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WEIGHTED CORNER SPACES

D.-C. CHANG, S. KHALIL, AND B.-W. SCHULZE

ABSTRACT. This article contains new elements of the pseudo-differential analysis
on specific classes of stratified spaces. We study structures appearing in paramet-
rices of elliptic operators and we establish the interplay between corner degenerate
symbols of operators and weighted Sobolev spaces on the underlying spaces M
with the singular geometry of cones, edges or corners. In particular, we establish
an accessible approach to corner Sobolev spaces. On the smooth part of M the
pseudo-differential operators locally refer to the Fourier transform. Close to the
singularities we employ different variants of Mellin pseudo-differential operators,
in order to control phenomena up to the singularities.

INTRODUCTION

Partial differential equations (PDEs) in the framework of elliptic boundary value
problems (BVPs) on a manifold with smooth boundary can be embedded into suit-
able algebras of pseudo-differential operators such that not only the operators them-
selves but also their parametrices belong to the algebras, cf., the work of Boutet de
Monvel [1] and several monographs or original papers on this topic, e.g., [15,18,29].
In particular, elliptic BVPs are Fredholm between Sobolev spaces, for instance,
when the underlying configuration is compact, and we have elliptic regularity of
solutions. The arguments on BVPs are of a similar structure as those on a closed
smooth manifold M and the results are analogous. The corresponding pseudo-
differential machinery in the closed case is standard and much easier than for BVPs.
In any case the expected conclusions depend on the smoothness of M, in particular,
on the well-known coordinate invariance of pseudo-differential operators. However,
numerous applications give rise to models where the underlying configuration is not
smooth, e.g., with a non-complete Riemannian metric, induced from an ambient
space which is smooth. This may concern piecewise smooth domains embedded in
R"™, manifolds with conical singularities or edges, higher corners, or interfaces with
such singularities. The corresponding techniques also suggest considering manifolds
with conical exits to infinity. It is obvious in such cases that basic methods from
the “smooth” pseudo-differential analysis are no longer available, and new tools
have to be established in order to control the operators together with their symbol
structures as well as distribution spaces, adapted to the specific nature of singulari-
ties. It is a particularly delicate task to manage the interplay between symbols and
associated operators or to recognize algebras containing the parametrices of elliptic
elements. The “singular analysis”, represented by numerous research teams world-
wide, is developed in rather different directions. On the one hand, the focus may
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lie on explicit answers to concrete PDE-problems in models of physics, geometry, or
other applications. On the other hand one might strive for all elliptic problems at
the same time when they share common properties, such that it is reasonable to look
for algebras of operators in the above-mentioned sense, like on closed smooth man-
ifolds, or in Boutet de Monvel’s calculus where the operators have the transmission
property at the boundary. For instance, given an infinite straight cone rather than a
smooth manifold, we might ask for a kind of cone algebra containing not only ellip-
tic differential operators, degenerate in stretched coordinates at the tip of the cone,
with the axial variable r > 0 (such as Laplace-Beltrami operators associated with a
cone-metric) and with r — oo as a conical exit to infinity. Corresponding cone alge-
bras do exist, ideed, cf., examples below and other results on edge algebras, created
in [35], see also [2—4,12-14,20,21,23,32-34,36,37]. Clearly several approaches are
not really disjoint, but not always coordinated. Degenerate differential operators,
partly in a pseudo-differential context, have been investigated by many authors, see
also, [11,22,26-28]. In the present paper we develop fuctional analytic properties of
weighted corner spaces, cf. Theorem 3.1 which extends a corresponding result for
weighted edge spaces, added here for completeness in Section 4 as Proposition 4.2
with a more transparent proof, compared with that of [37, Proposition 3.1.21].

1. MELLIN-EDGE OPERATORS

In the following we refer to the terminology from [3,4] on categories My, k €
N=1{0,1,2,...,} of corner spaces M of singularity order k, see also [7, Section 1].
Roughly speaking, the elements of 901, are stratified spaces, obtained by repeatedly
forming cones

(1.1) X4 =Ry x X/({0} x X)
or wedges
(1.2) X% x RY,

k times, combined with globalizations, where X in the first step is a smooth man-
ifold, often assumed to be compact. 9y is a category of oriented smooth mani-
folds with diffeomorphisms as isomorphisms, and we assume that M € 9. entails
Qx M, M x Q e My for every 2 € My and all k. The analysis will take place on
the respective open stretched cones X” := R, x X and wedges X" x R? in the
splitting of variables (r,z) and (r, x,y), respectively. The variable R is interpreted
as the (local) cone-axis variable, and X as the base (link) of the respective cone, or
of the model cone of the wedge when ¢ > 0. In the Appendix below we recall more
terminology in this context.

Example 1. Let X be a closed manifold, endowed with a Riemannian metric gx.
Then X" = R, x X in the variables (r,z) is an infinite (stretched) cone with
the metric dr? + r2¢gx and the associated Laplace-Beltrami operator is a special
degenerate operator of the form

L d .\
(13) Acone =1 Z Gj(?”)( - Ta)

Jj=0
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for coefficients a; € O (R, Diff* 7 (X)), in this case for u = 2, with Diff*(X) being
the Fréchet space of differential operators of order v on X with smooth coefficients.
Sometimes, differential operators like (1.3) will be called to be of Fuchs type. Those
are formulated here for arbitrary p € R, since we are talking about algebras, gen-
erated by such operators, and we reach operators of order —u when we talk about
ellipticity and express parametrices. More generally, on X" x Q, Q C RY open, in
the coordinates (r,z,y), we have so-called edge-degenerate differential operators

(1.4) Aedge =r# Z a’]}Oé(Tv y)( - r;)j(rDy)a

Jtlal<up

for coefficients aj, € C®(Ry x Q, Difft~UFlel (X)), Special cases for p = 2 are
Laplace-Beltrami operators belonging to dr? + r2gx + dy?. Operators of the form
(1.4) belong to the edge algebra, to be considered below, and parametrices in the
elliptic case are of opposite order.

Remark 1.1. Cones X* and wedges X% x ) are special examples of elements in
M. For any M € M we have the singular stratum s; (M) which is equal to a single
point in X*, the vertex of the cone, and for M = X% x Q we have s1(M) = Q, the
edge of M. More generally, an element M € 9; is called a manifold with conical
singularities when dim s; (M) = 0, otherwise, a manifold with edge s1(M) when its
dimension is equal to ¢ > 0.

For the pseudo-differential analysis on spaces M € 9, for k > 1 it is important to
refer to information from the case k = 1. For a space in E' € 9t; with dims;(E) =0
we often assume that s;(E) is a single point; otherwise it would be a discrete subset
of E, and a space with edge Y of dimension > 0 will be denoted by B. While F is
locally close to s1(F) modelled on X* for some compact X € My, a space B € My
with edge Y = S; of dimension ¢ > 0 is locally near Y modelled on X* x RY;
without loss of generality we often refer to local coordinates y € R? .

Spaces E with conical singularity s;(FE) are considered in terms of the stratifica-
tion
(1.5) s(E) = (so(E),s1(E))

for so(E) := E\ s1(F). The principal symbol hierarchy of operators Acone on E has
two components

(1,6) O'(Acone) = (UO(Acone)aal(Acone))>

consisting of the interior homogeneous principal symbol og(Acone) Of Acone as an
element of Diff*(E \ s1(E)) and the operator-valued conormal symbol o1 (Acone) of
Acone- For differential operators (1.3) we have the principal conormal symbol

M
(1.7) 71 (Acone) (W) =Y _ a;(0)w
j=0

which is operator-valued as a family of continuous operators between Sobolev spaces
on X

(1.8) 1 (Acone) (W) : H(X) — H*H(X)
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with w being the complex Mellin covariable, dual to —rd, varying on I'(,11)/o— B,
for some weight 3, € R, cf., notation (1.25) below.

Spaces B € M with edge singularities Y = s1(B) of dimension ¢ > 0 have an
analogous stratification

(1.9) s(B) := (s0(B), 51(B))
for so(B) := M \ s1(B) and the edge s1(B). The principal symbol hierarchy of

operators Aegge 0n B has the form

(110) U(Aedge) = (UO(Aedge)a 01 (Aedge))7

with the interior homogeneous principal symbol 0g(Aedge) interpreted as an element
Acdge € Diff(B \ s1(B)). Moreover, we have the operator-valued principal edge-
symbol 1 (Aedge) (Y, 1) of Acqge as a family of continuous operators between weighted
Kegel spaces K*° (X”) of smoothness s and weight 3 on the open stretched cone
X7, cf. notation (1.20) below,

(1.11) o1 (Aedge) (y, 1) : K5I (XN) = KoHO71(X 1)
which is for differential operators (1.4) of the form
_ 9\, o
(1.12) 01(Aecdge)(ysm) =71~ Z aj,()é(oay)( - 7"5)3(7"77)
jtlal<p

for all y € R? and n € R?\ {0}. Recall that in this case there is a “subordinate”
y-dependent conormal symbol belonging to the conical singularity of the model cone
X%, here denoted by

(1.13) 0c01(Aedge) (Y, w) = Zajp((),y)wj cH¥(X) —» HH(X),
=0

for w € I';,11y/2-p,- Recall from [35] that one of the basic observations of homoge-
neous principal edge symbols is the relation

(1.14) 01 (Acdge) (Y, 0n) = 0"k5 "1 (Acdge) (Y, 0) ks

for every & € R, where ks is the transformation (ksu)(r,z) = 60+ 2u(dr x),
acting on K*#(X")-spaces for arbitrary s, 3, cf. also notation (1.32), below.

The edge calculus, or its parameter-dependent analogue
(1.15) L*(B,g), and L*(B,g;RY),

respectively, for weight data g := (8,8 — p), with A € R? being a parameter,
will be systematically employed in the considerations below, cf., Definition 1.2,
and it is necessary to recall some of its structures. First of all, a part of the
definition of a manifold B with edge Y is that B \ Y belongs to 9. Moreover,
Y has a neighborhood V' C B with the structure of an X“-bundle over Y for a
compact X € My, where the transition maps between the fibres X% are induced by
isomorphisms

(1.16) RxX—->RxX
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in M such that (¢, ) — (£, %) restricts to continuous maps Ry x X — R4 x X and
isomorphisms X — X in 9y and satisfies (0, z) — (dt, %) for every 6 € Ry.

Operators A € L*(B,g) for weight data g := (8,8 — u) are pseudo-differential
in general, and because of their specific form near the edge Y they are called edge-
degenerate. In particular, by

(1.17) Diff},,(B)

for ;1 € N we denote the space of all differential operators on the smooth manifold
B\ 'Y of order p which are close to Y in local variables (r,z,y), y € Q of the
form (1.4). In case of ellipticity the space L=#(B,g~ 1) for g~ := (8 — p, B) just
contains parametrices of operators in (1.17). Similar notation may be used including
parameters A € R?, and we write

(1.18) Diff*

deg(B; Rd)

Operators in (1.17) or (1.18) are connected with their own natural weight data
g := (B, 8 — p) where the choice of 8 appears in connection with ellipticity.
On the open stretched cone

(1.19) XN =Ry x X,
we now recall some notation on distribution spaces, namely, weighted Kegel spaces
(1.20)  K5P(XM) = {u = wup + (1 — w)teo : up € HP(XM), oo € HE (XM}

Here w = w(r) is a cut-off function on the positive r half-axis. Moreover, HZ, .(X")
is an analogue of the standard Sobolev space H®(R!*") in variables & = (&g, '),
based on the Fourier transform in &. For the definition of 7*-spaces involved in

(1.20) are first consider
(1.21) HP (R, x R™)

where we employ the weighted Mellin transform with respect to r € R, together
with the Fourier transform in z. The space (1.21) is the completion of C§°(Ry x R™)
with respect to the norm

(1.22)  lullage s, xrny = {//r

where
(1.23) M : C°(Ry) — A(Cy)

-

(6,10) 2| (Fase Mysptt) (€, w) | o d5}2

n;l B

IPogs s

dr
.

(1.24) Mu(w) = /000 ru(r)

is the weighted Mellin transform and A(C,) the (Fréchet) space of holomorphic
functions in w,

(1.25) I'n={weC:Rew=a}

a weight line, here for a = ”TH — B3, and M applied to C§°- functions in r € R4,

taking values in C§°(R"). From (1.21) we then pass to spaces H*?(X") using an
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open covering of X by coordinate neighborhoods {Uj,...,Ux} and a subordinate
partition of unity {¢1,...,¢n}. Concerning more details, especially functional an-
alytic properties, see, e.g., [37]. The space HS (X") occurring in (1.20) treats
the “cylinder” (1.19) as a manifold with conical exit to oo, which is an important

property for the correct meaning of edge spaces below.

For the definition we first choose a coordinate neighborhood on the unit sphere
S™ in R 5 (%9, 7') where we assume V C {Zy > 0} and we form

(1.26) VA= {3 € R\ {0} : ’% eV}
For any cut-off function w(r) and s € R we set
(1.27)

HE, (V1) = {um € Hpo(R*™)g, xv - (1— w(|i))u € HS(RH”NRM}.

Choose a system of diffeomorphisms y; : U; — V, and set

(1.28) Xf Ry xU; — Vi, X?(r,a:) =rxj(z) =rx;(z) =,
and
(1.29) Hone(Ry x Uj) := {u(r,z) = ((x;)5 '0)(r,2) : v € Hoppo(V) ]
Then
N
(130 HolX") = { Sy € iRy x Ui = 100
j=1

Recall that the spaces (1.20) are independent of the choice of w. For s = =0 we
have the relation

(1.31) KOO(XN) = HOO(XN) = r 2L2(R, x X)
where L? refers to drdzx and dz to a fixed Riemannian metric on X.
Another important class of spaces are the weighted edge spaces which make sense

in abstract form in terms of a (separable) Hilbert space H endowed with a group
action

(1.32) k= {ks}scr, for isomorphisms rs: H — H

such that ksry = kg5 and k1 = idyg. Moreover, we ask strong continuity, i.e., for
every fixed h € H the function {ksh : § € R4} belongs to C(Ry, H). Let us set,
cf. [35],

1

2
(1.33) Jalbweeoy = {0 el an |
which is finite on S(RY, H) for every real s. Here n — [n] is any strictly positive
function in C*°(R?) such that [] = |n| for |n| > ¢ for some ¢ > 0. An equivalent norm

is obtained when we replace [n] by (n). This gives us by completion the abstract edge
space W#(R?, H) which is an analogue of the scalar Sobolev spaces. In analogous
meaning later on we also employ notation [, \] where A\ € R? treated as an extra



WEIGHTED CORNER SPACES 397

component of the corresponding covariable (1, \). In this sense we also have spaces
H*Y (R4 x RY, H) for some real v obtained by completing C§°(R; x R?, H) with
respect to the norm

(1.34)

(T —— ::{ L] [v,nﬁsum[v}m<FMMva><v,n)H%,dvdn}.
q TLTH—'Y

N|—=

The choice of the weight line I'n+2 ,in (1.34) depends on the specific meaning of
2

the space H and then n = n(H). For instance, we may have H = K*#(X") for some
real 5. Then, according to our scheme of notation, n = n(H) is the dimension of the
model cone X*, which is equal to 14+dim X, i.e., (14+n(H))/2—v = (24+dim X)/2—~.

Later on it will be necessary to employ a relationship between norms (1.33), i.e.,
spaces like W (R H) and H*7 (R, x R?, H) with the norm (1.34). We employ
here the transformation
(1.35) (Syu)(t) := e~ M2ty (et),
cf., also [37, formula (2.1.28)] and we have an isomorphism S, : C§°(Ry) — Cg°(R).
For the one-dimensional Fourier transform F'i_.- we then have the relation
(1.36) (Myu)(1/2 — v +i1) = (FSyu)(T).

Comparing (1.34) and (1.33) we get an isomorphism

(1.37) Sy (pmy2 t HOT(Ry x RY, H) — W (R H).

Let us now give a definition of (1.15) for any d € N which includes the case d = 0.
We start with L (X;RT4F4), the class of classical parameter-dependent pseudo-
differential operators on X of order p, with the parameters (p,n, A) in its natural
Fréchet topology, and we consider functions

(138) P(Tayapﬂ% >‘) = ﬁ(rayvrpa TU)TA)
for
(1.39) B(r,y 5,71, 3) € C% (R x RY, Ly (X5 RVE)

Here the variables y € RY play the role of local coordinates on the edge belong-
ing to a coordinate neighborhood on Y. Families of operators r~#Op,. ,(p)(A) are
pseudo-differential analogues of edge-degenerate differential operators (1.4), here
with parameters A € R?. Later on the parameter will be employed for formulating
corner-degenerate families of operators. The degenerate behavior of operators for r
close to zero suggests to consider also classes of holomorphic Mellin symbols. For
the definition we first recall the meaning of

+d
(1.40) Mg, (X3RRI,
defined to be the set of all
h(w, i, A) € A(Cy, Li (X3 RTH))
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which induce elements

h(a +ip,7, A) € LE (X; T x R7*Y)

cl

for every real «, uniformly in compact a-intervals, cf., formula (1.25). We then look
at operator functions

(141) h(ru vaﬂh)\) = il('u)ﬂ”n,r)\)
such that
(142) iL(T‘, Yy, w, ﬁa 5‘) €C™ (R+7T X Rg’ Mgw (X’ R%,Jg\d))

Let us now give the explcit description of the edge-operator spaces (1.15). For
convenience we content ourselfes to the case of a compact manifold B with edge Y
of dimension ¢. The case of non-compact B is a simple generalization when we give a
definition in terms of countable locally finite covering of B by wedge-neighborhoods
when those intersect Y, otherwise by corresponding neighborhoods on the smooth
manifold B\ Y. Recall that a wedge neighborhood close to Y has the form of a
wedge X x Q for an open set Q C Y and closed X.

Definition 1.2. The space L*(B,g; ]Rf\l), d € N, of parameter-dependent edge
pseudo-differential operators of order i € R on a compact manifold B with edge Y
and associated with weight data g = (3, 8 — ) is defined to be the set of all families
of operators

(1.43)

AcageN) = wgon AsingNlgap + (1~ wgion) Aint V(1 = i) + CO) + (M + G)(N)

for global cut-off functions
(1.44) Welob < Welob < Welobs

cf., notation in Section 4 below, At (A) € LA (B \ Y;RY) and

N
(1.45) Asing()‘) = Z AZ Sing()‘)
§=0
for
(1.46) Ajsing () 1= 950G 1):0p, ([FHwOply "2 (hy)o)(y, 1, N)) &,
and

ey d
hj(r,y,w,m,A) € CF(Ry, x ]RZ,M&U (X;]jog\ ))’ﬁ:rn,:\:r)\;

{U1,...,Un} is an open covering of Y by coordinate neighborhoods, {¢1,...,on}
a subordinate partition of unity, gog- > ; are other functions in C§°(U;), and x; :
U; — RY are charts. Moreover, w,w’ are cut-off functions on the r half-axis. The
smoothing elements C'(\) and (M + G)(A) in (1.43) will also be defined in Section
4 below.

In order to keep notation more concise we also write (hopefully without creating
new confusion)

(1.47) Aging(\) = Op, ([ #wOps; " (h)o'](y,m, A))
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where h is given by (1.41), (1.42). Later on we employ similar abbreviations for
hinger singularities.

2. CORNER DIFFERENTIAL OPERATORS
Spaces L € My with
(2.1) s(L) = (so(L), s1(L), 52(L))
and assume
dim sy(L) = 0.

Such an L is called a singular manifold with corner sy(L). By definition of the
category MMy there is a compact element B € 9 such that a cone-neighborhood V5
of s3(L) in L is modelled on B®. Moreover, the space L\ s2(L) € 9y is a manifold
with edge s1(L) of dimension > 0 and there is a compact X € My such that there

is a wedge neighborhood V; of s1(L) in L with the structure of a (locally trivial)
X“-bundle over s1(L). Furthermore we have so(L) € 9My.

A differential operator on so(L) is called corner-degenerate if it has the form
p N
(2.2) Acorner =t # ZO bi(1)(— 1)
j:

for coefficients b; € C*° (R4, Diﬁgggj (B)), cf., notation (1.17). The principal symbol
hierarchy in this case consists of three components

(23) U(Acorner) = (UO (Acorner)a 01 (Acorner)7 02 (Acorner) )7

where 0¢(Acorner) is the homogeneous principal symbol of Acorner interpreted as
an element of Diff*(sg(L)) and 01(Acorner) is the operator-valued principal edge
symbol, according to the interpretation Acorner € Diff*(L \ s2(L)), cf., also the
relations (1.11), (1.12). Moreover, we have the corner conormal symbol which is a
family of continuous operators

o
(2.4) 02(Acorner)(v) = Z bj (O)vj L H*Pe (B) — Hs_u7ﬁv_“(B)
§=0

with v varying over I'(1{gjmB)/2—~ for some corner weight v € R.

A space D € M, with
(2.5) s(D) = (so(D),s1(D), s2(D))

and Z := so(D) € My of dimension [ > 0 is a manifold with edge of second
singularity order, also indicated by edge. D \ so(D) € 9 is a manifold with edge
s1(D) of dimension > 0. There is a compact B € M; and a wedge neighborhood V3
of so(D) in D with the structure of a B%-bundle on sg(D). In addition there is a
compact X € My such that there is a wedge neighborhood V; of s1(D) in D\ s2(D)
with the structure of a (locally trivial) X ®-bundle over s;(D). Furthermore, we have
So(D) e My.
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A differential operator Aegge 01 So(D) is called edge-degenerate if it induces in
a wedge neighborhood Va of so(D) in local splittings of variables (¢,b,2) € B x R
of the form

(2.6) Aedge =t > bm(t,z)(—t;)j(wz)a

Jtlal<p

for coefficients b; , € C°(Ry xR/, Diffg;g(j Flal) (B)). Moreover, A ¢qge as an operator
on D\ so(D) € My in a wedge neighborhood Vi of s1(D) in D \ so(D) in the
splitting of variables (r,z,y) € X" x R? is of the form (2.6) for coefficients a;, €
C> (R, x RY, Diff+= U+l (x)).

Similarly to notation (1.17) by

(2.7) Diff",,,,

(D)

we denote the set of all degenerate differential operators of the form (2.6). A similar
notation makes sense for the set of all operators (2.2), but this case is included in
(2.7) anyway, since the dimension of Z may also be equal to 0. Since p = 0 is an
admitted case we also have smooth functions on a singular manifold M € 91y and

we set

(2.8) C*°(M) := Diff o, (M).

It also makes sense to define C°(M) of compactly supported elements of (2.8).
Clearly we can define spaces of degenerate differential operators like Diﬁ"é o g(M ) for

M € My, for every k € N and we also have corresponding spaces (2.8). For k = 0
those coincide with the well-known spaces on a smooth manifold.

3. WEIGHTED CORNER SPACES

One of the examples of (1.34) are spaces H := K*#(X") with the group action
(+n)
(3.1) (kou)(r,x) =98 . u(or, ).
A combination of the construction of (1.30) with the idea of abstract edge spaces
gives us spaces

(3.2) W

cone

(Y P (XM)

where Y is understood in a similar manner as X" = X/, and Y equipped with
the variables § = (¢,y) with y € R? being local coordinates on the edge Y. In other
words we imitate the arguments around (1.26)-(1.30) by first looking at a coordinate

neighborhood V' on the unit sphere in R+ and form

(3.3) VA= {geR"\ {0} : \?:;I eV}

Then we form

Wgone(‘/ngvle’B(XQm)) = {u(g) € Wﬁ)c(R%+q’ ’CSﬁ(X'r{?m)”RJrXV
(3.4)
(= oD € WRE KO e |
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A next step in the definition of (3.2) is that we choose a covering of Y by coordinate
neighborhoods {U;};—1,.. ~ and a subordinate partition of unity {¢;};=1,.. ~. Then,
for diffeomorphisms

(3.5) X5 - Uj —V
we form
(3.6) Xj :Ufry — Vi by setting x7(t,y) = tx;(y) = 9,
and we set
Wgone(U](?t,gﬁ Ics,ﬁ (X;jx))
(3.7)

=t = (0000 0 € Wea VA K2 x200)

with (X;\)*_l indicating the push forward of K*#(X}",)-valued distributions from V"
to U, Then we get spaces
Weone(Yiys KP(X]5))

(38) N s AN Sﬁ AN .
=9 it y) s uy € Wi (UM KYP(X)),5=1,... N ¢.
7j=1

Moreover, we express the interior contributions, namely,
(3.9) mt(BA\Y)) = Hipne(2B)")|(m\v)n
where HZ  .((2B)") is known from (1.30) since 2B is closed, and we form.

(3.10)  Hgie(B") := wtob, Weone(Yilys K7 (X)) + (1 = waion, ) Hiy (B Y)")

cone cone\" t,y’

for a cut-off function wglon, (1) on B in the local variable r close to Y. Next we
employ the spaces

(3.11) H(Ry x RY, H), (t,y) € Ry x R

for a Hilbert space with group action, here for H = K (X},) referring to (3.1)
and X/, in the variables (r,z). For the Mellin transform

(3.12) Miw = [ s

the space (3.11) is defined by (1.34) while F' is the Fourier transform. We now
choose charts \; : Uy — RY, and set

(3.13) Hz(’]ge(RJr X UZ,H) = {(idRJr X )\Z);lu IS HS”Y(RJ’» X Rq,H)},

N
(3.14) HIL (Y H) = { > o w € M (R x Ul,H)}.
j=1

In other words, we defined the spaces

(3.15) Moo (Y K9P (X))
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for

(3.16)  H*P(B") := wytob, Hoghe (Vs K7 (X]1)) + (1 = waton, )iyl (B\Y)).

t,y»

Finally, we have
(3.17) Hiod (B\Y)") =1 ((2B)")](m\y)r

with H*7((2B)") being the weighted Mellin Sobolev space known from the construc-
tions before. Considering the space B”, indicating a structure on R, x B treated
as an edge manifold with conical exit for t — oo, we form spaces

(3.18) KCB7€(BMY) i= [t] P (BN

for

(3.19) KP(BR) i= o H*P(BY) + (1 — o) Hygpo(B")

for some cut-off function o(t) on the ¢ half-axis. From (3.16) and (3.10) we have
(3.20)

P (BY) = o {waioh, Hage (V" K (X)) + (1 = waion, )it (B\Y)")}
+ (1 = ) {wglob, Weone (Y, K (X)) + (1 — wgion, ) Hige (B \ Y)M) .

Note that the spaces do not depend on the involved cut-off functions. On elements
u(t,b) in (3.20) we define the group action

(3.21) A= {As}ser. by (Asu)(t,b) = sUTAmB 2y (5t p),
and we obtain associated edge spaces
(3.22) W (RL, K557 (BM)).

Those are again the source for higher corner analogues of weighted spaces of the
kind (3.20) and (3.22).

Let D € My be a compact manifold with edge Z of dimension [ > 0, locally near
Z modelled on B2 x R, for compact B € 9, having an edge Y of dimension g > 0.
Then

(3.23) Ding =D\ Z is locally near Z identified with R, x B x R
For references below we set
(3.24) H¥P(B) := wgion, W (Y, K2 (X)) + (1 — Walob, ) Hip o (Bint)»

for H2?(Bint) := HF(2B)|g,,,, Bint = B \ s1(B), where

int?

(3.25) WY, K2 (X)) th] WS (R, 5P (X))
for an open covering {U LU N} of Y by coordinate neighborhoods, a subordinate
partition of unity {(1,...,¢n}, and charts y; : U; — R9. Moreover, wglop, is a

global cut-off function on B which is an element in C°°(Biy) supported in a small
wedge-neighborhood V' of s1(B) with wgon, = 1 in a smaller wedge-neighborhood
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Vi of s1(B) such that V4 C V. For any smoothness s € R and weights 3,7 € R we
have weighted edge Sobolev spaces

(3.26) H*PY(D) := Wgiob, W (Z, K327 (BM) + (1 — Welob, ) Hy (Ding).-
Here HY? (D) := H*?(2D)|p,

int?

cf., formula (3.23) and

(3.27) W3 (2, K5P7(BM)) Z% X; W R K27 (BY))
for an open covering {U, ..., Un} of Z by coordinate neighborhoods, a subordinate
partition of unity {¢1,...,¢n}, and charts x; : U; — R!. Moreover, Wglob, 18 a global

cut-off function on D which is an element in C°°(Djy) supported in a small wedge-
neighborhood V3 of s3(D) in D with wgiep, = 1 in a smaller wedge-neighborhood %5

of s9(D) such that 7; C Vh. Note that the space (3.26) is independent of the cut-off
function wglep, - The following assertion is an analogue of the known Proposition 4.2
below, namely,

Theorem 3.1. We have

(328)  H**(D)C Hy(Duw) and $H*?(D) = ¢Hpy (Dine),
for every 1 € C3°(Dint), cf., notation (2.8).

Proof. Because of (3.26) and (3.27) it suffices to show

(3.29) (1 — Watoby )WV (Z, K557 (BM)) € HEP (Ding)
for any cut-off function wgep, and
(3.30) OW*(Z, P (B)) = oHP (Diy)

for every ¢ € C§°(Dint). For the latter conclusions we may content ourselfes with
We(RL, K87 (BM)) rather than W*(Z, K57 (B")) and ¢ € C°(R4 x B x R!) in-
stead of the former ¢. In other words, we verify

(3.31) eWH (R K597 (BM)) = oHEP(Ry x B x RY).

The support of ¢ may assumed to be contained in a t-interval [gg,e1] for g9 > &3
and e; sufficiently small. The space (3.31) can be locally identified with the sum of
spaces

(3.32) oW? (Rz,wglob Hedge(R'F X RQ,ICS”B(X/\)))’
cf., (3.15), and
(3.33) W (RL, (1 = wgob, )T (B\Y)"),

cf. (3.17). By virtue of (1.37) in (3.32) we may replace Hedge(R+ x RY, H) by

VA% (Rizq, H) for H = K*8(X"); subscript “edge” may be dropped at this moment,
and the corner weight v can be left out because of the factor ¢ which is vanishing
close to t = 0. Moreover, the cut-off function wgiep, (r) is absorbed by the space H
and gives rise to a subspace of H, and this modification may be ignored. In other

words, what in principle remains from (3.32) is a subspace of

(3.34) WS (RL WP (R 37, K52 (X)),
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Now we may apply relation (4.8) from Section 4 below, and we thus obtain the
first identity on the left-hand side of (3.28). Concerning the nature of the space
(3.33) the factor ¢ which is localizing far from ¢ = 0 makes the weight ~ disappear.
Moreover, since the support of wglop, may assumed to be concentated very close to
r = 0 and because we may look at our distribution in an open neighborhood on B
far from Y, where the function 1 — wglop, already vanishes, the characterization of
the space ;7 ((B\Y)"), in local coordinates (t,7) € R!*4mB g 3 “usual” Sobolev

int

space H*(R4mB) Thys the space (3.33) may be identified with
(3‘35) WS(R%Z,HS(RI-‘,-CHIHB)) — HS(RZ—H-HHIHB),
where we apply the identity (4.7) from Section 4 below. O

Corollary 3.2. Together with Proposition 4.2 below it follows that

POHS? (Dint) = 9HE o (Bint),

for B in the meaning of Dint.

4. APPENDIX

The singular analysis is formulated here for specific stratified spaces with non-
complete metrices. In order to keep the material self-contained in this respect, we
briefly outline some notation around singular manifolds, although such spaces have
been discussed in other papers before, see, e.g., [7,8]. This will be an occation to
complete further necessary aspects for the present exposition.

By My we understand a category of C'"*°-manifolds with differentiable maps as
morphisms and isomorphisms as diffeomorphisms. Moreover, 9 is a category of
topological spaces M, such that Q x M, M x Q € M, for any Q € My and for
k > 1 every M contains a subspace si(M) € My such that M \ si(M) belongs
to Mi_1. Moreover, si(M) has a wedge-neighborhood V' C M which means it
has the structure of an X,f_l—bundle over si(M) for a compact Xi_1 € My_q, cf.
Remark 4.1 below, where the transition maps between the fibres X/ | are induced
by isomorphisms

(41) R x Xk,1 — R x Xk,1

in 9,1 such that (t,z) — (£, %) restricts to continuous maps Ry x Xz 1 — Ry x
Xj.—1 and isomorphisms X;_1 — Xp_1 in My_1.

Remark 4.1. For M € My, k > 1 the above-mentioned bundle V' in (i) over s (M)
has local trivializations U x X kA—l for open sets U C si(M). In local coordinates
y € RY, ¢ := dim s, (M) we interpret X/ | as an infinite straight cone with base
(or link) X/ | where the above-mentioned transition maps x(y) : (t,z) — (f,%) are
homogeneous in the sense

(4.2) x(y)(6t,z) = (6t,%) forall € R,.
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The situation with V' is similar to a manifold M € 9t; with smooth boundary
OM , where a collar neighborhood of the boundary can be identified with [0,1)x0OM,
and this in turn is isomorphic to Ry x M.

For M € 9y, in general we call X2 ; the model cone in connection with the
picture that M locally close to si(M) is modelled on a wedge X/ ; x R?. This
is what we mean by “V has the structure of such a cone bundle over si(M)”.
From the construction we have a stretched set V of V with the structure of an
R, x Xj_1- bundle. This contains an Xj_j-bundle Vg over sx(M) and we obtain
V by invariantly attaching Vg to V' \ sg(M). The same can be done for M itself,
i.e., by attatching Vg to M \ si(M) we obtain the stretchend space M associated
with M. By taking a second copy M_ of M =: M}, and identifying points in Vg on
the corresponding =+ sides, indicated by ~, we obtain the double space

(4.3) 2M = (M_U M;)/ ~ in DMy_1.

Example 2. Let X be closed and M := X? x R? belonging to 9, which is a
manifold with edge. Then we have s1 (M) = R? identified with {0} x R?. Moreover,
V=[0,1)x X xR, Vg=X xR, M=R; x X x R?and 2M =R x X x R?.

The constructions give rise to a representation M = U?:o sj(M) as a disjoint
union of strata s;(M) € My indicated by

(4.4) s(M) := (so(M),s1(M),...,sx(M))

where

(4.5) dim M :=dimso(M) > dims;(M) > --- > dim sg_1 (M) > dim si (M) >0
by successively applying the definition of 9.

This system of notation has been systematically used for manifolds B with edge
Y, where the dimension g of Y has been often assumed to be > 0. But also the case
dim Y = 0 makes sense; then the respective space has conical singularities and then
B is locally close to Y a cylinder the bottom of which equals X € 9. In any case,

according to (4.3), the space
(4.6) 2B

is smooth.

Often we tacitly assume that X is connected, but we also may admit that there
are finitely many connected components X;, j = 0,..., N, and speak about different
weights associated with X; for different j. Such a situation only causes straighfor-
ward modifications of the calculus. We also may admit that base spaces X; of
the respective model cones of wedges are of different dimensions. Such a case has
been considered in [9] which illustates the role of weight normalizations in weighted
Mellin operators referring to dim Xj.
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Our considerations around corner spaces employ some specific properties of edge
spaces W*(R?, H), cf., the norm expression (1.33) for some separable Hilbert space
H with group action, cf. the notation around (1.32). In particular, we employed [37,
Proposition 3.1.21] which is based on

(4.7) H*(RY™™ x RY) = W*(R?, H*(RY™))

with H*(R't") being endowed with the group action (ksf)(Z) = 60+M/2f (%),
see, [37, Example 1.3.23]. A more general relation of this kind is

(4.8) W (RP*, H) = W* (R, W*(RY, )
where H is equipped with k = {ks}secr, and W*(R?, H)) with x = {xx}xer, for
(4.9) (aw) (@) = ka A%u(Ny) for uwe W3 (RY, H).
A proof is given in [37, Remark 1.3.43, Proposition 1.3.44].
Let B be a compact manifold with edge Y of dimension ¢ > 0; in particular, B

is locally close to Y modelled on X* x RY. For any smoothness s € R and weight
B € R we have weighted edge Sobolev spaces H*?(B), cf., (3.24).

Proposition 4.2. The space (3.24) is independent of the cut-off function wgiep, . In
particular, we have

(4.10) H*(B) € Hpo(Bu) and  pH(B) = pHp(Bin)
for every ¢ € C§°(Bint).

Since we did employ a similar proposition in more general context we briefly give
the proof.

Proof. By virtue of (3.24), (3.25), it suffices to show

(4.11) (1 —w)W*(R, K>P(XM)) € HE (X" xRY) for any cut-off function w(r)
and

(4.12)  @W*(RY, K5P (X)) = oHE (X" x RY)  for every ¢ € C(X" x RY).
We use the identity

(4.13) Hu”%/vs(ugqxs,ﬂ(XA)) = / [ )= "D af) 77)H12cs,/3(XA)d77-
Without loss of generality we may assume [n] > 1 for all n. Consider the space
(4.14) D. = {u e W¥[R?, K5P(XN)) : suppu C {(Z,y) : |Z| > ¢} }.

Then u € D, implies that u(Z,n) satisfies suppa C {(Z,n) : |Z| > €} and then the
same property holds for 9(%,7) := a([n]~'r, z,n). In fact, © vanishes for [5]~!|Z| < e
and hence, for || < e[n], i.e., it is supported by |Z| > e. Now the %% (X"))-norm

on such functions is equivalent to their H*(R'*")-norm, i.e., we have an inequality

(415) @B Fegieny < 100, M Zenxnyy < 2 @00, M2 gieny
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for some constants ¢;(¢) > 0 which remains valid when we replace
o(-,n) by [n]#s~0+/25(. n). Because of (4.13) and by virtue of (4.7) it follows
that

(416) @ ullegunin < Tl gcesiony < 2Nl i,

g

Let us finally add the explanation of Lgl(X ; ]Ri), which has been used in differ-
ent constructions around pseudo-differential operators on a smooth manifold X of
dimension n. Modulo some standard globalization, in terms of a locally finite open
covering of X by coordinate neighborhoods and charts mapping to R7, taken as
local coordinates, we assume operators to be of the form

(4.17) A(X) := Op,(a)(\) + C(N)
for a classical symbol
a(z, ' &N € Sﬁ(Rﬁﬁc, X ]R?Kd).

Here, S!|(...) indicates classical symbols in Hérmander’s sense (for (p,d) = (1,0)),
“classical” means asymptotic expansions of symbols which are positively homoge-
neous of order y — j, j € N for large |, )], i.e., A € R? is formally treated as a
component of the covariable. Also the corresponding spaces of pseudo-differential
operators with parameters, including d = 0, will be equipped with subscript “cl”.
The larger classes without that subscript mean that the respective symbol estimates
are required without asking the existence of homogeneous conponents of degree p—j.
The operator C()\) is smoothing; for d = 0 it is an integral operator with kernel in
C> (R} xR, ); the corresponding global operator space L~>°(X) is Fréchet, and for
d > 0 we ask C()\) € S(RY, L=°°(X)). More background may be found in articles
or standard textbooks on pseudo-differential operators, cf., [17,24,30, 31].

A similar terminology is applied for pseudo-differential operators on a manifold
with singularities with spaces of operator-valued symbols

SH(R% x R H, H)

for separable Hilbert spaces H and H with group actions k = {ks}ser, and & =
{Rs}ser. , respectively. Homogeneity (also called twisted homogeneity) of a function

fw) € C= (2 x Rf}:&d,ﬁ(H, H)) of order v € R for large |n, A| and open Q C R for
some p means in this case that

For (s 6m,60) = 6" ks £ (g, m, Mg !

for § > 1 and |n, A| > ¢ for some constant ¢ > 0. Concerning more material in this
context, see [14,35-37].
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