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with constants µ1, µ2 > 0, which is called a general system of variational inequalities
(GSVI). It is remarkable that GSVI (1.2) can be transformed into a fixed point
problem in the following way.

Lemma 1.1 ([7]). Given two points u∗, v∗ ∈ C. Then (u∗, v∗) is a solution of GSVI
(1.2) if and only if x∗ ∈GSVI(C,A1, A2), where GSVI(C,A1, A2) is the fixed point
set of the operator G := PC(I − µ1A1)PC(I − µ2A2), and y∗ = PC(I − µ2A2)x

∗.

The literature on the GSVI is vast and Korpelevich’s extragradient method has
received great attention given by many authors, who improved it in various ways and
applied it for solving the GSVI (1.2) and other optimization problems; see e.g., [1–6,
10,12] and references therein, to name but a few. In the case when A1 = A2 = A and
u∗ = v∗, the GSVI (1.2) reduces to the classical variational inequality problem (VIP)
of finding u∗ ∈ C s.t. ⟨Au∗, v − u∗)⟩ ≥ 0 ∀v ∈ C. In 2018, Cai et al. [2] designed a
viscosity implicit rule for finding a common element of the solution set of GSVI (1.2)
and the fixed point set of an asymptotically nonexpansive mapping T , and proved
that the sequence constructed by the proposed rule converges strongly to a point
in Ω = GSVI(C,A1, A2) ∩ Fix(T ), which solves a certain VIP. Very recently, Ceng
and Wen [8] suggested a hybrid extragradient-like implicit rule for finding a common
solution of the GSVI (1.2) and the CFPP of countably many uniformly Lipschitzian
pseudocontractive mappings {Sn}∞n=0 and an asymptotically nonexpansive mapping
T , i.e., for any given x0 ∈ C, the sequence {xn} is constructed by

(1.3)


zn = βnxn + (1− βn)Snzn,
qn = PC(zn − µ2A2zn),
pn = PC(qn − µ1A1qn),
xn+1 = PC [αnf(xn) + (I − αnρF )Tnpn] ∀n ≥ 0,

where {αn}, {βn} ⊂ (0, 1] are such that

(i) lim
n→∞

αn = 0,
∞∑
n=0

αn = ∞ and
∑∞

n=0 |αn+1 − αn| < ∞;

(ii) lim
n→∞

θn/αn = 0;

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1 and
∞∑
n=0

|βn+1 − βn| < ∞;

(iv)

∞∑
n=0

∥Tn+1pn − Tnpn∥ < ∞.

They proved that the sequence {xn} generated by (1.3) converges strongly to a
point x∗ ∈ Ω =

∩∞
n=0 Fix(Sn) ∩ GSVI(C,A1, A2) ∩ Fix(T ), which also solves the

VIP: ⟨(f − ρF )x∗, x− x∗⟩ ≤ 0 ∀x ∈ Ω .
On the other hand, the implicit midpoint rule has become one of the most effective

numerical methods for solving ordinary differential equations. In 2015, Xu et al. [15]
considered the following viscosity implicit midpoint rule:

(1.4) xn+1 = αnf(xn) + (1− αn)T (
xn + xn+1

2
) ∀n ≥ 0.

They proved that the sequence {xn} constructed by (1.4) converges strongly to a
point x∗ ∈ Fix(T ), which solves the VIP: ⟨(I − f)x∗, x − x∗⟩ ≥ 0 ∀x ∈ Fix(T ). In
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2018, Yan and Cai [16] suggested a modified viscosity implicit rule for an asymp-
totically nonexpansive mapping T with a sequence {θn}:

(1.5) xn+1 = αnxn + βnf(xn) + γnT
n(

xn + xn+1

2
) ∀n ≥ 0,

where f : C → C is a contractive map with constant δ ∈ [0, 1), and {αn}, {βn}, {γn} ⊂
[0, 1] are such that

(i) αn + βn + γn = 1 and lim supn→∞ αn < 1;
(ii) limn→∞ θn/βn = 0;
(iii) limn→∞ βn = 0 and

∑∞
n=0 βn = ∞;

(iv) limn→∞ ∥Tn+1xn − Tnxn∥ = 0.

They proved that if limn→∞ ∥xn+1 − xn∥ = 0, then the sequence {xn} constructed
by (1.5) converges strongly to a point x∗ ∈ Fix(T ), which solves the VIP: ⟨(I −
f)x∗, x− x∗⟩ ≥ 0 ∀x ∈ Fix(T ).

In this paper, we introduce a composite implicit viscosity extragradient method
for solving the GSVI (1.2) and the CFPP of an asymptotically nonexpansive map-
ping T and countably many nonexpansive mappings {Sn}∞n=0 in a real Hilbert space
H. Here the composite implicit viscosity extragradient method is based on Kor-
pelevich’s extragradient method, implicit viscosity approximation method, Mann’s
iteration method and the W -mappings constructed by {Sn}∞n=0. Under suitable as-
sumptions imposed on the parameters, we prove some strong convergence theorems
for finding an element x∗ ∈ Ω =

∩∞
n=0 Fix(Sn) ∩GSVI(C,A1, A2) ∩ Fix(T ). As an

application, we apply our main results to find a common solution of fixed point
problems of nonexpansive mappings, variational inequality problems and general
system of variational inequalities in H.

2. Preliminaries

Given a nonempty closed convex subset C ⊂ H and a sequence {xn} ⊂ H. The
notation xn → x (resp., xn ⇀ x) stands for the strong (resp., weak) convergence of
{xn} to x. For each point x ∈ H, we know that there exists a unique nearest point
in C, denoted by PCx, s.t. ∥x−PCx∥ ≤ ∥x− y∥ ∀y ∈ C. The operator PC is called
the metric projection of H onto C.

Lemma 2.1. The following hold:

(i) ⟨y − z, PCy − PCz⟩ ≥ ∥PCy − PCz∥2 ∀y, z ∈ H;
(ii) ⟨y − PCy, z − PCy⟩ ≤ 0 ∀y ∈ H, z ∈ C;
(iii) ∥y − z∥2 ≥ ∥y − PCy∥2 + ∥z − PCy∥2 ∀y ∈ H, z ∈ C;
(iv) ∥y − z∥2 = ∥y∥2 − ∥z∥2 − 2⟨y − z, z⟩ ∀y, z ∈ H;
(v) ∥λy+(1−λ)z∥2 = λ∥y∥2+(1−λ)∥z∥2−λ(1−λ)∥y−z∥2 ∀y, z ∈ H,λ ∈ [0, 1].

The following lemma is an immediate consequence of the inner product in H.

Lemma 2.2. The inequality holds: ∥y + z∥2 ≤ ∥y∥2 + 2⟨z, y + z⟩ ∀y, z ∈ H.

Lemma 2.3 ( [14]). Let {xn} and {zn} be bounded sequences in a Banach space X
and let {βn} be a sequence in [0, 1], satisfying the condition 0 < lim infn→∞ βn ≤
lim supn→∞ βn < 1. Suppose that xn+1 = βnxn + (1 − βn)zn ∀n ≥ 0 and
lim supn→∞(∥zn+1 − zn∥ − ∥xn+1 − xn∥) ≤ 0. Then limn→∞ ∥zn − xn∥ = 0.
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Lemma 2.4 ([17]). Let {an} be a sequence in [0,+∞) satisfying an+1 ≤ (1−sn)an+
δn ∀n ≥ 0, where {sn} and {δn} lie in R := (−∞,∞) s.t. (a) {sn} ⊂ (0, 1) and∑∞

n=0 sn = ∞, and (b) lim supn→∞
δn
sn

≤ 0 or
∑∞

n=0 |δn| < ∞. Then an → 0 as
n → ∞.

Let {Sn}∞n=0 be a countable family of nonexpansive self-mappings on C, and
{λn}∞n=0 be a sequence in [0, 1]. For any n ≥ 0, we define a mapping Wn : C → C
as follows:

(2.1)



Un,n+1 = I,
Un,n = λnSnUn,n+1 + (1− λn)I,
Un,n−1 = λn−1Sn−1Un,n + (1− λn−1)I,
· · ·
Un,k = λkSkUn,k+1 + (1− λk)I,
· · ·
Un,1 = λ1S1Un,2 + (1− λ1)I,
Wn = Un,0 = λ0S0Un,1 + (1− λ0)I.

Such a mapping Wn is nonexpansive and it is called a W -mapping generated by
Sn, ..., S1, S0 and λn, ..., λ1, λ0.

Lemma 2.5 ([13]). Let {Sn}∞n=0 be a countable family of nonexpansive self-mappings
on C with ∩∞

n=0Fix(Sn) ̸= ∅, and {λn}∞n=0 be a real sequence such that 0 < λn ≤
b < 1 ∀n ≥ 0. Then the following statements hold:

(i) Wn is nonexpansive and Fix(Wn) = ∩n
i=0Fix(Si) ∀n ≥ 0;

(ii) the limit limn→∞ Un,kx exists for all x ∈ C and k ≥ 0;
(iii) the mapping W : C → C defined by Wx := limn→∞Wnx = limn→∞ Un,0x ∀x ∈

C, is a nonexpansive mapping satisfying Fix(W ) = ∩∞
n=0Fix(Sn) and it is

called the W -mapping generated by S0, S1, ... and λ0, λ1, ....

Lemma 2.6 ([11]). Let {Sn}∞n=0 and {ζn}∞n=0 be as in Lemma 2.5. If D is any
bounded subset of C, then the following statements hold:

(i) limn→∞ supx∈D ∥Wnx−Wx∥ = 0;
(ii)

∑∞
n=0 supx∈D ∥Wn+1x−Wnx∥ < ∞.

Lemma 2.7 ([8]). Let the mapping A : C → H be α-inverse-strongly monotone.
Then, for a given λ ≥ 0, ∥(I−λA)x−(I−λA)y∥2 ≤ ∥x−y∥2+λ(λ−2α)∥Ax−Ay∥2.
In particular, if 0 ≤ λ ≤ 2α, then I − λA is nonexpansive.

The following lemma is an immediate consequence of Lemma 2.7.

Lemma 2.8 ([8]). Let the mappings A1, A2 : C → H be α-inverse-strongly mono-
tone and β-inverse-strongly monotone, respectively. Let the mapping G : C → C be
defined as G := PC(I − µ1A1)PC(I − µ2A2). If 0 ≤ µ1 ≤ 2α and 0 ≤ µ2 ≤ 2β, then
G : C → C is nonexpansive.

Lemma 2.9 ( [9]). Let X be a Banach space which admits a weakly continuous
duality mapping, C be a nonempty closed convex subset of X, and T : C → C be an
asymptotically nonexpansive mapping with a fixed point. Then I − T is demiclosed
at zero, i.e., if the sequence {xn} ⊂ C satisfies xn ⇀ x ∈ C and (I − T )xn → 0,
then (I − T )x = 0, where I is the identity mapping of X.
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3. Main results

In this section, we always assume that the following conditions hold:
{Sn}∞n=0 is a countable family of nonexpansive self-mapping on C, and {λn}∞n=0 ⊂

(0, b] for some b ∈ (0, 1).
T : C → C is asymptotically nonexpansive with {θn} and the mappings A1, A2 :

C → H are α-inverse-strongly monotone and β-inverse-strongly monotone, respec-
tively.

f : C → C is a δ-contraction with δ ∈ [0, 1), and Wn : C → C is a W -mapping
in (2.1) generated by Sn, ..., S1, S0 and λn, ..., λ1, λ0.

Ω :=
∩∞

n=0 Fix(Sn)∩GSVI(C,A1, A2)∩Fix(T ) ̸= ∅, where GSVI(C,A1, A2) is the
fixed point set of G := PC(I−µ1A1)PC(I−µ2A2) for 0 < µ1 < 2α and 0 < µ2 < 2β.

{tn} ⊂ (0, 1] and {αn}, {βn}, {γn} ⊂ (0, 1) are such that:

(i)
∑∞

n=0 αn = ∞ and limn→∞ αn = 0;

(ii) limn→∞
θn
αn

= 0 and αn + βn + γn = 1 ∀n ≥ 0;

(iii) 0 < lim infn→∞ γn and 0 < lim infn→∞ tn ≤ lim supn→∞ tn < 1.

Algorithm 3.1. Suppose that the above hypotheses are satisfied. Given an arbi-
trary x0 ∈ C. Let {xn} be the sequence generated by

(3.1)


vn = PC(xn+1 − µ2A2xn+1),
un = PC(vn − µ1A1vn),
yn = tnxn + (1− tn)Wnun,
xn+1 = αnf(xn) + βnxn + γnT

nyn ∀n ≥ 0.

We are now in a position to state and prove the first main result of this paper.

Theorem 3.2. Let {xn} be constructed by Algorithm 3.1. Assume Tn+1xn −
Tnxn → 0. Then xn → x∗ ∈ Ω ⇔ xn−xn+1 → 0, where x∗ ∈ Ω is the unique solu-
tion to the hierarchical variational inequality (HVI): ⟨(I−f)x∗, x−x∗⟩ ≥ 0 ∀x ∈ Ω.

Proof. First of all, we note that the mapping G : C → C is defined as G :=
PC(I − µ1A1)PC(I − µ2A2), where 0 < µ1 < 2α and 0 < µ2 < 2β. So, by Lemma
2.8, we know that G is nonexpansive. Meantime, by Lemma 2.5 (i), we know that
Wn is nonexpansive. Since θn = ◦(αn), without loss of generality, we may assume

that θn ≤ (1−δ)αn

2 ∀n ≥ 0. For each n ≥ 0 we define the mapping Fn : C → C as
follows:

Fn(x) = αnf(xn) + βnxn + γnT
n(tnxn + (1− tn)WnGx) ∀x ∈ C.

It is easy to see that for all x, y ∈ C,

∥Fn(x)− Fn(y)∥ = γn∥Tn(tnxn + (1− tn)WnGx)− Tn(tnxn + (1− tn)WnGy)∥
≤ γn(1 + θn)∥(tnxn + (1− tn)WnGx)− (tnxn + (1− tn)WnGy)∥
= γn(1 + θn)(1− tn)∥WnGx−WnGy∥
≤ γn(1 + θn)(1− tn)∥x− y∥.

Since γn(1+θn)(1−tn) = γn(1−tn)+θnγn(1−tn) ≤ γn+θn ≤ γn+
(1−δ)αn

2 < 1−βn,
by the Banach Contraction Principle, we deduce the existence and uniqueness of a
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fixed point xn+1 ∈ C for the operator Fn, i.e.,

(3.2) xn+1 = αnf(xn) + βnxn + γnT
n(tnxn + (1− tn)WnGxn+1).

This ensures that the sequence {xn} generated by (3.1) is well defined.
It is now clear that the necessity of the theorem is true. In fact, if xn → x∗ ∈ Ω ,

then we have

∥xn+1 − xn∥ ≤ ∥x∗ − xn+1∥+ ∥x∗ − xn∥ → 0 (n → ∞).

In order to prove the sufficiency of the theorem, we suppose xn − xn+1 → 0 and
divide the proof of the sufficiency into several steps.

Step 1. We claim the boundedness of {xn}. In fact, take an arbitrary p ∈ Ω .
Then Tp = p, Gp = p and Wnp = p ∀n ≥ 0. Choose a constant M > 0 sufficiently
large such that max{∥x0 − p∥, 2

1−δ∥f(p) − p∥} ≤ M . We proceed by induction to

show that ∥xn − p∥ ≤ M ∀n ≥ 0. Assume ∥xn − p∥ ≤ M for some n ≥ 0. We show
that ∥xn+1 − p∥ ≤ M . From (3.1) it follows that

∥xn+1 − p∥ ≤ αn(∥f(xn)− f(p)∥+ ∥f(p)− p∥) + βn∥xn − p∥
+ γn(1 + θn)×
× ∥tnxn + (1− tn)WnGxn+1 − p∥

≤ [αnδ + βn + γn(1 + θn)tn]∥xn − p∥
+ γn(1 + θn)(1− tn)∥xn+1 − p∥+ αn∥f(p)− p∥,

which immediately yields

∥xn+1 − p∥ ≤ αnδ + βn + γn(1 + θn)tn
1− γn(1 + θn)(1− tn)

∥xn − p∥

+
αn

1− γn(1 + θn)(1− tn)
∥f(p)− p∥

≤ [1− αn(1− δ)

2(1− γn(1 + θn)(1− tn))
]∥xn − p∥

+
αn(1− δ)

2(1− γn(1 + θn)(1− tn))
· 2

1− δ
∥f(p)− p∥

≤ max{∥xn − p∥, 2

1− δ
∥f(p)− p∥}

≤ M

(it is remarkable that θn ≤ (1−δ)αn

2 ⇒ αnδ + βn < αn + βn − γnθn ⇒
αnδ+βn+γn(1+θn)tn
1−γn(1+θn)(1−tn)

< 1). Thus, {xn} is bounded, and so are the sequences {un}, {vn},
{yn}, {Gxn}, {Wnun}, {Tnyn}.

Step 2. We claim xn − Gxn → 0. In fact, we write q := PC(p − µ2A2p).
Then p = PC(q − µ1A1q) = Gp. Note that vn = PC(xn+1 − µ2A2xn+1) and un =
PC(vn − µ1A1vn). Hence un = Gxn+1. By Lemma 2.7 we have

∥vn − q∥2 ≤ ∥xn+1 − p∥2 − µ2(2β − µ2)∥A2xn+1 −A2p∥2,
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and ∥un − p∥2 ≤ ∥vn − q∥2 − µ1(2α − µ1)∥A1vn − A1q∥2. Combining the last two
inequalities, we obtain

∥un − p∥2 ≤ ∥xn+1 − p∥2 − µ2(2β − µ2)∥A2xn+1 −A2p∥2

− µ1(2α− µ1)∥A1vn −A1q∥2.(3.3)

Also, using (3.1) and Lemma 2.1 (v), we get

∥yn − p∥2 = tn∥xn − p∥2 + (1− tn)∥Wnun − p∥2 − tn(1− tn)∥xn −Wnun∥2
≤ tn∥xn − p∥2 + (1− tn)∥un − p∥2 − tn(1− tn)∥xn −Wnun∥2.

Hence, using Lemma 2.2 we deduce from (3.1) and the convexity of the function
h(t) = t2 ∀t ∈ R that

(3.4)

∥xn+1 − p∥2 ≤ ∥αn(f(xn)− f(p)) + βn(xn − p) + γn(T
nyn − p)∥2

+ 2αn⟨f(p)− p, xn+1 − p⟩
≤ [αnδ∥xn − p∥+ βn∥xn − p∥+ γn(1 + θn)∥yn − p∥]2

+ 2αn⟨f(p)− p, xn+1 − p⟩
≤ αnδ∥xn − p∥2 + βn∥xn − p∥2 + γn(1 + θn)∥yn − p∥2

+ 2αn⟨f(p)− p, xn+1 − p⟩
≤ (αnδ + βn + γn(1 + θn)tn)∥xn − p∥2

+ γn(1 + θn)[(1− tn)∥un − p∥2

− tn(1− tn)∥xn −Wnun∥2] + 2αn⟨f(p)− p, xn+1 − p⟩.
Substituting (3.3) for (3.4), we obtain

∥xn+1 − p∥2 ≤ (αnδ + βn + γn(1 + θn)tn)∥xn − p∥2

+ γn(1 + θn){(1− tn)[∥xn+1 − p∥2

− µ2(2β − µ2)∥A2xn+1 −A2p∥2 − µ1(2α− µ1)∥A1vn −A1q∥2]
− tn(1− tn)∥xn −Wnun∥2}+ 2αn⟨f(p)− p, xn+1 − p⟩,

which immediately leads to

(3.5)

(αnδ + βn + γn(1 + θn)tn)∥xn+1 − p∥2

≤ (1− γn(1 + θn)(1− tn))∥xn+1 − p∥2

≤ (αnδ + βn + γn(1 + θn)tn)∥xn − p∥2 − γn(1 + θn)(1− tn)×
× {µ2(2β − µ2)∥A2xn+1 −A2p∥2 + µ1(2α− µ1)∥A1vn −A1q∥2

+ tn∥xn −Wnun∥2}+ 2αn∥f(p)− p∥∥xn+1 − p∥.

(it is remarkable that θn ≤ (1−δ)αn

2 ⇒ αnδ + βn < αn + βn − γnθn ⇒
αnδ+βn+γn(1+θn)tn
1−γn(1+θn)(1−tn)

< 1). Since 0 < lim infn→∞ γn and 0 < lim infn→∞ tn ≤
lim supn→∞ tn < 1, we may assume, without loss of generality, that {γn} ⊂ [c, 1)
and {tn} ⊂ [c, d] for some c, d ∈ (0, 1). So it follows from (3.5) that

c(1 + θn)(1− d)[µ2(2β − µ2)∥A2xn+1 −A2p∥2

+ µ1(2α− µ1)∥A1vn −A1q∥2 + c∥xn −Wnun∥2]
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≤ γn(1 + θn)(1− tn)[µ2(2β − µ2)∥A2xn+1 −A2p∥2

+ µ1(2α− µ1)∥A1vn −A1q∥2 + tn∥xn −Wnun∥2]
≤ (∥xn − p∥+ ∥xn+1 − p∥)∥xn − xn+1∥+ 2αn∥f(p)− p∥∥xn+1 − p∥.

Since αn → 0, θn → 0, xn − xn+1 → 0, 0 < µ1 < 2α, 0 < µ2 < 2β, from the
boundedness of {xn} we infer that

lim
n→∞

∥A2xn+1 −A2p∥ = 0, lim
n→∞

∥A1vn −A1q∥ = 0

and lim
n→∞

∥xn −Wnun∥ = 0.(3.6)

On the other hand, from Lemma 2.1 (i) and (iv), we have

∥un − p∥2 ≤ ∥vn − q∥2 − ∥vn − un + p− q∥2 + 2µ1∥A1vn −A1q∥∥un − p∥.
Similarly, we obtain

∥vn − q∥2 ≤ ∥xn+1 − p∥2 − ∥xn+1 − vn + q − p∥2 + 2µ2∥A2xn+1 −A2p∥∥vn − q∥.
Combining the last two inequalities, we obtain

(3.7)
∥un − p∥2 ≤ ∥xn+1 − p∥2 − ∥xn+1 − vn + q − p∥2 − ∥vn − un + p− q∥2

+ 2µ1∥A1vn −A1q∥∥un − p∥+ 2µ2∥A2xn+1 −A2p∥∥vn − q∥.
Substituting (3.7) for (3.4), we get

∥xn+1 − p∥2 ≤ (αnδ + βn + γn(1 + θn)tn)∥xn − p∥2

+ γn(1 + θn)(1− tn)∥un − p∥2

+ 2αn∥f(p)− p∥∥xn+1 − p∥
≤ (αnδ + βn + γn(1 + θn)tn)∥xn − p∥2

+ γn(1 + θn)(1− tn)[∥xn+1 − p∥2

− ∥xn+1 − vn + q − p∥2 − ∥vn − un + p− q∥2

+ 2µ1∥A1vn −A1q∥∥un − p∥
+ 2µ2∥A2xn+1 −A2p∥∥vn − q∥]
+ 2αn∥f(p)− p∥∥xn+1 − p∥,

which immediately leads to

(αnδ + βn + γn(1 + θn)tn)∥xn+1 − p∥2

≤ (1− γn(1 + θn)(1− tn))∥xn+1 − p∥2

≤ (αnδ + βn + γn(1 + θn)tn)∥xn − p∥2 − γn(1 + θn)(1− tn)×
× {∥xn+1 − vn + q − p∥2 + ∥vn − un + p− q∥2

− 2µ1∥A1vn −A1q∥∥un − p∥
− 2µ2∥A2xn+1 −A2p∥∥vn − q∥}+ 2αn∥f(p)− p∥∥xn+1 − p∥

≤ (αnδ + βn + γn(1 + θn)tn)∥xn − p∥2 − γn(1 + θn)(1− tn)×
× [∥xn+1 − vn + q − p∥2 + ∥vn − un + p− q∥2]
+ 2(1 + θn)[µ1∥A1vn −A1q∥∥un − p∥
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+ µ2∥A2xn+1 −A2p∥∥vn − q∥] + 2αn∥f(p)− p∥∥xn+1 − p∥.
So it follows that

c(1 + θn)(1− d)[∥xn+1 − vn + q − p∥2 + ∥vn − un + p− q∥2]
≤ γn(1 + θn)(1− tn)[∥xn+1 − vn + q − p∥2 + ∥vn − un + p− q∥2]
≤ (∥xn − p∥+ ∥xn+1 − p∥)∥xn − xn+1∥+ 2(1 + θn)[µ1∥A1vn −A1q∥∥un − p∥

+ µ2∥A2xn+1 −A2p∥∥vn − q∥] + 2αn∥f(p)− p∥∥xn+1 − p∥.
Since αn → 0, θn → 0 and xn − xn+1 → 0, from (3.6) and the boundedness of
{xn}, {un}, {vn} we obtain that limn→∞ ∥xn+1−vn+q−p∥ = 0, limn→∞ ∥vn−un+
p− q∥ = 0. Consequently,

(3.8)
∥xn+1 −Gxn+1∥ =∥xn+1 − un∥ ≤ ∥xn+1 − vn + q − p∥

+ ∥vn − un + p− q∥ → 0 (n → ∞).

Step 3. We claim xn − Txn → 0 and xn −Wxn → 0. In fact, we observe from
(3.2) that

∥xn+1 − Tn(tnxn + (1− tn)WnGxn+1)∥
≤ αn∥f(xn)− Tn(tnxn + (1− tn)WnGxn+1)∥+ βn∥xn − xn+1∥

+ βn∥xn+1 − Tn(tnxn + (1− tn)WnGxn+1)∥,
This implies that

(1− βn)∥xn+1 − Tn(tnxn + (1− tn)WnGxn+1)∥
≤ αn∥f(xn)− Tn(tnxn + (1− tn)WnGxn+1)∥+ βn∥xn − xn+1∥.

Since xn − xn+1 → 0, αn → 0 and lim infn→∞(1− βn) = lim infn→∞(αn + γn) > 0,
we get ∥xn+1 − Tn(tnxn + (1 − tn)Wnun)∥ → 0 (n → ∞), which together with
(3.6), implies that as n → ∞,

(3.9)

∥xn − Tnxn∥ ≤ ∥xn − xn+1∥+ ∥xn+1 − Tn(tnxn + (1− tn)Wnun)∥
+ ∥Tn(tnxn + (1− tn)Wnun − Tnxn∥

≤ ∥xn − xn+1∥+ ∥xn+1 − Tn(tnxn + (1− tn)Wnun)∥
+ (1 + θn)(1− tn)∥Wnun − xn∥ → 0.

Note that

∥xn − Txn∥ ≤ ∥Tnxn − Tn+1xn∥+ (2 + θ1)∥Tnxn − xn∥.
So, using (3.9) and the assumption Tn+1xn − Tnxn → 0, we have

(3.10) ∥xn − Txn∥ → 0 (n → ∞).

In addition, using Lemma 2.6 (i), we have

(3.11) ∥WGxn −WnGxn∥ ≤ sup
x∈D

∥Wx−Wnx∥ → 0 (n → ∞).

for the bounded subset D := {Gxn : n ≥ 0} ⊂ C. Thus, using the assumption
xn − xn+1 → 0, from (3.6), (3.8) and (3.11) we deduce that as n → ∞,

(3.12)
∥Wxn − xn∥ ≤ ∥xn −Gxn∥+ ∥WGxn −WnGxn∥+ ∥xn − xn+1∥
+∥Wnun − xn∥ → 0.
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Step 4. We claim lim supn→∞⟨x∗ − f(x∗), x∗ − xn⟩ ≤ 0, where x∗ = PΩf(x
∗).

In fact, there exists a subsequence {xnk
} ⊂ {xn} such that

lim sup
n→∞

⟨x∗ − f(x∗), x∗ − xn⟩ = lim
k→∞

⟨x∗ − f(x∗), x∗ − xnk
⟩.

By the boundedness of {xn} we know that there exists a subsequence of {xn}
converging weakly to x̂ ∈ C. We may assume, without loss of generality, that
xnk

⇀ x̂. Using Lemma 2.9, we conclude from (3.8), (3.10) and (3.12) that x̂ ∈
Fix(G) = GSVI(C,A1, A2), x̂ ∈ Fix(T ) and x̂ ∈ Fix(W ) = ∩∞

n=0Fix(Sn) (due to
Lemma 2.5 (iii)). Therefore, x̂ ∈ Ω :=

∩∞
n=0 Fix(Sn) ∩ GSVI(C,A1, A2) ∩ Fix(T ).

This together with the property of the metric projection implies that
(3.13)
lim sup
n→∞

⟨x∗−f(x∗), x∗−xn⟩ = lim
k→∞

⟨x∗−f(x∗), x∗−xnk
⟩ = ⟨x∗−f(x∗), x∗− x̂⟩ ≤ 0.

Step 5. We claim xn → x∗, where x∗ = PΩf(x
∗). In fact, putting p = x∗, we

obtain from (3.4) that

(3.14)

∥xn+1 − x∗∥2 ≤ [1− αn(1− δ)− γnθn
1− γn(1 + θn)(1− tn)

]∥xn − x∗∥2

+
2αn

1− γn(1 + θn)(1− tn)
⟨f(x∗)− x∗, xn+1 − x∗⟩

≤ [1− αn(1− δ)

2(1− γn(1 + θn)(1− tn))
]∥xn − x∗∥2

+
αn(1− δ)

2(1− γn(1 + θn)(1− tn))
· 4

1− δ
⟨f(x∗)− x∗, xn+1 − x∗⟩

(it is remarkable that θn ≤ (1−δ)αn

2 ⇒ αnδ + βn < αn + βn − γnθn ⇒
αnδ+βn+γn(1+θn)tn
1−γn(1+θn)(1−tn)

< 1). Since αnδ+βn+γn(1+θn)tn ≥ (αnδ+βn+γn(1+θn))tn =

(1 − αn(1 − δ) + γnθn)tn, we get limn→∞
αn(1−δ)

2(1−γn(1+θn)(1−tn))
≤

limn→∞
αn(1−δ)

2(1−αn(1−δ)+γnθn)tn
= 0, which implies that ∃n0 ≥ 1 s.t.

{ αn(1−δ)
2(1−γn(1+θn)(1−tn))

}∞n=n0
⊂ (0, 1). Note that αn(1−δ)

2(1−γn(1+θn)(1−tn))
≥ αn(1−δ)

2(1−c(1−d)) and∑∞
n=0 αn = ∞. So it follows that

∑∞
n=0

αn(1−δ)
2(1−γn(1+θn)(1−tn))

= ∞. Therefore, using

(3.13) and Lemma 2.4, we conclude from (3.14) that ∥xn − x∗∥ → 0 as n → ∞.
This completes the proof. □

Theorem 3.3. Let {xn} be constructed by Algorithm 3.1. Assume additionally that

(i)
∞∑
n=0

|αn+1 − αn| < ∞,
∞∑
n=0

|βn+1 − βn| < ∞ and
∞∑
n=0

|tn+1 − tn| < ∞;

(ii)
∞∑
n=0

supx∈D ∥Tn+1x− Tnx∥ < ∞ for any bounded subset D of C.

Then xn → x∗ ∈ Ω, which is the unique solution to the HVI: ⟨(I − f)x∗, x− x∗⟩ ≥
0 ∀x ∈ Ω.
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Proof. In terms of Theorem 3.2, we only need to show limn→∞ ∥xn+1 − xn∥ = 0.
From (3.1) we get

(3.15)

∥yn − yn−1∥ ≤ tn∥xn − xn−1∥+ (1− tn)∥WnGxn+1 −Wn−1Gxn∥
+ |tn − tn−1|∥xn−1 −Wn−1Gxn∥

≤ tn∥xn − xn−1∥+ (1− tn)(∥xn+1 − xn∥
+ ∥WnGxn −Wn−1Gxn∥)
+ |tn − tn−1|∥xn−1 −Wn−1Gxn∥.

Also, it follows from (3.2) that

∥xn+1 − xn∥ = ∥βn(xn − xn−1) + (βn − βn−1)(xn−1 − Tnyn−1)

+ (αn − αn−1)(f(xn−1)− Tnyn−1)

+ αn(f(xn)− f(xn−1)) + γn(T
nyn − Tnyn−1)

+ γn−1(T
nyn−1 − Tn−1yn−1)∥

≤ (βn + αnδ + γn(1 + θn)tn)∥xn − xn−1∥
+ γn(1 + θn)(1− tn)∥xn+1 − xn∥+ {|αn − αn−1|
+ |βn − βn−1|+ |tn − tn−1|+ ∥WnGxn −Wn−1Gxn∥
+ ∥Tnyn−1 − Tn−1yn−1∥}M1,

where

sup
n≥1

{∥xn−1−Tnyn−1∥, ∥f(xn−1)−Tnyn−1∥, (1+θn)(1+∥xn−1−Wn−1Gxn∥)} ≤ M1

for some M1 > 0. This implies that

(3.16)

∥xn+1 − xn∥ ≤ [1− αn(1− δ)− γnθn
1− γn(1 + θn)(1− tn)

]∥xn − xn−1∥

+ {|αn − αn−1|+ |βn − βn−1|
+ |tn − tn−1|+ ∥WnGxn −Wn−1Gxn∥

+ ∥Tnyn−1 − Tn−1yn−1∥}
M1

1− γn(1 + θn)(1− tn)

≤ [1− αn(1− δ)

2(1− γn(1 + θn)(1− tn))
]∥xn − xn−1∥

+ {|αn − αn−1|+ |βn − βn−1|
+ |tn − tn−1|+ ∥WnGxn −Wn−1Gxn∥

+ ∥Tnyn−1 − Tn−1yn−1∥}
M1

1− γn(1 + θn)(1− tn)

(it is remarkable that θn ≤ (1−δ)αn

2 ⇒ αnδ + βn < αn + βn − γnθn ⇒
αnδ+βn+γn(1+θn)tn
1−γn(1+θn)(1−tn)

< 1). Since αnδ+βn+γn(1+ θn)tn ≥ (αnδ+βn+γn(1+ θn))c =

(1 − αn(1 − δ) + γnθn)c, we get lim supn→∞
M1

1−γn(1+θn)(1−tn)
≤

lim supn→∞
M1

(1−αn(1−δ)+γnθn)c
= M1

c . Thus, we may assume, without loss of gen-

erality, that M1
1−γn(1+θn)(1−tn)

≤ M2 ∀n ≥ 0. So it follows from (3.16) that for all
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n ≥ 0,

(3.17)

∥xn+1 − xn∥ ≤ [1− αn(1− δ)

2(1− γn(1 + θn)(1− tn))
]∥xn − xn−1∥

+ {|αn − αn−1|+ |βn − βn−1|
+ |tn − tn−1|+ ∥WnGxn −Wn−1Gxn∥
+ ∥Tnyn−1 − Tn−1yn−1∥}M2.

Putting D = {Gxn}∞n=0 ∪ {yn}∞n=0, we know that D is a bounded subset of C.
Hence, by Lemma 2.6 (ii) we have that

∑∞
n=1 ∥WnGxn − Wn−1Gxn∥ ≤∑∞

n=1 supx∈D ∥Wnx − Wn−1x∥ < ∞. Note that the condition (ii) ensures∑∞
n=1 ∥Tnyn−1 − Tn−1yn−1∥ ≤

∑∞
n=1 supx∈D ∥Tnx − Tn−1x∥ < ∞. Also, by the

condition (i) we get

(3.18)

∞∑
n=1

{|αn − αn−1|+ |βn − βn−1|+ |tn − tn−1|

+ ∥WnGxn −Wn−1Gxn∥+ ∥Tnyn−1 − Tn−1yn−1∥}M2 < ∞.

Since 1− γn(1+ θn)(1− tn) > αnδ+βn+ γn(1+ θn)tn ≥ (1−αn(1− δ)+ γnθn)c,

we get limn→∞
αn(1−δ)

2(1−γn(1+θn)(1−tn))
≤ limn→∞

αn(1−δ)
2(1−αn(1−δ)+γnθn)c

= 0, which implies

that ∃n0 ≥ 1 s.t. { αn(1−δ)
2(1−γn(1+θn)(1−tn))

}∞n=n0
⊂ (0, 1). Note that αn(1−δ)

2(1−γn(1+θn)(1−tn))
≥

αn(1−δ)
2(1−c(1−d)) and

∑∞
n=0 αn = ∞. So it follows that

∑∞
n=0

αn(1−δ)
2(1−γn(1+θn)(1−tn))

= ∞.

Therefore, using (3.18) and Lemma 2.4, we conclude from (3.17) that ∥xn+1−xn∥ →
0 as n → ∞. This completes the proof. □
Theorem 3.4. Let {xn} be constructed by Algorithm 3.1. Assume additionally that

(i) lim supn→∞ γn < 1, limn→∞ |βn+1 − βn| = 0 and limn→∞ |tn+1 − tn| = 0;
(ii) limn→∞ supx∈D ∥Tn+1x− Tnx∥ = 0 for any bounded subset D of C.

Then xn → x∗ ∈ Ω, which is the unique solution to the HVI: ⟨(I − f)x∗, x− x∗⟩ ≥
0 ∀x ∈ Ω.

Proof. By Theorem 3.2, we only need to show that limn→∞ ∥xn+1 − xn∥ = 0. In

fact, set zn := xn+1−βnxn

1−βn
∀n ≥ 0. Then we have

zn+1 − zn =
αn+1

1− βn+1
(f(xn+1 − f(xn)) + (

αn+1

1− βn+1
− αn

1− βn
)f(xn)

− αn+1

1− βn+1
(Tn+1yn+1 − Tnyn)− (

αn+1

1− βn+1
− αn

1− βn
)Tnyn

+ (Tn+1yn+1 − Tnyn)

=
αn+1

1− βn+1
(f(xn+1 − f(xn))

+ (
αn+1

1− βn+1
− αn

1− βn
)(f(xn)− Tnyn)

+ (1− αn+1

1− βn+1
)(Tn+1yn+1 − Tnyn)

=
αn+1

1− βn+1
(f(xn+1 − f(xn))
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+ (
αn+1

1− βn+1
− αn

1− βn
)(f(xn)− Tnyn)

+ (1− αn+1

1− βn+1
)(Tn+1yn+1 − Tnyn+1)

+ (1− αn+1

1− βn+1
)(Tnyn+1 − Tnyn).

It follows from (3.15) and (3.16) that

∥zn+1 − zn∥ ≤ δαn+1

1− βn+1
∥xn+1 − xn∥+ | αn+1

1− βn+1
− αn

1− βn
|M1

+ sup
x∈D

∥Tn+1x− Tnx∥

+ (1− αn+1

1− βn+1
)(1 + θn){tn+1∥xn+1 − xn∥

+ (1− tn+1)∥xn+2 − xn+1∥
+ ∥Wn+1Gxn+1 −WnGxn+1∥+ |tn+1 − tn|M1}

≤ (1− (1− δ)αn+1

1− βn+1
+ θn)∥xn+1 − xn∥

+
|αn+1(1− βn)− αn(1− βn+1)|

(αn+1 + γn+1)(αn + γn)
M1

+ sup
x∈D

∥Tn+1x− Tnx∥

+ (1 + θn){(|αn+1 − αn|+ |βn+1 − βn|+ |tn+1 − tn|
+ sup

x∈D
∥Wn+1x−Wnx∥+ sup

x∈D
∥Tn+1x− Tnx∥)M2

+ sup
x∈D

∥Wn+1x−Wnx∥+ |tn+1 − tn|M1}

≤ (1 + θn)∥xn+1 − xn∥+
αn+1 + αn

c2
M1

+ ((1 + θn)M2 + 1)sup
x∈D

∥Tn+1x− Tnx∥

+ (1 + θn)(αn+1 + αn + |βn+1 − βn|+ |tn+1 − tn|
+ sup

x∈D
∥Wn+1x−Wnx∥)M3,

where 1 +M1 +M2 ≤ M3 for some M3 > 0. This ensures that

∥zn+1 − zn∥ − ∥xn+1 − xn∥ ≤ θn∥xn+1 − xn∥+
αn+1 + αn

c2
M1

+ ((1 + θn)M2 + 1)sup
x∈D

∥Tn+1x− Tnx∥

+ (1 + θn)(αn+1 + αn + |βn+1 − βn|+ |tn+1 − tn|
+ sup

x∈D
∥Wn+1x−Wnx∥)M3.

Using Lemma 2.6 (ii) and conditions (i), (ii), we deduce from αn → 0, θn → 0
and the boundedness of {xn} that lim supn→∞(∥zn+1 − zn∥− ∥xn+1 − xn∥) ≤ 0. By
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Lemma 2.3, we have limn→∞ ∥zn−xn∥ = 0. So we obtain limn→∞ ∥xn+1−xn∥ = 0.
This completes the proof. □
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