indices of the pentagonal chain C1
5,k

are as follows:
Π1(C

1
5,k) = 210k;

Π2(C
1
5,k) = 22(7k−2);

Π3(C
1
5,k) = 215k;

NK(C1
5,k) = 25k;

Π∗
1(C

1
5,k) = 22(3k+2) · 34(k−1);
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GAΠ(C1
5,k) = 26(k−1)|cdot32(1−k);

HΠ1(C
1
5,k) =

(
23k+2 · 32k−2

)4
;

HΠ2(C
1
5,k) = (27k−2)4;

Hα(C
1
5,k) = (23k+2 · 32k − 2)2α;

RΠ(C1
5,k) = 22−7k;

χΠ(C1
5,k) = 2−3k−2 · 32(1−k);

ABCΠ(C1
5,k) = (

√
2
2 )5k.

Proof. By Table 1 and Table 2 for C1
5,k, we have

Π1(C
1
5,k) = (22)3k+2 · (24)k−1

= 210k;

Π2(C
1
5,k) = (22)k+4 · (23)4k−4

= 22(7k−2);

Π3(C
1
5,k) = (23)3k+2 · (26)k−1

= 215k;

NK(C1
5,k) = 23k+2 · 22k−2

= 25k;

Π∗
1(C

1
5,k) = (22)k+4 · (2 · 3)4k−4

= 22(3k+2) · 34(k−1);

GAΠ(C1
5,k) = (2

√
4

4 )k+4 · (2
√
8

6 )4k−4

= 26(k−1) · 34(1−k),

HΠ1(C
1
5,k) =

(
(22)2

)k+4 ·
(
(2 · 3)2

)4k−4

= (23k+2 · 32k−2)4;

HΠ2(C
1
5,k) =

(
(22)2

)k+4 ·
(
(23)2

)4k−4

= (27k−2)4;

Hα(C
1
5,k) =

(
(22)α

)k+4 · ((2 · 3)α)4k−4

= (23k+2 · 32k−2)2α;

RΠ(C1
5,k) = ( 1√

4
)k+4 · ( 1√

8
)4k−4

= 22−7k;

χΠ(C1
5,k) = ( 1√

4
)k+4 · ( 1√

6
)4(k−1)

= 2(−3k−2) · 32(1−k);

and finally

ABCΠ(C1
5,k) =

(√
4−2
4

)k+4

·
(√

6−2
8

)4(k−1)

= (
√
2
2 )5k.

□
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