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ON THREE-STEP ITERATION SCHEMES

ARIANA PITEA

ABSTRACT. In this paper, a study of some three-step iteration methods for
the determination of a fixed point is done. The setting chosen here is that of
Hadamard manifolds. Convergence results for nine numerical methods are stated
and proved. Furthermore, their stability is studied. An analysis with respect to
the data (in)dependency is also presented.

1. INTRODUCTION AND PRELIMINARIES

The study of numerical approximation of fixed points of some adequate mappings
has been developed extensively. After Picard [12] proposed his famous iteration pro-
cess, in 1890, it took quite a while since Mann [11] imposed his iterative process.
Since then, this direction has been thoroughly searched. Ishikawa [6] moved forward
by introducing a scheme in two steps. Since then, this field has developed signifi-
cantly. In [4], Gdawiec and Kotarski present a table with the (inter)dependencies
between such kind of methods. They also connect them to finding the maximum
modulus of a suitable complex polynomial over a unit disc onto the complex plane
and creating beautiful images.

The setting we use is that of Hadamard manifolds, which are complete, simply
connected Riemannian manifolds, possessing a nonpositive sectional curvature.

Let (M, (-,-)) be a connected Riemannian manifold. For each = € M, we denote
by T,M the tangent space of M at x. Let v: [a,b] — M be a piecewise smooth
curve joining the points p = ~(a), and ¢ = (b). The length of the curve 7 is
L(y) = f; |7/ (t)|] dt. The Riemannian distance d is then the minimal length of a
curve joining the two considered points, over the set of all such curves.

The notion of convexity has to be stated also in the setting of the Riemannian
manifolds, as in the next definition.

Definition 1.1 (][22]). Consider that (M, (-,-)) is a Riemannian manifold and C' is
a nonempty subset of M. C'is called geodesically convex if any geodesic which joins
the arbitrary points p and ¢ from C' is contained in C, that is if v: [a,b] — M is a
geodesic with p = v(a) € C, and g = v(b) € C, then v((1 — t)a + tb) € C, for any
t €[0,1].

The exponential map at p € M is a function exp: T,M — M, exp,v = yp,(1),
where 7,, is the geodesic starting from p, of velocity v. We emphasize that
exp, (1) = Ypl).

A Riemannian manifold is complete if for any p € M any geodesic emerging
from p is defined on the whole real line R. In this case, any two points of M can be
connected by a minimizing geodesic, and M is complete with respect to the distance
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d. A complete simply connected Riemannian manifold with nonpositive sectional
curvature is called a Hadamard manifold. On such kind of manifolds, the following
result holds.

Proposition 1.2 ([15]). Let (M, (-,-)) be a Hadamard manifold, and p € M. Then
the exponential mapping exp,: T, M — M is a diffeomorphism. More than that, for
any two points p, q € M, there exists a unique minimal geodesic which joins them.

A function f: M — R on a Riemannian manifold (M, (-,-)) is called geodesically
convex if foy: R — R is a convex function for any geodesic v in M, that is

(fonN((X =t)a+1tb) <t(for)(a) + (1 —1)(foy)(b) a,beR, te[0,1].

In the sequel, we shall need the following property of the Hadamard manifolds
(which is, actually, a feature of the hyperbolic spaces, see [15]).

Proposition 1.3 ([15]). Let (M, (-,-)) be a Hadamard manifold, and d the geodesic
distance. Suppose 1, vo are geodesics in M joining the points p1, q1, and p2, go.
Then

d(’71(>‘)7’72()‘)) < (1 - )‘)d(’Vl(O)a’YQ(O)) + )‘d(’yl(l)v'yQ(l))a A€ [07 1]'

Hence, the distance function on a Riemannian manifold is geodesically convex;
in particular, for any p € M, the function d(-,p): M — R is geodesically convex.

If (M, (-,-)) is a Riemannian manifold, it is said that A(p1,pe,ps) is a geodesic
triangle if it is formed by the vertices pi1, p2, ps and minimizing geodesics which
join these vertices.

One of the main tools we need is that of comparison triangles. The next lemma
states the existence of such triangles.

Lemma 1.4 ([2]). Let (M, {,-,-)) be a Hadamard manifold, and A(p,q,r) a geodesic
triangle in it. Then there are p, G, ¥ € R? so that

dp,q) = lp—all,  dlgr)=lg—=7l,  dlrp)=I|r—pl.

We recall a property of the corresponding geodesic triangles which refers to parts
of the lengths of their edges, which is of crucial importance in the development of
our results.

Lemma 1.5 ([15]). Let (M, {,-,-)) be a Hadamard manifold, A(p,q,r) a geodesic
triangle in it, and A(p,q,7) be the corresponding comparison triangle. Let z be a
point on the geodesic segment [p,q|, and Z its comparison point on [p,q]. Then
d(z,r) < |z =7

In the proof of our results, we need a specific type of convergence, namely the
Fejér convergence, see, for example, [10] and the references therein.

Definition 1.6. Let (X, d) be a metric space, and F a nonempty subset of X. A
sequence {x,} is called Fejér convergent to F if for each element p € F, d(x+1,p) <
d(xn,p), n > 0.

Having in mind these helpful connections with the space R?, we need the following
property (which, in fact, is a feature of uniformly convex Banach spaces).
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Lemma 1.7 ([23, p. 484]). Let (R?,||-||) be the usual Euclidean space, t, € |a,b] C
(0,1), for all n > 0. Presume that {x,} and {y,} are sequences in R?, such that
b limsupnﬁoo ||£Un|| < Ty
o limsup, o [[yn] < 7;
o limsup,,_, o [[then + (1 —tn)ynl = 1.
Then limy, o ||y — yn|| = 0.

2. CONVERGENCE STUDY

Consider that (M, (-,-,)) is a Hadamard manifold, C' a nonempty, closed, and
geodesically convex subset of M, and T': C' — C' is a nonexpansive mapping. {a,},
{bn}, and {c,} are sequences from (0, 1).

The first part of the study is motivated by a numerical method proposed in [3].

Consider zg € C, and define

—1
Tpt1 = €Xp,, anexp, Tzp,

(2.1) Yn = exp,, by expy Ty,
Zn = €XPry, Cn expr_?;n Tyn, n > 0.
For n > 0, consider
ev;: [0,1] = M the geodesic which joins z, with T'z,.

evy: [0,1] = M the geodesic which joins x,, with Tz,
ev3: [0,1] — M the geodesic joining the points Tz, with Ty,.
In the geodesics language, for a given value xzg € C, the iteration procedure is

Tntl1 = '71(an)7
Yn = 72(bn),
zn = y3(cn), n > 0.

With respect to this iterative process, we have the following convergence result.

Theorem 2.1. Let (M, (-,-)) be a Hadamard manifold, d the Riemannian distance,
and C a nonempty, closed, and geodesically convex subset of M. Suppose that
F, the set of fized points of T, is nonempty, and that {a,}, {c,} C (0,1), and
by € [a,b] C (0,1), n > 0. Then the sequence generated by the iterative procedure
(2.1) converges to a fized point of T

Proof. Let p be a fixed point of the mapping T'.
Having in mind that the Riemannian distance d is a convex function, we obtain

d(ynap) = d('72(bn)7p) < (1 - bn)d(xnap) + bnd(Txnap)
< (1 - bn)d(xnap) + bnd((L'n,p)

(2.2) d(zp,p), n>0.

Also, by the use of the same property, we obtain

d(zn,p) = d(73(cn)7p) < (1 - cn)d(Txn,p) + Cnd(Tynap)
(2.3) < (1= cp)d(zn,p) + cnd(Yn, p) < d(zn,p), n = 0.
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Taking advantage of these two relations, the definition of the sequence {x,} and
the nonexpansivness of T, it follows

(1 - an)d(zn,p) + and(TZnap)

(1 - an)d(zmp) + and(znap)
d(zp,p), n>0.

d(wp+1,p) = d(71(an),p)
(2.4)

VAN VANVAN

We have obtained d(zp41,p) < d(zp,p
By applying lim sup in inequalities

~—

, for n > 0. Let r = limy, o0 d(xp, p).
.2) and (2.3), we obtain

(2.5) limsup,,_,, d(yn,p) <,
' lim sup,,_,oc d(2n,p) <.

—

Taking advantage of (2.4), we obtain

d(xn—i-l?p) < d(znap)7 n > 0.
Combining this inequality with relations (2.5), we get
r= lim d(zp4+1,p) < liminf d(z,,p) < limsupd(z,,p) < 7.
n—o00 n—o0 n—00

It follows that lim,_,~ d(2n,p) exists and equals r. Focusing now on d(y,,p), from
(2.3) we get

d(zn,p) — d(n,p) < cn(d(Yn,p) — d(n,p)) < d(Yn,p) — d(zn,p), n >0,
SO
d(zn,p) < d(Yn,p), n > 0.
This leads to r < liminf,,_,c d(yn, p) < 7; furthermore r = lim,,— o0 d(yn, p).

Let n > 0 be fixed, and the geodesic triangle A(zy,,Tx,,p) with the vertices
Ty, Txy,, and p. By Lemma 1.4, there exists a corresponding comparison triangle
A(Zy, f;n, p). The corresponding comparison point of y,,, which is a point on the
geodesic 2 joining the points x, and Ty, is g, = (1 — b,)ZT, + bnTz,. Using
Lemma 1.5, we obtain

Anp) < 50— Bl = (1 = b)n + buT — g

< (1= ba) lldn = Bll + bu || Tn — 5|
= (1 =0by)d(zn,p) + bnd(Txy,p)
< d(zn,p), n = 0.

Taking n — oo, it follows

(2.6) r= Tim |[(1=b2)(@ = 5) + bu(Tan — )|

The nonexpansiveness of the mapping 7" implies d(Tx,,p) < d(zp,p), and it
follows -
lim sup HTxn — 13’ = limsupd(Tz,,p) <r.

n—oo n—0o0

This relation, together with the equalities lim,_« ||Zn, — p|| = r and (2.6), com-

pel lim,, Hm — In|| = 0, after using Lemma 1.7. Eventually, we obtain that

limy, o0 d(TXp, x,) = 0.
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Relation (2.4) states that the sequence {x,} is Fejér convergent. Let x be a
cluster point of {z,}, and {z,,} be a subsequence of it, which has the limit x.
Keeping in mind that

d(z,Tx) < d(z,zpn,)+d(zn,, Tan,) + ATy, Tx)
< d(z,xpn,) +d(xn,, Try,) + d(zp,, x), k> 0.
and considering k — 0o, we obtain that = is a fixed point of the mapping 7T O

We continue our study with a process inspired by [9] and [21]. For xg € C, define
Tn4+1 = €XPry,, n eXp%in Tz,
(2.7) Yn = exp, by exp;n1 Txy,
Zn = €XPyyg, Cn exp;én Tyn, n >0,

where Az, = x,, for all n > 0, or Az, = Tx,, for all n > 0. Here {a,}, {b,}, and
{en} C(0,1).

Let n > 0, and denote by

ev1: [0,1] — M the geodesic which joins Tz, with T'z,.

ev: [0,1] — M the geodesic which joins z;,, with T,

ev3: [0,1] — M the geodesic joining the points Az, with Ty,,.

Using these tools, for a given value xy € C, the iteration procedure can be
described as

Tntl = 'Yl(an)7
Yn = 72(bn)7
Zn = ’73(071)) n = 0.
We are ready now to state our result on this iteration procedure.
Theorem 2.2. Let (M, (-,-)) be a Hadamard manifold, d the Riemannian distance,
and C' a nonempty, closed, and convex subset of M. Suppose that F, the set of
fized points of T', is nonempty, and that {a,}, {cn} C (0,1), and by, € [a,b] C (0,1).

Then the sequence generated by the iteration process (2.7) is convergent to a fized
point of T.

Proof. Let p be a fixed point of the mapping T'.
As in Theorem 2.1, it can be shown that

(2.8) d(yn,p) < d(zp,p), n>0.

Furthermore,

d(zn,p) = d(VS(Cn)ap) < (1 - Cn)d(Al‘nap) + Cnd(ynvp)
(2.9) (1 = en)d(zn,p) + cnd(yn, p) < d(zn,p), n = 0.

By combining these relations with the definition of the sequence {z,} and the
nonexpansivness of T, we have

IN

(1 - an)d(Txn,p) + and(TZnap)
(1 - an)d(xmp) + and(zmp)

d(xn-i-lvp) = d(’yl(an)7p) <
(2.10) <
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< d(zp,p), n>0.

We have proved that d(z,+1,p) < d(xn,p), for n > 0. Let r = limy, o0 d(2p, p).
By applying lim sup in inequalities (2.8) and (2.9), we obtain

(2.11) limsup,,_, o d(yn,p) <,
’ limsup,,_,. d(zn,p) < 7.

Taking advantage of (2.10), we obtain

d(zpt1,p) < (1 —ap)d(xn,p) + and(zn,p), n>0.

Furthermore,

d(xn—i-l,p) - d(xTL:p) S an(d(znap) - d(xnap)) S d(znap) - d(-xn?p)a n Z 0.
Therefore, d(zp4+1,p) < d(zn,p), n > 0. Having in mind also relations (2.11), we
get

r= ILm d(Zpt1,p) < linginf d(zn,p) < limsupd(zy,p) <.

n—oo

Therefore, lim,, o d(zy, p) exists and its value is r. Moving now towards d(yy,p),
from (2.9) we get

d(Zn,p) - d(a:n,p) < Cn(d(ynvp) - d(l’n,p)) < d(ynap) - d($n,p), n > 07
that is

d(Znap) S d(yn;p), n Z 0

It follows that r < liminf, o d(yn,p) < 7, so r = limy, o0 d(Yn, D).

For n > 0 fixed, consider the geodesic triangle A(x,,, Tz, p) with the vertices x,,
Ty, and p. According to Lemma 1.4, there is a corresponding comparison triangle
A(Zy, Txy,p). The corresponding comparison point of y,, a point on the geodesic
~o, which joins the points z,, and Ty, is §n = (1—by)&n+bpTx,. Applying Lemma
1.5, we are led to the following relations

An,p) < 50 =Bl = (1 = b)n + buT — g
< (U= b0) 0 = Bll + b || 0 — 5|

(1 - bn)d(l'n»p) + bnd(Tl'mp)
< d(xn,p), n > 0.

If n — oo, we can draw the conclusion that
(2.12) r=lim |1 00)@ = 5) + bu(Tn — 7).

Having in mind the nonexpansiveness of the mapping T, we get d(Tx,,p) <
d(xp,p), hence limsup,,_, Hm - ﬁH = limsup,,_, o, d(Tx,,p) < r. Taking advan-
tage of this relation and also combining the fact that lim, , ||Z, — p|| = r with

(T?fn - an — 0, which

equality (2.12), by applying Lemma 1.7, we obtain lim,,

compels limy, o d(Tp, x,) = 0.
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Using relation (2.10) we obtain that the sequence {x,} is Fejér convergent. Let
x be a cluster point of {z,}, and {z,, } be a subsequence of it, which has the limit
z. By taking k — oo in the following inequalities

d(z,Tx) < d(z,zpn,)+d(zn,, Tan,) + ATy, Tx)
< d(x,xn,) + d(xn,, Try,) + d(zp,,x), k>0,
we get T'r = x, and the theorem has been proved. U

The next proposed iteration procedure is motivated by [14], and [17], as in the
next lines; xg € C fixed.
Tn+1 = €XPry,, An exp;;n Tzp,
(2.13) Yn = €xp, by exp;n1 Tx,,
Zn = €XDpy, Cn exp;n]L A,, n>0,
where {a,}, {bn}, {c,} are control sequences in (0,1), and A,, = x,, for all n > 0,
or A, =Ty, for all n > 0.
Plainly speaking, let us fix n > 0. Denote by
ev;: [0,1] — M the geodesic which joins Ty, with T'z,.
evy: [0,1] = M the geodesic which joins x,, with Tz,
ev3: [0,1] — M the geodesic joining the points y,, with A,.
If zg € C, in terms of geodesics, the above iteration scheme shows as
Tn4+1 = Vl(an)a
Yn = 72(bn),
Zn = ’73(Cn)7 n > 0.
We introduce now a convergence theorem with respect to this numerical algo-

rithm.

Theorem 2.3. Let (M, (-,-)) be a Hadamard manifold and C' a nonempty, closed,
and convex subset of M, and d the Riemannian distance. Suppose that I, the set
of fized points of T, is nonempty, and that {ay}, {cn} C (0,1), b, € [a,b] C (0,1).
Then the sequence generated by the iteration process (2.13) is convergent to a fized
point of T.

Proof. Let p be a fixed point of the mapping T
Similarly to the proof in Theorem 2.1, it can be proved that
(2.14) d(yn,p) < d(zpn,p), n>0.

Moving now on to the sequence {z,}, keeping in mind the previous relation and the
fact that T' is nonexpansive, we get

d(zn,p) = d(y3(cn),p) < (1= cn)d(Yn,p) + cnd(An,p)
< (1 - Cn)d(xnyp) + Cnd(ynap)
(2.15) < d(zp,p), n>0.

Using relations (2.14), and (2.15), we obtain
d($n+1,p) = d(PYl(a‘n%p) < (1 - an)d(TyTMp) + and(Tvap)
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(2.16) (1 — ap)d(yn,p) + and(zn, p)

d(zy,p), n>0.
It follows that d(zp41,p) < d(zn,p), for n > 0. Denote by r the limit of the

nonincreasing sequence {d(x,,p)}.
Having in mind again inequalities (2.14) and (2.15), we get

<
<

(2.17) limsup,, oo d(yn,p) < 7,
. limsup,,_, o d(zn,p) <.

From relation (2.16), it follows that
d(anrlap) < (]‘ - an)d(ynap) + aﬂd(zﬂvp)7 n > 07

therefore

d(#n+1,p) = d(Yn, ) < an(d(zn,p) — d(yn,p)) < d(zn,p) — d(yn,p), n 2 0.
It follows that d(zp+1,p) < d(zn,p), n > 0. Since from (2.15) we also have that
d(zn,p) < d(yn,p), n > 0, we get that d(zni1,p) < d(yn,p), n > 0. By applying
inequalities (2.17), it follows
r= ILm d(zpt1,p) < liniinf d(yn,p) < limsup d(yn,p) < r.

n—oo

Hence, limy, o0 d(yn,p) = 7.

Following the footsteps of the proof of Theorem 2.1 and Theorem 2.2, it can be
seen that lim, . d(T'zy, x,) = 0.

From (2.16) follows that {z,} is a Fejér convergent sequence. Let = be a cluster
point of {z,}, and {z,, } be a subsequence with the limit x. Since

dz,Tx) < d(z,zpn,)+d(zn,, Tan,) + d(Tay,, Tx)

< d(x,zn,) +d(xn,, Try,) + d(zp,,x), k>0,

it follows that d(T'z,z) = 0, so z is a fixed point of the mapping 7. O

We continue our study being inspired by a numerical method proposed in [18].
Let g € C, {an}, {60}, {bn}, {An}, and {B,} be sequences in (0, 1), such that
an+ Bn<1,n>0,and A, + B, <1, n > 0. Define

1 -
Tpy1 = exp,, (n + Bn) €XDy Tn,

Ty = €Xpr 67" exp;1 Ty
on Qay + Bn n
(2.18) Yn = exp,, by expy | Ty,

2p = exp, (An + Bp) exp;n1 Zn,

—1
Zn = €XDPry, expyp, Tx,, n>0.

By,
A, + By
For n > 0, consider

ev: [0,1] — M the geodesic which joins z,, with z,,

e71: [0,1] — M the geodesic which joins Tz, with Ty,

®v: [0,1] — M the geodesic which joins z,, with Tx,,

ev3: [0,1] — M the geodesic joining the points z,, with Z,,
®73: [0,1] — M the geodesic joining the points Ty, with Tx,,.
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For a given value ¢ € C, the iteration procedure can be expressed by the use of
geodesics, as seen

Tn+l1 =M1 (an + /Bn)u

_( Ba
o= (05 )

Yn = Y2(bn),
Zn = 73(1471 + Bn)a

Zn =73 _ B , n>0.
A, + B,

With respect to this iterative process, we have the following convergence result.
Here we have used the control sequences {ay,}, {60}, {an}, {bn}, {An}, and {B,}
from the interval (0,1), such that oy, + 8, < 1,n >0, and A, + B, < 1, n > 0.

Theorem 2.4. Let (M, (-,-)) be a Hadamard manifold, d the Riemannian distance,
and C a nonempty, closed, and convex subset of M. Suppose that F', the set of fized
points of T, is nonempty, and that b, € [a,b] C (0,1), n > 0. Then the sequence
generated by the iterative procedure (2.18) converges to a fized point of T.

Proof. Consider p a fixed point of the mapping 7'
Analogously to the proof of Theorem 2.1, it can be proved that

(2.19) d(yn,p) < d(zp,p), n>0.

Also, by the use of the same property, and the nonexpansiveness of the mapping T,
we get

A, B,
_ < _An _ ban
d(zn,p) < An+Bnd(Tyn,p)+ An+Bnd(TﬂSn, p)
ATL Bn
< ———d d
< A1 .B. (y”’p>+An+Bn (Zn,p)
< d(l‘mp)> n > 0.
Furthermore,
d<zn7p) = d(73(An + Bn)7p)
Moreover, the nonexpansivness of 1" compels
_ _ Bn
d(Zn,p) = d — ],
(Zn,p) (71 (an 5. )
< 9 4 d(T2n,p) + ﬁi d(Tyn, D)
= ot By ny P an + fn Yn, P
aTL 571
< ———d(zn,p) + ———=d(Yn,
S W E (2n,p) on 1 5. (Yn,p)
(2.21) < d(zp,p), n>0.

This leads to
d($n+17p) = d('yl (an + 671)7]9) < (1 — Qp — /Bn)d(xmp) + (O‘n + Bn)d(i'mp)
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(2.22) < d(zp,p), n>0.
We have obtained that d(zp+1,p) < d(zy,p), n > 0. Let r = limy, o0 d(2p, D).
Taking the superior limit in inequalities (2.19), (2.20), and (2.21), we get that

lim sup,,_, o d(Yn,p) <
(223) hmsupn—>oo d(zn7p)
lim SUPp 00 (ZL‘n, )

Having in mind relation (2.22), we obtain

d(Znt1,p) — d(@n,p) < (o + Bn)(d(Tn, p) — d(zn,p)) <d(Tp, p) — d(zy,p),n >0,

hence d(zp+1,p) < d(Zp,p), for all n > 0. Taking also into consideration relations
(2.23), it follows
r= lim d(zpt1,p) < hm 1nf d(Zp,p) < limsup d(Zy,p) <
n—00 n—o00

It follows that lim,_,c d(Zy, p) exists and equals 7.
Taking into consideration relations (2.21), we have

bn,
d(j"?%p) - d(znap) S a + b (d(ynap) - d(ZTwp)) Sd(mip) - d(zn7p)7 n 2 07

hence d(Zy,p) < d(yn,p), for any n > 0. Proceeding as previously, we obtain
r = limy, 00 d(yn, p), and also lim,,_,oo d(Txy, x,,) = 0.

Relation (2.22) imposes the Fejér convergence of the sequence {z,}. Let x be a
cluster point of {z,}, and {z,, } be a subsequence of it, which has the limit z. By
using the next relations

dz,Tz) < d(z,zn,)+d(zn,, Try,)+ dTxy,, Tx)
< d(z,xn,) +d(xn,, Try,) + d(zp,, x), k>0,
and taking k — oo, we get that x is a fixed point of the mapping 7. (|

We move on now and propose an iteration process on Hadamard manifolds, mo-
tivated by [8]. We take zg € C, {an}, {Bn}, {bn}, {An}, and {B,} sequences in
(0,1) such that oo, + 8, < 1,n >0, A, + B, < 1, n > 0. Consider

Tpi1 = exp, (an + Bn) exp;n1 T,
5
(2.24) Yn = €Xp, bn expmn Tx,,

Ty = expTZn

Zn = exXp, (A, + By) expy_n1 Zn,
_ B,
Zn = €xXpp, —————
" T A, + By
Let us fix n > 0, and define the next geodesics.

exp;;n Tx,, n>0.

ev1: [0,1] — M the geodesic which joins z, with z,,

e71: [0,1] — M the geodesic which joins Tz, with Ty,
®v9: [0,1] — M the geodesic which joins z,, with Tz,
ev3: [0,1] — M the geodesic joining the points y, with Zz,,
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e73: [0,1] — M the geodesic joining the points Ty, with Tx,,.
For a given value zg € C, the ”geodesic” form of the above iteration is

Tn+l1 =M1 (an + /Bn)u

_( Ba
o= (05 )

Yn = Y2(bn),
Zn = 73(1471 + Bn)a

Zn =73 _ B , n>0.
A, + B,

We state and prove a convergence result for the proposed scheme; the control
sequences are {an}, {Bn}, {an}, {bn}, {4n}, and {B,}, all from the interval (0, 1),
such that o, + 8, <1, n >0, and A4,, + B, <0, n > 0.

Theorem 2.5. Consider the Hadamard manifold (M, (-,-)), d the Riemannian dis-
tance, and C' a nonempty, closed, and convex subset of M. Suppose that F, the set
of fized points of T, is nonempty, and that b, € [a,b] C (0,1), n > 0. Then the
sequence generated by the iterative procedure (2.24) converges to a fized point of T.

Proof. Let p be a fixed point of the mapping T
As previously,

(2.25) d(yn,p) < d(zp,p), n>0.

Applying the convexity of the distance function d, and the nonexpansiveness of the
mapping T, it yields

A, B,
d(Z,,p) < md(Tynap)+md(Txna )
A, B,
< -
< An+Bnd(y”’p>+ An+Bnd(mmp)

Moreover,
d(zmp) = d(’Y3(An + Bn)7p)
< (1 — A, - Bn)d(ynap) + (An + Bn)d(gnvp) < d($mp)7 n > 0.

The nonexpansivness of T' enables the next relations

aean = (55

an Br
———d(Tzy, ————d(T'yn,
< n+ﬁn(zp) n+5n(yp)
aTL ﬁn
< ———d(zn,p) + ———d(Yn,
S W E (%n,p) on 1 5. (Yn, D)
< d(xp,p), n=>0.

It follows that
d(xn—‘rlvp) :d(FYl(an + 5%)72)) S (1 — Qp — Bn)d(xnap) + (Oén + 6n)d(jn7p)
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(2.26) < d(zp,p), n>0.

Therefore, d(zyp4+1,p) < d(zy,p), for n > 0. Let r = lim,,_,o d(zp, p) be the limit of
this nonincreasing sequence.
As in the previous theorems, it can be proved that lim, o d(T'zy, x,) = 0.
From (2.26), the sequence {z,} is Fejér convergent. Let x be a cluster point of
{zn}, and {z,, } be a subsequence of it with the limit x. As

dz,Tx) < d(z,zpn,)+d(zn,, Tan,) + d(T2y,, Tx)
< d(z,zn,) +d(xn,, Try,) + d(zp,,x), k>0,
taking k — oo, we obtain that Tx = . O

Following the footsteps of [7], we introduce another iterative method, which might
be considered a four-step one. Let {a,}, and {b,} be sequences in (0,1). We take
xo € C, and

Tptl = T(expyn an, exp;n1 Tyn),
(2.27) Yn = T(exp,, bpexp,! Txy,), n > 0.
Consider n > 0, and denote by
ev;: [0,1] = M the geodesic which joins y,, with Ty,,

evy: [0,1] — M the geodesic which joins x,, with T'z,.
For zg € C, let us express the iteration formulae in terms of geodesics.

Tntl1 = T’yl(an)v

Theorem 2.6. Let (M, (-,-)) be a Hadamard manifold and C a nonempty, closed,
and convex subset of M, and d the Riemannian distance. Suppose that F', the set
of fized points of T, is nonempty, and that {a,} C (0,1), b, € [a,b] C (0,1), n > 0.
Then the sequence generated by the iteration process (2.27) is convergent to a fized
point of T

Proof. Consider p a point from F'.
Having in mind the nonexpansiveness of T, and the fact that d is a convex
function, we obtain

d(Yn,p) = d(Tv2(bn), p) d(v2(bn), p)

<

< (1 =bp)d(zn,p) + bpd(Txn, p)

< (1= bp)d(zn,p) + bpd(xn, p)
(2.28) = d(xn,p), n>0.

Taking advantage of the previous relation, we get
d(nt1,p) = d(Tvi(an),p) < d(vi(an),p)
< (1 =an)d(yn,p) + and(Tyn,p)
< d(ymp) < d($nap)7 n 2> 0.
It follows that d(x,+1,p) < d(xn,p), for n > 0. Denote r = lim,, o0 d(xy, p).
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From (2.28), it follows that

(2.29) limsup,,_, d(yn,p) <7
From relation (2.29), it follows that d(z,41,p) < d(yn, p), n > 0, which, combined
with the above relation leads to

r= ILm d(zpt1,p) < hmmfd(yn,p) < limsup d(yn,p) <

n—0o0

Therefore, there exists lim, o0 d(yn,p) =7
The last part of the proof is similar to that of the previous theorem, that is why
we omit it. U

The last iteration method proposed here is motivated by [20]. For a start value
xo € C, and the control sequences {b,}, {c¢,} in the interval (0, 1), define
Tn+1 = TZn,
(2.30) Yn = €xp, by exp;n1 Tx,,
zn = T(exp,, cnexpy ' yn), n > 0.
Consider n > 0, and denote by
evy: [0,1] = M the geodesic which joins x,, with Tz,

ev3: [0,1] — M the geodesic which connects z,, with y,.
Let zg € C. Then the iterative scheme can be written as follows.

Tn+1 = T2y,
Yn = /72(671)7 )
(2.31) zn = Tv3(cn), n>0.

The next result assures the convergence of the proposed algorithm.

Theorem 2.7. Let (M, (-,-)) be a Hadamard manifold and C' a nonempty, closed,
and convex subset of M, and d the Riemannian distance. Suppose that F, the set of
fized points of T, is nonempty, and that b, € [a,b] C (0,1), ¢, € (0,1), n > 0. Then
the sequence generated by the iteration process (2.30) converges to a fized point of
T.

Proof. Let p be a point from F.
The definition of the sequence {y,} allows the following relations

d(ynap) = d(72(bn)7p) < (1 - bn)d(xnap) + bnd(Txnap)
< (1- bn)d(xmp) + bnd(xmp>

(2.32) = d(zp,p), n>0.
This inequalities lead us to
d(zn,p) < (1= cn)d(@n,p) + cnd(yn, p)
< d(zp,p), n>0.
Furthermore,
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It follows that
d(gjn-{-lap) S d(ZTL?p) S d(fnvp)’
for n > 0. Denote by r the limit of the nondecreasing sequence {d(zn,p)}. Also,

we get that {d(zy,p)} is convergent to 7.
Inequalities (2.32) compel

d(zn,p) - d(xnap) < C’VI(d(ynvp) - d((ll‘n,p>) < d(ynap) - d(mn,p), n > 0.

Therefore, d(z,,p) < d(yn,p), n > 0. Keeping in mind that d(y,,p) < d(zn,p),
n > 0, we obtain that lim,, . d(y,,p) = r.

The last part of the proof being analogous to the proof of the theorem regarding
the convergence of iteration (2.24), we skip it. O

3. STABILITY ANALYSIS

An important issue in studying the properties of an iteration scheme is its nu-
merical stability, namely deciding if small variations of the initial values considered
in the process lead to small changes in the numerical value of the approximated
fixed point. The notion of T-stability was first introduced by Harder and Hicks [5],
in the setting of normed spaces.

In the following, (M, (-,-)) is a Hadamard manifold, d is the geodesic distance,
and C' is a nonempty, closed, and geodesically convex subset of M.

Definition 3.1 ([5]). Let {t,} be an arbitrary sequence in C. Consider an it-
eration process x,4+1 = f(T,x,) converging to a unique fixed point p, and ¢, =
d(tns1, f(T,tn)), n > 0, where {t,,} is a sequence from C'. This procedure is called
T-stable (or stable with respect to T'), if the following equivalence holds
lim e, =0« lim t, =p
n—oo n—oo
This time we need a stronger type of mappings instead of the nonexpansive ones,
namely the contraction mappings.
Our first result on stability is with regard to iteration (2.1).

Theorem 3.2. Let (M, (-,-)) be a Hadamard manifold, d the geodesic distance,
C be a nonempty, closed, and geodesically convexr subset of M. T:C — C is a
contraction of constant k, with the fixed point p. Then iteration (2.1) is T-stable.

Proof. Consider that {z,} is the sequence obtained by applying the iteration pro-
cedure (2.1).

Having in mind the definition of the considered iteration procedure, the convexity
of d, and the form of the generalized contraction, we obtain

d(ymp) < (1 - bn)d(JUnap) + bnd(Txnyp)
S (1 - bn)d(xmp) + kbnd(xnap)
< d(wp,p), n>0.
Furthermore,
d(vap) (]- - Cn)d(T-Tn)p) + Cnd(Tynvp)

<
< k(l - Cn)d(xmp) + kcnd(ymp)
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< kd(2n,p), n>0.
By using this inequality, and the convexity of d, it follows

< (1= an)d(zn,p) + and(Tzn, p)
< (1 - an)d(znap) + kand(znap)
(3'1) < d(zmp) < kd(xn,p), n > 0.

Let {t,} be an arbitrary sequence from C. Denote by f(T,t,) the iteration
scheme (2.1), and e, = d(tn+1, f(T,tn)), n > 0. We are ready now to move on
to the stability analysis. First, we presume that lim,_~ €, = 0, and prove that
limy, o0 tn = b-

Keeping in mind inequality (3.1), the next inequalities hold true

d(tn—l-lvp) < d(tn-‘rlv f(T7 tn)) + d(f(Ta tn)ap)
< en+kd(ty,p), n>0.

A

d(xnﬂ,p)

Let | = limsup,,_,, d(tn,p). Since &, — 0, it follows that [ = ki, therefore { = 0.
We have proved that lim,_ . t, = p.
Conversely, let us assume that lim,_, t, = p; we prove that lim, . &, = 0.
The following relations hold true

En = d(tn+17 f(T, tn))
d(tn+17p) + d(f(T7 tn)ap>
d(tni1,p) + kd(tn,p), n > 0.

Taking into consideration the hypothesis, we get €, — 0, as n — oc.
It has been proved that the process (2.1) is T-stable. O

IA A

We move on now to iterations of type (2.7), by stating the next result.

Theorem 3.3. Let (M, (-,-)) be a Hadamard manifold, d the geodesic distance, C' be
a nonempty, closed, and geodesically convex subset of M. Consider thatT: C — C
is a contraction on C, of constant k. Then process (2.7) is T-stable.

Proof. Let us denote the unique fixed point of the mapping 7' by p, and by {z,}
the sequence obtained by applying the iteration procedure (2.7).

The iteration procedure, combined with the convexity of d, and the form of the
generalized contraction, compel

d(ynvp) < (1 - bn)d(mnap) + bnd(T-rnap)
< (L =bp)d(zn,p) + kd(zy, p)
< d(ﬂjnap)a n > 0.

Taking advantage of the fact that T is also a contractive mapping, we obtain
d(zn,p) < (1= cn)d(Azn, p) + cnd(Tyn, p)
< (1= cp)d(zn,p) + kend(yn, p)
< d(zp,p), n>0.
By using this inequality, we get
d(@nt1,p) < (1= an)d(Tan,p) + and(Tyn, p)
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k(1 — an)d(zn,p) + kand(yn, p)
(3.2) kd(zp,p), n > 0.
Let {t,} be an arbitrary sequence from C. Denote by f(7,t,) the iteration

scheme (2.7), and &, = d(tn41, f(T,t,)), n > 0. Suppose that lim,_,o €, = 0.
Relation (3.2) imposes

d(thrl?p)

<
<

< d(tn+1a f(T, tn)) + d(f(Tv tn),p)
< ent kd(tn,p), n = 0.

We have obtained that {d(¢,,p)} is a sequence in the same conditions as Theorem
3.2. Analogously, it follows d(t,,p) — 0.

Conversely, suppose that lim,,_, t, = p.

The following relations hold true

en = d(tnt1, f(T,tn))
< d(tn—l-l,p) + d(f(T’ tn),p)
< d(tps+1,p) + kd(tn,p), n > 0.
Our assumption compels €, — 0, as n — oo.
We have proved that iterations of type (2.7) are T-stable. U
Next, we refer to iterations of type (2.13).

Theorem 3.4. Consider (M, (-,-)) a Hadamard manifold, d the geodesic distance.
Let C' be a nonempty, closed, and geodesically convex subset of M. Consider that
T: C — C is a contraction on C, with constant k. Then the iteration process (2.13)
s T-stable.

Proof. Consider that p is the unique fixed point of the mapping 7', and {z,} is the
sequence obtained with the help of the iteration procedure (2.13).
The convexity of d, and the form of the generalized contraction, compel

(1 = by)d(xn,p) + bpd(Txp, )
(1 = bn)d(wn,p) + bpd(2n, p)
d(xp,p), n>0.

d(Yn,p)

ININIA

Furthermore,
d(zn,p) < (1= cn)d(yYn,p) + cnd(An,p)

< (1 —cu)d(@n,p) + cnd(n, p)

= d(zp,p), n>0.
Having in mind the last two inequalities, we get
(1 = an)d(Tyn, p) + and(T2n, p)
k(1 = an)d(yn, p) + kand(zn, p)
kd(xyn,p), n > 0.

The rest of the proof is similar to those of Theorem 3.2, and Theorem 3.3, therefore
we omit it. Il

d(Tni1,P)

ININ A

With respect to process (2.18), we have obtained the next result.
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Theorem 3.5. Let (M, (-,-)) be a Hadamard manifold, d the geodesic distance, C' be
a nonempty, closed, and geodesically convexr subset of M. Consider that T: C — C
is a contraction of constant k. If c, + B € (A,1) C (0,1), for all n > 0, then
(2.18) is T-stable.

Proof. Let us denote the unique fixed point of the mapping 7' by p, and by {z,}
the sequence obtained by applying the iteration procedure (2.18).

The iteration procedure, combined with the convexity of d, and the form of the
generalized contraction, compel

(1 = by)d(xn,p) + bpd(Txp, )
(1 = bp)d(zn, p) + kbpd(zn, p)
d(zp,p), n>0.

d(Yn, p)

ININ A

By the nonexpansiveness of T, we obtain
d(znap) < (1 —Ap — Bn)d(xnap) + And(Tynap) + Bnd(TfL'mp)
< (1- A4, — By)d(zn,p) + kAnd(yn, p) + kBpd(zn, p)
< d(zn,p), n>0.

By using these inequalities, it follows

d(@nt1,p) < (1 —an = B)d(@n,p) + and(Tzn, p) + Bud(TYn, p)
< (1 —an = Bn)d(n, p) + kand(zn, p) + kBnd(yn, p)
< (I —an = Bn)d(wn,p) + k(an + Bn)d(xn, p)
(3.3) < kd(zn,p), n >0,
where k < 1.

Let {t,} be an arbitrary sequence from C. Denote by f(T,t,) the iteration
scheme (2.18), and ¢, = d(ty+1, f(T,tn)), n > 0. Suppose that lim,,_, &, = 0.
A relation similar to (3.3) imposes

d(tn+17p) S d(tn+1a f(T7 tn)) + d(f(Ta tn)vp)

It follows that ¢, — p, as n — oc.
Assume now that d(t,,p) — 0. It follows

En = d(tn—i-ly f(T, tn))
< d(thrlap) + d(f(T7 tn)ap)
< d(tn+17p) + Ed(tnap)a n = 0.
Our assumption compels €, — 0, as n — oo. The proof is complete. g

With respect to process (2.24), we have obtained the next result.

Theorem 3.6. Consider that (M, (-,-)) is a Hadamard manifold, d the geodesic
distance, and C' is a nonempty, closed, and geodesically convex subset of M. T: C' —
C' is a contraction of constant k. If a,, + Bn € (4,1) C (0,1), for alln > 0, then
the iterative process (2.24) is T-stable.
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Proof. Let p be the unique fixed point of the mapping T, and {x,} the sequence
obtained by applying the iteration procedure (2.24).
Keeping in mind the hypotheses of the theorem, it follows

d(Yn,p) < (1—="0by)d(xn,p)+ bpd(Txy,p)

< d(xn,p), n 2 0.
Moreover,

(1 — A, - Bn)d(*xnyp) + kAnd(ynvp) + and(ﬁnap)
d(xn,p), n>0.

Taking advantage of the previous inequalities, we obtain

d(ajn+1,p) < (1 — Qp — Bn)d(znap) + and(szp) + Bnd(Tymp)
(1 — Qp — 6n)d(znap) + kand(znap) + kﬁnd(ynap)
(3'4) (1 — Qp — Bn)d(wnap) + k(an + ﬁn)d(l‘n,p), n > 0.

The inequality (3.4) being similar to that in (3.3), the rest of the proof follows
as in the case of that of Theorem 3.5. O

VANVANRVAN

<
<

With respect to iteration (2.27), the following theorem holds true.

Theorem 3.7. Let (M,(-,-)) be a Hadamard manifold with d its geodesic dis-
tance, C be a nonempty, closed, and geodesically conver subset of M. Consider
that T: C — C is a contraction of constant k on C. Then procedure (2.27) is
T-stable.

Proof. Let p be the unique fixed point of T, and {x,} be the sequence obtained
after applying the iteration procedure (2.27).
From the hypotheses, we get
d(yn,p) = d(72(bn),p)
(1 —bp)d(xn,p) + bpd(zy, p)
< d(zp,p), n>0.

IN

This inequality, combined with the monotone of ¢ compel

d(xni1,p) = d(Tyi(an),p) < k(1 = an)d(Yn,p) + kand(Tyn, p)
k(l - an)d(ynap) + kand(ynap)
kd(xn,p), n > 0.

The rest of the proof is similar to those of the previous theorems, therefore we
omit it. g

<
<

Furthermore, for process (2.30), we obtained the following result.

Theorem 3.8. Let C' be a nonempty, closed, and geodesically convexr subset of M,
where (M, (-,-)) is a Hadamard manifold with d its geodesic distance. Consider that
T:C — C is a contraction on C of constant k. Then procedure (2.30) is T-stable.
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Proof. Let p be the unique fixed point of T', and {x,} be the sequence obtained by
using the iteration method (2.30).
The following relations hold true
d(Yn, p) (1= bp)d(zn,p) + bnd(Tzn, p))
1 — by)d(zn,p) + bpd(xy, p)
d(zp,p), n>0.

Having in mind our assumptions, we get

d(zn,p) < d(v3(cn),p)
< d(Yn,p) < d(zp,p), n >0,

VAN VAN VAN

We obtain
d(zp41,p) = d(Tzn,p) < kd(2y,p) < kd(zn,p), n > 0.

The rest of the proof is similar to those of Theorem 3.2, and Theorem 3.3, there-
fore we omit it. O

4. DATA DEPENDENCY ANALYSIS

The objective of this section is to develop data dependency issues related to
the proposed schemes. We shall mainly concentrate on the approximate mappings
study. Following [13], we give the following definition.

Definition 4.1. Consider that (M, (-,-)) is a Hadamard manifold, d its geodesic
distance, and C' a nonempty, closed and convex subset of M. Let T, T: C — C
be two mappings. The mapping 7T is called an approximate mapping of T if there
exists € > 0 such that d(Tz,Tx) < ¢, for all z € C.

Consider that T has a fixed point p, and T has a fixed point p. A natural question
arises: does p approximates p and, if it does, how good the approximation is? Also,
what means do we have in order to provide an estimate for d(p,p)?

In order to establish data dependency results, we need the next lemma.

Lemma 4.2 ([19]). Consider that {t,} is a sequence in (0,1) so that > " jt, = oo,
and {sp}, {un} are nonnegative real number sequences, so that

Snt1 < (1 —tp) sy + tpun, n > 0.
Then 0 < limsup,, o Sn < limsup,,_, oo Un.
We start this part of our study by referring to the iterative method (2.1).

Theorem 4.3. Let (M, (-,-)) be a Hadamard manifold, d be the geodesic distance,
and C' a nonempty, closed and conver subset of M. Let T: C — C' be a contraction
mapping of constant k € (0, 1) with the fived point p, and T: C — C be an approzi-
mate mapping of T, corresponding toe > 0. Denote by {x,}, and {Z,} the sequences
obtained by applying process (2.1) with respect to mappings T, and T respectively.
Also, consider the control sequences {an}, {cn} C (0,1), and b, € [A,B] C (0,1),
n > 0. Then

e
Lo &
d(p,p) < 7%
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Proof. The following relations hold true
d(Txp, TZ,) < d(Txn,TZ,)+ d(TZ,, TZ,)
< kd(xn,Tp) +e, n>0.
Analogously, it can be proved that
(4.1) A(Tyn,Tgn) < kd(yn,Jn) + &, n >0,
(4.2) d(Tz,,Tz,) < kd(zn,z,)+e, n>0.
Let v1: [0,1] = M be the geodesic which joins x,, with Tz, for a fixed n > 0,

and 7o: [0,1] — M the geodesic which connects 7, with T%,.
Moving on to the iteration scheme, we obtain

A(Yn,¥n) = d(71(0n),72(bn)) < (1 = bn)d(11(0),72(0)) + bpd(71(1),72(1))
< (1= bp)d(xn, Tn) + bpd(Tzy, TTy)

< (1 =bp)d(zn, Tpn) + by (kd(xn, Ty) + €)

— (1 = k)bp)d(xp, Tn) + €by, n > 0.

(1-0b

(1-5
(4.3) = (1

Consider now 73 as the geodesic which connects Tz, with Ty,, and 4 as the
geodesic joining 7, with T'y,, for n > 0 fixed. It follows

d(2n,Zn) = d(v3(cn),valcn))

< (1= cn)d(73(0),74(0)) + cnd(vy3(1),74(1))

= (1—cp)d(Tzp, Tazn) + end(Tyn, Tn)

< (1= o) (kd(@n, Zn) + &) + cn (kd(yn, 5n) + €)
< (1 —cp)(kd(zn, Zn) +€)

+en (k(1 = (1 = k)bp)d(zp, Tn) + keby + €)

(4.4) k(1 — (1 —k)bpcn)d(zn, Tn) + (1 + kbpcy), n > 0.

Furthermore, denote by s, ¥6: [0, 1] — M the geodesics connecting z, with T'z,
and z, with Tz, respectively. By using relations (4.2), and (4.4), we obtain

d(@nt1, Tpt1) = d(v5(an), v6(cn))
(1 = an)d(75(0),76(0)) + and(75(1),76(1))
= (1 —an)d(2zn,2n) + and(Tzy,, TZ,)
(1 = an)d(zn, Zn) + kand(zn, Zn) + can
= (1 —(1-k)a n)d(zn, Zn) + €an
k(1—(1—k)ayn)(1— (1= k)bpcn)d(zn, Tn)
-f—s((l — (1= k)an) (1 + kbpcy) + an)
(1 — (1= k) (1 + k(an + bacn) — k(1 — k)anbncn))d(xn,zn)
+5(1 + k(an + bpen) — k(1 — l{:)anbncn), n > 0.

Applying Lemma 4.2 for t;, = (1 = k)(1 + k(an + bacn) = k(1 = k)anbncy), and
u, = 15, it follows that d(p,p) < 5. N

IN

IN

IN
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With respect to iteration (2.7), consider first the case Az, = Tx,, for all n > 0,
which corresponds to iteration introduced in [9] for Banach spaces.

Theorem 4.4. Let (M, (-,-)) be a Hadamard manifold, d be the geodesic distance,
and C a nonempty, closed and convexr subset of M. Let T: C — C be a contrac-
tion mapping of constant k € (0,1) with the fized point p, and T: C — C be an
approximate mapping of T, corresponding to € > 0. Denote by {x,}, and {Z,}
the sequences obtained by applying process (2.7) for Apx, = Txy, for alln > 0,
with respect to mappings T, and T respectively. Also, consider the control sequences
{an}, {cn} C(0,1), and b, € [A,B] C (0,1), n > 0. Then

€
d(P,P) > ﬁ

Proof. Let 5: [0,1] — M, and ~6: [0,1] — M be the geodesics which join T'z,, with
Tz, an TZ, with TZz,, respectively. In this case relations (4.1), (4.2), (4.3), and
(4.4) still hold true. Taking advantage of them, it follows
d(Tn41,Tnt1) = d(vs(an),v6(an))

(1 = an)d(75(0),76(0)) + and(y5(1),76(1))
(1 — an)d(Txp, TZy) + and(Tz,, TZ,)
k(1 —(1—Fk)an, — k(1 — k)anbpen)d(zn, Tn)
+e(1 + kay, + Eapbncy)

= (1= (1=k)(1+kan + Eanbycy))d(zn, Tr)

+e(1 + kan + E*apbycn), n > 0.

Taking ¢, = (1 — k:)(l + ka,, + k2anbncn), and u, = =%, n > 0 in Lemma 4.2, after
considering n — oo, we get that d(p,p) < 1T6k7 which completes the proof. O

IN

IN

We analyze now the case Az, = x,, n > 0, in process (2.7), corresponding with
process in [21], as the next theorem shows.

Theorem 4.5. Consider the Hadamard manifold (M, (-,-)), d the geodesic distance,
and C a nonempty, closed and convexr subset of M. Let T: C — C be a contrac-
tion mapping of constant k € (0,1) with the fized point p, and T: C — C be an
approzimate mapping of T, corresponding to € > 0. Denote by {x,}, and {Z,} the
sequences obtained by applying process (2.7) for Ap = Txy, for all n > 0, with re-
spect to mappings T, and T respectively. Also, consider the control sequences {ay},
{en} € (0,1), and b, € [A,B] C (0,1), n > 0. Then
€
d < —
(p.p) = 7
Proof. Relations (4.1), (4.2), and (4.3) from Theorem 4.3 are still valid.
Let v3 be the geodesic connecting @y, with Ty, and 74 the geodesic connecting
Ty, with Tg,, n > 0.
Keeping in mind inequalities (4.1) and (4.3), it follows
d(zn,zn) = d(73(cn),7a(cn))
< (1= cn)d(73(0),74(0)) 4 cnd(y3(1), 7a(1))
= (1 —cp)d(@n, Tn) + cnd(Tyn, TYn)
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< (1= 1 =k)en — k(1 = k)byey)d(zn, Tn)
(4.5) +ec, (kb + 1), n > 0.

Now consider 75 and v the geodesics joining Tz, with Tz,, and T, with TZ,,
for n > 0 taken. Taking advantage of (4.2) and (4.5), it follows

d(vs(an), v6(an))

(1 —an)d(Tzp, TZy) + and(Tz,, TZ,)

(1 = an) (kd(zp, Tn) + €) + an (kd(zn, Z,) + €)
k(l — (1 = k)ancn, — k(1 — k)anbncn)d(a;n,iﬁn)
+e(1 + kape, + kQanbncn)

(1 —(1- k)(l + kanpcy, + k2anbncn)>

+e(1 4 kancn + k2anbpcn), n > 0.

d(Tng1, Tnt1)

VAN VANVAN

IN

Considering t, = (1 — k)(1 + kancy, + k*anbncy), and u, = 157, Lemma 4.2 implies
the conclusion of the theorem. O

Looking now at iteration (2.13), in the case when A,, = T'y,, n > 0, we are in
the position to state the next theorem.

Theorem 4.6. Assume that (M, (-,-)) is a Hadamard manifold, d is its geodesic
distance, and C' a nonempty, closed and convex subset of M. Consider T: C — C
a contraction mapping of constant k € (0,1) with the fized point p, and T: C — C
an approximate mapping of T, corresponding to € > 0. {z,}, and {Z,} are the
sequences obtained by applying iteration (2.13) for Ay, = yn, for all n > 0, with
respect to mappings T, and T respectively. Also, consider the control sequences
{an}, {en} € (0,1), and b, € [A,B] C (0,1), n > 0. Then

9
d(p, p) > ﬁ

Proof. Inequalities (4.1), (4.2), and (4.3) from Theorem 4.3 still hold true.

Let 3 be the geodesic joining y, with Ty, and by 74 the geodesic connecting yp,
with T, n > 0.

Using (4.3) and (4.1) from Theorem 4.3, it follows

d(zn;Zn) = d(v3(cn),7a(cn))
(1 = ¢n)d(73(0),74(0)) + cnd(y3(1),74(1))
(1= cn)d(yn, yn) + cnd(Tyn, Tn)
(1= en) (1= (1= k)b dzn, ) + by
+cp (k( k)bn)d(xp, Tn) + (1 + kb ))
< (1-(1- k‘)bn) (1= (1= Fk)en)d(zp, Tn)
+e(by, + cn — (1 — k)bpcy), n>0.

Having also in mind (4.2) from Theorem 4.3, we obtain

d(Tzn, Tz,) < kd(zn,2Zn) +¢

IN

(4.6)
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< k(1—(1—=k)by) (1= (1 —k)en)d(zn, Tn)
(4.7) +e(1 + kby, + ke, — k(1 — k)bpcy), n > 0.

Let 5 and v be the geodesics which connect Tz, with T'z,, and Tz, with T'Z,,
for n > 0 given. The use of (4.1) from Theorem 4.3, and (4.7) implies

A(Tpt1,Tnt1) = d(v5(an),v6(an))
< (1= an)d(Tyn, Thn) + and(Tzn, T%,)
< k(11— k)bn) (1= (1 — Kk)ancy)d(zn, Tr)

+e(1 + kby, + kancy, — k(1 — k)anbpey)
_ (1 — (1= k)(1 + Kby + kancy,

k(1 — k)anbncn))d(xn, Zn)
—|—5(1 + kb, + kapc, — k(1 — k‘)anbncn), n > 0.

Considering t,, = (1 — k) (1 + kby, + kanc, — k(1 — k)anbncn), and u, = 153, Lemma
4.2 implies the conclusion of the theorem. 0

We move forward by analyzing the case A,, = x,, n > 0, in the iteration process
(2.13). For the sake of computation, here (1 — ¢,) and ¢, changed places.

Theorem 4.7. Let (M, (-,-)) be a Hadamard manifold, d be its geodesic distance,
and C' a nonempty, closed and convex subset of M. Consider T: C' — C a con-
traction mapping of constant k € (0,1) with the fized point p, and T: C — C an
approzimate mapping of T, corresponding to € > 0. {x,}, and {Z,} are the se-
quences obtained by applying iteration (2.13) for Az, = yn, for all n > 0, with
respect to mappings T, and T respectively. Also, consider the control sequences
{an}, {en} € (0,1), and b, € [A,B] C (0,1), n > 0. Then
€
d -
p.p) < -
Proof. In the proof we will use inequalities (4.1), (4.2), and (4.3) from Theorem 4.3,
which are still valid.
Denote by ~3 the geodesic connecting x,, with y,, and by ~4 the geodesic con-
necting z,, with g,, n > 0.
Using (4.3), we obtain
d(Zn,Zn) = ( (Cn)774(cn))
< (1= cn)d(13(0),74(0)) + cnd(ys(1),74(1))
= (1= cn)d(zn, Tn) + cnd(Yn, Un)
(1= ea)d(wn, ) + e (1= (1 = K)bn)d(wn, 30) + by

(1— bcn) Ty Tp) + Ebpcn, n > 0.

1_Cndxna Tn

Combining this inequality with (4.2) from Theorem 4.3, we get
d(Tzp, Tz,) < kd(zp,2n) +¢
(4.8) < k(1= (1= k)bncy)d(zn, Tp) + (1 + kbpey), n > 0.
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Let 5 and g be the geodesics which connect Tz, with T'z,, and TZ,, with TZ,,
for n > 0 given. The use of (4.1) from Theorem 4.3, and (4.8) implies

d(xn+17 jn—i—l) = d(75<an) Vﬁ(an))

< (1—ay)d (Tyn,Tyn) +and(Tzn,T2n)
< (1- an)< )bn)d(zn, Zy) + (1 + kbn))
tan (k:( k)b ) (@, ) + £(1 + kbncn))
< k:(l (1= k)b + (1 — k)anbn — (1 — k:)anbncn>d(xn,:fn)

+e(1 + kby, — kapby, + kapbpcy)
- (1 — (1= k)(1 + kby — kanb, + kanbncn))d(xn, )
+e(1 + kby, — kapby, + kapbpc,), n > 0.
Considering t, = (1 — k)(1 + kb, — kanb, + kanbpcy), and u, = 155, Lemma 4.2

implies the conclusion of the theorem. O

We respect to the iterative method (2.27), we state the next theorem.

Theorem 4.8. Let (M, (-,-)) be a Hadamard manifold, d be its geodesic distance,
and C' a nonempty, closed and conver subset of M. ConsiderT: C'— C a contrac-
tion mapping of constant k € (0,1) with the fived point p, and T: C — C an ap-
prozimate mapping of T', corresponding to € > 0. {x,}, and {Z,} are the sequences
obtained by applying iteration (2.27), with respect to mappings T, and T respec-
tively. Also, consider the control sequences {a,} C (0,1), and b, € [A, B] C (0,1),
n > 0. Then

9
d(p,p) < 7—-

Proof. Considering that the steps of the proof are similar to those in the previous
theorems, we give only the main computational elements.
The following relations hold true

A(Yn,Tn) < k(L= (1= k)bp)d(zn, Tn) + (1 + kby), n > 0.
Furthermore,

d(nt1, Tpg1) < KL= (1= k)an) (1 — (1 — k)by)d(zp, )
te(1+k — kay + k*ay + k*by — k2anby + kPanby)

< (1 — (1= k) (1 + K + K2ap + kb, — k(1 — k:)anbn))d(a:n, )
+e(1+ k+ k*an + kb, — K*(1 — k)agby,), n > 0.

Considering t, = (1 — k)(1 + k + k*ap, + k?b, — k*(1 — k)anby), and u, = 5
Lemma 4.2 implies the conclusion of the theorem. O

We end up with an analysis of the data dependency regarding scheme (2.30), as
follows.
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Theorem 4.9. Let (M, (-,-)) be a Hadamard manifold, d be its geodesic distance,
and C a nonempty, closed and convex subset of M. Consider T: C — C a contrac-
tion mapping of constant k € (0,1) with the fived point p, and T: C — C an ap-
prozimate mapping of T', corresponding to € > 0. {x,}, and {Z,} are the sequences
obtained by applying iteration (2.30), with respect to mappings T, and T respec-
tively. Also, consider the control sequences {a,} C (0,1), and b, € [A, B] C (0,1),
n > 0. Then

g
-
d(p,p) < 7

Proof. Considering that the steps of the proof are similar to those in the previous
theorems, we give only the main computational elements.
The following relations hold true

d(zn, zn) < k(l —(1- k)bncn)d(xn,i:n) +e(1 + kbyep), n>0.
Furthermore,
A(@ns1,Tnt1) < k(1= (1= k)bncn)d(n, Tp) + (1 + k + k*bycy)
(1 —(A—k)(1+k+ k‘2bncn)>d(xn, )
+e(1+ k4 k*byey), n > 0.

Considering t, = (1 — k)(1 + k + k*bpcy), and up, = 157, Lemma 4.2 implies the
conclusion of the theorem. O

IN

5. CONCLUSIONS

In this work, in the setting of Hadamard manifolds, we have studied some three-
step iteration schemes for the determination of fixed points for mappings with ade-
quate properties. Convergence properties have been stated and proved for the nine
processes studied. Also, stability results in the same framework of manifolds are
presented. A data dependency study is also performed.
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