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PARAMETER-FREE OPTIMALITY MODELS FOR DISCRETE
MINMAX FRACTIONAL PROGRAMMING PROBLEMS

RAM U. VERMA

ABSTRACT. This paper deals with establishing several sets of generalized parameter-
free sufficient optimality conditions for a discrete minmax fractional program-
ming problem using two partitioning schemes and various second-order (F, 3, v,

¢, T, w, p, 0, m) - univexities. The obtained optimality results are significant
and application-oriented to other problems in mathematical programming as well
as in the interdisciplinary applications (ranging from mechanical engineering to
robots in automobile assembly plants).

1. INTRODUCTION AND PRELIMINARIES

Before, we establish several sets of generalized parameter-free sufficient optimal-
ity conditions and related results, we begin with the following discrete minmax
fractional programming problem:

(P) Minimize max file)
1<i<p gi(z)

subject to  Gj(x) <0, j€q, Hp(x)=0,kecr, zelX,

where F is feasible set of (P), X is an open convex subset of R"” (n-dimensional
Euclidean space), fi, ¢;, i € p = {1,2,...,p}, Gj, j € q, and Hy, k € r, are

real-valued functions defined on X, and for each i € p, g;(x) > 0 for all x satisfying
the constraints of (P).

We aim at exploring some results on generalized parameter-free sufficient opti-
mality conditions for (P) based on various second-order (F, 3, v, ¢, 7, w, p, 6, m)
- univexity constraints. We shall apply two partitioning schemes due to Mond and
Weir [3] and Yang [8], in conjunction with the new classes of generalized second-
order invex functions, to formulate and discuss numerous sets of generalized second-
order parameter-free sufficient optimality conditions for (P). All the second-order
sufficient optimality results established in this paper are new in the area of dis-
crete minmax fractional programming, while have a wide range of applications to
mathematical programming including, but limited to, several types of optimization
problems.

The rest of this paper is organized as follows: In the remainder of this section,
we generalize some basic definitions and recall some auxiliary results which will
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be needed in the sequel. In Section 2, we state and prove various second-order
parameter-free sufficient optimality results for (P) using a variety of generalized
(F,B,7,¢,m,w,p, 0, m)-sounivexity assumptions. Finally, in Section 3 we summa-
rize our main results and also point out some further research opportunities arising
from the principal problems investigated in the present paper.

We next present more generalized versions of the new classes of (strictly)
(¢,m, p, 0, m)-sonvex, (strictly) (&,n,p,0, m)-pseudosonvex, and (prestrictly)
(¢,m, p,0, m)-quasisonvex functions introduced recently in [5]. Here we shall fur-
ther generalize these functions by considering their univex counterparts. We shall
use the word sounivex for second - order univex.

Let f: X — R be a twice differentiable function.

Definition 1.1. The function f is said to be (strictly) (F, B, v, ¢, m, w, p, 0,
m)-souniver at x* if there exist functions 5,7 : X x X — Ry = (0,00), ¢ : R —
R, p: XxX >R, mw,0: X xX — R" asublinear function F(z,z*;-) : R" — R,
and a positive integer m such that for each z € X (x # z*) and z € R",

¢(f(z) — f(2"))(>) = F(z,2"; B(z,2")V ("))

+ B(a, a*) (m(x, 2*), V2 f(2*)2)
1 * * *
- 5’7(1‘,.% )<W(x,1‘ ),sz(l’ )Z>
+ p(@, ") [0z, %)™,
where | - || is a norm on R™ and (a, b) is the inner product of the vectors a and b.
The function f is said to be (strictly) (F,B,v, ¢, 7, w, p,0, m)-sounivex on X if
it is (strictly) (F, 3,7, ¢, 7, w, p, 0, m)-sounivex at each x* € X.

Definition 1.2. The function f is said to be (strictly) (F, 5, v, &, m, w, p, 0, m)-
pseudosounivexr at x* if there exist functions 8,7 : X x X - Ry, ¢ : R = R, p:
X xX >R, mw,b:X xX — R" asublinear function F(z,x*;-) : R" — R, and
a positive integer m such that for each x € X (x # z*) and z € R",

]-"(:z:, x*; Bz, x*)Vf(:L‘*))
+ B, &™) (w(w,2*), V2 f(2*)z) — %V(ZE, ) (w(x, o), V2 f(z*)z)

> —p(z,2)0(z, ") " = ¢(f(x) = f(z"))(>) >0.
The function f is said to be (strictly) (F, 3,7, ¢, 7, w, p,0, m)-pseudosouniver on
X if it is (strictly) (F,B,v, ¢, 7w, p,0, m)-pseudosounivexr at each z* € X.

Definition 1.3. The function f is said to be (prestrictly) (F, 8, ~, ¢, m, w, p, 0,
m )-quasisouniver at x* if there exist functions 5,7: X x X - R4, ¢ : R =R, p:
XXX —>R, mw,0:X xX — R" asublinear function F(z,z*;-) : R" — R, and
a positive integer m such that for each x € X and z € R",

O(f(2)=f(2))(<) 0= F(z,2"; B(z,2") V(")) +B(z, 2" ) (n(z,2%), V2 f(z")2)

- %V(M*)(w(%fﬂ*),VQf(:v*)Z> < —p(a, z%) ][0z, 27)[|™.
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The function f is said to be (prestrictly) (F, 53,7, ¢, 7, w, p, 8, m)-quasisounivex
on X if it is (prestrictly) (F,B,7, ¢, 7, w, p,0, m)-quasisouniver at each x* € X,

In the proofs of the duality theorems, sometimes it may be more convenient to
use certain alternative but equivalent forms of the above definitions. These are
obtained by considering the contrapositive statements. For example, (F, 3, v, ¢,
T, w, p, §, m)-quasisounivexity can be defined in the following equivalent way:

The function f is said to be (F, 8,7, ¢, m,w, p, §, m)-quasisounivex at x* if there exist
functions 8,7 : X X X 2 Ry, 0 R—=>R, p: X XX 2R, m,w,0: X x X - R" a
sublinear function F(z,x*;-) : R” — R, and a positive integer m such that for each
r € X and z € R™,

F(x,a®; Bz, a*)V [ (a7)) + Bl &) (m (@, 27), V2 (27)2)

() wlaa), V2 (a")2) > —ple, ) |B(e, 2| =

2
¢(f(z) — f(z")) > 0.

We observe that the new classes of generalized convex functions specified in
Definitions 1.1 - 1.3 contain a variety of special cases that can easily be iden-
tified by appropriate choices of F(x,z*), ¢, p, 0, and m. For example, if let
F(z, 2%V f(z*)) = Bz, z*)(Vf(z*),7(z,x*)), where 7 is a function from X x X
to R™, then we obtain the definitions of (strictly) (¢, w, p, 6, m)-sonvex, (strictly)
(¢, 7, p, 0, m)-pseudosonvex, and (prestrictly) (¢, p,#d, m)-quasisonvex functions
introduced recently in [5].

We conclude this section by recalling a set of second-order parameter-free neces-
sary optimality conditions for (P). This result is obtained from Theorem 3.1 of [5]
by eliminating the parameter \* and redefining the Lagrange multipliers. We shall
use the form and features of this result to formulate our generalized second-order
parameter-free sufficient optimality conditions for (P).

Theorem 1.4 ([4]). Let * be a normal optimal solution of (P), let \* = p(z*) =
maxi<j<p fi(z*)/gi(x*), and assume that the functions fi, gi, i € p, G, j € q, and
Hy, k € r, are twice continuously differentiable at x*. Then for each z* € C(z*),
there ezist u* e U ={u e RP :u >0, Y7 ju; =1}, v* e RL ={v e R : v > 0},
and w* € R" such that

Zu (", u")V fi(z*) = N(z*,u*)Vg;(x —i—Zv VG,( —i—ZkaHk( ) =0,
k=1

p

<z*,{2uf[D(x*,u*)V2fi(:v) N(z*,u*)V3gi(z +Zv V3G (x

i=1
+ ZwZV2Hk(x*)}z*> >0,
k=1

u; [D(z*, u) fi(x™) — N (2%, u")gi(z")] = 0, i €p,



256 RAM U. VERMA
ax filx*) _ N(z*,u )’
1<i<p gi(z*)  D(x*,u*)
ijj(:E*) =0, jegq
where C(x*) is the set of all critical directions of (P) at x*, that is,

C(z*)={z e R": (Vfi(x*) = A\Vg;i(z¥),2) =0, i€ A(z"),
(VGj(z7¥),2z) <0, j€ B(z"),
(VHp(z*),2z) =0, ker},

Ala™) ={j ep: f;(z7)/gj(z") = max fi(2")/gi(z")}, B(z") ={j€q:Gj(z") =

1<i<p
0}, N(z*,u*) = leu;‘fi(x*), and D(z*,u*) = flu gi(x*).

In the above theorem, a normal optimal solution refers to an optimal solution at
which an appropriate second-order constraint qualification is satisfied.

2. SUFFICIENT OPTIMALITY CONDITIONS

In this section, we discuss several families of second-order parameter-free sufficient
optimality results under various generalized (F, 3,7, ¢, 7,w, p, 0, m)-sounivexity hy-
potheses imposed on certain combinations of the problem functions. This is accom-
plished by employing a certain partitioning scheme which was originally proposed
in [3] for the purpose of constructing generalized dual problems for nonlinear pro-
gramming problems. Now we need to develop some additional notations .

Let {Jo, J1,...,Jum} and {Ko, K1,..., K)r} be partitions of the index sets ¢ and
r, respectively; thus, J, C ¢ for each p € M U {0}, J,NJ, = 0 for each p,v €
M U {0} with u # v, and Uﬁ/[:OJ = ¢. Obviously, similar properties hold for
{Ko,K1,...,Ky}. Moreover, if M; and M, are the numbers of the partitioning
sets of ¢ and r, respectively, then M = max{M;, M} and J, = 0 or K, = ) for
> min{ My, My}

In addition, we use the real-valued functions { — ®;(&, z,v,w), i € p, £ —

O, x,u,v,w), and € — Ay(€, v, w) defined, for fixed z,u, v, and w, on X as follows:

(I)i(‘fvxa u, v, w) = D(.ﬁlf, u)fl(é.) - N(x7u)gz(§)

+ ) 0G(€) + > weHi(€), i€ p,

jEJo keKo

O(& v, u,v,w) = ZUZ (x,u)fi(€) — N(z,u)g;(&)]

+ Zvj (©) + > weHg(€)

J€Jo keKy
A& 0,w) =Y 0G(&) + D wiHg(E), te M.
JEJt keKy

In the proofs of our sufficiency theorems, we shall make frequent use of the
following auxiliary result which provides an alternative expression for the objective
function of (P).
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Lemma 2.1 ([8]). For each z € X,

. P fi(
o(r) = max filz) = max 7;:1 uifi(®) .
1<i<p g; (l’) uelU Zi:l Ui Gi (.%')
Making use of the sets and functions defined above, we can now formulate our first

collection of generalized second-order parameter-free sufficient optimality results for
(P) as follows.

Theorem 2.2. Let * € F and assume that the functions f;, gi, i € p, Gj, j € q,
and Hy, k € r, are twice differentiable at x*, and that for each z* € C(x*), there
exist u* € U, v* € RY, and w* € R" such that

p
(2.1) Zu;‘ [D(z*, u*)V fi(z") — N(z*,u*)Vg;(z")]
i=1
+Zv VG;( +ZkaHk( ") =0,
k=1
p
(2.2) B, 96*)<7T(f67$*), Y ui D@, u) VA fi(a*) = N(2*,u")V2g;(2")] 2"
i=1
q T
+3 vt + Y wZVQHk(x*)z*>
j=1 k=1
—%v(x,x < x,x* Zu (z*,u*)V? fi(x*)
— N(z*, u*)V2g;(x")]z* + Zv;v2aj(x*)z*
+ szvsz(m*)z*> >0V azeF,
k=1
fi(z*)  N(x*,u*)
%) B2 @)~ D)’
(2.4) v;Gi(x*) =0, jeEq.

Assume, furthermore, that any one of the following four sets of hypotheses is satis-
fied:
(a) (i) & — @& a"u"v"w") is prestrictly (F,B3,7, b, w,p,0,m)-
quasisounivezr at x* and ¢(a) > 0= a > 0;
(i) for each t € M, € — Ay(€,v*,w*) is strictly (F, 8,7, bo, m,w, v, 0,m)-
pseudosounivex at x*, ¢y is increasing, and ¢¢(0) = 0;

(iti) p(x,2*) + oM, pe(x,2*) >0 for all z € F;
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(b) (i) & = @& z*,u, v, w*) is (F, B,7, o, ,w, p, 0, m)-pseudosouniver at x*
and ¢(a) > 0= a > 0;
(ii) for each t € M, & — MA(&v*,w*) is (F,B,7, gigt,w,w,ﬁt,ﬁ,m)—
quasisounivez at x*, ¢ is increasing, and ¢.(0) = 0;
(iii) p(x,z*) + th\il pe(z,z*) >0 for all x € F;
() (1) & — @& a"u v w*) is prestrictly (F,B,7,¢,m w,p,0,m)-
quasisounivez at x* and ¢(a) > 0= a > 0;
(11) fOT eaCh t € M7 § — At(f,’l}*,’u}*) Zf (FwBu’Ya ét)wuw’ﬁt797m)_
quasisounivezr at x*, ¢ is increasing, and ¢.(0) = 0;
(iii) p(ax,z*) + oM, pe(x,2*) >0 for all z € F;
(d) (1) & — @ a"u* v w*) is prestrictly (F,B,7,¢,m w,p,0,m)-
quasisounivez at x* and ¢(a) > 0= a > 0;
(ii) for each t € My, & — MAJ(&v*,w*) is (F,B,7, g?)t,w,w,ﬁt,tg,m)—
quasisounivexr at x*, for each t € My # 0, & — A(&, v*, w*) is strictly

(F,B,7, br, 0, w, Pt 0, m)-pseudosouniver at x*, and for eacht € M, ¢4
is increasing and ¢¢(0) = 0, where {My, Mz} is a partition of M;
(iii) p(x,z*) + th\il pe(x,2*) >0 forallx €F.
Then x* is an optimal solution of (P).

Proof. Let x be an arbitrary feasible solution of (P).
(a) : It is clear that (2.1) and (2.2) can be expressed as follows:

p
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Since for each t € M,

(x,v*, w* Zv Gj( Z wiHy(x)

JEJt keK;
0 (by the feasibility of x)

= Z viGj(z*) + Z wiHi(z*) (by (2.4) and the feasibility of z*)
jEJt ke Ky

= N(a™, 0", w"),

and hence ¢; (A¢(z, v*, w*) — Ag(z*, v*,w*)) <0, it follows from (ii) that

]—"(m,x*;ﬁ(x,m*){z v; VG ( Z wy,V Hy(x D

JEJt keK;
+ B(a, < [Z vIVAG(a) + 3 wiViH(a )} >
JjEJt keKy
- %v(x,x < [Z vIVAG; Z wiVZH(z )} >
JjE€Jt keK;

< —pi(a, ") |0z, 7)™

Summing over t € M and using the sublinearity of F(z,z*;-), we obtain

(2.7) f(xx,ﬂxx ﬁ/[:[Zv*VG ZkaHk D

t=1 je; keKy
M
+ B(z,z < x,x ,Z[ZUVQ ZkaZHk( )] >
t=1 jeJt keK;
1 M
57(:633 < x,z" ,Z[Zv V3G, ZkaQHk( )] >
t=1 jeJi keK;

Combining (2.5) - (2.7), and using (iii) we get
f(x x*; Bz, x* {Zu (", u")V fi(x*) — N(z*,u*)Vg;(z¥)]

+ 3 vIVG(a) + Y wiVH(x })

j€Jo kEKQ

+ Bz, z* < {Zu (z*, u*) V2 fi(x*) — N(z*, u*)V3g;(z*)]
+ 3 uv2a (e Zka2Hk( )} >

j€Jo ke Ky
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- %’y(m,x < {Zu (2%, u*) V2 fi(z*) — N(z*,u*)V3g;(z")]
+ 3 vIVAG(a Z WiV Hy (x )} >]
j€Jo keKo
M
Z NO(, z*) ™ = —plx, z%)[|0(x, z7)[™,

which by virtue of (i) implies that
g?)(d)(x,a:*,u*,v*,w*) — @(m*,m*,u*,v*,w*)) > 0.
But ¢(a) > 0= a > 0, and hence we get
O(x, 2%, u*, v, w*) > &(x*, 2", u 0", w") =0,

where the equality follows from the feasibility of * and definitions of D(z*,u*) and
D(z*,u*). Since x € F, the above inequality reduces to

(2'8) Zu .%' u fz( )_ N(x*7U*)gz<x)] > 0.

Now using (2.3), (2.8), and Lemma 2.1, we see that

D(z*,u*) = 320 uigi(x)

< max Lz wifi(@) _ o(z).

uel Y 0 uigi(z)

Since x € F was arbitrary, we conclude from this inequality that x* is an optimal
solution of (P).

(b) : Proceeding as in the proof of part (a), we see that (ii) leads to the following
inequality:

F(x,x*;ﬁ(x,x*)i {Z v; VG( Z wiVHy(z )
t=1

JjEJt keKy
M
+ B(x, z*) < (z,z* ,Z[Zv V2 ZkaQHk( )]Z>
t=1 jeJ; keK;
1 M
o) ST+ 3 i)
t=1 jeJ; ke K,
M
<=3l a0, ™
t=1

Combining this inequality with (2.5) and (2.6), and using (iii) we get

f(xaz,ﬁxm {Zu (x*,u*)V fi(z*) — N(z¥, u")Vgi(z")]
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+ 3 U VG ) + Y wiVH (") })

j€Jdo keKo
+ B(z, x* < {Zu (x*,u* V filx™) — N(m*ju*)v2gi(l‘*)]
+ ) VGt + Y w};V2Hk(fc*)}Z*>
j€Jdo ke Ko
) ) { S D )T = N ) )
+ ) VGt + Y wZV2Hk(w*)}Z*>
jeJdo keKo
M
> pu(a, 2|0z, )™
t=1

> —p(a, ) [|0(z, )™,
which by virtue of (i) implies that
O(®(z, ", u*, v*, w*) — ®(z*, 2, u*, 0", w*)) > 0.
The rest of the proof is identical to that of part (a).
(c) and (d) : The proofs are similar to those of parts (a) and (b). O

Theorem 2.3. Let x* € F and assume that the functions f;, gi, i € p, Gj, j € q,
and Hy, k € r, are twice differentiable at x*, and that for each z* € C(x*), there
exist u* € U, v* € RY, and w* € R" such that (2.1) - (2.4) and the following
relations hold:

(2.9) ui [D(a”, u”) fi(z") = N(2",u")gi(z")] =0, i€ p.
Assume, furthermore, that any one of the following seven sets of hypotheses is
satisfied:
(a) (i) foreachi e I, ={i € p}, &= ®i(§, x*,u*,v*,w*) is (F, B, b, T, W, Pi,
6, m)-pseudosounivex at x*, ¢; is strictly increasing, and ¢;(0) = 0;
(11) fOT each t € M; § — At(g?v*aW*) Zf (J_-.nBa’% ét,ﬂ',(«d,ﬁt,e,m)'
quasisouniver at x*, ¢, is increasing, and ¢;(0) = 0;
(i) > ier, uipi(z, ™) + Zi\il pe(x,z*) >0 for all x € F;
(b) (i) for eachi € Iy, & — ®;(§, 2%, u*,v*, w*) is prestrictly (F, 617,q3i,7r,w,
pi, 0, m)-quasisounivex at x*, ¢; is strictly increasing, and ¢;(0) = 0;
(11) fO’f’ each t € Ma 5 — Aj(£7v*7w*) is StT’iCtly~(./—",,3,’}/, gghﬂ-?wnatv Qam)'
pseudosounivex at x*, ¢y is increasing, and ¢¢(0) = 0;
(ili) > ier, uipi(z,2*) + Zi\il pr(x,z*) >0 for all x € F;

(c) (i) for eachi € Iy, & — (&, ", u*,v*,w*) is prestrictly (F, 3, , Biy T, W,
pi, 0, m)-quasisounivex at x*, ¢; is strictly increasing, and ¢z( )=0;
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(ii) for each t € M, & — AJ(&v*w*) is (F,B,7, by, m w,pr,0,m)
-quasisounivez at x*, ¢, is increasing, and ¢;(0) = 0;
(ili) > ier, wipi(z, ™) + Zi\il pir(x,z*) >0 forallx € F;

(d) (1) fO’)” each i € IlJrv 5 — éi(gam*>U*7U*aW*) is (‘7:"67’77q_5i777-7w7ﬁi797m)'
pseudosouniver at x*, for each i € Iy, & — ®4(&, 2", u*,v*,w*) is
prestrictly (F, 8,7, ¢i, 7, w, pi, 0, m)-quasisouniver at x*, and for each
i € Iy, ¢; is strictly increasing and ¢;(0) = 0, where {I14,124} is a
partition of I ;

(ii) for eacht € M, & — Af(f,v*,w*) 18 3tm’ctly~(.7-",ﬂ,fy, q@t,w,w,ﬁt,B,m)—
pseudosounivex at x*, ¢y is increasing, and ¢+(0) = 0;
(ili) > ier, wipi(z, ™) + SM pe(x,2*) >0 for all z € F;

(e) (i) for each i € Iy # 0, & — ®;(&, 2%, u*,v*,w*) is (F,B,7, ¢i, T, w, pi,
0, m)-pseudosouniver at x*, for each i € Iy, & — ®;(&, 2%, u*,v*, w*)
is prestrictly (F, 8,7, i, T, w, pi, 0, m)-quasisounivex at x*, and for each
i € Iy, ¢; is strictly increasing and ¢;(0) = 0, where {I14,I2+} is a
partition of I ;

(11) fOT each t € Ma §~ — At(&av*7w>k) Z‘i (]:7/3’77 ét:ﬁtawawveam)
-quasisounivez at x*, ¢y is increasing, and ¢¢(0) = 0;
(iii) Ziel+ ufpi(x, x*) + Zi\il pr(x,z*) >0 for all x € F;

(f) (i) for each i € Iy, & — ®;(§, 2%, u*,v*,w*) is prestrictly (]-",é’,’y,&i,ﬂ,

w, pi, B, m)-quasisounivex at x*, ¢; is strictly increasing, and ¢;(0) = 0;

(ii) for each t € My # 0, & — Ay(€,v*,w*) is strictly (F, B, 7, é¢, T, w,
Pt 0, m):pseudosoumvex at x*, for each t € M,, & — Ay(&, 0™, w*) is
(F,B,, G, T, W, Pt 0, m)-quasisouniver at x*, and for each t € M, ¢,
is increasing and ¢¢(0) = 0, where {M, My} is a partition of M;

(ili) > ser, wipi(z,2") + Zi\il pe(z,x*) >0 forallx € F;

(g) (1) fO?” each i € Il+? £_> (I)i(gax*)U*)v*aw*) is (-7:"67’77(1)1'75%77-)”79’7”)'
pseudosounivex at x*, for each i € Iay, & — Di(& ™, u*,v* w*) is
prestrictly (F, 8,7, i, T,w, pi, 0, m)-quasisounivez at x*, and for each
i€ I, ¢; is strictly increasing and ¢;(0) = 0, where {I1 1,12, } is a
partition of I ;

(ii) for each t € My, & — A(&,v*,w*) is strictly (F, B, 7, b, ™, W, Pt
0, m)-pseudosouniver at x*, for each t € Mo, & — A(&v*,w*) is
(F, B, (ﬁt,w,w,ﬁt,O,m)—quasisounivex at x*, and for each t € M, (;NSt
is increasing and ¢;(0) = 0, where {M,, M,} is a partition of M;

(ili) > ier, wipi(z, ") + M pe(x,2*) >0 for all x € F;
(iv) Tip # 0, My #0, or Yiep, uipi(w,a*) + 302, pel,2*) > 0.
Then x* is an optimal solution of (P).

Proof. (a) : Suppose to the contrary that z* is not an optimal solution of (P). Then
there is a feasible solution z of (P) such that ¢(z) < ¢(z*) and hence it follows
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that
D(z,u")fi(Z) — N(Z,u")g;(z) < 0 for each i € p.

Keeping in mind that v* > 0 and using this strict inequality, we see that
®i(z,2", 0", w") = D(z, U*)fi(_) - N(z, *)gi(‘)

+ Z v; Gy ( Z wiHy (T
Jj€Jo keKy
< D(z,u") fi(Z) — N(Z,u")g;(z) (by the feasibility of z)
<0

= D(z,u") fi(z*) — N(Z,u")gi(z")

+ Z v;Gj(z") + Z wiHi(z
j€Jdo ke Ky
(by (2.4), (2.9), and the feasibility of z*)

= (", 2", u" 0" w"),
and so using the properties of the function ¢;, we get
qu(q)i(a_:,x*,u*,v*,w*) - @i(x*,x*,u*,v*,w*)) <0,
which in view of (i) implies that for each i € I,
f(:n x*; B(x, :E*){D(:E u)Vi(x*) = N(z,u*)Vg;(x¥)

+ 3 vV + Y wiVH( })

Jj€Jo keKy
T B, m*><w<f v), [ D@ u )V ila*) — N, u') Vgi(a)

+ Z v*VQG Z wiV2H (z )]z>

Jj€Jo ke Ky
1
-5, x*)<w(z #), |D(@, )V fila") = N(@,u") Vigi(a")
+ Z *V2 Z wiVZHy(z )] z>
j€Jdo keKo
Since u* > 0, uf =0 for each i € p\I;, >? ,uf =1, and F(z,z*;-) is sublinear,

the above inequalities yield

J€Jo keKy
+ Bla,a") (7@, 2", { Y wi D@ ) V2 fila®) - N(@w') Vgi(a")]
i=1
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- e < {Zu () V2fila®) = N(&,u") Vgi(a")]
+ Z v; VQG Z wkvsz( )} >
J€Jo keKo
<= upi(w, )]0z, 2™
iely

As seen in the proof of Theorem 2.2, our assumptions in (ii) lead to

f(x,x*;ﬁ(m,x*)i/l: {Z v;VG( Z wiVHy(z D

t=1 jGJt ke Ky
+ B, ") (@, ,Z (S0Pt + Y wi VR HL )] =)
t=1 jeJs keKy
M
- %7($>$*)< ’Z [Z vy VQ Z wkvsz( )]Z >
t=1 jeJ; keK:

Ms

< —

pi(, 27)||0(z, %)™,

&~
Il

1

which when combined with (2.5) and (2.6) results in
F (a5 Ba, 2" {Zu (2, u")V fi(z") — N(z,u")Vgi(a*)

+ Z v;VG;( Z wiV Hy(z })

j€Jo kEKo

+ B(x, 2" < [Zu (T, u")V2fi(a*) — N(F,u")V2g;(z*)]
+ > uviG, ZWH;C( 9]z

j€Jo k:ng

~ () (e, [Zu (2,u") V2 fila") = N(z,u")Vgi(z")]

+ Z *V2 Z wiVZHy(z )}z >

j€Jdo keKo
M
Z (z, 2")||0(z, z*)||™.

In view of (iii), this inequality contradicts (2.10). Hence, z* is an optimal solution

of (P).
(b) - (g) : The proofs are similar to that of part (a). O
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In the next theorem, we present another collection of sufficient optimality results
which are somewhat different from those stated in Theorems 2.2 and 2.3. These
results are formulated by utilizing a partition of p in addition to those of ¢ and r, and
by placing appropriate generalized (F, 3,7, ¢, 7, w, p, , m)-sounivexity requirements
on certain combinations of the problem functions.

Let {Iy,I1,...,1I;} be a partition of p such that £ = {0,1,2,...,/} C M =
{0,1,..., M}, and let the real-valued function { — II;(§, z, u, v, w) be defined, for
fixed u, v, w by

IL (&, x, u,v,w) = Zul z,u)fi(§) — N(x,u)g;(€ +ZU]

icly je-]t
+ > wpHR(E), te M.
keK;
Theorem 2.4. Let * € F and assume that the functions f;, gi, i € p, Gj, j € g,
and Hy, k € r, are twice differentiable at x*, and that for each z* € C(x*), there

exist u* € U, v* € RL, and w* € R" such that (2.1) - (2.4) and (2.9) hold. Assume,
furthermore, that any one of the following seven sets of hypotheses is satisfied:

(a) (i) for each t € L, &€ — TI(&, x*, u*,v*, w*) is strictly (F, 3,7, ¢, T,w, pe,
0, m)- pseudosouniver at x*, ¢y is increasing, and ¢¢(0) = 0;

(ii) for each t € M\ L, & — A(§,v*,w*) is (F, B, 7, ¢, 7, w, pt, 0,
m )-quasisounivex at x*, ¢, is increasing, and ¢y(0) = 0;
(iii) > yerqpt(x,2*) >0 for all x € F;

(b) (i) for each t € L, § — 1L (&, z*,u*,v*, w*) is prestrictly (F,B,7, ¢, 7w,
pt, 0, m)-quasisounivex at =*, ¢y is increasing, and ¢4(0) = 0;

(ii) foreacht € M\L, & — A (&, v*, w*) is strictly (F, 8,7, ¢¢, ™, w, pt, 0, m)-
pseudosounivex at x*, ¢y is increasing, and ¢¢(0) = 0;
(iii) Y enq pt(x,2*) >0 for all x € F;

(¢) (i) foreacht € L, & — L, (&, x*, u*,v*,w*) is prestrictly (F, 5,7, ¢, T,w, pt,
0, m)- quasisouniver at x*, ¢y is increasing, and ¢;(0) = 0;

(ii) for each t € M\ L, & — A(&v* w*) is (F,B,7, b, 7, w, pt, 0, m)-
quasisouniver at x*, ¢ is increasing, and ¢¢(0) = 0;
(iii) > yenq pt(x,2*) >0 for all x € F;

(d) (i) for each t € Ly, & — I (&, x*, u*,v*,w*) is strictly (F,pB,y, o, 7w,
pt, 0, m)-pseudosouniver at x*, for eacht € Lo, & — II,(, z*, u*, v*, w*)
is prestrictly (F, B,7, ¢, ™, w, pt, 0, m)-quasisounivez at x*, and for each
t € L, ¢ is increasing and ¢(0) = 0, where {L1, L2} is a partition of
L;

(ii) for each t € M\ L, & = A(&,v*, w*) is strictly (F, 3,7, i, ™, w, pt,0)-
pseudosounivex at x*, ¢y is increasing, and ¢¢(0) = 0;
(iii) Y yenqpt(x,2*) >0 for all x € F;

(e) (i) foreacht € L4 # 0, & = IL(E, x*, u*, v*, w*) is strictly (F, 8,7, ¢, 7, w,
pt, 0, m)-pseudosouniver at =*, for eacht € Lo, & — I (€, u*, v*, w*, \*)
is prestrictly (F, 8,7, ¢, m,w, pt, 0, m)-quasisounivex at =*, and for each
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t € L, ¢ is increasing and ¢.(0) = 0, where {L1, L2} is a partition of
L;

(11) fOT’ each t € M \ ‘Ca 5 — At(&av*aw*) is (‘F?ﬁv'y%ﬁtaptae,m)_
quasisounivez at x*, ¢, is increasing, and ¢.(0) = 0;

(iii) > epq pe(z, %) > 0 for all x € F;

(f) (@) for each t € L, & — IL(&, z*,u*,v*, w*) is prestrictly (F,B,~, ¢, 7
w, pt, 0, m) -quasisounivexr at x*, ¢; is increasing, and ¢+(0) = 0;

(ii) for each t € (M\ L)1 # 0, & = A(&, 0", w*) is strictly (F, B, 7, bt
T, w, pt, 0, m) -pseudosounivex at x*, for each t € (M \ L)2, & —
A&, v w*) ds (F, B, 7, ¢, m,w, pr, 0, m)-quasisouniver at x*, and for
each t € L, ¢ is increasing and ¢¢(0) = 0, where {(M\ L)1, (M \ L)2}
is a partition of M\ L;

(iii) > jerqpt(x,2*) >0 for all x € F;

(g) (1) fO’)” each t € Elv g — Ht(&am*v,LL*av*)w*) is (]:7/8777 ¢t,7TaW»Pta9>m)'
pseudosounivex at x*, for each t € Lo, & — ILi(& x* u* v* w*) is

prestrictly (F, 3,7, ¢, T,w, pt, 0, m)-quasisounivex at =*, and for each
t € L, ¢ is increasing and ¢¢(0) = 0, where {L1, Lo} is a partition of
L;

(H) fOT' eacht € (M\‘C)la f - At(§7v*7 U}*) is StT‘iCtl’y (f7 /87 Y, ¢t7 ™, W, Pt,
0, m)-pseudosounivex at x*, for each t € (M \ L)2, & = Ai(&, v*, w*)
is (F, By, o1, ™, w, pt, 0, m)-quasisounivex at x*, and for each t € M\
L, ¢¢ is increasing and ¢1(0) = 0, where {(M \ L)1, ( M\ L)2} is a
partition of M\ L;

(iii) > yepqpt(x,2*) 20 for all x € F;

(iv) Ly #0, (MN L)1 # 0, or 3y pg prl, ) > 0.

Then x* is an optimal solution of (P).

Proof. (a): Suppose to the contrary that z* is not an optimal solution of (P). As
seen in the proof of Theorem 2.3, this supposition leads to the inequalities

D(z,u™) fi(z) = N(Z,u")gi(z) <0, i€ p,

for some z € F. Since u* > 0, we see that for each t € L,

(2.11) S w (D@, u) () — N (@ u)gi(#)] < 0.

i€l

Now using this inequality, we see that

Ht(i,x*,u*,v*,w ZU -TU fz )_N(ij*)gl(j)]

i€l

+ ) 0iGi(T) + ) wiHg(T)
JEJt keKy

< Zu (z,u") fi(z) — N(z,u")gi(x)] (by the feasibility of z)
<N

<0 (by (2.11))
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= S ul[D(@,u") fila®) — N(zu)gi(a®)] + 3 viG5 (")

i€l jeJt
+ Z wiHi(z*) (by (2.4), (2.9), and the feasibility of z*)
keEK:

= I (x*, 2%, u*, v*, w"),

and hence
10) (Ht(i,x*,u*,v*,w*) — Ht(z*,x*,u*,v*,w*)) <0,

t
which in view of (i) implies that

F (0% B, 2" {Zu (7, u")V fi(a") = N(@,u") Vgi(a")

i€l

+ 3" 0iVG(e) + Y wiVH( })

JEJt keKy
+ B(z, x* < [Zu (Z,u*)V2fi(x*) — N(Z,u*)V3g;(z*)]

ie€ly

+ 3" V) + Y WiV Hy(x )} >

JjeJt keKy
- %wx,x*)@(w,x*), | Y- wi D@ )V (") = N(@,u)Vigi(a)

s

+ Z viV2G, Z wiVZHy(x )}z >

JEJt keKy

< —pe(Z, 27) [0z, 27) ||

Summing over ¢t € £ and using the sublinearity of F(z,z*;-), we obtain
F (w25 Ba,a" {Zu (#,u")V fi(z") — N(z,u")Vgi(a*)

+Z[Z VIVGi(a) + 3 wiVH(a ]})

teL jeJi keKy
+ Bz, z* < m(z,x* Z{Zu (Z,u” V fi(z™) — N(i‘,u*)vzgi(x*)]
teL i€l
+ VRGN + Y wivEH ) bt
JEJt keKy
— %ry(x,x < (z,z* Z{Zu (Z,u” V filz™) — N(ﬂ?,u*)v2gi(x*)]
teL i€l
+ 3" 0V + Y wiViH(x )} >
JEJt keKy
<=3 nl@, 6@ =)™
teL

Proceeding as in the proof of Theorem 2.2, we obtain for each ¢t € M\ L,
Cbt (At(fv U*a w*) - At($*> U*a W*)) < 07
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which in view of (ii) implies that

F(xm,ﬁxx [Z'U*VG ZkaHk ])

JEJt keKy
+ﬂ(m,x*)<ﬂ(i,x*), [Z V3G () + Y WiV Hy( )}Z >
Jj€Jt keKy
- %v(x,x < [Z VIVAG(a*) + Y wiVPHy(x )}z >
jedi keK,

< —pe(T, 27) [0z, 27) ||

Summing over t € M\ L and using the sublinearity of F(z,z*;-), we get

(2.12) ]-"(:U,:n*;ﬁ(:v,x [ Z [ZU VG;( ZkaHk D

teM\L  jEd: Kek;
+ Bz, z") < Z [ZU*VQ ZkaQHk( )}z>
tGM\E JjEJt keK:
e stas, § (S ¥ vine)s)
teM\L‘ e, Kek,
<= > pl@ )o@ )"

teM\L

Now combining (2.12) and (2.13) and using (iii), we obtain
(2.13) .7-"(:1: z*; Bz, z* {Zu (Z,u")V fi(z™) — N(z,u*)Vgi(z")]

- Zv*vc ) + ZkaHk( 9%

k=1

+ Bla,a*) (n(@,2"), { Y ul D@ u)V?fila®) - N(@u")VPgi(a")]
i=1
q T
+3 0 vra ) + w;;v2Hk(x*)}z*>

7=1 =1

Z@ (z,u") V2 fi(2*) — N(2,u*)V2gi(z")]

v}

??‘

2’Y )

_|_
i]-
Q*
<$
_l_
M* f—/H
=
<
$
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Now multiplying (2.1) by B(z,x*), applying the sublinear function F(z,z*;-) to
both sides of the resulting equation, and then adding the equation to (2.2), we get

F (0% B, 2" {Zu (#,u")V fi(a") = N(&,u") Vgi(a")

+ Zv*ve ) + ZkaHk( )})

k=1

+ Bla,a*) (n(@,2"), { ) ul D@ u")V?fila®) - N(@u")Vgi(a")]
i=1
—i—Zv V2G, (2 + g WiV Hy(x *)} >

=1

o

—%m,x i) { 3 i lD(@ ) V2 (e") = N (@, u) Vg ()]
=1

r

—l—Zv V2 —|—Zka2Hk } *> >0,
k=1

which contradicts (2.14). Therefore, we conclude that z* is an optimal solution of
(P).
(b) - (g) : The proofs are similar to that of part (a). O

3. CONCLUDING REMARKS

Remark 3.1. Applying a Dinkelbach-type parametric approach [1], we have es-
tablished numerous sets of generalized second-order sufficient optimality criteria for
a discrete minmax fractional programming problem using a variety of generalized
(F,B,v, ¢, m,w,p,0, m)- sounivexity assumptions. These optimality results further
can be used for constructing various duality models as well as for developing new
algorithms for the numerical solution of minmax fractional programming problems.
More significantly, main results can be used, for example, employing similar tech-
niques, one can investigate the second-order sufficient optimality aspects of the
following semiinfinite minmax fractional programming problem:

Minimize max fl(x)
1<i<p gi(x)
subject to

Gj(x,t) <0 forallt €T}, jecq; Hy(x,s)=0 forallse Sy, ker; ze€X,

where X, f;, and g;, i € p, are as defined in the description of (P), for each j € ¢
and k € r, T; and S are compact subsets of complete metric spaces, for each
J€q, &€= Gj;(& 1) is a real-valued function defined on X for all t € T}, for each
ker, £ — Hi(& s) is a real-valued function defined on X for all s € Sy, for each
je€qandk er, t = Gj(z,t) and s - Hy(x, s) are continuous real-valued functions
defined, respectively, on T; and Sy, for all x € X.
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