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BOCHNER-RIESZ OPERATORS BETWEEN MORREY SPACES
HUA WANG, JIE XIAO, AND SHAOZHEN XU

ABSTRACT. This note concerns the boundedness of _#s (the Bochner-Riesz op-
erator) mapping L?* (the (p, k)-Morrey space) to L% (the (g, \)-Morrey space)
or LT (the (g, A; In)-Morrey space), thereby showing
n>k>A>0;
I Zsfllen S fllees ¥V f € L7 under ¢1 < p < o0;
n—1 A—K
0 2 "5+ 20
which may be regarded as the Morrey (k > \)-variant of the unsolved Bochner-
Riesz conjecture (cf. [3] or [14, p.390]):

| Zsfllr S |Ifllee ¥ f € LP under 2#p € (1,00) & d>n »

lfl'fl

1. INTRODUCTION

On the one hand, for a function f on R™ with the Fourier transform f and the
inverse Fourier transform f:

J©= [ f@e?™fde & J©=1(-§) V €cR,

the Bochner-Riesz operator fZsf of f with order § > —1 is defined as:

C%ﬂﬂzél—!H FOEEde ¥ xR,

{t as t>0;
ty = .

where

0 otherwise.
For z € C and k € (—1/2,00) let (cf. [7, Appendix B])

ma( )= (1= €)%
z) = [0t et dt;
z\k 1
‘]’f( )= (k+2(21))r2 1)f e (1= s%)F 2 ds,

Then
{mé(x): 7T (1 +6)|2| 72 Jn ys(2nlz]) ¥V 2 €R™

ToH(©) = ms(©)F(6) ¥ € R,
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On the other hand, given (p,k) € [1,00) x [0,n], the Morrey space LP* (as a
useful tool to study the local behavior of solutions to second order elliptic partial
differential equations; see also [6]) or its In-analogue LP%! is defined by

1

P
fe L, ®R") | flles = sup (T”_"/B( )\f(?/)\pdy> <00y,
xo,r

r>0,x0€R™

or

r>0,z0€R™ lne(l + 7")

1
,,,nfn P
J € LR ¢ [l = sup ( /| ( )If(y)lpdy) <ol
xo,r

where B(xg,r) is the Euclidean ball with center zp € R™ and radius r € (0,00) as
well as the Lebesgue measure |B(zg,7)| &~ r". In particular, one has

LPO=L> & LP" =17
In this note we are motivated by [8, 9, 10, 12] and the basic equivalence (cf. [11])
T | £52f = fler = 0 | Fsfls S 15l ¥ pE 1,o0)

where

s f(@) = / A1 - r 2l de ¥ 1 e (0,00)

T

is the spherical mean of multiple Fourier integral of f (cf. [14, p.390]), to achieve
Theorem 1.1. If

n>kK>A>0;

oo >p>1;
(1.1) nH >8> gl -k
q= E_(n’ﬁ_d)p,
then Zs5: LP" — L2 s continuous, i.e.,
(1.2) 125 flpan S I flles ¥ f € LPF

Remark 1.2. Interestingly, Theorem 1.1 has three by-products.
(i) If
n>k>A>0;
p=q € (1,00);
—1 _n=l | A

o= s

then
125 los S I fllLen ¥ f € L2,

which validates the Morrey (k > \)-variant of the Bochner-Riesz conjecture
(cf. [3] or [14, p.390]):

| 25l < Il v FeL? «24pe (L) & 6> (Z) (‘2—1]—1)

whose truth for n = 2 is given in [5].
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(ii) If
O<k=A<n & l<p=¢<oo in (1.1),
then § is forced to equal ”Tfl and hence #n-1 is bounded on the weighted

2
Lebesgue space LP(w) under w being A,-weight (cf. [13]) - accordingly - an
application of A; C A, and [1, Lemma 11] saying that

e sw ([ wPu dy);

weA & fRnwdAgtofLSI

holds with Aj-weight w obeying (n — k)-dimensional Hausdorff integral

/ wd]\nofl)_C <1,

gives that #n—1 is bounded on LP* - of course - this boundedness is ex-
2
tendible to § > "T_l via the well-known fact that #;_ n»—1 is bounded on
2

LP(w) with w € A, (cf. [4]).
(iif) If

O<k=A<n & 1<p<q=
K

then
| ZsfllLar SN fllen ¥V f € LPF,
thereby properly extending [2, Theorem 1.1] (from p = ¢ to p < q)- if

24 2 — 2 2
O<&§n&p>1>>max{‘_1”<n m)(‘_1’+>}7

then

| Zsfllees S W fllpew ¥ f € LPF.

Next, as a compensation for Theorem 1.1 we discover

Theorem 1.3. If

(1.4)

00 >q,p = 1;
L RN

n— K
025 =ty

00 >q,p > 1

n—A>\ K __

N
n— K

then Zs5: LPF — L3 or L3N 45 bounded; i.e.,

(1.5) 175 ax or | Z5fllpanim S | flloe ¥V f € L7
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Remark 1.4. Even more interesting are the following two comments on Theorem

1.3:
(i)

Notati

If
n>Kk>A>0;
1<p=qg<o;
1 A n—1
R e i i
then

| Zsfllion S| fllzee ¥ f € LPF,

and hence Remark 1.2(i) can be extended to the endpoint p =1 = q.
From

k=A=n & p= n (1.4)
it follows that
n—1
| 25 f | rmin SN fllpr ¥ f € LY

I

holds - nevertheless - it is worth to point out a two-fold fact. On the one
hand, this last estimation under 6 > (n — 1)/2 is weaker than the easily-
checked case p — 1 of the above-quoted Bochner-Riesz conjecture:

n—1
| Zsfllp SIfllp ¥V f € LY under § > 5

thanks to

125l rmn SN Z5 Nzt

On the other hand, the special inequality
| Focs fllpman S 1 fllss ¥ f € !

is locally stronger than the well-known weak estimate
| Sa s =sup [ ] dz | SIfllp ¥ f € LV
t>0 {meRn ‘/n 1 f(z) }

on. In the above and below, U < V stands for U < ¢V for a constant ¢ > 0.

Furthermore, U ~ V means both U <V and V < U.

For

where

2. VERIFICATION

0 > —1 we take into an account of the convolution operator

Jn s(27|x
Fif(a) = £ 2D,

\x| 7+6
the Bessel function Jj(-) with & > —1/2 satisfies

Jp(r) <ok vV ore(0,1);
Jk( )<r‘1/2 vV orell, o)
o ( ka( )) —r*kaH(r) vV re(0,00).
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Accordingly, we have

Jn (27|
sf(x) =7 T +1)f * \Z(”'D =7 'T(6 + 1) T f (@),

thereby finding

Ty 152z Cm1
Q;‘W SA+lz)~ %
(2.1) do(2) = [guos €™Vdo (y) = 2n]z|' =5 Ju_ (2n]]);

frdo(z) =2nT 1 f(x).
Proof of Theorem 1.1. From (2.1) it follows that

ot @) S Talfl@) = [ 1£)llo = 91" dy

where )
n>aoa= n% -0>0.
According to [8, Theorem 1.1] with the above o and 8 = n (the Radon measure

du is chosen as the n-dimensional Lebesgue measure), we have that if (1.2) is valid
then I, : LP* — L9 is continuous, thereby getting

176 fllpan ST lpan S [ Lalflll o S N fllzos.
O
Proof of Theorem 1.3. Thanks to the translation invariance of the convolution op-

erator, in order to prove the implication (1.3) or (1.4)=-(1.5), it suffices to verify
that

1

A" Tsf(x)|? dx)* under (1.3);

(22) ||f”Lp,H z ( N fB(o,r) ‘ §f( )‘ ) . ( )
(an(Tr) fB(o,r) | Tsf ()| dl‘) * under (1.4),

holds for any ball B(o,r) with center o and radius r.
To do so, upon denoting by x g the characteristic function of £ C R™ and writing

f=f+foelPr
J1 = IXB(o2r);
J2 = fXr"\B(o,2r)»

we have

(/ |%f<x>|qu> 5(/ I%fl(w)qu> +</ %f2<x>|qu>7
B(o,r) B(o,r) B(o,r)

whence considering two cases r € [1,00) and r € (0, 1).
Case - r € [1,00). On the one hand, the Minkowski inequality is used to derive

1 1
£, Janorlal)|f N
1 m%-&-&

q ! _
( L, 156 dm> - ( .
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Jns(2mlz — y|)
= fly)—= Y
(/B(o,r) /B(o,2r) ( ) 2

|z —y[2
s[ 1wl ( /
B(o,2r) B(o,r)

2=z —;

|z| < 3r;

n—1 K A .
7 T g S

n—A>\A K
7 —|—p>n,

¢ N\u
dac)

¢ N\u
d:c) dy.

T a2l — )
o —y|2 0

the first inequality in (2.1) and the Holder inequality we get

whence

(2.3)

( / \%fl(w)\qdaf>q
B(o,r)

1

,S/ 1f(y)l (/ (14 |z|)‘("31+5>qczz> dy
B(o,2r) B(0,3r)

_(n—Eg2
iﬁj/ [f W)l <]f 1+ 2))"¢ p*q)qdz> dy
B(o,2r) B(o0,3r)

_(pt2=n_ kK
P [ iy
B(o,2r)

n—X\
Sroa || flloes,

Q=

Q

(?“A_”/( )!%fl(x)\qdfr> S llzes ¥ 7 € [1,00).
B(o,r

At the same time, if

then the previous analysis gives

(2.4)

< (1 +7)) 7| £l 1o

~
Ql

<r’\_" / | s f1(2)|? dz
B(o,r)

On the other hand, an application of

A n—1 K n—-1 &k
0> —+
q 2 P 2 P
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and the first estimate in (2.1) yields

q
( / \m(a:)rwx)
B(o,r)

Jni5(2mlz —y|)

([ 1 P Ty

B(o,r) |JR™\B(0,2r) |z —yl|2

o0 q é
< Iy dy | dz
Z </B(o,r) </B(o,2j+1r)\B(o,2jr)’ ( )’ > )

1
a g
n_s_1
S () WA+ ey E by | de
j= B(o,r) \JB(0,2i+17)\ B(0,297)

0\
da:)

T ss(2nle — )
v —y|2 0

no i N_n_g5_1
Sy EE [ )y
=1 B(o,2it1r)
° n . 1 . K
<3 )T T @) R £ e
j=1
n—1 n_K e n—1 PR
<r' T T ||| pee Z o(*3=—=6=7)J
j=1
n-l_sin_k
ST T fl e
Consequently, from
A -1
Ayn=l s kg
q 2 p

it follows that

(2.5) (M-n / T fola |qd:n
B(o,r)

A combination of (2.3) or and (2.7) gives that if r € [1,00) then
) 1

(2.6) (M—”/B( )|9f z)|? dx

Case - r € (0,1). Since there is an integer jo > 0 such that

HfHLP

TN _n-1 s,k
,E ’ﬂ2 +6

| fll Loos under (1.3);
(Ine(1+ T)) | f|lzp.s under (1.4).

9—jo—1 <r< 2—j07

we utilize the first estimate in (2) to get

1

( / |%f1<x>|qu>q
B(o,r)
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= /B(o,2r) )l </B(o,r)

sl
B(o,2r) B(o,r)

n

ST | fl e,

)
o =yl 2"

7\
d:c) dy

Q=

dy

whence

1

¢ App_ K
(2.7) (M-n/B( )\%fl(w)\qdw> S | flles SN lles ¥ or € (0,1).

Meanwhile, we utilize the first inequality in (2.1), the Hélder inequality and

A n—1 x n—-1 &k
0> —+
q

2 P 2 P

to calculate

</ |75 fa ()| dm)
B(o,r)
</B(°”’) </R"\B(o,2r) fw)l

o

Qe

Tas(2nle — )
o —y[2+

N

AN
dy) dx)
Jastrle - '\
Z4sleTe — Y
- d dx
y)l o | Y

T cs(2nle — )
|z —y|2 7+

A
T
B
>

/B(o,2j+1r)\B(o,2j r)

J=1

()]

AN
g
I
4
g
—

dy)q dgg)

B(0,2ir)\B(0,27—17)

Jo+1 1 é
S fWldy | dx
/B(o,r) ]Z_; ~/B(x,2.7'+27") | ( )|
q 1
00 q
Blor) \ ;50017 B@2i+2r)\B(@,2-2r) (14 |z —y|) 2

1

Jo+1 a q
</ [ ity do
B(o,r) ; B(x,27+2r)

J

q
AL (s 0w
Bloy) \ j 55001 /B2 2\B(@2-2r) (1 4 |z —y|)" » T4

Q=
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j0+1 - K K, n s JA n—=X
A D A A Y
j=1 Jj=jo+1

n
S [ fllpewra.

Consequently, we find that if » € (0,1) then

4 Py
q

(2.8) TA_"/B( )l«%f2(l“)|qd$ S fllzewr e S A f oo
Clearly, putting together (2.7) and (2.8) implies that if € (0,1) then
1
a e under (1.3);
B(o,r) (Ine(1+7)) 7| fllLpx  under (1.4).
Now, a combination of (2.6) and (2.9) produces (2.2). O
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