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2 S. ARJIKA AND M. K . MAHAMAN

We will be mainly concerned with the Cauchy polynomials as given below [5]

pn(x, y) := (x− y)(x− qy) · · · (x− qn−1y) = (y/x; q)n x
n(1.2)

with the Srivastava-Agarwal type generating function

(1.3)
∞∑
n=0

pn(x, y)
(λ; q)n t

n

(q; q)n
= 2Φ1

 λ, y/x;

0;
q;xt

 .
For λ = 0, we get the generating function [5]

(1.4)

∞∑
n=0

pn(x, y)
tn

(q; q)n
=

(yt; q)∞
(xt; q)∞

.

The generating function (1.4) is also the homogeneous version of the Cauchy identity
or the q-binomial theorem given by [6]

(1.5)

∞∑
k=0

(a; q)k
(q; q)k

zk = 1Φ0

[
a
− ; q, z

]
=

(az; q)∞
(z; q)∞

, |z| < 1.

Putting a = 0, the relation (1.5) becomes Euler’s identity [6]

(1.6)

∞∑
k=0

zk

(q; q)k
=

1

(z; q)∞
|z| < 1

and its inverse relation [6]

(1.7)

∞∑
k=0

(−1)kq(
k
2) zk

(q; q)k
= (z; q)∞.

Saad and Sukhi [12] defined the q-difference operator θxy

(1.8) θxy
{
f(x, y)} :=

f(q−1x, y)− f(x, qy)

q−1x− y
,

which turns out to be suitable for dealing with the Cauchy polynomials. Their
corresponding q-exponential operator is

(1.9) E(zθxy) =
∞∑
k=0

q(
k
2)

(q; q)k
(z θxy)

k .

Recently, Srivastava, Arjika and Kelil [15] (see [3]) have introduced the q-difference

operator L̃(a, b; θxy)

(1.10) L̃(a, b; θxy) =
∞∑
k=0

q(
k
2) (a; q)k
(q; q)k

(b θxy)
k ,

to study q-polynomials and related generating functions.
In this paper, our goal is to generalize the results of Srivastava, Arjika and Kelil

[15], and Mohameed [1]. We first construct the following generalized trivariate
q-Hahn polynomials as

(1.11) Ψ(a)
n (x, y, z|q) = (−1)nq−(n2 )

n∑
k=0

[
n

k

]
q

(−1)kq(
k
2)(a; q)kpn−k(y, x)z

k.
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Remark 1.1. For a = 0, the generalized trivariate q-Hahn polynomials

Ψ
(a)
n (x, y, z|q) are the well known trivariate q-polynomials Fn(x, y, z; q) investigated

by Mohameed (see [1] for more details), i.e.,

(1.12) Ψ(0)
n (x, y, z|q) = Fn(x, y, z; q).

If we let a = 0, y = ax and z = y, the generalized trivariate q-Hahn polynomials

Ψ
(a)
n (x, y, z|q) reduce to the second Hahn polynomials ψ

(a)
n (x, y|q) [4], i.e.,

(1.13) Ψ(0)
n (x, ax, y|q) = ψ(a)

n (x, y|q).

Also, a = 0, y = ax and z = 1, the generalized trivariate q-Hahn Ψ
(a)
n (x, y, z|q)

reduce to Hahn polynomials ψ
(a)
n (x|q) [2], i.e.,

(1.14) Ψ(0)
n (x, ax, 1|q) = ψ(a)

n (x|q).

The polynomials (1.11) can be represented by the homogeneous q-difference op-
erator (1.10) as follows.

Proposition 1.2.

(1.15) Ψ(a)
n (x, y, z|q) = L̃(a, z; θxy)

{
(−1)nq−(n2 )pn(y, x)

}
.

Proof. By identity (1.10) and taking into account θxypn(y, x) = −(1−qn) pn−1(y, x),
we get the result. □

In light of θkxy[(xt; q)∞/(yt; q)∞] = (−t)k[(xt; q)∞/(yt; q)∞], we have the following
identity

(1.16) L̃(a, z; θxy)

{
(xt; q)∞
(yt; q)∞

}
=

(xt; q)∞
(yt; q)∞

1Φ1

 a;

0;
q; zt

 .
The main object of this paper is to use the q-difference equation to derive some

identities such as: extended generating function, Rogers formula, extended Rogers
formula and Srivastava-Agarwal type generating functions.

The paper is organized as follows. In Section 2, we state two theorems and give
the proofs. We derive an extended generating function for these q-polynomials. In
Section 3, we state the Rogers formula and extended Rogers formula and give the
proofs by the q-difference equation. In Section 4, we obtain Srivastava-Agarwal type
generating functions involving the generalized trivariate q-Hahn polynomials by the
method of q-difference equation.

2. Main results and proofs

In this section, we introduce another extension of q-Hahn polynomials. Then,
we represent it by the homogeneous q-difference operator and derive an extended
generating function.

Theorem 2.1. Let f(a, b, x, y, z) be an 5-variable analytic function at (a, b, x, y, z) =
(0, 0, 0, 0, 0) ∈ C5. If f(a, b, x, y, z) satisfies the q-difference equation

(2.1) (q−1x− y)
[
f(a, b, x, y, z)− f(a, b, x, y, qz)

]
= z

[
f(a, b, q−1x, y, qz)−
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f(a, b, x, qy, qz)
]
+ az

[
f(a, b, x, qy, q2z)− f(a, b, q−1x, y, q2z)

]
,

then we have:

f(a, b, x, y, z) = L̃(a, z; θxy)
{
f(a, b, x, y, 0)

}
.(2.2)

Corollary 2.2. Let f(b, x, y, z) be an 4-variable analytic function at (b, x, y, z) =
(0, 0, 0, 0) ∈ C4. If f(b, x, y, z) satisfies the q-difference equation

(2.3) (q−1x− y)
[
f(b, x, y, z)− f(b, x, y, qz)

]
= z

[
f(b, q−1x, y, qz)− f(b, x, qy, qz)

]
,

then we have:

f(b, x, y, z) = E(zθxy)
{
f(b, x, y, 0)

}
.(2.4)

Proof. From the theory of several complex variables [11], we begin to solve the
q-difference equation (2.3). First we may assume that

(2.5) f(a, b, x, y, z) =
∞∑
n=0

An(a, b, x, y)z
n.

Substituting (2.5) into (2.3), we get:

(q−1x− y)

∞∑
n=0

(1− qn)An(a, b, x, y)z
n =

∞∑
n=0

qn(1− aqn)
[
An(a, b, q

−1x, y)

−An(a, b, x, qy)
]
zn+1.

Comparing coefficients of zn, n ≥ 1, we find that

(q−1x− y)(1− qn)An(a, b, x, y)

= qn−1(1− aqn−1)
[
An−1(a, b, q

−1x, y)−An−1(a, b, x, qy)
]
.

After simplification, we get:

An(a, b, x, y) = qn−1 1− aqn−1

1− qn
θxy

{
An−1(a, b, x, y)

}
.

By iteration, we gain

An(a, b, x, y) = q(
n
2 )
(a; q)n
(q; q)n

θnxy

[
A0(a, b, x, y)

]
.(2.6)

Just taking z = 0 in (2.5), we immediately obtain A0(a, b, x, y) = f(a, b, x, y, 0).
Substituting (2.6) back into (2.5), we achieve (2.3). □

Theorem 2.3 (Extended generating function for Ψ
(a)
n (x, y, z|q)). For |yt| < 1, we

have:

(2.7)

∞∑
n=0

Ψ
(a)
n+k(x, y, z|q)

(−1)n+kq(
n+k
2 ) tn

(q; q)n
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= t−k (xt; q)∞
(yt; q)∞

k∑
n=0

(q−k, yt; q)n q
n

(xt, q; q)n
1Φ1

 a;

0;
q; ztqn

 .
Corollary 2.4. For |yt| < 1, we have:

(2.8)

∞∑
n=0

Fn+k(x, y, z; q)
(−1)n+kq(

n+k
2 ) tn

(q; q)n

= t−k (xt, zt; q)∞
(yt; q)∞

3Φ2

 q−k, yt, 0;

xt, zt;
q; q

 .
Remark 2.5. For a = 0, (2.7) reduces (2.8). For a = 0 and k = 0, (2.7) and (2.8)

reduce to the generating function for Ψ
(a)
n (x, y, z|q)

(2.9)

∞∑
n=0

Ψ(a)
n (x, y, z|q)(−1)nq(

n
2 ) tn

(q; q)n
=

(xt; q)∞
(yt; q)∞

1Φ1

 a;

0;
q; zt

 , |yt| < 1

and [1, Theorem 2.6].

To prove the Theorem 2.3, the following Lemma is necessary.

Lemma 2.6. q-Chu-Vandermonde formula [6, Eq. (II.6)]

(2.10) 2Φ1

 q−n, a;

c;
q; q

 =
(c/a; q)n
(c; q)n

an.

Proof of Theorem 2.3. Denoting the right-hand side of equation (2.7) by F (a, t, x, y, z),
we have:

(2.11) F (a, t, x, y, z) = t−k
k∑

n=0

(q−k; q)n q
n

(q; q)n

(xtqn; q)∞
(ytqn; q)∞

1Φ1

 a;

0;
q; ztqn

 .
Because equation (2.11) satisfies (2.3), we have:

F (a, t, x, y, z) = L̃(a, z; θxy) {F (a, t, x, y, 0)}

= L̃(a, z; θxy)

{
t−k

k∑
n=0

(q−k; q)n q
n

(q; q)n

(xtqn; q)∞
(ytqn; q)∞

}

= L̃(a, z; θxy)

{
(xt; q)∞
(yt; q)∞

t−k
k∑

n=0

(q−k, yt; q)n q
n

(xt, q; q)n

}

= L̃(a, z; θxy)

(xt; q)∞
(yt; q)∞

t−k
2Φ1

 q−k, yt;

xt;
q; q

 by (2.10)

= L̃(a, z; θxy)

{
pk(y, x)

(xt; q)k

(xt; q)∞
(yt; q)∞

}
by (1.4)

= L̃(a, z; θxy)

{
pk(y, x)

∞∑
n=0

pn(y, xq
k) tn

(q; q)n

}
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= L̃(a, z; θxy)

{ ∞∑
n=0

pn+k(y, x)
tn

(q; q)n

}

=
∞∑
n=0

L̃(a, z; θxy)
{
(−1)n+kq−(n+k

2 )pn+k(y, x)
}

×(−1)n+kq(
n+k
2 ) tn

(q; q)n
by (1.15)

=

∞∑
n=0

Ψ
(a)
n+k(x, y, z|q)

(−1)n+kq(
n+k
2 ) tn

(q; q)n
,

which is the left-hand side of (2.7). □

3. The Rogers formula for Ψ
(a)
n (x, y, z|q)

In this section, we give Rogers formula and extended Rogers formula for the

generalized trivariate q-Hahn polynomials Ψ
(a)
n (x, y, z|q) by using the homogeneous

q-difference equations.

Theorem 3.1 (Roger’s-type formula for Ψ
(a)
n (x, y, z|q)). We have:

(3.1)

∞∑
n=0

∞∑
m=0

Ψ
(a)
n+m(x, y, z|q)(−1)n+mq(

n+m
2 ) tn

(q; q)n

sm

(q; q)m

=
(xs; q)∞

(t/s, ys; q)∞

∞∑
k=0

(ys; q)k q
k

(sq/t, xs, q; q)k
1Φ1

 a;

0;
q; zsqk

 ,
where max{|t/s|, |ys|} < 1.

Corollary 3.2. We have:

(3.2)
∞∑
n=0

∞∑
m=0

Fn+m(x, y, z; q)(−1)n+mq(
n+m
2 ) tn

(q; q)n

sm

(q; q)m

=
(xs, zs; q)∞
(t/s, ys; q)∞

4Φ3

 yt, 0, 0, 0;

sq/t, xs, zs;
q; q

 ,
where max{|t/s|, |ys|} < 1.

Proof. Denoting the right-hand side of equation (3.1) by G(a, s, x, y, z), we have:

(3.3) G(a, s, x, y, z) =
1

(t/s; q)∞

∞∑
k=0

qk

(sq/t, q; q)k

(xsqk; q)∞
(ysqk; q)∞

1Φ1

 a;

0;
q; zsqk

 .
Because equation (3.3) satisfies (2.3), by (2.4), we have:

G(a, s, x, y, z) = L̃(a, z; θxy) {G(a, s, x, y, 0)}

= L̃(a, z; θxy)

{
1

(t/s; q)∞

∞∑
k=0

qk

(sq/t, q; q)k

(xsqk; q)∞
(ysqk; q)∞

}
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= L̃(a, z; θxy)

{
(xs; q)∞
(ys; q)∞

∞∑
k=0

(ys; q)kq
k

(xs, q; q)k

1

(t/s; q)∞(sq/t; q)k

}

= L̃(a, z; θxy)

{
(xs; q)∞
(ys; q)∞

∞∑
k=0

(ys; q)kq
k

(xs, q; q)k

(−t/s)kq−(k2)−k

(tq−k/s; q)∞

}

= L̃(a, z; θxy)

{
(xs; q)∞
(ys; q)∞

∞∑
k=0

(ys; q)kq
k(−t/s)kq−(k2)−k

(xs, q; q)k

∞∑
n=0

(t/s)nq−nk

(q; q)n

}

= L̃(a, z; θxy)

{
(xs; q)∞
(ys; q)∞

∞∑
k=0

(ys; q)kq
k

(xs, q; q)k

∞∑
n=k

(−t/s)nq(k2)−nk

(q; q)n−k

}

= L̃(a, z; θxy)

{
(xs; q)∞
(ys; q)∞

∞∑
n=0

(t/s)n

(q; q)n

n∑
k=0

(q−n, ys; q)k q
k

(xs, q; q)k

}

= L̃(a, z; θxy)

(xs; q)∞
(ys; q)∞

∞∑
n=0

(t/s)n

(q; q)n
2Φ1

 q−n, ys;

xs;
q; q


=

∞∑
n=0

tn

(q; q)n
L̃(a, z; θxy)

(xs; q)∞
(ys; q)∞

s−n
2Φ1

 q−n, ys;

xs;
q; q

 by (2.10)

=

∞∑
n=0

tn

(q; q)n
L̃(a, z; θxy)

{
pn(y, x) (xs; q)∞
(xs; q)n(ys; q)∞

}
by (2.12)

=
∞∑
n=0

tn

(q; q)n

∞∑
m=0

Ψ
(a)
n+m(x, y, z|q)(−1)n+mq(

n+m
2 ) sm

(q; q)m
,

which is the left-hand side of (3.1). □

Theorem 3.3 (Extended Roger’s-type formula for Ψ
(a)
n (x, y, z|q)). We have:

(3.4)
∞∑
n=0

∞∑
m=0

∞∑
k=0

Ψ
(a)
n+m+k(x, y, z|q)

(−1)n+m+kq(
n+m+k

2 ) tn smωk

(q; q)n+m(q; q)m(q; q)k

=
(xω; q)∞

(s/t, t/ω, yω; q)∞

∞∑
j=0

(yω; q)j q
j

(xω, qω/t, q; q)j
1Φ1

 a;

0;
q; zωqj

 ,
where max{|s/t|, |t/ω|, |yω|} < 1.

Remark 3.4. For s = 0, (3.4) reduces to (3.1).

Proof of Theorem 3.3. Denoting the right-hand side of equation (3.4) byH(a, ω, x, y, z),
we have:

(3.5) H(a, ω, x, y, z)

=
1

(s/t, t/ω; q)∞

∞∑
k=0

qk

(qω/t, q; q)k
· (xωq

k; q)∞
(yωqk; q)∞

1Φ1

 a;

0;
q; zωqk

 .
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Because equation (3.5) satisfies (2.3), by (2.4), we have:

H(a, ω, x, y, z) = L̃(a, z; θxy) {H(a, ω, x, y, 0)}

= L̃(a, z; θxy)

{
1

(s/t, t/ω; q)∞

∞∑
k=0

qk

(qω/t, q; q)k

(xωqk; q)∞
(yωqk; q)∞

}

=
1

(s/t; q)∞
L̃(a, z; θxy)

{
1

(t/ω; q)∞

∞∑
k=0

qk

(qω/t, q; q)k

(xωqk; q)∞
(yωqk; q)∞

}
=

1

(s/t; q)∞
L̃(a, z; θxy) {F (a, ω, x, y, 0)} by (2.10)

=
1

(s/t; q)∞

∞∑
k=0

∞∑
m=0

Ψ
(a)
m+k(x, y, z|q)

(−1)m+kq(
m+k
2 )tm

(q; q)m

ωk

(q; q)k

=

∞∑
n=0

(s/t)n

(q; q)n

∞∑
k=0

∞∑
m=0

Ψ
(a)
m+k(x, y, z|q)

(−1)m+kq(
m+k
2 )tm

(q; q)m

ωk

(q; q)k

=

∞∑
k=0

∞∑
m=0

∞∑
m=n

Ψ
(a)
n+m(x, y, z|q)(−1)m+kq(

m+k
2 )tm−n

(q; q)m

sn

(q; q)n

ωk

(q; q)k
.(3.6)

Replacing m by m+ n in (3.6), we obtain:

H(a, ω, x, y, z) =
∞∑
n=0

∞∑
m=0

∞∑
k=0

Ψ
(a)
n+m+k(x, y, z|q)

(−1)n+m+kq(
n+m+k

2 )tn smωk

(q; q)m(q; q)n+m(q; q)k
,

which is the left-hand side of (3.4). □

4. Srivastava-Agarwal type generating functions for generalized
trivariate q-Hahn polynomials

The Hahn polynomials [8,9] (or Al-Salam and Carlitz polynomials [2]) are defined
as

(4.1) Φ(a)
n (x|q) =

n∑
k=0

[
n
k

]
q

(a; q)kx
k.

Srivastava and Agarwal gave the following generating function.

Lemma 4.1 ([16, Eq. (3.20)]). Suppose that max{|t|, |xt|} < 1, we have:

(4.2)
∞∑
n=0

Φ(α)
n (x|q)(λ; q)nt

n

(q; q)n
=

(λt; q)∞
(t; q)∞

2Φ1

 λ, α;

λt;
q;xt

 .
The generating function (4.2) is called Srivastava-Agarwal type generating func-

tions for the Al-Salam-Carlitz polynomials [16].
In this section, we give Srivastava-Agarwal type generating function for the gener-

alized trivariate q-Hahn polynomials Ψ
(a)
n (x, y, z|q) by the homogeneous q-difference

equation.

Theorem 4.2. For |yνt| < 1, we have:
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(4.3)

∞∑
n=0

Ψ(a)
n (x, y, z|q)pn(ν, µ)

(−1)nq(
n
2 ) tn

(q; q)n

=
(µ/ν, xνt; q)∞

(yνt; q)∞

∞∑
n=0

(yνt; q)n (µ/ν)
n

(xνt, q; q)n
1Φ1

 a;

0;
q; zνtqn

 .
Corollary 4.3. For |yνt| < 1, we have:

(4.4)

∞∑
n=0

Fn(x, y, z; q)pn(ν, µ)
(−1)nq(

n
2 ) tn

(q; q)n

=
(µ/ν, xνt, zνt; q)∞

(yνt; q)∞
3Φ2

 yνt, 0, 0;

xνt, zνt;
q;
µ

ν

 .
Corollary 4.4. For |yt| < 1, we have:

(4.5)
∞∑
n=0

Ψ(a)
n (x, y, z|q)(λ; q)n

(−1)nq(
n
2 ) tn

(q; q)n

=
(λ, xt; q)∞
(yt; q)∞

∞∑
n=0

(yt; q)n λ
n

(xt, q; q)n
1Φ1

 a;

0;
q; ztqn

 .
Remark 4.5. For ν = 1, (4.4) reduces to (4.5).

Corollary 4.6. For |axt| < 1, we have:

(4.6)

∞∑
n=0

ψ(a)
n (x, y|q)(λ; q)n

(−1)nq(
n
2 ) tn

(q; q)n
=

(λ, xt, yt; q)∞
(axt; q)∞

3Φ2

 axt, 0, 0;

xt, yt;
q;λ


and

(4.7)

∞∑
n=0

ψ(a)
n (x|q)(λ; q)n

(−1)nq(
n
2 ) tn

(q; q)n
=

(λ, xt, t; q)∞
(axt; q)∞

3Φ2

 axt, 0, 0;

xt, t;
q;λ

 .
Remark 4.7. Setting ν = 1, a = 0, y = ax and z = y in (4.4), we get (4.6). For
ν = 1, a = 0, y = ax and z = 1, (4.4) reduces to (4.7). For y = 1, (4.6) reduces to
(4.7).

Before we prove the Theorem 4.3, the following Lemma is necessary.

Lemma 4.8 ([7, Eq. (III.1)]). For {|c|, |z|, |b|} < 1, we have:

(4.8) 2Φ1

 a, b;

c;
q; z

 =
(b, az; q)∞
(c, z; q)∞

2Φ1

 c/b, z;

az;
q; b

 .
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Proof of Theorems 4.3. Denoting the right-hand side of equation (4.4) byH ′(a, t, x, y, z),
we have:

(4.9) H ′(a, t, x, y, z) = (µ/ν; q)∞

∞∑
n=0

(xνtqn; q)∞ (µ/ν)n

(yνtqn; q)∞(q; q)n
1Φ1

 a;

0;
q; zνtqn

 .
Because equation (4.9) satisfies (2.3), by (2.4), we have:

H ′(a, t, x, y, z) = L̃(a, z; θxy)
{
H ′(a, t, x, y, 0)

}
= L̃(a, z; θxy)

{
(µ/ν; q)∞

∞∑
n=0

(xνtqn; q)∞ (µ/ν)n

(yνtqn; q)∞(q; q)n

}

= L̃(a, z; θxy)

(µ/ν, xνt; q)∞
(yνt; q)∞

2Φ1

 yνt, 0;

xνt;
q;
µ

ν

 .

By using (4.8) and (1.3), the last relation becomes

H ′(a, t, x, y, z) = L̃(a, z; θxy)

{ ∞∑
n=0

pn(y, x)
pn(ν, µ) t

n

(q; q)n

}

=

∞∑
n=0

L̃(a, z; θxy)

{
(−1)nq−(n2 )pn(y, x)

}

×pn(ν, µ)
(−1)nq(

n
2 ) tn

(q; q)n
by (1.15)

=

∞∑
n=0

Ψ(a)
n (x, y, z|q)pn(ν, µ)

(−1)nq(
n
2 ) tn

(q; q)n
,

which is the left-hand side of (4.4). This achieves the proof. □
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