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NONOSCILLATION AND EXPONENTIAL STABILITY OF THE
SECOND ORDER DELAY DIFFERENTIAL EQUATION WITH
DAMPING

LEONID BEREZANSKY AND ALEXANDER DOMOSHNITSKY

ABSTRACT. For a delay differential equation

m

l
E(t) + Y ar(®)d(gr(t) + > be(t)z(hu(t) = 0, gr(t) < ¢ hi(t) <t,
k=1 k=1

new sufficient nonoscillation and exponential stability conditions are obtained.
Our main tools are a nonstandard transformation of differential equation of the
second order to a system of two equations of the first order, connection between
nonoscillation and exponential stability and Bohl-Perron theorem.

1. INTRODUCTION

Many models in applications are described by delay differential equations (DDE)
of the second order, see for example monographs [21, 23, 25, 28, 29, 30] and refer-
ences therein. Existence of positive solutions, oscillation of all solutions and stability
are among the most important questions appearing in the study of applied models.

Nonoscillation properties were investigated in the monograph [1] and in the pa-
pers [5, 8, 16, 17]. Oscillation results for second order equations with a detailed
bibliography one can find in [13, 19, 20, 24, 26]. For asymptotic and exponential
stability various methods were used: investigations of a characteristic equation and
some other applications of complex analysis [15, 22], method of Lyapunov func-
tionals [27], fixed point method [14] and methods based on Bohl-Perron theorem
[4, 9, 10, 12].

In [4, 12, 18] a connection between nonoscillation and exponential stability was
studied for second order DDE. A new nonoscillation criterion was obtained in [12]
by construction of a generalized Riccati inequality. Then on the basis of the Bohl-
Perron theorem it was shown that a nonoscillatory equation (under some natural
conditions) and some perturbations of this equation are exponentially stable. In the
paper [10], a second order DDE was transformed by a some nonstandard substitution
to a system of first order DDE. By an application of known stability tests for systems
of DDE new exponential stability tests were obtained for second order DDE. Sturm
separation theorems and growth of the Wronskian for unboundedness solutions and
instability were used in [17].

In this paper we combine methods applied in papers [10, 12]. To obtain new
nonoscillation results we transform second order DDE to a system of DDE as in
[10] and then use a connection between nonoscillation and stability similar to [12].
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By this way we obtain both new nonoscillation and stability results for more general
equations then in [10, 12].

The paper is organized as follows. Section 2 contains relevant definitions and
notations. In section 3 we obtain nonoscillation results. Section 4 deals with expo-
nential stability.

2. PRELIMINARIES

We consider a scalar delay differential equation of the second order
!

(2.1) E(t) + Z ar(t)(grk(t)) + Z b(t)x(hi(t)) = 0,
k=1

k=1
for [ < m under the following assumptions:
(al) ag, b are Lebesgue measurable and locally essentially bounded functions,

0<al <ap(t) <AVk=1,...,La(t)>0,k=1+1,....m,
0<bp <be(t) <BLk=1,... I
(a2) hg, gx are Lebesgue measurable functions,
0 <7 <t—hp(t) <7h,0 <o <t—gi(t) < o; 0 < glt) — ha(t) < Op, k= 1,..., L.

Let us consider together with (2.1) the initial value problem with a right hand
side

m l

(22)  (La)(t) == &(t) + Y an(®)i(ge(t) + D be(t)a(hi(t)) = f(t), ¢ > to,
k=1 k=1

(2.3) xz(t) = @(t),2(t) = £(t) t < to; z(to) = o, ©(to) = x/o.

for each tg > 0.

We also assume that the following hypothesis holds

(a3) f : [to,0) — R is a Lebesgue measurable locally essentially bounded func-
tion, ¢, & : (—o0,ty) — R are Borel measurable bounded functions.

Definition 2.1. Suppose a function x : [tg,00) — R is differentiable and % is a
locally absolutely continuous function. Extend the functions z and & for ¢ < ¢ty by
equalities (2.3). We say that so extended function z is a a solution of problem (2.2),
(2.3) if it satisfies equation (2.2) for almost every t € [tg, 00) .

Definition 2.2. For each s > 0 the solution X (¢, s) of the problem

m l
o) 0+ 3 D00 + S 00e(0) =0, 12
z(t) =0, #(t) =0, t <s; x(s) =0, ©(s) =1,
is called the fundamental function of equation (2.1).

Remark 2.3. In the literature [3] the fundamental function is also called the Cauchy
function.
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We assume X (t,5) =0, 0 <t <s.
Let functions 1 and x5 be the solutions of the following problems

m l
E(t) + Y ar)i(g(t) + > be(t)a(hi(t) =0, t > to;
k=1 k=1

z(t) =0, ©(t) =0, t < to,
with the initial conditions z(tg) = 1, #(t9) = 0 for x; and z(ty) = 0, &(tp) = 1 for
x9, respectively. Note that by Definition 2.2 x2(t) = X (¢, to).

Lemma 2.4. [3] Let (al)-(a3) hold. Then there exists one and only one solution
of problem (2.2), (2.3) and it can be presented in the form

2(t) = 21 (w0 + 2wy + | X(t,8)f(s)ds

to

t m l
— [ X(t,5) [Z ar(5)E(gr(s) + bk(S)w(hk(S))] ds.
to k=1 k=1

Definition 2.5. Eq. (2.1) is (uniformly) exponentially stable, if there exist M > 0,
& > 0, such that the solution of problem (2.2),(2.3) with f = 0 and its derivative
have the estimate

max{l2 (0] [6(0)]} < M e o) + (e + max{sup [0 sup (0
t > to,

where M and p do not depend on ¢y, &, ¢.

Definition 2.6. The fundamental function X (¢,s) of (2.1) and its derivative on ¢
have an exponential estimate if there exist positive numbers K > 0, A > 0, such
that

max{| X (t, s)],|X/(t,s)|} < K e %) ¢t >5>0.

For the linear equation (2.1) with bounded delays ((a2) holds) the last two defi-
nitions are equivalent.

Under (a2) the exponential stability does not depend on values of equation pa-
rameters on any finite interval.

Let us introduce some function spaces on the semi-axis. Denote by L[to, 00)
the space of all essentially bounded on [tg,00) scalar functions and by Cltg, o)
the space of all continuous bounded on [ty, 00) scalar functions with the supremum
norm. By ||z|| denote the norm of z in any of these spaces.

Lemma 2.7. [3] Suppose there ezists to > 0 such that for every f € Loo[to, 00) both
the solution x of the problem

(2.5) (Lz)(t) = f(£),t > 0; z(§) = 4(§) =0,§ <to

belongs to Clty,00) and its derivative & belongs to Ls[to, 00). Then equation (2.1)
1s exponentially stable.
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Remark 2.8. Lemma 2.7 is true if we take instead of f € Ly[tg, 00) all functions
from this space equal 0 on some fixed interval [to, to + €].

Lemma 2.9. [12] Suppose for equation (2.1) bi(t) > 0,t — hi(t) < 7, the funda-
mental function of (2.1) is positive X (t,s) > 0,t > s > tg. Then

t l

X(t,s)> bp(s)ds < 1.

to+T1 k=1

Consider now a system of DDE of the first order

(2.6) 2i(t) + > ) ay(t)z(hi () =0, i=1,...,n

k=1 j=1

under the following conditions:

(A1) coefficients afj are Lebesgue measurable locally essentially bounded func-
tions;

(A2) delays hfj : [0,00) — R are Lebesgue measurable functions, hfj(t) < t,
tllrgohfj(t) =o0, k=1,---,m,i,j=1,---,n.

Denote X(t) = [z1(t), - ,z,(t)]7, let Afj be an n X n matrix with the only

nonzero entry afj. Then (2.6) can be rewritten in the vector form

(2.7) X(t) + f: zn: AL(HX (W (1) =0.

k=11i,j=1

The fundamental matrix C(¢, s) of equation (2.7) will be called the fundamental
matrix of system (2.6).

Lemma 2.10. [1, Theorem 9.2] Suppose
a) afi(t) > 0,al;(t) <0, i #j, k=1, ,m, t>to, and
b) the fundamental functions Yi(t,s) of the scalar equations

m

(2.8) 9(t) + Y al(Oy(hi(t) =0, i=1,---,n
k=1

are positive fort > s > tg.
Then for the fundamental matriz of the system (2.6) we have C(t,s) > 0, t >
s> tg.

Corollary 2.11. Suppose ak.(t) > O,afj(t) <0,i#j,t>ty and

t m

(2.9) / > afi(s)ds <

\ax{to,miny kY, (£)} k=1

, t=1,-- n.

Q| =

Then the fundamental matriz of the system (2.6) satisfies the inequality C(t,s) >
O, t 2 S Z to.
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3. NONOSCILLATION CRITERIA
! !
Denote ag = >y, a%, By = > 1, BY.
Theorem 3.1. Assume that a3 > 4By and the following condition holds fort > to:

0
J

sy [ S )+ 3 (5 o)+ B | < !
. " e a;j(s 2 e 5 ia;(s e 1 S_e

j=1

where go(t) = ming gi(t),1 < k <.
Then the fundamental function X (t,s) of equation (2.1) is nonnegative: X (t,s) >
0, t Z S Z to.

Proof. We will show that z(t) = X (¢,t9) > 0. The general case X (¢t,s) > 0,t > s >
to is considered similarly. From the definition of the fundamental function we have
x(t) = @(t) = 0,t < to,x(to) = 0,%(tp) = 1. We will transform equation (2.1) to a
system of two DDE equations of the first order. After the substitution

2
. _@ o ag _ ag .
T = 5 Tty 1 x 5 y+y
equation (2.1) has a form
a? " a l
y(t) = *Zox(t) +) ?Oak(t)f(gk(t)) = bi(t)z(hi(t))
k=1 k=1

(12 ! a ! Qa
y(t) = —Z%(t) - 2 ank(t)(m(hk(t)) —z(gx(t))) + ; (ank(t) - bk(t)) z(hi(t))
+ > Fabalon®) + Fy) — Y an®)y(an(t).
k=I+1 k=1

We continue transformations:

! ag a? L2
30 =3 (Gt = P - ul0)) u(0) ~ 3= 0 Galt) = alhn(0)

— 2 k=1
I m
=3 Da @) - 2(g ) + Y Farbelgt)
k=1 k=
_i_%y(t) — Z ak(t>y(9k(t))
k=1

Hence
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! Qa a2 Ui Qa
+3 (Faut) - B -0l alu) + Y. Faniolont)
k=1 k=l+1
+ 5t = Y anOylge(t).
k=1
Since & = —%x + y, then
! ag t ! a(% hi(t)
3.2 j(t) = — z(s)ds —ap(t z(s)ds
(32) CEDM-JRC +kzl4k<>/gk(t) (5
ag a2 a
+3 (G0 - P o) o) + Y Fauttaan(t)
k=1 k=Il+1
m L2 ,t l hy (t)
agp (¢} ao
ETCRONCTTIED Y J VCLED W DOY ARTOZS

Denote X (t) = {z(t),y(t)}T, z(t) = y(t) = 0,t < to,z(to) = y(tp) = 1 the solution
of the system: equation (3.2) and the equation

(3.3) ﬂﬂ:-%mw+mm

By Corollary 9 [6] there exist measurable functions iL,lg, ﬁi, i, g3 such that hy(t) <
hi(t) < t,gi(t) < gi(t) <t i=1,2 and
t

/h z(s)ds = (t — hk(t))m(ﬁllc(t))?/ y(s)ds = (t = hi()y(hE(2)),

k(t) Ry ()
hi(t) hi(t)
/ z(s)ds = (hy(t) — gk(t))x(gé(t)),/ y(s)ds = (hi(t) — gr(t)y(Fi(t))-
gr(t) 9k (t)

Hence X (t) = {x(t),y(t)}" is a solution of (3.3) and the following equation

L g3 ) L2
(34) )= *(l)(t = hi())x(hi () + ) Zoak(t)(gk(t) — hy (1)) (G5,(1))

m 2
ao a 7 ao ~
+u0 =Y ar®)y(gr) =) ﬁ(t—hk(t))y(hi(t))—z 5 @ (1) (9 (6) = hi(£) (35 (£)-
k=1 k=1 k=1
For system (3.3), (3.4) we will check conditions of Lemma 2.10. We have
2 2 2 2
ag ag ag a; Bo a; Do
Do) =20 _ppy>% _% _Po_% _ Do
T U R b TR B

Hence, condition a) of Lemma 2.10 holds.
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To check condition b) of the lemma, consider the equation

a m l a2 ~
(85) 9t = Tyl = D arBylgr(t) = D Tt — he()y(RA(1))
k=1 k=1
l
=3 Fan®) (g — b))
k=1
After a substitution y(t) = eaTOtz(t) equation (3.5) has a form
m ! t— h t) q2 -
(36) 0= -3 e T amz@n) - 3 e T Dt - he)=(ie)
k=1 k=1

_Ze tfgk(t)@ak(t)(hk() gk(1))2(Fi(1)).

Equation (3.5) is nonoscﬂlatory if equation (3.6) is nonoscillatory. We have ¢ —
Gr(t) =t —gr(t) > of,t — hE(t) > t — hy(t) > 77,

m l ~o 2
s0lt-g®) _aot=R3 ) g2
Ze (t)+;e 2 E(t—hk(t))

k=1

. Z - aou;a%(t) %ak(t)(hk(t) —g(t))

a o'O l 0 o 2
0 _%9; ag _ a7 Q,
< E E (6 2 ?(51(11(5) +e 2 4?) .

Corollary 2.11 and condition (3.1) imply that equation (3.6) is nonoscillatory.
Hence equation (3.5) is nonoscillatory and then condition b) of Lemma 2.10 holds.
Therefore the fundamental matrix C'(¢, s) of the system (3.3), (3.4) is nonnegative.
Suppose now that z(t),z(tg) = 0,4(tg) = 1,z(t) = 0,t < to is the solution of

(2.1). Hence X(t) = {z(t),y(t)}T, {z(to),y(to)}T = {0,1}1,X(t) = 0,t < to is

a solution of system (3.3), (3.4). We have X(t) = C(t,t0){0,1}7 > 0. Hence

z(t) > 0. But z(t) = X(¢,t9) where X(¢,s) is the fundamental function of (2.1).

Then z(t) = X(t,tg) > 0. By the same way we can show that X (¢,s) > 0 for any

s,t > s > tp.

The theorem is proven. O

Consider the equation with two delays
(3.7) Z(t) + a(t)@(g(t)) + b(t)xz(h(t)) =0
where for a,b, g, h conditions (al)-(a2) hold.
Corollary 3.2. Assume that for some tyg > 0 and t > tg
0 < ag < a(t) < Ag,0 < by < b(t) < By, af > 4By,

0 <t—h(t) <100 <t—g(t) <0,0<g(t)—h(t) <.
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If
t a0 apd agrg A2T 1
(3.8) / [6_ 2 a(s) <1 + > 4 6_20] ds < =
g(t) 2 4 6

then equation (3.7) has a nonnegative fundamental function.

Corollary 3.3. Assume that for some tg > 0 and t > tg
0 < ap < a(t) < Ag,0 < by <b(t) < By,ag > 4By, t — g(t) < 0.

t ago 1
/ e_%a( )(1—1—%—0> ds < —,
9(t) 2 €
then equation

(3.9) Z(t) +a(t)z(g(t)) + b(t)x(t) =0

has a monnegative fundamental function.

If

Corollary 3.4. Assume that for some tg > 0 and t > tg
0 < ag < a(t) < Ag,0 < b(t) < By, ag > 4By, c(t) > 0,

/g(t) (a(s) + 67¥C(8)> ds < %.

Then the fundamental function of the equation

(3.10) B(t) + a(t)i(t) + c(t)i(g(t)) + b(t)z(t) =0
18 monnegative.
4. EXPONENTIAL STABILITY

Theorem 4.1. Assume the fundamental function X (t,s) of equation (2.1) is non-
negative, > ;- bp(t) > by > 0 and the first order equation

(4.1) (1) + > ar(t)y(gr(t) =0
k=1

is exponentially stable. Then equation (2.1) is exponentially stable.

Proof. We apply Lemma 2.7. Let f be an essentially bounded on [ty, c0) function
where f(t) = 0,t < 7 = max{7;},k = 1,...,m and z is the solution of problem
(2.5). Then by Lemmas 2.4 and 2.9

x(t) = X(t,s)f(s)ds = X(t,s Zbk /() —————ds.

to+T7 to+T1 Zk: 1 ( )

Hence |z(t)| < || H [to,00)- Lhen z is a bounded function on the interval [to, c0).

We will prove that w is also a bounded function. Denote y = . Then

(4.2) ) + Zak = h(®)
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where fi(t) = f(t) — > bi(t)z(hg(t)). Since z and f are bounded functions on
the semi-axes, then f; is also a bounded function. Equation (4.2) is exponentially
stable. Then the solution of (4.2) is a bounded on the semi-axes function. By
Lemma 2.7 equation (2.1) is exponentially stable. O

Corollary 4.2. Assume conditions of Corollary 3.2 hold, b(t) > by > 0 and
t 1
(4.3) limsup/ a(s)ds <1+ —
t—oo  Jg(t) €
then equation (3.7) is exponentially stable.

Proof. By Corollary 3.2 the fundamental function of equation (3.7) is nonnegative.
Condition (4.3) implies [7] that the DDE of the first order

y(t) + a(t)y(g(t)) =0
is exponentially stable. By Theorem 4.1 equation (3.7) is exponentially stable. [

Corollary 4.3. Assume conditions of Corollary 3.3, condition (4.3) hold, b(t) >
bop > 0 then equation (3.9) is exponentially stable.

Corollary 4.4. Assume conditions of Corollary 3.4 hold, b(t) > by > 0 and
t 1 1 624'6
4.4 / c(s)ds < =, = 9 >In——,
(14 IRCCER s
where go = limsup,_, o fgt(t)a(s)ds,ﬂ = limsup;_, % Then equation (3.10) is
exponentially stable.

Proof. Corollary 3.4 implies that the fundamental function of (3.10) is nonnegative.
By [7, Theorem 2] equation

y(t) + a(t)y(t) + c(t)y(g(t)) =0

is exponentially stable. Theorem 4.1 implies this corollary. O

We will now obtain exponential stability conditions for an equation (without
assumption that this equation is nonoscillatory.

Theorem 4.5. Assume that all conditions of Theorem 4.1 hold for the equation
(2.1) and

<1

ka:l Ck
4. Lek=1"F
(15) | S

Then the following equation

m l
(4.6) B() + D ar(t)i(ge(t) + > cr(t)x(hi(t) =0

k=1 k=1

1s exponentially stable.
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Proof. Consider for ¢t > ty the problem
(4.7) (Lz)(t) = f(t),t > 0; z(t) = x(t) =0,t < tp

with f € Lo. Equation (4.7) one can rewrite in the form

m l
)+ et )+ 3 br(t)a(hi (1))
(4.8) k=1 l k=1
= =3 (erlt) — be(t)z(he(t) + F(D):
k=1

Denote X (t,s) > 0 the fundamental function of equation (2.1). From (4.8) we have

¢ 1
x(t) = X(t,8)> (c(s) = br(s))a(hi(s))ds + f1(t)
to k=1
where fi(t) j; s)ds. Since equation (2.1) is exponentially stable then

f1 € L. In the space L denote the operator

t l

(Hz)(t) = - t X(t,s) ) (ck(s) = bi(s))z(hi(s))ds.
0 k=1
We have
(Ha) )] < [ X, s>zb () | S22 — 1) ()| ds.
to k=1 Zk 1 bk
Lemma 2.9 implies that
IH < Lfﬂ % <1
Zk:l bk

Hence the solution z of problem (4.7) is a bounded on the semi-axes [to, c0) function.
Similarly to the proof of Theorem 4.1 we can show that & € L,,. By Lemma 2.7
equation (4.6) is exponentially stable. O

Corollary 4.6. Assume that conditions of Corollary 3.3 hold, b(t) > by > 0 and
instead of condition ag > 4By the ineaquality a% > 2By holds. then equation (3.9)
is exponentially stable.

Proof. By corollary 3.3 the equation

#(t) + a(t)i(g() + La(h(t) = 0

is exponentially stable. Condition a > 2By implies that H - 1H < 1. By Theorem

-0
4

4.5 equation (3.9) is exponentially stable. O
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Example 4.7. Consider the following equation
(4.9) #(t) + @t — asint|) + ba(t) = 0.

First find b and « for which equation (4.9) has a positive fundamental function.
If we take take 0 = «,0¢9 = 0 then conditions of Corollary 3.3 hold for 0 < b <
0.25, a0 < 0.3.

Corollary 4.6 implies exponential stability of (4.9) for 0 < b < 0.5, < 0.3.
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