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have extended to the multidimensional case the study in Arana-Jiménez et al. [2].
Also, Mititelu and Treanţă [13] have introduced and performed a study on efficiency
conditions in vector control problems governed by multiple integrals. As well, several
duality models (involving (ρ, b)-quasiinvexity for multidimensional multiobjective
fractional control problems) have been formulated in Treanţă and Mititelu [28].

The main purpose of this paper is to state and prove efficiency conditions for a
new class of multidimensional multiobjective variational problems with nonlinear
equality and inequality constraints involving higher-order partial derivatives. More
exactly, taking into account the results recently derived in Treanţă [26] (see Sect.
4), we introduce a multiobjective optimization problem of minimizing a vector of
path-independent curvilinear integral functionals on higher-order jet bundles. The
nonlinear equality and inequality type constraints, involving higher-order partial
derivatives, automatically generate an increase in complexity of the methods used
to determine solutions. Also, this new class of multiobjective variational problems,
in short (MV P ), requests specific techniques and mathematical tools, such as: an
extended invexity and an appropriate mathematical framework involving geometric
objects. Under generalized (ρ, b)-quasiinvexity assumptions, we establish sufficient
efficiency conditions for a feasible solution in (MV P ). As it is well known, the
functionals of mechanical work type, due to their physical meaning, are very im-
portant in applications. Thus, the importance of this paper is supported both from
theoretical and practical reasonings. For other different points of view but related
to this topic, the reader is directed to Preda [16], Ferrara [7] and Kimand and Kim
[10].

The outline of the paper is as follows. Sect. 2 introduces the necessary tools that
will be used to prove the main results. Sect. 3 starts with two auxiliary lemmas
and contains one of the main results of this paper (necessary efficiency conditions
for (MV P )); the sufficient efficiency conditions for (MV P ) are established in Sect.
4. Finally, Sect. 5 provides the conclusions of this study.

Let us start with two Riemannian manifolds, (T,h) and (M,g), of dimensions
m, respectively n. In addition, assume that M is a complete manifold. Denote
by t = (tβ), β = 1,m, and x = (xi), i = 1, n, the local coordinates on (T,h)
and (M,g), respectively. By using the product order relation on Rm

+ , the hyper-

parallelepiped Ωt0,t1 ⊂ Rm
+ , with the diagonally opposite points t0 =

(
t10, . . . , t

m
0

)
and t1 =

(
t11, . . . , t

m
1

)
, can be written as being the interval [t0; t1]. Let Js−1(T,M)

be the (s − 1)-th order jet bundle associated to T and M , where s ≥ 2 is a fixed
natural number, and let Γt0,t1 be a piecewise Cs−1-class curve joining the points t0
and t1. Consider the following path-independent curvilinear integral functionals

F l (x(·)) :=
∫
Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ, l = 1, r, β = 1,m,

determined by the (higher-order) closed Lagrange 1-form densities of C∞-class

Xβ =
(
X l

β

)
: Js−1(T,M) → Rr, l = 1, r, β = 1,m,

where we have used the notations:

χxα1...αs−1
(t) :=

(
t, x(t), xα1(t), . . . , xα1α2...αs−1(t)

)
, t ∈ Ωt0,t1 ,
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with xα1(t) :=
∂x
∂tα1 (t), . . . , xα1α2...αs−1(t) :=

∂s−1x
∂tα1∂tα2 ...∂tαs−1 (t), αj ∈ {1, 2, . . . ,m},

j = 1, s− 1, x = (x1, . . . , xn) =
(
xi
)
, i = 1, n. The closeness conditions (complete

integrability conditions) associated to
(
X l

β

)
are

DηX
l
β = DβX

l
η, β, η = 1,m, β ̸= η, l = 1, r,

where Dη := ∂
∂tη denotes the total derivative operator.

Also, let us consider the following PDI, respectively PDE of evolution

(1.1) g
(
χxα1...αs−1

(t)
)
≤ 0, h

(
χxα1...αs−1

(t)
)
= 0, t ∈ Ωt0,t1 ,

generated by the C∞-class Lagrange matrix densities

g =
(
gba

)
: Js−1(T,M) → Rpq, a = 1, q, b = 1, p, p < n,

h =
(
hba

)
: Js−1(T,M) → Rde, a = 1, e, b = 1, d, d < n.

We point out that in (1.1) we have used the following assumptions:

u = v ⇔ ui = vi, u ≤ v ⇔ ui ≤ vi,

u < v ⇔ ui < vi, u ⪯ v ⇔ u ≤ v, u ̸= v, i = 1, k,

for any two vectors u = (u1, . . . , uk) , v = (v1, . . . , vk) in Rk.
Using the space

C∞ (Ωt0,t1 ,M) = {x : Ωt0,t1 → M ; x of C∞ − class} ,

endowed with the distance d
(
x, x0

)
= d

(
x(·), x0(·)

)
= supt∈Ω dg

(
x(t), x0(t)

)
, where

dg
(
x(t), x0(t)

)
is geodesic distance in (M,g), we introduce the set F (Ωt0,t1) of all

feasible solutions (domain)

x ∈ C∞ (Ωt0,t1 ,M) , g
(
χxα1...αs−1

(t)
)
≤ 0, h

(
χxα1...αs−1

(t)
)
= 0, t ∈ Ωt0,t1

x(tξ) = xξ, xα1...αj (tξ) = x̃α1...αjξ, αζ ∈ {1, . . . ,m}, ζ, j = 1, s− 2, ξ ∈ {0, 1},

for the following multidimensional multiobjective variational problem

(MV P ) min
x(·)

(
F 1 (x(·)) , F 2 (x(·)) , . . . , F r (x(·))

)
subject to x (·) ∈ F (Ωt0,t1),

a higher-order PDE&PDI-constrained vector optimization problem.
Note. We can consider the following constraints (boundary conditions)

x(t)|∂Ωt0,t1
= given, xα1(t)|∂Ωt0,t1

= given, . . . , xα1...αs−2(t)|∂Ωt0,t1
= given,

instead of

x(tξ) = xξ, xα1...αj (tξ) = x̃α1...αjξ, αζ ∈ {1, . . . ,m}, ζ, j = 1, s− 2, ξ ∈ {0, 1}.
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2. Preliminaries

We start this section by considering the following scalar optimization problem

(SP ) min
x(·)

∫
Γt0,t1

Xβ

(
χxα1...αs−1

(t)
)
dtβ

subject to x (·) ∈ F (Ωt0,t1).

The necessary conditions for the optimality of a feasible solution x0 ∈ F (Ωt0,t1) in
the problem (SP ) are

∂Lβ

∂xi
−Dα1

∂Lβ

∂xiα1

+
1

n(α1, α2)
D2

α1α2

∂Lβ

∂xiα1α2

− 1

n(α1, α2, α3)
D3

α1α2α3

∂Lβ

∂xiα1α2α3

+ · · ·+ (−1)s−1 1

n(α1, α2, . . . , αs−1)
Ds−1

α1α2...αs−1

∂Lβ

∂xiα1α2...αs−1

= 0,

i ∈ {1, 2, . . . , n} , β ∈ {1, 2, . . . ,m} (higher-order Euler-Lagrange PDE)

µβ(t)g
(
χx0

α1...αs−1
(t)
)
= 0, µβ(t) ≥ 0, t ∈ Ωt0,t1 ,

where:

• Ds−1
α1...αs−1

:=
∂s−1

∂tα1 . . . ∂tαs−1

is the total derivative operator of order s− 1;

• Lβ

(
χx0

α1...αs−1
(t), µ(t), ν(t), λ

)
:= λXβ

(
χx0

α1...αs−1
(t)
)

+ µβ(t)g
(
χx0

α1...αs−1
(t)
)
+ νβ(t)h

(
χx0

α1...αs−1
(t)
)
, β = 1,m,

is an auxiliary Lagrange 1-form density, with λ a real number, and

µ(t) := (µβ(t)) =
(
µa
βb(t)

)
, a = 1, q, b = 1, p,

ν(t) := (νβ(t)) =
(
νaβb(t)

)
, a = 1, e, b = 1, d,

the Lagrange multipliers subject to the condition that the 1-form Lβ is closed. Also,
we accept the following notations:

• χx0
α1...αs−1

(t) :=
(
t, x0(t), x0α1

(t), . . . , x0α1α2...αs−1
(t)
)
, t ∈ Ωt0,t1 ;

• n(α1, α2, . . . , αk) :=
| 1α1 + 1α2 + · · ·+ 1αk

|!
(1α1 + 1α2 + · · ·+ 1αk

)!

represents the Saunders number (see Saunders [19]). For a better understanding of
this number we consider some

Particular cases.
• k = 1 involves: n(α1) = 1
• k = 2 involves:
n(α1, α2) = 1, for α1 = α2

n(α1, α2) = 2, for α1 ̸= α2

• k = 3 involves:
n(α1, α2, α3) = 1, for α1 = α2 = α3

n(α1, α2, α3) = 3, for α1 = α2 ̸= α3

n(α1, α2, α3) = 6, for α1 ̸= α2 ̸= α3.
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Above and below, the summation over the repeated indices is assumed. Now,
according to Valentine [30], we reformulate the foregoing necessary optimality con-
ditions in (SP ) as follows:

Theorem 2.1. Suppose that x0 ∈ F (Ωt0,t1), a feasible solution of the problem (SP ),
is an optimal solution and X = (Xβ) (a closed 1-form), g, h are functions of C∞-
class. Then, there exist the multipliers λ, µ(t) and ν(t), satisfying the following
conditions

λ
∂Xβ

∂xi

(
χx0

α1...αs−1
(t)
)
+ µβ(t)

∂g

∂xi

(
χx0

α1...αs−1
(t)
)
+ νβ(t)

∂h

∂xi

(
χx0

α1...αs−1
(t)
)

−Dα1

{
λ
∂Xβ

∂xiα1

(
χx0

α1...αs−1
(t)
)
+ µβ(t)

∂g

∂xiα1

(
χx0

α1...αs−1
(t)
)}

−Dα1

{
νβ(t)

∂h

∂xiα1

(
χx0

α1...αs−1
(t)
)}

+
1

n(α1, α2)
D2

α1α2

{
λ

∂Xβ

∂xiα1α2

(
χx0

α1...αs−1
(t)
)}

+
1

n(α1, α2)
D2

α1α2

{
µβ(t)

∂g

∂xiα1α2

(
χx0

α1...αs−1
(t)
)
+ νβ(t)

∂h

∂xiα1α2

(
χx0

α1...αs−1
(t)
)}

− · · ·+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
λ

∂Xβ

∂xiα1α2...αs−1

(
χx0

α1...αs−1
(t)
)}

+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
µβ(t)

∂g

∂xiα1α2...αs−1

(
χx0

α1...αs−1
(t)
)}

+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
νβ(t)

∂h

∂xiα1...αs−1

(
χx0

α1...αs−1
(t)
)}

= 0

(higher order Euler-Lagrange PDE) β = 1,m, i = 1, n

µβ(t)g
(
χx0

α1...αs−1
(t)
)
= 0, µβ(t) ≥ 0, t ∈ Ωt0,t1 .

Definition 2.2. The optimal solution x0(·) ∈ F (Ωt0,t1) of the problem (SP ) is
called normal optimal solution if λ ̸= 0.

Without loss of generality, we can suppose that λ = 1.

Definition 2.3. A feasible solution x0(·) ∈ F (Ωt0,t1) of the problem (MV P ) is
called efficient solution if there exists no other feasible solution x(·) ∈ F (Ωt0,t1) such
that F (x(·)) ⪯ F

(
x0(·)

)
, where

F (x(·)) :=

(∫
Γt0,t1

X1
β

(
χxα1...αs−1

(t)
)
dtβ, . . . ,

∫
Γt0,t1

Xr
β

(
χxα1...αs−1

(t)
)
dtβ

)
.

3. The first main result: Necessary efficiency conditions in (MV P )

Now, we are in a position to prove a first part of the main results. In order
to develop an optimization theory on higher-order jet bundles, in accordance with
Chankong and Haimes [4], let us establish the following results.
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Lemma 3.1. Let x0 be a feasible solution of (MV P ). It is an efficient solution
of the problem (MV P ) if and only if x0 ∈ F (Ωt0,t1) is an optimal solution of each
problem Pl(x

0), l = 1, r,

min
x(·)

∫
Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ

subject to

x(tξ) = xξ, xα1...αj (tξ) = x̃α1...αjξ, αζ ∈ {1, . . . ,m}, ζ, j = 1, s− 2, ξ ∈ {0, 1}

g
(
χxα1...αs−1

(t)
)
≤ 0, h

(
χxα1...αs−1

(t)
)
= 0, t ∈ Ωt0,t1∫

Γt0,t1

Xc
β

(
χxα1...αs−1

(t)
)
dtβ ≤

∫
Γt0,t1

Xc
β

(
χx0

α1...αs−1
(t)
)
dtβ, c = 1, r, c ̸= l.

Proof. ” =⇒ ” Let x0 be an efficient solution of the problem (MV P ). Assume there
exists k ∈ {1, . . . , r} such that x0 (·) ∈ F (Ωt0,t1) is not an optimal solution of the
problem Pk(x

0). Thus, there exists a function y (·) ∈ F (Ωt0,t1) such that∫
Γt0,t1

Xc
β

(
χyα1...αs−1

(t)
)
dtβ ≤

∫
Γt0,t1

Xc
β

(
χx0

α1...αs−1
(t)
)
dtβ, c = 1, r, c ̸= k

and ∫
Γt0,t1

Xk
β

(
χyα1...αs−1

(t)
)
dtβ <

∫
Γt0,t1

Xk
β

(
χx0

α1...αs−1
(t)
)
dtβ.

This contradicts the efficiency of the function x0 (·) ∈ F (Ωt0,t1) in (MV P ) and,
consequently, we have proved the direct implication.

” ⇐= ” Consider x0 (·) ∈ F (Ωt0,t1) an optimal solution of each problem Pl(x
0), l =

1, r, and suppose that x0 (·) ∈ F (Ωt0,t1) is not an efficient solution of the problem
(MV P ). Consequently, there exists a function y (·) ∈ F (Ωt0,t1) such that∫

Γt0,t1

Xc
β

(
χyα1...αs−1

(t)
)
dtβ ≤

∫
Γt0,t1

Xc
β

(
χx0

α1...αs−1
(t)
)
dtβ, c = 1, r

and there exists k ∈ {1, . . . , r} such that∫
Γt0,t1

Xk
β

(
χyα1...αs−1

(t)
)
dtβ <

∫
Γt0,t1

Xk
β

(
χx0

α1...αs−1
(t)
)
dtβ.

Also, the function x0 (·) ∈ F (Ωt0,t1) minimizes the functional∫
Γt0,t1

Xk
β

(
χxα1...αs−1

(t)
)
dtβ

on the set of all feasible solutions of the problem Pk(x
0) and the proof is complete.

□
Lemma 3.2. Consider x0 (·) ∈ F (Ωt0,t1) an optimal solution of the problem
Pl(x

0), l ∈ {1, . . . , r} fixed. Then, there exist the multipliers λcl ≥ 0, c = 1, r, µl(t)
and νl(t) such that the following conditions are fulfilled:

r∑
c=1

λcl

∂Xc
β

∂x

(
χx0

α1...αs−1
(t)
)
+ µlβ(t)

∂g

∂x

(
χx0

α1...αs−1
(t)
)
+ νlβ(t)

∂h

∂x

(
χx0

α1...αs−1
(t)
)
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− Dα1

{
r∑

c=1

λcl

∂Xc
β

∂xα1

(
χx0

α1...αs−1
(t)
)
+ µlβ(t)

∂g

∂xα1

(
χx0

α1...αs−1
(t)
)}

− Dα1

{
νlβ(t)

∂h

∂xα1

(
χx0

α1...αs−1
(t)
)}

+ · · ·+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
r∑

c=1

λcl

∂Xc
β

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
µlβ(t)

∂g

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
νlβ(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

= 0

(higher order Euler-Lagrange PDE), β = 1,m

µlβ(t)g
(
χx0

α1...αs−1
(t)
)
= 0, µlβ(t) ≥ 0, t ∈ Ωt0,t1 .

Proof. Consider the C∞-class functions

ϕc =
(
ϕc
β

)
, ϕc

(
χxα1...αs−1

(t)
)
≥ 0, c = 1, r, c ̸= l, β = 1,m,

defined as follows

Gc(x(t)) :=

∫
Γt0,t1

[
Xc

β

(
χxα1...αs−1

(t)
)
−Rc

0 + ϕc
β

(
χxα1...αs−1

(t)
)]

dtβ = 0,

with

Rl
0 :=

∫
Γt0,t1

X l
β

(
χx0

α1...αs−1
(t)
)
dtβ = min

x(·)

∫
Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ,

l = 1, r, x0 (·) ∈ F (Ωt0,t1). Thus, the problem Pl(x
0), l ∈ {1, . . . , r} fixed, can be

changed into

max
x(·)

∫
Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ

subject to

x ∈ F (Ωt0,t1) , Gc(x(t)) = 0

ϕc
(
χxα1...αs−1

(t)
)
≥ 0, c = 1, r, c ̸= l, β = 1,m,

or

max
x(·)

∫
Γt0,t1

{
X l

β

(
χxα1...αs−1

)

+
r∑

c=1; c ̸=l

λcl

[
Xc

β

(
χxα1...αs−1

)
−Rc

0 + ϕc
β

(
χxα1...αs−1

)]}
dtβ

subject to



90 SAVIN TREANŢĂ

x ∈ F (Ωt0,t1) , ϕc
(
χxα1...αs−1

)
≥ 0, c = 1, r, c ̸= l, β = 1,m,

equivalent to

(3.1) max
x(·)

∫
Γt0,t1

{
X l

β

(
χxα1...αs−1

)
+

r∑
c=1; c ̸=l

λcl

[
Xc

β

(
χxα1...αs−1

)
−Rc

0 + ϕc
β

(
χxα1...αs−1

)]}
dtβ

subject to

x ∈ C∞ (Ωt0,t1 ,M) , g
(
χxα1...αs−1

(t)
)
≤ 0, h

(
χxα1...αs−1

(t)
)
= 0, t ∈ Ωt0,t1

x(tξ) = xξ, xα1...αj (tξ) = x̃α1...αjξ, αζ ∈ {1, . . . ,m}, ζ, j = 1, s− 2, ξ ∈ {0, 1}

−ϕc
(
χxα1...αs−1

)
≤ 0, c = 1, r, c ̸= l, β = 1,m.

Define the following Lagrange function (or, Lagrangian)

Vl

(
χxα1...αs−1

, µlβ , νlβ , γl, ac

)
:= γlX

l
β

(
χxα1...αs−1

)
+

r∑
c=1; c̸=l

γlλcl

[
Xc

β

(
χxα1...αs−1

)
−Rc

0 + ϕc
β

(
χxα1...αs−1

)]
+µlβ(t)g

(
χxα1...αs−1

)
+ νlβ(t)h

(
χxα1...αs−1

)
−

r∑
c=1; c ̸=l

ac(t)ϕ
c
β

(
χxα1...αs−1

)
.

We have used the following notations:

γl ∈ R, γl ≥ 0, ac ∈ C∞ (Ωt0,t1 , R) , ac ≥ 0, c = 1, r, c ̸= l

µl(t) := (µlβ(t)) =
(
µa
lβb(t)

)
, a = 1, q, b = 1, p,

νl(t) := (νlβ(t)) =
(
νalβb(t)

)
, a = 1, e, b = 1, d, l = 1, r (fixed).

Since x0 (·) ∈ F (Ωt0,t1) is an optimal solution for the previous optimization problem
(3.1), the following necessary conditions are satisfied

∂Vl

∂x

(
χx0

α1...αs−1
, µlβ , νlβ , γl, ac

)
−Dα1

∂Vl

∂xα1

(
χx0

α1...αs−1
, µlβ , νlβ , γl, ac

)
+

1

n(α1, α2)
D2

α1α2

∂Vl

∂xα1α2

(
χx0

α1...αs−1
, µlβ , νlβ , γl, ac

)
− 1

n(α1, α2, α3)
D3

α1α2,α3

∂Vl

∂xα1α2α3

(
χx0

α1...αs−1
, µlβ , νlβ , γl, ac

)
+ · · ·+ (−1)s−1

1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

∂Vl

∂xα1...αs−1

(
χx0

α1...αs−1
, µlβ , νlβ , γl, ac

)
= 0,

(higher-order Euler-Lagrange PDE)

µlβ(t)g
(
χx0

α1...αs−1
(t)
)
= 0, µlβ(t) ≥ 0, β = 1,m, t ∈ Ωt0,t1 ,

ac(t)ϕ
c
β

(
χx0

α1...αs−1
(t)
)
= 0, ac(t) ≥ 0, c = 1, r, c ̸= l

γl ≥ 0, λcl ≥ 0, c = 1, r, c ̸= l.
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Concretely, we have

γl
∂X l

β

∂x

(
χx0

α1...αs−1

)
+

r∑
c=1; c̸=l

γlλcl

[
∂Xc

β

∂x

(
χx0

α1...αs−1

)
+

∂ϕc
β

∂x

(
χx0

α1...αs−1

)]

+ µlβ(t)
∂g

∂x

(
χx0

α1...αs−1

)
+ νlβ(t)

∂h

∂x

(
χx0

α1...αs−1

)
−

r∑
c=1; c̸=l

ac(t)
∂ϕc

β

∂x

(
χx0

α1...αs−1

)

−Dα1

γl
∂X l

β

∂xα1

(
χx0

α1...αs−1

)
+

r∑
c=1; c̸=l

γlλcl

∂Xc
β

∂xα1

(
χx0

α1...αs−1

)
−Dα1


r∑

c=1; c ̸=l

γlλcl

∂ϕc
β

∂xα1

(
χx0

α1...αs−1

)
+ µlβ(t)

∂g

∂xα1

(
χx0

α1...αs−1

)
−Dα1

νlβ(t)
∂h

∂xα1

(
χx0

α1...αs−1

)
−

r∑
c=1; c ̸=l

ac(t)
∂ϕc

β

∂xα1

(
χx0

α1...αs−1

)
+ · · ·+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
γl

∂X l
β

∂xα1...αs−1

(
χx0

α1...αs−1

)}

+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1


r∑

c=1; c̸=l

γlλcl

∂Xc
β

∂xα1...αs−1

(
χx0

α1...αs−1

)
+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1


r∑

c=1; c̸=l

γlλcl

∂ϕc
β

∂xα1...αs−1

(
χx0

α1...αs−1

)
+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
µlβ(t)

∂g

∂xα1...αs−1

(
χx0

α1...αs−1

)}
+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
νlβ(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1

)}

+ (−1)s
1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1


r∑

c=1; c ̸=l

ac(t)
∂ϕc

β

∂xα1...αs−1

(
χx0

α1...αs−1

) = 0,

equivalent to

γl
∂X l

β

∂x

(
χx0

α1...αs−1

)
+

r∑
c=1; c ̸=l

[γlλcl − ac(t)]
∂ϕc

β

∂x

(
χx0

α1...αs−1

)
+ µlβ(t)

∂g

∂x

(
χx0

α1...αs−1

)
+ νlβ(t)

∂h

∂x

(
χx0

α1...αs−1

)
+

r∑
c=1; c ̸=l

γlλcl

∂Xc
β

∂x

(
χx0

α1...αs−1

)
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−Dα1

γl
∂X l

β

∂xα1

(
χx0

α1...αs−1

)
+

r∑
c=1; c̸=l

γlλcl

∂Xc
β

∂xα1

(
χx0

α1...αs−1

)
−Dα1


r∑

c=1; c ̸=l

[γlλcl − ac(t)]
∂ϕc

β

∂xα1

(
χx0

α1...αs−1

)
+ µlβ(t)

∂g

∂xα1

(
χx0

α1...αs−1

)
−Dα1

{
νlβ(t)

∂h

∂xα1

(
χx0

α1...αs−1

)}
+ · · ·+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
γl

∂X l
β

∂xα1...αs−1

(
χx0

α1...αs−1

)}

+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1


r∑

c=1; c̸=l

γlλcl

∂Xc
β

∂xα1...αs−1

(
χx0

α1...αs−1

)
+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1
r∑

c=1; c ̸=l

[γlλcl − ac(t)]
∂ϕc

β

∂xα1...αs−1

(
χx0

α1...αs−1

)
+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
µlβ(t)

∂g

∂xα1...αs−1

(
χx0

α1...αs−1

)}
+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
νlβ(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1

)}
= 0.

Imposing the conditions: γlλcl − ac(t) = 0, c = 1, r, c ̸= l, for any t ∈ Ωt0,t1 ,
γl = λll ≥ 0, λcl = γlλcl ≥ 0, c = 1, r, c ̸= l, we obtain the conclusion of Lemma
3.2 and the proof is complete. □
Definition 3.3. The feasible solution x0(·) ∈ F (Ωt0,t1) is called normal efficient
solution of the problem (MV P ) if it is a normal optimal solution for at least one of
the scalar problems Pl(x

0), l = 1, r.

Now, we have all the necessary mathematical tools for establishing the main
result of this section, namely, the normal necessary efficiency conditions of (MV P ).

Theorem 3.4 (Normal necessary efficiency conditions for (MV P )). Let x0(·) ∈
F (Ωt0,t1) be a [normal] efficient solution of the problem (MV P ). Then, there exist
λ ∈ Rr, µ and ν such that the following conditions are satisfied:

r∑
c=1

λc

∂Xc
β

∂x

(
χx0

α1...αs−1
(t)
)
+ µβ(t)

∂g

∂x

(
χx0

α1...αs−1
(t)
)
+ νβ(t)

∂h

∂x

(
χx0

α1...αs−1
(t)
)

− Dα1

{
r∑

c=1

λc

∂Xc
β

∂xα1

(
χx0

α1...αs−1
(t)
)
+ µβ(t)

∂g

∂xα1

(
χx0

α1...αs−1
(t)
)}

− Dα1

{
νβ(t)

∂h

∂xα1

(
χx0

α1...αs−1
(t)
)}
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+ · · ·+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
r∑

c=1

λc

∂Xc
β

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

+(−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
µβ(t)

∂g

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

+(−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
νβ(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

= 0

(higher order Euler-Lagrange PDE), β = 1,m

µβ(t)g
(
χx0

α1...αs−1
(t)
)
= 0, µβ(t) ≥ 0, t ∈ Ωt0,t1 , β = 1,m

λ ≥ 0, etλ = 1, et = (1, 1, . . . , 1) ∈ Rr.

Proof. We have that x0(·) ∈ F (Ωt0,t1) is an optimal solution of each problem
Pl(x

0), l = 1, r (see Lemma 3.1). Thus, if x0(·) ∈ F (Ωt0,t1) is [normal] optimal
solution in Pl(x

0), l ∈ {1, . . . , r} fixed, then the conditions which appear in Lemma
3.2 are fulfilled [λll = 1]. Making the sum from l = 1 to l = r of all relations in
Lemma 3.2 and setting

r∑
l=1

λcl = λ̃c,
r∑

l=1

µlβ(t) = µ̃β(t),
r∑

l=1

νlβ(t) = ν̃β(t),

we obtain
r∑

c=1

λ̃c

∂Xc
β

∂x

(
χx0

α1...αs−1
(t)
)
+ µ̃β(t)

∂g

∂x

(
χx0

α1...αs−1
(t)
)
+ ν̃β(t)

∂h

∂x

(
χx0

α1...αs−1
(t)
)

− Dα1

{
r∑

c=1

λ̃c

∂Xc
β

∂xα1

(
χx0

α1...αs−1
(t)
)
+ µ̃β(t)

∂g

∂xα1

(
χx0

α1...αs−1
(t)
)}

− Dα1

{
ν̃β(t)

∂h

∂xα1

(
χx0

α1...αs−1
(t)
)}

+ · · ·+ (−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
r∑

c=1

λ̃c

∂Xc
β

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

+(−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
µ̃β(t)

∂g

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

+(−1)s−1 1

n(α1, . . . , αs−1)
Ds−1

α1...αs−1

{
ν̃β(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)}

= 0

(higher order Euler-Lagrange PDE), β = 1,m

µ̃β(t)g
(
χx0

α1...αs−1
(t)
)
= 0, µ̃β(t) ≥ 0, t ∈ Ωt0,t1

λ̃c ≥ 0,
[
λ̃c ≥ 1

]
, c = 1, r.

Consider S :=
∑r

c=1 λ̃c ≥ 1 and denoting λc = λ̃c/S, µβ(t) = µ̃β(t)/S, νβ(t) =
ν̃β(t)/S, we get the conclusions of Theorem 3.4 are valid. □
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4. The second main result: Sufficient efficiency conditions in (MV P )

In the following, in order to formulate and prove sufficient conditions of efficiency
associated with the vector optimization problem (MV P ), we will introduce a gen-

eralized quasiinvexity. Consider ρ a real number and b : [C∞ (Ωt0,t1 ,M)]2s → [0,∞)
a functional. Further, let us consider the notations

b
(
x(·), xα1(·), . . . , xα1...αs−1(·), x0(·), x0α1

(·), . . . , x0α1...αs−1
(·)
)
:= bxx0

η
(
t, x(t), xα1(t), . . . , xα1...αs−1(t), x

0(t), x0α1
(t), . . . , x0α1...αs−1

(t)
)
:= ηtxx0 , t ∈ Ωt0,t1 .

Also, let a = (aβ) : J
s−1(T,M) → Rm be a closed Lagrange 1-form that determines

the following path-independent curvilinear integral functional

A(x(·)) =
∫
Γt0,t1

aβ

(
χxα1...αs−1

(t)
)
dtβ.

Definition 4.1. The functional A is [strictly] (ρ, b)-quasiinvex at x0(·) if there exist
the vector functions η = (η1, . . . , ηn), with the property

ηtx0x0 = 0, Dα1ηtx0x0 = 0, · · · , Ds−2
α1...αs−2

ηtx0x0 = 0

αζ ∈ {1, . . . ,m}, ζ = 1, s− 2, t ∈ Ωt0,t1 ,

and θ : [C∞ (Ωt0,t1 ,M)]2s → Rn such that, for any x(·) [x(·) ̸= x0(·)], we have the
following implication: [

A(x(·)) ≤ A(x0(·))
]

=⇒ [bxx0

∫
Γt0,t1

[
ηtxx0

∂aβ
∂x

(
χx0

α1...αs−1
(t)
)
+ (Dα1ηtxx0)

∂aβ
∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ

· · ·+ bxx0

∫
Γt0,t1

[(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
∂aβ

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

[<] ≤ −ρbxx0 ∥ θxx0 ∥2].

Example. Consider

x : [0, 1] → M ⊆ R2, x(t) =
(
x1(t), x2(t)

)
,

a C2-class function defined on the real interval [0, 1]. Let h : [0, 1] ×M → R be a
continuously differentiable function. The following functional of curvilinear integral
type

H (x(·)) =
∫ 1

0
h (t, ẍ(t)) dt

is, as it can be verified, (ρ, 1)-quasiinvex, for ρ ≤ 0 and any θ, at x0(·) with respect
to

η
(
t, x(t), ẋ(t), ẍ(t), x0(t), ẋ0(t), ẍ0(t)

)
=
(
η1(t, x(t), ẋ(t), ẍ(t), x

0(t), ẋ0(t), ẍ0(t)), η2(t, x(t), ẋ(t), ẍ(t), x
0(t), ẋ0(t), ẍ0(t))

)
=
(
H (x(·))−H

(
x0(·)

))(
D2 ∂h

∂ẍ1
(
t, ẍ0(t)

)
, D2 ∂h

∂ẍ2
(
t, ẍ0(t)

))
.
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The previous example can be easily extended to n-dimensional vector valued
functions and, by using normal coordinates, to the multidimensional case.

Now, we are able to prove the second part of the main results.

Theorem 4.2 (Sufficient efficiency conditions for (MV P )). Let x0(·) ∈ F (Ωt0,t1),
λ ∈ Rr, µ, ν be satisfying the conditions in Theorem 3.4. Further, assume that the
following hypotheses are fulfilled:

a) the functionals∫
Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ, l = 1, r, β = 1,m

are (ρ1l , b)-quasiinvex at x0(·) with respect to η and θ;

b)
∫
Γt0,t1

µβ(t)g
(
χxα1...αs−1

(t)
)
dtβ is (ρ2, b)-quasiinvex at x0(·) with respect to

η and θ;

c)
∫
Γt0,t1

νβ(t)h
(
χxα1...αs−1

(t)
)
dtβ is (ρ3, b)-quasiinvex at x0(·) with respect to

η and θ;
d) at least one of the integrals∫

Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ, l = 1, r, β = 1,m,

∫
Γt0,t1

µβ(t)g
(
χxα1...αs−1

(t)
)
dtβ,

∫
Γt0,t1

νβ(t)h
(
χxα1...αs−1

(t)
)
dtβ

is strictly (ρ, b)-quasiinvex at x0(·) with respect to η and θ (see ρ =
ρ1l , ρ

2 or ρ3);
e)
∑r

l=1 λlρ
1
l + ρ2 + ρ3 ≥ 0 (ρ1l , ρ

2, ρ3 ∈ R).

Then the point x0(·) is an efficient solution of the problem (MV P ).

Proof. By reductio ad absurdum, suppose that x0(·) is not an efficient solution for
(MV P ). Then, for l = 1, r, there exists x(·) ∈ F (Ωt0,t1) such that∫

Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ ≤

∫
Γt0,t1

X l
β

(
χx0

α1...αs−1
(t)
)
dtβ

and there exists at least k ∈ {1, 2, . . . , r} with∫
Γt0,t1

Xk
β

(
χxα1...αs−1

(t)
)
dtβ <

∫
Γt0,t1

Xk
β

(
χx0

α1...αs−1
(t)
)
dtβ.

Using a), we have

bxx0

∫
Γt0,t1

[
ηtxx0

∂X l
β

∂x

(
χx0

α1...αs−1
(t)
)
+ (Dα1ηtxx0)

∂X l
β

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ . . .

+ bxx0

∫
Γt0,t1

[(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
∂X l

β

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

≤ −ρ1l bxx0 ∥ θxx0 ∥2 .
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Multiplying by λl ≥ 0 and making summation over l = 1, r, we obtain

bxx0

∫
Γt0,t1

[
ηtxx0λ

∂Xβ

∂x

(
χx0

α1...αs−1
(t)
)

+(Dα1ηtxx0)λ
∂Xβ

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ . . .

+ bxx0

∫
Γt0,t1

[(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
(4.1)

λ
∂Xβ

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

≤ −

(
r∑

l=1

λlρ
1
l

)
bxx0 ∥ θxx0 ∥2 .

The following inequality∫
Γt0,t1

µβ(t)g
(
χxα1...αs−1

(t)
)
dtβ ≤

∫
Γt0,t1

µβ(t)g
(
χx0

α1...αs−1
(t)
)
dtβ,

according to b), leads us to

bxx0

∫
Γt0,t1

[
ηtxx0µβ(t)

∂g

∂x

(
χx0

α1...αs−1
(t)
)

+(Dα1ηtxx0)µβ(t)
∂g

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ . . .

+ bxx0

∫
Γt0,t1

[(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
(4.2)

µβ(t)
∂g

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

≤ −ρ2bxx0 ∥ θxx0 ∥2 .
Also, the equality (see c))∫

Γt0,t1

νβ(t)h
(
χxα1...αs−1

(t)
)
dtβ =

∫
Γt0,t1

νβ(t)h
(
χx0

α1...αs−1
(t)
)
dtβ

gives

bxx0

∫
Γt0,t1

[
ηtxx0νβ(t)

∂h

∂x

(
χx0

α1...αs−1
(t)
)

+(Dα1ηtxx0) νβ(t)
∂h

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ . . .(4.3)

+ bxx0

∫
Γt0,t1

[(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
νβ(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

≤ −ρ3bxx0 ∥ θxx0 ∥2 .
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Making the sum (4.1) + (4.2) + (4.3), side by side, and taking into account d),
we have

bxx0

∫
Γt0,t1

ηtxx0

[
λ
∂Xβ

∂x

(
χx0

α1...αs−1
(t)
)
+ µβ(t)

∂g

∂x

(
χx0

α1...αs−1
(t)
)]

dtβ

+ bxx0

∫
Γt0,t1

ηtxx0

[
νβ(t)

∂h

∂x

(
χx0

α1...αs−1
(t)
)]

dtβ

+ bxx0

∫
Γt0,t1

(Dα1ηtxx0)

[
λ
∂Xβ

∂xα1

(
χx0

α1...αs−1
(t)
)

+µβ(t)
∂g

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ

+ bxx0

∫
Γt0,t1

(Dα1ηtxx0)

[
νβ(t)

∂h

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ

· · ·+ bxx0

∫
Γt0,t1

(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
[
λ

∂Xβ

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

+ bxx0

∫
Γt0,t1

(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
[
µβ(t)

∂g

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

+ bxx0

∫
Γt0,t1

(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
[
νβ(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

< −

(
r∑

l=1

λlρ
1
l + ρ2 + ρ3

)
bxx0 ∥ θxx0 ∥2 .

This implies that bxx0 > 0 and the foregoing inequality can be rewritten as∫
Γt0,t1

ηtxx0

[
λ
∂Xβ

∂x

(
χx0

α1...αs−1
(t)
)
+ µβ(t)

∂g

∂x

(
χx0

α1...αs−1
(t)
)]

dtβ

+

∫
Γt0,t1

ηtxx0

[
νβ(t)

∂h

∂x

(
χx0

α1...αs−1
(t)
)]

dtβ

+

∫
Γt0,t1

(Dα1ηtxx0)

[
λ
∂Xβ

∂xα1

(
χx0

α1...αs−1
(t)
)

+µβ(t)
∂g

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ

+

∫
Γt0,t1

(Dα1ηtxx0)

[
νβ(t)

∂h

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ
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+ · · ·+
∫
Γt0,t1

(
1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1
ηtxx0

)
[
λ

∂Xβ

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

+

∫
Γt0,t1

(
1

n (α1, . . . , αs−1)
Ds−1

α1···αs−1
ηtxx0

)
[
µβ(t)

∂g

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

+

∫
Γt0,t1

(
1

n (α1, . . . , αs−1)
Ds−1

α1···αs−1
ηtxx0

)
[
νβ(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

< −

(
r∑

l=1

λlρ
1
l + ρ2 + ρ3

)
∥ θxx0 ∥2,

or, after integrating by parts, we get∫
Γt0,t1

ηtxx0

[
λ
∂Xβ

∂x

(
χx0

α1...αs−1
(t)
)
+ µβ(t)

∂g

∂x

(
χx0

α1...αs−1
(t)
)]

dtβ

+

∫
Γt0,t1

ηtxx0

[
νβ(t)

∂h

∂x

(
χx0

α1...αs−1
(t)
)]

dtβ

−
∫
Γt0,t1

ηtxx0Dα1

[
λ
∂Xβ

∂xα1

(
χx0

α1...αs−1
(t)
)
+ µβ(t)

∂g

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ

−
∫
Γt0,t1

ηtxx0Dα1

[
νβ(t)

∂h

∂xα1

(
χx0

α1...αs−1
(t)
)]

dtβ

· · ·+ (−1)s−1

∫
Γt0,t1

ηtxx0

1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1[
λ

∂Xβ

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

(−1)s−1

∫
Γt0,t1

ηtxx0

1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1[
µβ(t)

∂g

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

(−1)s−1

∫
Γt0,t1

ηtxx0

1

n (α1, . . . , αs−1)
Ds−1

α1...αs−1[
νβ(t)

∂h

∂xα1...αs−1

(
χx0

α1...αs−1
(t)
)]

dtβ

< −

(
r∑

l=1

λlρ
1
l + ρ2 + ρ3

)
∥ θxx0 ∥2 .
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The above given computation is obtained by using the boundary conditions x(tξ) =
xξ, xα1...αj (tξ) = x̃α1...αjξ, αζ ∈ {1, . . . ,m}, ζ, j = 1, s− 2, ξ ∈ {0, 1}, (see x(tξ) =

xξ = x0(tξ), xα1...αj (tξ) = x̃α1...αjξ = x0α1...αj
(tξ)), and the following conditions (see

Definition 4.1),

ηtx0x0 = 0, Dα1ηtx0x0 = 0, · · · , Ds−2
α1...αs−2

ηtx0x0 = 0

αζ ∈ {1, . . . ,m}, ζ = 1, s− 2, t ∈ Ωt0,t1 .

Theorem 3.4 leads us to

0 < −

(
r∑

l=1

λlρ
1
l + ρ2 + ρ3

)
∥ θxx0 ∥2 .

Applying the hypothesis e) and ∥ θxx0 ∥2≥ 0, we get a contradiction. Thus, the
point x0 is an efficient solution for (MV P ) and the proof is complete. □

Corollary 4.3 (Sufficient efficiency conditions for (MV P )). Let x0(·) be a feasible
solution of the problem (MV P ) and λ ∈ Rr, µ, ν satisfying the conditions in
Theorem 3.4. Also, consider that the following statements hold:

a) the functionals∫
Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ, l = 1, r, β = 1,m

are (ρ1l , b)-quasiinvex at the point x0(·) with respect to η and θ;
b’) the functional∫

Γt0,t1

[
µβ(t)g

(
χxα1...αs−1

(t)
)
+ νβ(t)h

(
χxα1...αs−1

(t)
)]

dtβ

is (ρ2, b)-quasi-invex at the point x0(·) with respect to η and θ;
d’) at least one of the integrals∫

Γt0,t1

X l
β

(
χxα1...αs−1

(t)
)
dtβ, l = 1, r, β = 1,m,

∫
Γt0,t1

[
µβ(t)g

(
χxα1...αs−1

(t)
)
+ νβ(t)h

(
χxα1...αs−1

(t)
)]

dtβ

is strictly (ρ1l , b) or (ρ
2, b)-quasiinvex at the point x0(·) with respect to η and

θ;
e’)
∑r

l=1 λlρ
1
l + ρ2 ≥ 0 (ρ1l , ρ

2 ∈ R).

Then the point x0(·) is an efficient solution of the problem (MV P ).

Proof. By replacing the integrals from hypotheses b), c) of Theorem 4.2 by the
integral ∫

Γt0,t1

[
µβ(t)g

(
χxα1...αs−1

(t)
)
+ νβ(t)h

(
χxα1...αs−1

(t)
)]

dtβ

the conclusion is obtained. □
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5. Conclusions, future works and perspectives

In this paper, we have introduced and studied a new class of multidimensional
multiobjective variational problems (see (MV P )) involving higher-order partial
derivatives and path-independent curvilinear integral functionals. Within this frame-
work, we have stated and proved necessary and sufficient efficiency conditions for
(MV P ), developing an optimization theory on the associated higher-order jet bun-
dles.

Additional research and perspectives related to this paper: the study on various
types of dualities associated with (MV P ); the extension of this class of variational
problems to control problems and, for this new class of problems, the development
of a duality theory.
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[29] C. Udrişte and I. Ţevy, Multi-time Euler-Lagrange-Hamilton theory, WSEAS Transactions on
Mathematics 6 (2007), 701–709.

[30] F. A. Valentine, The problem of Lagrange with differentiable inequality as added side conditions,
Contributions to the Calculus of Variations, Univ. of Chicago Press, (1937), 407–448.

Manuscript received October 2 2018

revised February 1 2019

S. Treanţă
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