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Theorem 1.3. Assume that (X, ρ) is a complete metric space, T : X → 2X \ {∅},
graph(T ) := {(x, y) ∈ X ×X : y ∈ T (x)} is closed, ϕ : X → R1 ∪ {∞} is bounded
from below, and that for each x ∈ X,

inf{ϕ(y) + ρ(x, y) : y ∈ T (x)} ≤ ϕ(x).

Let {ϵn}∞n=0 ⊂ (0,∞),
∑∞

n=0 ϵn < ∞, and let x0 ∈ X satisfy ϕ(x0) < ∞. Assume
that for each integer n ≥ 0,

xn+1 ∈ T (xn)

and
ϕ(xn+1) + ρ(xn, xn+1) ≤ inf{ϕ(y) + ρ(xn, y) : y ∈ T (xn)}+ ϵn.

Then {xn}∞n=0 converges to a fixed point of T .

2. The first result

Let (X, ρ) be a complete metric space. For each x ∈ X and each r > 0 set

B(x, r) = {y ∈ X : ρ(x, y) ≤ r}.
For each nonempty set Y and each function h : Y → R1 ∪ {∞} set

inf(h) = inf{h(y) : y ∈ Y }.

Theorem 2.1. Let K be a nonempty closed subset of X, ϕ : X → [0,∞], T : K →
X be a mappings such that

graph(T ) := {(x, Tx) : x ∈ K}
is a closed set in X × X equipped with the product topology and such that for all
x ∈ K,

(2.1) ϕ(Tx) + ρ(x, Tx) ≤ ϕ(x).

Assume that x0 ∈ K and r > 0 satisfy

(2.2) B(x0, r) ⊂ K

and

(2.3) ϕ(x0) ≤ r.

Then the sequence {T ix0}∞i=1 is well defined and converges to a fixed point of T .

Proof. Set T 0x = x for all x ∈ K. If

Tx0 = x0,

then the assertion of the theorem holds. Assume that

(2.4) Tx0 ̸= x0.

By (2.1)-(2.3),
ρ(x0, Tx0) ≤ ϕ(x0)− ϕ(Tx0) ≤ r

and

(2.5) Tx0 ∈ K.

Assume that q ≥ 1 is an integer and that

T i(x0) ∈ K, i = 1, . . . , q.
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(Note that in view of (2.5) our assumption holds for q = 1.) If an integer i ∈ [1, q)
satisfies

T ix0 = T i+1x0

then the assertion of the theorem holds.
Assume that

(2.6) T ix0 ̸= T i+1x0, i = 0, . . . , q − 1.

If

T (T qx0) = T qx0,

then the assertion of the theorem holds. Therefore we consider only the case with

(2.7) T (T qx0) ̸= T qx0.

By (2.1), (2.6) and (2.7), for all i = 0, . . . , q,

(2.8) ϕ(T i+1x0) < ρ(T i+1x0, T
ix0) + ϕ(T i+1x0) ≤ ϕ(T ix0).

In view of (2.3) and (2.8),

ρ(x0, T
q+1x0) ≤

q∑
i=0

ρ(T ix0, T
i+1x0)

≤
q∑

i=0

(ϕ(T ix0)− ϕ(T i+1x0)) ≤ ϕ(x0) ≤ r.

Together with (2.2) this implies that

T q+1x0 ∈ B(x0, r) ⊂ K.

Thus by induction we showed that T ix0 is well defined and

T ix0 ∈ K

for all integers i ≥ 0. In view of (2.1),

∞∑
i=0

ρ(T ix0, T
i+1x0) ≤

∞∑
i=0

(ϕ(T ix0)− ϕ(T i+1x0)) ≤ ϕ(x0).

Therefore {T ix0}∞i=1 is a Cauchy sequence and there exists

x∗ = lim
i→∞

T ix0.

Since the graph of T is closed we have

Tx∗ = x∗.

Theorem 2.1 is proved. □



274 A. J. ZASLAVSKI

3. The second result

Suppose that (X, ρ) is a complete metric space.

Theorem 3.1. Let K is a nonempty closed subset of X, ϕ : X → [0,∞] be a lower
semicontinuous function, a mapping T : K → 2X satisfy the following property

(a) for each x ∈ K and each M > 0 the set B(x,M) ∩ T (x) is compact.
Assume that

graph(T ) := {(x, y) ∈ K ×X : y ∈ T (x)}
is a closed set in X×X equipped with the product topology and that for each x ∈ K,

(3.1) inf{ρ(x, y) + ϕ(y) : y ∈ T (x)} ≤ ϕ(x).

Let x0 ∈ K, r > 0,

(3.2) ϕ(x0) ≤ r,

(3.3) B(x0, r) ⊂ K.

Then the sequence {xi}∞i=0 ⊂ X such that for each integer i ≥ 0,

(3.4) xi+1 ∈ T (xi),

(3.5) ρ(xi, xi+1) + ϕ(xi+1) = inf{ρ(xi, z) + ϕ(x) : z ∈ T (xi)}
is well defined,

xi ∈ K, i = 0, 1, . . . ,

there exists

lim
i→∞

xi

in X and

lim
i→∞

xi ∈ T ( lim
i→∞

xi).

Proof. Since the function

ρ(x0, z) + ϕ(z), z ∈ X

is lower semicontinuous, property (i) implies that there exists

(3.6) x1 ∈ T (x0)

such that

(3.7) ρ(x0, x1) + ϕ(x1) = inf{ρ(x0, z) + ϕ(z) : z ∈ T (x0)}
By (3.1), (3.2) and (3.7),

(3.8) ρ(x0, x1) + ϕ(x1) ≤ ϕ(x0) ≤ r.

In view of (3.3) and (3.8),

(3.9) ρ(x0, x1) ≤ r,

(3.10) x1 ∈ K.

Assume that k ≥ 1 is an integer,

xi ∈ K, i = 0, . . . , k
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and that for all i = 0, . . . , k − 1, (3.4) and (3.5) hold. (Note that in view of (3.6),
(3.7) and (3.10), our assumption holds for k = 1.)

By (3.1) and (3.5), for all i = 0, . . . , k − 1,

ρ(xi+1, xi) + ϕ(xi+1) ≤ ϕ(xi)

and

(3.11) ρ(xi+1, xi) ≤ ϕ(xi)− ϕ(xi+1).

It follows from (3.2) and (3.11) that

k∑
i=0

ρ(xi+1, xi) ≤
k∑

i=0

(ϕ(xi)− ϕ(xi+1))

≤ ϕ(x0)− ϕ(xk+1) ≤ ϕ(x0) ≤ r.(3.12)

Since the function

ρ(xk, z) + ϕ(z), z ∈ X

is lower semicontinuous property (a) implies that there exists

(3.13) xk+1 ∈ T (xk)

such that

(3.14) ρ(xk, xk+1) + ϕ(xk+1) = inf{ρ(xk, z) + ϕ(z) : z ∈ T (xk)}.

By (3.1) and (3.14),

(3.15) ρ(xk, xk+1) + ϕ(xk+1) ≤ ϕ(xk).

In view of (3.11) and (3.15),

k∑
i=0

ρ(xi+1, xi) ≤
k∑

i=0

(ϕ(xi)− ϕ(xi+1))

≤ ϕ(x0)− ϕ(xk+1) ≤ ϕ(x0).

Together with (3.2) this implies that

ρ(x0, xk+1) ≤
k+1∑
i=0

ρ(xi+1, xi) ≤ ϕ(x0) ≤ r.

In view of (3.3),

xk+1 ∈ B(x0, r) ⊂ K.

Therefore the assumption made for k also holds for k + 1. Thus by induction we
showed that the sequence {xi}∞i=0 is well defined and xi ∈ K for all integers i ≥ 0.
By (3.1) and (3.5), for all i = 0, 1, . . . ,

ρ(xi+1, xi) + ϕ(xi+1) ≤ ϕ(xi)

and

(3.16) ρ(xi+1, xi) ≤ ϕ(xi)− ϕ(xi+1).
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It follows from (3.16) that for all natural numbers T ,

T−1∑
i=0

ρ(xi+1, xi) ≤
T−1∑
i=0

(ϕ(xi)− ϕ(xi+1))

≤ ϕ(x0)− ϕ(xT ) ≤ ϕ(x0).

Therefore {xi}∞i=0 is a Cauchy sequence and there exists

x∗ = lim
i→∞

xi

in X. Clearly,

(x∗, x∗) = lim
i→∞

(xi, xi+1) ∈ graph(T )

and x∗ ∈ T (x∗). Theorem 3.1 is proved. □

4. The third result

Suppose that (X, ρ) is a complete metric space.

Theorem 4.1. Let K is a nonempty closed subset of X, ϕ : X → [0,∞] and
T : K → 2X be a mapping. Assume that

graph(T ) := {(x, y) ∈ K ×X : y ∈ T (x)}

is a closed set in X×X equipped with the product topology and that for each x ∈ K,

(4.1) inf{ρ(x, y) + ϕ(y) : y ∈ T (x)} ≤ ϕ(x).

Let x0 ∈ K, r > 0,

(4.2) ϕ(x0) < r,

(4.3) B(x0, r) ⊂ K,

{ϵi}∞i=0 satisfy

(4.4)
∞∑
i=0

ϵi ≤ r − ϕ(x0).

Assume that a sequence {xi}∞i=0 ⊂ X satisfies for each integer i ≥ 0,

(4.5) xi+1 ∈ T (xi),

(4.6) ρ(xi, xi+1) + ϕ(xi+1) ≤ inf{ρ(xi, z) + ϕ(x) : z ∈ T (xi)}+ ϵi.

Then it is well defined,

xi ∈ K, i = 0, 1, . . . ,

there exists

lim
i→∞

xi

in X and

lim
i→∞

xi ∈ T ( lim
i→∞

xi).
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Proof. Assume that q ≥ 0 is an integer and that ,

xi ∈ K, i = 0, . . . , q

are already well defined by (4.5) and (4.6) hold. (Clearly, our assumption holds for
q = 0.)

By (4.5) and (4.6),

(4.7) xq+1 ∈ T (xq),

(4.8) ρ(xq+1, xq) + ϕ(xq+1) ≤ inf{ρ(xq, z) + ϕ(z) : z ∈ T (xq)}+ ϵq.

It is clear that

ϕ(xi) < ∞ for all i = 0, . . . , q + 1.

In order to show that our assumption holds for q+1 too it is sufficient to show that

xq+1 ∈ K.

By (4.1) and (4.6), for i = 0, . . . , q,

ρ(xi+1, xi) ≤ ϵi + inf{ρ(z, xi) + ϕ(x) : z ∈ T (xi)} − ϕ(xi+1)

≤ ϵi + ϕ(xi)− ϕ(xi+1).(4.9)

It follows from (4.4) and (4.9) that

ρ(x0, xq+1) ≤
q∑

i=0

ρ(xi+1, xi)

≤
q∑

i=0

(ϕ(xi)− ϕ(xi+1) + ϵi)

≤
q∑

i=0

ϵi + ϕ(x0)− ϕ(xq+1)

≤
q∑

i=0

ϵi + ϕ(x0)

≤
∞∑
i=0

ϵi + ϕ(x0) ≤ r.

Together with (4.3) the relation above implies that

xq+1 ∈ B(x0, r) ⊂ K.

Thus by induction we showed that the sequence {xi}∞i=0 is well defined and xi ∈ K
for all integers i ≥ 0. By (4.1) and (4.6), for all i = 0, 1, . . . ,

ρ(xi+1, xi) + ϕ(xi+1) ≤ ϕ(xi) + ϵi

and

(4.10) ρ(xi+1, xi) ≤ ϕ(xi)− ϕ(xi+1) + ϵi.
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It follows from (4.2), (4.4) and (4.10) that for all natural numbers T ,

T−1∑
i=0

ρ(xi+1, xi) ≤
T−1∑
i=0

(ϕ(xi)− ϕ(xi+1) + ϵi)

≤ ϕ(x0)− ϕ(xT ) +
T−1∑
i=0

ϵi

≤ ϕ(x0) +
∞∑
i=0

ϵi < ∞.

Therefore {xi}∞i=0 is a Cauchy sequence and there exists

x∗ = lim
i→∞

xi

in X. Clearly,
(x∗, x∗) = lim

i→∞
(xi, xi+1) ∈ graph(T )

and x∗ ∈ T (x∗). Theorem 4.1 is proved. □
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