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¢-DIFFERENCE EQUATION FOR GENERALIZED TRIVARIATE
¢-HAHN POLYNOMIALS

SAMA ARJIKA AND MAHAMAN KABIR MAHAMAN

ABSTRACT. In this paper, we introduce a family of trivariate g-Hahn polynomi-
als U™ (z,y, z|q) as a general form of Hahn polynomials ¢\ (z|q), ¥\ (z, y|q)
and F,(z,y,z;q). We represent \I/%a)(;r,y, z|q) by the homogeneous g¢-difference
operator L(a, b;0y,) introduced by Srivastava et al [H. M. Srivastava, S. Arjika
and A. Sherif Kelil, Some homogeneous q-difference operators and the associated
generalized Hahn polynomials, Appl. Set-Valued Anal. Optim. 1 (2019), pp.
187-201.] to derive: extended generating, Rogers formula, extended Rogers for-

mula and Srivastava-Agarwal type generating functions involving \Il(na)(x,y, z|q)
by the g-difference equation.

1. INTRODUCTION

In this paper, we adopt the common conventions and notations on g¢-series. For
the convenience of the reader, we provide a summary of the mathematical notations,
basics properties and definitions to be used in the sequel. We refer to the general
references (see [10]) for the definitions and notations. Throughout this paper, we
assume that |g| < 1.

For complex numbers a, the g-shifted factorials are defined by:

n—1 00
(1.1) (a;q)0:=1, (a;q)n = H(l —aq®), (a;Q)e0 = H(l — ag®)
k=0 k=0

and (a1, a2, ..., @)m = (a1 Q)m(a2; @ -~ (@r; @)m, m € {0,1,2--- }.
The g-binomial coefficient is defined as [6]

q

k (O G Dot (GO

The basic or g-hypergeometric function in the variable z (see Slater [13, Chap. 3],
Srivastava and Karlsson [14, p. 347, Eq. (272)] for details) is defined as:

o a1,02,...,0r; . B 00 Ly 1+s—7r (a17a27”'7ar;q)n o
bl,bg,...,bs; n=0 ’ st UsSydn s 4)n

when r» > s+ 1. Note that, for r = s 4+ 1, we have:

a1,a2,...,0r41;

oo
gz _Z(a17a27"'7aT+1;Q)n 2"
; =

r+1 (I)r .
by.bo. ... by = (b1boy b (50)n
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We will be mainly concerned with the Cauchy polynomials as given below [5]

(1.2) pal@,y) = (2 —y) (& —qy) - (z = ¢""'y) = (y/;0)n 2"
with the Srivastava-Agarwal type generating function
n Ay/a;
(1.3) an : = 2Py g at
Q)n 0:

For A = 0, we get the generating function [5]

(1.4) Sl y) e = W D)oo
n=0

(G)n (@59

The generating function (1.4) is also the homogeneous version of the Cauchy identity
or the g-binomial theorem given by [6]

oo
(@5 Dk [ a (423 0)oo
1.5 z"¥ =1Pg g, 2| = ———, |z| < 1.
9 kzo (@3 Ok - Gae
Putting a = 0, the relation (1.5) becomes Euler’s identity [6]
k

(1.6) Y o= 1<

(e (%0

and its inverse relation [6]
2 (—1)kq) 2k
= (@

Saad and Sukhi [12] defined the g-difference operator 6,
 flatey) — f(x,qy)
(18) exy{f(fﬁay)} T qilﬂf—y
which turns out to be suitable for dealing with the Cauchy polynomials. Their
corresponding g-exponential operator is
o q(§)

(1.9) B(265) = ) o
k=

ar

(17) = (Z;Q)oo

Y

(z ny)k.

Recently, Srivastava, Arjika and Kelil [15] (see [3]) have introduced the ¢-difference
operator L(a, b; 0,)

(1.10) (a,b;04y) = Z 19 (a q (b0,
k=0 B4
to study ¢-polynomials and related generating functions.
In this paper, our goal is to generalize the results of Srivastava, Arjika and Kelil
[15], and Mohameed [1]. We first construct the following generalized trivariate
g-Hahn polynomials as

(1.11) \Ifﬁf)(x,y,z\q) Vg~ )Z[ ] k (2)(CLQQ)kpn—k(yax)Zk

q
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Remark 1.1. For ¢ = 0, the generalized trivariate g-Hahn polynomials

\I/,(la)(:z:, y, z|q) are the well known trivariate g-polynomials F),(x,y, z; q) investigated
by Mohameed (see [1] for more details), i.e.,

(1.12) VD (2,9, 2|q) = Fu(z,y, 2 q).
If we let a = 0, y = ax and z = y, the generalized trivariate g-Hahn polynomials
\117({1) (z,y, z|q) reduce to the second Hahn polynomials 1/},(1&) (z,yl|q) 4], i.e.,

(1.13) U (2, az,ylq) = ¥ (z, ylq).
(a)

Also, a = 0, y = ax and z = 1, the generalized trivariate ¢-Hahn ¥, (z,y, z|q)
reduce to Hahn polynomials 1/17(51) (z]q) [2], i-e.,

(1.14) U (2, az,1]q) = ¥ (zg).

The polynomials (1.11) can be represented by the homogeneous g-difference op-
erator (1.10) as follows.

Proposition 1.2.

(1.15) U (2,9, 21a) = (0, 200) { (-0 Opuly,2)}
Proof. By identity (1.10) and taking into account 0,yp, (y, ) = —(1—¢") pn-1(y, x),
we get the result. O

In light of 65, [(2t; ¢)oo/ (yt; @)oo) = (—)*[(2; )oo/ (yt; @)oo, We have the following
identity

= (zt; Q)oo} (75 9) oo @
1.16 L(a,z;0, = P ; 2t
(11 ( y>{(yt; S T R I

The main object of this paper is to use the g-difference equation to derive some
identities such as: extended generating function, Rogers formula, extended Rogers
formula and Srivastava-Agarwal type generating functions.

The paper is organized as follows. In Section 2, we state two theorems and give
the proofs. We derive an extended generating function for these g-polynomials. In
Section 3, we state the Rogers formula and extended Rogers formula and give the
proofs by the g-difference equation. In Section 4, we obtain Srivastava-Agarwal type
generating functions involving the generalized trivariate g-Hahn polynomials by the
method of ¢-difference equation.

2. MAIN RESULTS AND PROOFS

In this section, we introduce another extension of g-Hahn polynomials. Then,
we represent it by the homogeneous g¢-difference operator and derive an extended
generating function.

Theorem 2.1. Let f(a,b, x,y, z) be an 5-variable analytic function at (a,b,x,y, z) =
(0,0,0,0,0) € C3. If f(a,b,x,y,2) satisfies the q-difference equation

(2.1) (¢ 'z —y)|fla,b,2,y,2) — f(a,b, x,y,qZ)] = Z[f(a, bq 'z, y, qz)—
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f(a,b,ﬂ:,quq@} +az [f(a, b,z,qy,q%z) — fla,b,q 'z, y,q°2) |,
then we have:

(2.2) fla,byz,y,2) = Z(a, z; Gmy){f(a, b, x,vy, 0)}

Corollary 2.2. Let f(b,z,y,z) be an 4-variable analytic function at (b,x,y,z) =
(0,0,0,0) € C*. If f(b,z,y,2) satisfies the q-difference equation

(23) (q_lx - y) f(b,a:,y, Z) - f(baxvya qZ):|

=z |:f(b7 qilxv Y, qZ) - f(b7 x,qY, qZ) ]
then we have:

(24) f(bvl'aya Z) = E(z&zy){f(b,x, y70)}

Proof. From the theory of several complex variables [11], we begin to solve the
g-difference equation (2.3). First we may assume that

(2.5) fla,b,z,y,2) =Y An(a,b,z,y)2".
n=0
Substituting (2.5) into (2.3), we get:
(@ 'z—y)> (1 —q")An(a,bz,y)2" =Y ¢"(1—aq") [An(a, bq 'x,y)
n=0 n=0

— Ay(a, b,m,qy)} P
Comparing coefficients of z™, n > 1, we find that
(¢7'z —y)(1 — ¢")An(a,b,z,y)
=¢""'(1—ag"™) [Anq(a’ bq~ x,y) — Ap_i(a, bz, qy)]

After simplification, we get:

1— n—1
An(au b7 x, y) = qnillaiqnexy{An—l (CL, b7 x, y)}
—q

By iteration, we gain
(2.6) An(asb,z,y) = ¢ Q)"% [Ao(a, b,x, y)} ‘

(¢ 2)n
Just taking z = 0 in (2.5), we immediately obtain Ag(a,b,z,y) = f(a,b,x,y,0).
Substituting (2.6) back into (2.5), we achieve (2.3). O

Theorem 2.3 (Extended generating function for \I/%a)(x,y,z|q)). For |yt| < 1, we
have:
(—1)nthg("s") ¢m

(45 On

27 S0 (2,y,2lq)
n=0
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ok (@t @)oo o= (4%, 4t @) ¢" B, @ ¢ 2t
Wt @)oo 2= (21,43 q)n 0
Corollary 2.4. For |yt| < 1, we have:
i Frir(@,y, 2 q) (_1)n(+,kq(n2+k) &
oy 4 q)n
_k (xt,zt; Q)oo P qikﬁyt,o; .
W@ = o o

Remark 2.5. For a =0, (2.7) reduces (2.8). For a =0 and k =0, (2.7) and (2.8)

reduce to the generating function for \117({1) (z,y,2|q)

( D@ ¢ (0t 9)o @
2.9 \I/ (x,y, z|q = 191 gzt , |yt| <1
29 Z g (43 On (Wt @)oo 0; ol

and [1, Theorem 2.6].
To prove the Theorem 2.3, the following Lemma is necessary.

Lemma 2.6. ¢-Chu-Vandermonde formula [6, Eq. (I1.6)]

—n .
q 7a7

c/a;q)n o,
(2.10) o®q qq| = (/_7q)a .
c (¢ )n
Proof of Theorem 2.3. Denoting the right-hand side of equation (2.7) by F(a,t,x,y, 2),
we have:

k —k n n a;
_ ; tq"; @)oo ’
2.11 Fla,t,z,y,2) =t F (6% a)ng" (@ D s 2tq"
(2.11) ( Y, 2) > : i 0w N q; 2tq
Because equation (2.11) satisfies (2.3), we have:
F(a,t,z,y,z) = ~(a 2;02y) { F(a, t x y,O)}
- q" (21q4"; q) o
= a,z;0 tk !
Ll 26 { nz% (ytq™: @)oo
(@t @)oo,k oyt @)n q"
= L(a,z;0 =t
(2 my){ (Yt; @)oo Z (2t,4;)n }
: q ", yt;
~ xt; _
= L(a, z;04y) thsmt Fo®y ¢;q| ¢ by (2.10)
ytiq ot
t.
(xt; Q)k (yt; q)
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= a z ny {an-i-k y,r (q; Q)n}
= ZL a, 2;6y) { 1)"tFq 7(n2+k)1?n+k(y737)}

Tl

) (—1) g by (115
= (@3 0)n ( +k)
) (@ (_1)n+k:q( > )tn
= v ey, zlg ;
nz:% N TN
which is the left-hand side of (2.7). O

3. THE ROGERS FORMULA FOR 0¥ (z,y, 2|q)

In this section, we give Rogers formula and extended Rogers formula for the
(a)(

generalized trivariate g-Hahn polynomials ¥y,
g-difference equations.

x,9, z|q) by using the homogeneous

Theorem 3.1 (Roger’s-type formula for \IJT({I)(

) S S, ()1

n=0m=0

z,y,2|q)). We have:

__@sge 5~ Wsakd o
(t/5:y8;:q)oo =5 (5a/1,25,4; ) 0;

where max{|t/s|,|ys|} < 1.
Corollary 3.2. We have:

S By ziq)(—1y gt

n=0m=0

yt,0,0,0;

= 41P3 4|
(t/svyqu)oo Sq/t,xS,ZS;

(5,25 @) 0

where max{|t/s|,|ys|} < 1.

Proof. Denoting the right-hand side of equation (3.1) by G(a, s, z,y, z), we have:

o] k a;

xrsq QQ)oo k

3.3) Gl(a,s,z,y,z2) 191 q; 25q
(33) t/s 1) oo kzo sq/t aq ysq’“;Q)oo 0;

Because equation (3.3) satisfies (2.3), by (2.4), we have:
G(a,s,z,y,z) = L(a,z;@wy) {G(a,s,z,y,0)}

0 k

= Lla. z: 1 1 (xsqk;Q)OO
- e ,sz){(t/s;q)oo £ (sa/t,q; ) (ysqk;‘ﬂw}
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ys; Q)" 1

M8

g 18

bl
Il
o

g 18
B
g}

WE

s, ¢:q)r (tq7%/5:¢)
ys; @)rg"(—t/s)Fq~ B *

(
(s, q; @)k (t/5:9)o0(50/t: @)k
(ys; Q)ud" (— t/s>kq<’5>k}
(
(

}

(t/s)"

g 18
B
g

WE

(x5, 4; )k
q(2

>

n=0

—nk

g 18
B
é

ys;

s;

8

ys; qu Z t/S

TS, q G @k

hE

NPl NN NP S] NN N N2

QQ‘Q»Q»Q»QQ»QQ»Q

Ys;

8

(
) < ,ys,qm
( Z (zs,4;9)k

G Dn =

NE

=0

3
|

3wl

m=0

xs;

(755 0)n (Y55 @)oo

n+'m,) Sm

x,y, 2|q)(—1)" gl

which is the left-hand side of (3.1).

Theorem 3.3 (Extended Roger’s-type formula for ¥y,

00
Z\anrerk T,y
k=0

0
n=0

o
m=0

(2w; q) oo

(a) (

°°} by (2.12)

(¢ Om

}

}

)

z,y,2lq))-

(_1 n+m+kq("+2m+k) 7 gmk

,2|q)

(yw; q); ¢

B (s/tt)w, yw; @)oo

[o@)
2 (o, g/, 0:4)

where max{|s/t|, |t/w|, |yw|} < 1.

Remark 3.4. For s =0, (3.4) reduces to (3.1).

Proof of Theorem 3.3. Denoting the right-hand side of equation (3.4) by H

we have:

(3.5)

H(a,w,z,y,2)

k

(2wg”; @)oo

- (s/t, t/w Qoo

>

k=0

qw/t GOk (YoaF; @)oo

(@ D@ O)m (@ O

191

191

(a:9)

q—nk
n

We have:

a;

0;

g 2w |

(a?w7 -’,U, y7 z)?
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Because equation (3.5) satisfies (2.3), by (2.4), we have:

H(a7w7x7y7 Z) - E(GVZ;HCC:U) {H(a’ W, y70)}
7 S A )
= L(a,z 0,
( v) (s/t, t/w )0 2 qw/t @ q)k (Ywa¥; q)oc
k=0
1 = 1 ¢ (awg"iq)x
= —IL(a,z0,
(s/t:q)oo ( y){(t/W§Q)ookZ:[)(qw/taQ§Q)k (ywq"; @)oo
1 -~
= W‘L(QVZ;@WJ) {F(a7w7x7y70)} by (210)
m mEky m k
(a) (=)™ HrgBTm
= \I’m Y, z|q
S/t q)oo kZOmZO R 7 B PO
o0 ] m+k
S/t ’rL ( 1)m+k‘q( + )tm wk
= v (2., 2lq)
,;) kzo,;) * (@G Dm (GO
m-+k
“ (_1)m+kq( )tm noogn Wk
(3.6) = UL, (@, y.2la) .
kZOmZ:Omz:n i (4 @)m (4 On (¢ Ok
Replacing m by m + n in (3.6), we obtain:
[e ] [e ] o0 n+m-+k
(_1)n+m+kzq( +2 + )tn sk
H(a,w,z,y,2) v (2, 2]g)
;mz;okzo wimid (@ m (& Dntm (g O
which is the left-hand side of (3.4). O

4. SRIVASTAVA-AGARWAL TYPE GENERATING FUNCTIONS FOR GENERALIZED
TRIVARIATE q—HAHN POLYNOMIALS

The Hahn polynomials [8,9] (or Al-Salam and Carlitz polynomials [2]) are defined
as

n

(1) o0l =3 | | @ana

k=0 q

Srivastava and Agarwal gave the following generating function.
Lemma 4.1 ([16, Eq. (3.20)]). Suppose that max{|t|, |xt|} < 1, we have:

A, Q
;)nt” (M9 7

4.2 E ol = P -t

(4.2) ,q) tq)se - " A G

The generating function (4.2) is called Srivastava-Agarwal type generating func-
tions for the Al-Salam-Carlitz polynomials [16].

In this section, we give Srivastava-Agarwal type generating function for the gener-
alized trivariate g-Hahn polynomials \I/%a)
equation.

(x,y, z|q) by the homogeneous ¢-difference

Theorem 4.2. For |yvt| < 1, we have:
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s —1)"g(3) g
> U (., 2[q)pa (v, u)%

= (¢ @)n
v, zvt; (yvt; v)" @
_(/ )oo Zy ;O (1/V) 1, ¢ 2vtq
(yvt; @)oo (xvt, q; q)n 0:
Corollary 4.3. For |yvt| < 1, we have:
o0 n
—1)"g(2) ¢n
S Fu(e. gz q)paln ) L
—~ (¢ 9)n
(1/v, 2vt, 20t @)oo yt,0,0
= (vt q) 3P ¢ =
Yt Qoo zvt, zvt;
Corollary 4.4. For |yt| < 1, we have:
o n
" (Q)t”
) DT @,y 2l0) (X @)n (=1
= (¢ @)n
\. ot > (yt: A" a;
_ At foo NS Whan A 5 ¢ 2tq

1
(Wt @)oo 2= (2, ¢5)n 0;

Remark 4.5. For v =1, (4.4) reduces to (4.5).

Corollary 4.6. For |axt| < 1, we have:

(4.6) Zw z,yla) (A @n CLRa 2 87 (hyothytiq) 3P2 a A
(¢ Dn (axt;q) zt, yt;
and
n t,0,0
(=D"q¥ e (Nt tg)e “r
4.7 1/1 (z|lq)(A; ¢ = P q; A
(7 Z D (¢ D)n (azt; @) ° ot t:

Remark 4.7. Setting v =1,a =0, y = ar and z = y in (4.4), we get (4.6). For
v=1,a=0,y=azr and z = 1, (4.4) reduces to (4.7). For y = 1, (4.6) reduces to
(4.7).

Before we prove the Theorem 4.3, the following Lemma is necessary.
Lemma 4.8 ([7, Eq. (IIL.1)]). For {|c|,|z|,|b|} < 1, we have:

c/b, z;
2@ q;b
az;

a,b;
» Y b .
(4.8) 5 ®q gzl = ( 7a27Q)oo

e (¢, 2:9)oc
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Proof of Theorems 4.3. Denoting the right-hand side of equation (4.4) by H'(a,t, x,y, 2),
we have:
0 a,
zvtq"; @)oo (/)" ’
49)  H(a,t,2,9,2) = (1/Vi@)eo ( : 191 q; zvtq"
“9) ( )= /e = (yrtg"; 4)oo (4 @)n 0.

Because equation (4.9) satisfies (2.3), by (2.4), we have:
H'(a,t,z,y,2) = Z(a,z; Ozy) {H’(a,t,x,y,O)}

[e.e]

L 2vtq"; q)oo (1/V)"
= Lle,z6s) (“/”;Q)OOZ((yutci]n;qcz))mgg;/q))rl

n=0
t,0;
. t: yve, Us
= (az00) d WIEDx g o
(yvt; @)oo otV
By using (4.8) and (1.3), the last relation becomes
o0
~ v, 1) t"
H’(a, t,z,y, Z) = L(a’ Z3 ny) an(y7 x)w
o (4 Dn

= Zz(a,z§0xy) (_1)nq—(3)pn(y’x)
n=0

(=)l ¢
(¢:q)n
= 1

= SO,y 2la)pa )
n=0 q

Xpn (¥, 1) by (1.15)

which is the left-hand side of (4.4). This achieves the proof. O
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