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On the other hand, given (p, κ) ∈ [1,∞) × [0, n], the Morrey space Lp,κ (as a
useful tool to study the local behavior of solutions to second order elliptic partial
differential equations; see also [6]) or its ln-analogue Lp,κ;ln is defined byf ∈ Lp

loc(R
n) : ∥f∥Lp,κ = sup

r>0,x0∈Rn

(
rκ−n

∫
B(x0,r)

|f(y)|p dy

) 1
p

< ∞

 ,

orf ∈ Lp
loc(R

n) : ∥f∥Lp,κ;ln = sup
r>0,x0∈Rn

(
rκ−n

ln e(1 + r)

∫
B(x0,r)

|f(y)|p dy

) 1
p

< ∞

 ,

where B(x0, r) is the Euclidean ball with center x0 ∈ Rn and radius r ∈ (0,∞) as
well as the Lebesgue measure |B(x0, r)| ≈ rn. In particular, one has

Lp,0 = L∞ & Lp,n = Lp.

In this note we are motivated by [8, 9, 10, 12] and the basic equivalence (cf. [11])

lim
r→∞

∥Jδ,rf − f∥Lp = 0 ⇔ ∥Jδf∥Lp ≲ ∥f∥Lp ∀ p ∈ [1,∞),

where

Jδ,rf(x) =

∫
B(0,r)

f̂(ξ)
(
1− r−2|ξ|2

)
e2πix·ξ dξ ∀ r ∈ (0,∞)

is the spherical mean of multiple Fourier integral of f (cf. [14, p.390]), to achieve

Theorem 1.1. If

(1.1)


n ≥ κ ≥ λ > 0;

∞ > p > 1;
n−1
2 > δ > n−1

2 − κ
p ;

q = pλ

κ−
(

n−1
2

−δ
)
p
,

then Jδ : L
p,κ → Lq,λ is continuous, i.e.,

(1.2) ∥Jδf∥Lq,λ ≲ ∥f∥Lp,κ ∀ f ∈ Lp,κ.

Remark 1.2. Interestingly, Theorem 1.1 has three by-products.

(i) If 
n ≥ κ > λ > 0;

p = q ∈ (1,∞);
n−1
2 > δ = n−1

2 + λ−κ
p ,

then
∥Jδf∥Lp,λ ≲ ∥f∥Lp,κ ∀ f ∈ Lp,κ,

which validates the Morrey (κ > λ)-variant of the Bochner-Riesz conjecture
(cf. [3] or [14, p.390]):

∥Jδf∥Lp ≲ ∥f∥Lp ∀ f ∈ Lp ⇐ 2 ̸= p ∈ (1,∞) & δ >

(
n

2

)(∣∣∣∣2p − 1

∣∣∣∣− 1

)
whose truth for n = 2 is given in [5].
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(ii) If

0 < κ = λ ≤ n & 1 < p = q < ∞ in (1.1),

then δ is forced to equal n−1
2 and hence Jn−1

2
is bounded on the weighted

Lebesgue space Lp(w) under w being Ap-weight (cf. [13]) - accordingly - an
application of A1 ⊂ Ap and [1, Lemma 11] saying that

∥f∥Lp,κ ≈ sup
w∈A1 &

∫
Rn w dΛ

(∞)
n−κ≤1

(∫
Rn

|f(y)|pw(y) dy
) 1

p

holds with A1-weight w obeying (n− κ)-dimensional Hausdorff integral∫
Rn

w dΛ
(∞)
n−κ ≤ 1,

gives that Jn−1
2

is bounded on Lp,κ - of course - this boundedness is ex-

tendible to δ > n−1
2 via the well-known fact that Jδ>n−1

2
is bounded on

Lp(w) with w ∈ Ap (cf. [4]).
(iii) If

0 < κ = λ ≤ n & 1 < p < q =
pκ

κ−
(
n−1
2 − δ

)
p
,

then

∥Jδf∥Lq,κ ≲ ∥f∥Lp,κ ∀ f ∈ Lp,κ,

thereby properly extending [2, Theorem 1.1] (from p = q to p < q)- if

0 < κ ≤ n & p > 1 >
2δ

n− 1
> max

{∣∣∣∣2p − 1

∣∣∣∣,(n− κ

n

)(∣∣∣∣2p − 1

∣∣∣∣+ 2

p

)}
,

then

∥Jδf∥Lp,κ ≲ ∥f∥Lp,κ ∀ f ∈ Lp,κ.

Next, as a compensation for Theorem 1.1 we discover

Theorem 1.3. If

(1.3)


n ≥ κ > λ > 0;

∞ > q, p ≥ 1;
n−λ
q + κ

p > n;

δ ≥ n−1
2 − κ

p + λ
q ,

or

(1.4)


n ≥ κ ≥ λ > 0;

∞ > q, p ≥ 1;
n−λ
q + κ

p = n;

δ ≥ n−1
2 − κ

p + λ
q ,

then Jδ : L
p,κ → Lq,λ or Lq,λ;ln is bounded; i.e.,

(1.5) ∥Jδf∥Lq,λ or ∥Jδf∥Lq,λ;ln ≲ ∥f∥Lp,κ ∀ f ∈ Lp,κ.
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Remark 1.4. Even more interesting are the following two comments on Theorem
1.3:

(i) If 
n ≥ κ > λ > 0;

1 ≤ p = q < ∞;

δ ≥ n−1
2 − κ

p + λ
p > n−1

2 − κ
p ,

then

∥Jδf∥Lp,λ ≲ ∥f∥Lp,κ ∀ f ∈ Lp,κ,

and hence Remark 1.2(i) can be extended to the endpoint p = 1 = q.
(ii) From

κ = λ = n & p = q = 1 & δ ≥ n− 1

2
in (1.4)

it follows that

∥Jδf∥L1,n;ln ≲ ∥f∥L1 ∀ f ∈ L1 under δ ≥ n− 1

2
,

holds - nevertheless - it is worth to point out a two-fold fact. On the one
hand, this last estimation under δ > (n − 1)/2 is weaker than the easily-
checked case p → 1 of the above-quoted Bochner-Riesz conjecture:

∥Jδf∥L1 ≲ ∥f∥L1 ∀ f ∈ L1 under δ >
n− 1

2

thanks to

∥Jδf∥L1,n;ln ≲ ∥Jδf∥L1 .

On the other hand, the special inequality

∥Jn−1
2
f∥L1,n;ln ≲ ∥f∥L1 ∀ f ∈ L1

is locally stronger than the well-known weak estimate

∥Jn−1
2
f∥L1,∗ = sup

t>0

t

∫{
x∈Rn:

∣∣Jn−1
2

f(x)
∣∣>t

} dx

 ≲ ∥f∥L1 ∀ f ∈ L1.

Notation. In the above and below, U ≲ V stands for U ≤ cV for a constant c > 0.
Furthermore, U ≈ V means both U ≲ V and V ≲ U .

2. Verification

For δ > −1 we take into an account of the convolution operator

Tδf(x) = f ∗
Jn

2
+δ(2π|x|)
|x|

n
2
+δ

,

where the Bessel function Jk(·) with k > −1/2 satisfies
Jk(r) ≲ rk ∀ r ∈ (0, 1);

Jk(r) ≲ r−1/2 ∀ r ∈ [1,∞);
d
dr

(
r−kJk(r)

)
= −r−kJk+1(r) ∀ r ∈ (0,∞).
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Accordingly, we have

Jδf(x) = π−δΓ(δ + 1)f ∗
Jn

2
+δ(2π|x|)
|x|

n
2
+δ

= π−δΓ(δ + 1)Tδf(x),

thereby finding

(2.1)


Jn

2 +δ(2π|x|)

|x|
n
2 +δ ≲ (1 + |x|)−

n+1
2

−δ;

ďσ(x) =
∫
Sn−1 e

2πix·ydσ(y) = 2π|x|1−
n
2 Jn

2
−1(2π|x|);

f ∗ ďσ(x) = 2πT−1f(x).

Proof of Theorem 1.1. From (2.1) it follows that

|Tδf(x)| ≲ Iα|f |(x) =
∫
Rn

|f(y)||x− y|α−n dy

where

n > α =
n− 1

2
− δ > 0.

According to [8, Theorem 1.1] with the above α and β = n (the Radon measure
dµ is chosen as the n-dimensional Lebesgue measure), we have that if (1.2) is valid
then Iα : Lp,κ → Lq,λ is continuous, thereby getting

∥Jδf∥Lq,λ ≲ ∥Tδf∥Lq,λ ≲
∥∥Iα|f |∥∥Lq,λ ≲ ∥f∥Lp,κ .

□

Proof of Theorem 1.3. Thanks to the translation invariance of the convolution op-
erator, in order to prove the implication (1.3) or (1.4)⇒(1.5), it suffices to verify
that

(2.2) ∥f∥Lp,κ ≳


(
rλ−n

∫
B(o,r) |Tδf(x)|q dx

) 1
q

under (1.3);(
rλ−n

ln e(1+r)

∫
B(o,r) |Tδf(x)|q dx

) 1
q

under (1.4),

holds for any ball B(o, r) with center o and radius r.
To do so, upon denoting by χE the characteristic function of E ⊂ Rn and writing

f = f1 + f2 ∈ Lp,κ;

f1 = fχB(o,2r);

f2 = fχRn\B(o,2r),

we have(∫
B(o,r)

|Tδf(x)|q dx

) 1
q

≲
(∫

B(o,r)
|Tδf1(x)|q dx

) 1
q

+

(∫
B(o,r)

|Tδf2(x)|q dx

) 1
q

,

whence considering two cases r ∈ [1,∞) and r ∈ (0, 1).
Case - r ∈ [1,∞). On the one hand, the Minkowski inequality is used to derive(∫

B(o,r)
|Tδf1(x)|q dx

) 1
q

=

(∫
B(o,r)

∣∣∣∣∣f1 ∗ Jn
2
+δ(2π|x|)
|x|

n
2
+δ

∣∣∣∣∣
q

dx

) 1
q
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=

(∫
B(o,r)

∣∣∣∣∣
∫
B(o,2r)

f(y)
Jn

2
+δ(2π|x− y|)
|x− y|

n
2
+δ

dy

∣∣∣∣∣
q

dx

) 1
q

≲
∫
B(o,2r)

|f(y)|

(∫
B(o,r)

∣∣∣∣∣Jn
2
+δ(2π|x− y|)
|x− y|

n
2
+δ

∣∣∣∣∣
q

dx

) 1
q

dy.

Using 
z = x− y;

|z| ≤ 3r;
n−1
2 − κ

p + λ
q ≤ δ;

n−λ
q + κ

p > n,

the first inequality in (2.1) and the Hölder inequality we get(∫
B(o,r)

|Tδf1(x)|q dx

) 1
q

≲
∫
B(o,2r)

|f(y)|

(∫
B(o,3r)

(1 + |z|)−(n+1
2

+δ)qdz

) 1
q

dy

≲
∫
B(o,2r)

|f(y)|

(∫
B(o,3r)

(1 + |z|)−(n−κ
p
+λ

q
)q
dz

) 1
q

dy

≈ r
−(n+λ−n

q
−κ

p
)
∫
B(o,2r)

|f(y)| dy

≲ r
n−λ
q ∥f∥Lp,κ ,

whence

(2.3)

(
rλ−n

∫
B(o,r)

|Tδf1(x)|q dx

) 1
q

≲ ∥f∥Lp,κ ∀ r ∈ [1,∞).

At the same time, if 
z = x− y;

|z| ≤ 3r;
n−1
2 − κ

p + λ
q ≤ δ;

n−λ
q + κ

p = n,

then the previous analysis gives

(2.4)

(
rλ−n

∫
B(o,r)

|Tδf1(x)|q dx

) 1
q

≲ (ln(1 + r))
1
q ∥f∥Lp,κ

On the other hand, an application of

δ ≥ λ

q
+

n− 1

2
− κ

p
>

n− 1

2
− κ

p
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and the first estimate in (2.1) yields(∫
B(o,r)

|Tδf2(x)|q dx

) 1
q

=

(∫
B(o,r)

∣∣∣∣∣
∫
Rn\B(o,2r)

f(y)
Jn

2
+δ(2π|x− y|)
|x− y|

n
2
+δ

dy

∣∣∣∣∣
q

dx

) 1
q

≤
∞∑
j=1

(∫
B(o,r)

(∫
B(o,2j+1r)\B(o,2jr)

|f(y)|

∣∣∣∣∣Jn
2
+δ(2π|x− y|)
|x− y|

n
2
+δ

∣∣∣∣∣ dy
)q

dx

) 1
q

≲
∞∑
j=1

(∫
B(o,r)

(∫
B(o,2j+1r)\B(o,2jr)

|f(y)|(1 + |x− y|)−
n
2
−δ− 1

2dy

)q

dx

) 1
q

≲
∞∑
j=1

r
n
q (2jr)−

n
2
−δ− 1

2

∫
B(o,2j+1r)

|f(y)|dy

≤
∞∑
j=1

r
n
q (2jr)−

n
2
−δ− 1

2 (2j+1r)
n−κ

p ∥f∥Lp,κ

≲ r
n−1
2

−δ+n
q
−κ

p ∥f∥Lp,κ

∞∑
j=1

2
(n−1

2
−δ−κ

p
)j

≲ r
n−1
2

−δ+n
q
−κ

p ∥f∥Lp,κ .

Consequently, from

λ

q
+

n− 1

2
− δ − κ

p
≤ 0

it follows that

(2.5)

(
rλ−n

∫
B(o,r)

|Tδf2(x)|q dx

) 1
q

≲ ∥f∥Lp,κ

r
−λ

q
−n−1

2
+δ+κ

p

≲ ∥f∥Lp,κ ∀ r ∈ [1,∞).

A combination of (2.3) or (2.4) and (2.7) gives that if r ∈ [1,∞) then

(2.6)

(
rλ−n

∫
B(o,r)

|Tδf(x)|q dx

) 1
q

≲
{
∥f∥Lp,κ under (1.3);(
ln e(1 + r)

) 1
q ∥f∥Lp,κ under (1.4).

Case - r ∈ (0, 1). Since there is an integer j0 ≥ 0 such that

2−j0−1 ≤ r < 2−j0 ,

we utilize the first estimate in (2) to get(∫
B(o,r)

|Tδf1(x)|q dx

) 1
q
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≤
∫
B(o,2r)

|f(y)|

(∫
B(o,r)

∣∣∣∣∣Jn
2
+δ(2π|x− y|)
|x− y|

n
2
+δ

∣∣∣∣∣
q

dx

) 1
q

dy

≲
∫
B(o,2r)

|f(y)|

∣∣∣∣∣
∫
B(o,r)

1dz

∣∣∣∣∣
1
q

dy

≲ r
n+n

q
−κ

p ∥f∥Lp,κ ,

whence

(2.7)

(
rλ−n

∫
B(o,r)

|Tδf1(x)|q dx

) 1
q

≲ r
λ
q
+n−κ

p ∥f∥Lp,κ ≲ ∥f∥Lp,κ ∀ r ∈ (0, 1).

Meanwhile, we utilize the first inequality in (2.1), the Hölder inequality and

δ ≥ λ

q
+

n− 1

2
− κ

p
>

n− 1

2
− κ

p

to calculate(∫
B(o,r)

|Tδf2(x)|q dx

) 1
q

≲
(∫

B(o,r)

(∫
Rn\B(o,2r)

|f(y)|

∣∣∣∣∣Jn
2
+δ(2π|x− y|)
|x− y|

n
2
+δ

∣∣∣∣∣ dy
)q

dx

) 1
q

≲

∫
B(o,r)

 ∞∑
j=1

∫
B(o,2j+1r)\B(o,2jr)

|f(y)|

∣∣∣∣∣Jn
2
+δ(2π|ξ − y|)
|x− y|

n
2
+δ

∣∣∣∣∣ dy
q

dx


1
q

≲

∫
B(o,r)

( j0+1∑
j=1

+
∞∑

j=j0+2

)∫
B(o,2jr)\B(o,2j−1r)

|f(y)|

∣∣∣∣∣Jn
2
+δ(2π|x− y|)
|x− y|

n
2
+δ

∣∣∣∣∣ dy
q

dx


1
q

≲

∫
B(o,r)

j0+1∑
j=1

∫
B(x,2j+2r)

|f(y)| dy

q

dx


1
q

+

∫
B(o,r)

 ∞∑
j=j0+1

∫
B(x,2j+2r)\B(x,2j−2r)

|f(y)|
(1 + |x− y|)

1+n
2

+δ
dy

q

dx


1
q

≲

∫
B(o,r)

j0+1∑
j=1

∫
B(x,2j+2r)

|f(y)| dy

q

dx


1
q

+

∫
B(o,r)

 ∞∑
j=j0+1

∫
B(x,2j+2r)\B(x,2j−2r)

|f(y)|

(1 + |x− y|)n−
κ
p
+λ

q

dy

q

dx


1
q
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≲ ∥f∥Lp,κ

j0+1∑
j=1

2
j(n−κ

p
)
r
n−κ

p
+n

q +

∞∑
j=j0+1

2
− jλ

q r
n−λ
q


≲ ∥f∥Lp,κr

n
q .

Consequently, we find that if r ∈ (0, 1) then

(2.8)

(
rλ−n

∫
B(o,r)

|Tδf2(x)|q dx

) 1
q

≲ ∥f∥Lp,κr
λ
q ≲ ∥f∥Lp,κ .

Clearly, putting together (2.7) and (2.8) implies that if r ∈ (0, 1) then

(2.9)

(
rλ−n

∫
B(o,r)

|Tδf(x)|q dx

) 1
q

≲
{
∥f∥Lp,κ under (1.3);(
ln e(1 + r)

) 1
q ∥f∥Lp,κ under (1.4).

Now, a combination of (2.6) and (2.9) produces (2.2). □
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