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INVERSE GENERALIZED VECTOR VARIATIONAL
INEQUALITIES WITH RESPECT TO VARIABLE DOMINATION
STRUCTURES AND APPLICATIONS TO VECTOR
APPROXIMATION PROBLEMS

ROSALIND ELSTER, NIKLAS HEBESTREIT, AKHTAR A. KHAN,
AND CHRISTIANE TAMMER

ABSTRACT. In this paper, we consider a generalized vector variational inequality
with respect to a variable domination structure. We introduce two inverse set-
valued vector variational inequalities and explore the relationships between the
original vector variational inequality and the corresponding inverse vector varia-
tional inequalities. Further, we prove existence results for the generalized vector
variational inequality and apply the inverse results to two different vector ap-
proximation problems with respect to a variable domination structure to justify
the theoretical framework. We therefore show that generalized vector variational
inequalities are closely related to vector optimization problems with a smooth
objective function. For this reason, we compare the new inverse assertions with
well-known duality results, using the conjugate/perturbation approach, for vector
optimization problems.

1. INTRODUCTION

F. Giannessi introduced vector variational inequalities in 1980 in a finite-
dimensional setting (see [13]). Within the last three decades, vector variational
inequalities have been studied and extended extensively and have found numerous
applications in various branches of pure and applied mathematics (see, e.g., [1], [7],
[9], [14]). A significant extension of the vector variational inequalities introduced by
F. Giannessi is to consider vector variational inequalities with variable domination
structures (variable/moving ordering structures) which may vary dependently on
the actual element in the linear space. While the solution concept for scalar-valued
problems is entirely natural, in abstract spaces one can define a variable domina-
tion structure given by a family of convex cones which allows to describe different
solution concepts for vector problems (see, e.g., [11], [18]). We remark that vari-
able domination structures were already introduced in 1974 by Yu (see [30]) who
presented different mathematical models with examples and applications. Recently,
this topic has been studied by many authors, see [11] and the references therein for
a detailed survey of this topic. Some popular applications of the notion of variable
domination structures are, for example, in medical image registration, portfolio op-
timization, intensity modulated radiotherapy treatment and location problems (see,

e.g., [12]).
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In the context of (vector) optimization and variational inequalities, different dual
problems have been introduced by using, for example, a scalarization technique,
Wolfe and Mond-Weir duality concepts, a vector conjugate or a Lagrangian mapping
(see, e.g., [2], [15], [16], [19]), among others. In essence, the dual problem gives a
bound for the solution of the primal problem and further allows to attack the main
(primal) problem differently. Dual problems for (vector) variational inequalities
have been introduced in a finite-dimensional setting by Yang (see [29]).

We formulate the following assumption which will hold throughout:

(A) X and Y are real Banach spaces. K : X = Y is a set-valued mapping such
that for every x € X, K(x) is a convex cone in Y with non-empty interior
int K (x).
Let F: X = L(X,Y) and ¢ : X — YU{+4o00y } be given mappings (see Section 2 for
notations). In this paper, we consider the following generalized vector variational
inequality w.r.t. the moving domination structure K: find an element € Dom(F)N
dom(¢) such that for some operator U € F(z) it holds

(VVI) (U, y =)y Lintk(z) p(T) —¢(y),  forevery ye X.

In particular if C' C X is a non-empty convex set, ¢ = x¢ is the indicator mapping
of C, that is, xco(z) := 0 for x € C and x¢(x) := +ooy else and F is single-
valued, denoted by F', then (VVI) recovers the following problem: find an element
x € dom(F) N C such that

(Fr,y —2)y %int K(2) 0, for every y € X.

If we further define Y := R and K(z) := R>( for every z € X, then the previous
problem becomes the following well-known (scalar) variational inequality: find an
element x € dom(F") N C such that

(Fx,y —x) >0, for every y € X,

where (-, -) is the duality pairing between X* and X. Besides these two special cases,
we consider the first inverse vector variational inequality of (VVI) w.r.t. the moving
domination structure K, which consists in finding an operator U; € Dom F~!(—)
and an element z; € F~1(—=U;) N dom(p) such that it holds

(V. —Uy,—z1)y #ilntK(xl) " (Ur) — ¢*(V),

(IVVL) )
for every V € L(X,Y) with ¢*(V) # 0.

Here, ¢* denotes the weak vector conjugate of ¢ w.r.t. K, see Section 3.2. Note
that F~!(—-) denotes the shifted set-valued mapping = — F~!(—z). If we replace
the binary set relation 7\411nt K() by #?nt K() then the second inverse problem is: find

an operator Uy € Dom F~!(—-) and an element 2o € F~!(—Uy) Ndom(¢) such that
(IVVI2) (V = Us,—%a)y &b ie(ay) ¥ (U2) —¢"(V),  forevery VeL(X,Y).

Note that the structure of the above problems is different from that in [5]. The
idea of this paper is to nest the (primal) vector variational inequality into the two
nverse problems in the sense, that, under appropriate conditions for the data of the
problems, every solution of (IVVIy) generates one of (VVI) and every solution of
(VVI) generates one of (IVVIy): The paper is organized as follows: In the next two
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direct assertion converse assertion

(IVVTy) (VVI) (IVVIy)

sections, we collect some notations, definitions and basic results for later use. We
further prove a novel existence theorem for (VVI). The fourth section concentrates
on inverse results for the generalized vector variational inequality (VVI). The pur-
pose of Section 5 is to apply the duality results to vector control approximation
problems with respect to a variable domination structure. The last section com-
pares dual and inverse results for vector optimization problems with respect to a
fixed domination structure.

2. NOTATIONS

In the following, let X be a real Banach space, and let X* be its topological
dual. If Y is another real Banach space, we denote by L(X,Y) the space of all
linear continuous operators from X to Y and [ - [(x,y) stands for the norm in
L(X,Y). In the case that X and Y are real Euclidean spaces, say X = R" and
Y = R™, where n,m € N, then we use the identification L(R™, R™) = Mat,, xn(R).
For U,V € L(X,Y), z € X, we define

(Uyz)y :=U(x) €Y and (V-U,z)y :=(V,x)y — (U,x)y €Y.
FX=R"Y=R" ze&R"and A € Maty,xn(R) we write Az instead of (4, z)gm.
The domain and image of a mapping F' : X — L(X,Y") will be denoted by

dom(F) := {x € X | Fzx is well-defined}
and im(F):={AeL(X,Y) |3 x € X such that A = Fz},
respectively. If F is injective, then the adjoint mapping of F' is defined by
F#* . L(X,)Y) = X, F*U:=F Y-U), for every U € dom(F¥).
Let Z be another real Banach space. Then, the domain, range and graph of a

set-valued mapping G : X =% Z are defined by
Dom(g) i= {w € X | G(@) 20}, (@)= |J ()

z€Dom(G)
and Gph(G):={(z,2) e X x Z | z € G(x)}.
The inverse of G, which always exists, is the set-valued mapping
G71:Z = X defined by G 1(2) = {x € X | z € G(x)}. If for every x € Dom(G),
the set G(z) has the property P, then we say that G is P-valued.

We further denote the Minkowski sum and difference of two non-empty sets A, B C
Y by

A+B:={a+blacA beB} and A—B:={a—-bla€A, be B}.

If A= {a} or B = {b} is a singleton, then we write a + B and A + b instead of
{a}+ B and A+ {b}, respectively. The Minkowski sum and difference of empty sets
will be defined by the rules

A+0:=0, 0+B:=0 and 0+0:=0
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for (possibly empty) sets A, B C Y. In a similar way, we define the multiplication
of a scalar a € R with a set by the rules

aA:={aa|a€ A}, for every non-empty set ACY, and of):=0.
Let K be a non-empty subset of Y. We call K a cone if \K C K for every A > 0.
The cone K is called convex if K + K C K, proper if K # {0} and K # Y and

pointed if K N (—K) = {0}. Further, if A C Y is a non-empty set, then the cone
generated by A is defined as

cone(A) :={y €Y |y = Aa for some A >0 and a € A}.
In the Euclidean space R™, the so-called Pareto cone and its interior are given by
RYy:={yeR"|y; >0for j=1,...,m}
) and R7):=intRY) = {y € R™ |y; >0 for j=1,...,m}.
Now, let K be a convex cone in Y with non-empty interior. Then, we can define
the following well-known binary relations for vectors x,y € Y

TSy = y—wef(,

rfpy = y—s¢K,
r<w kY = y—xeintff,
r& gy = y—r¢intK.
1
a 3 a
a’ :
° - * - =
b a
)
(a) a<gbanda £z b (b)a<, gbanda &, b

FIGURENI. Ilustration of the different weak vector relations in Y =
R? for K = R%,

The relations >z, 2, >, x and %, . - are defined analogously. For non-empty
sets A, B CY, we introduce the following weak binary relations:

A<l B = 3Ja€A VbeB: a<, ;b
A;éth < VacA FbeB: a¥, ;b
A2 wB = VaeA 3beB: a<, ;b

i2ntf< < dacA VbeB: a¥ ;b
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If A = {a} or B = {b} is a singleton, then we write a 411 B and A x! i 0
instead of {a} <% - Band A <! - {b}, respectively. The same convention holds
int K int K

for the other set relations. We further use the convention

A ;émt K for every non-empty subset A C Y.

Of course, we have A <i2nt 7 B if and only if A C B — int K provided A and B are

non-empty. Notice that the relation -\<i2nt 7 is known in the literature as upper set
less order relation, see [19].

Let again K be a convex cone in Y with non-empty interior. As usual, we attach to
Y a smallest and greatest element with respect to K, denoted by —ooy and o0y,
which do not belong to Y. Then for y € Y U{z£ooy}, it holds —ooy <z y <z +ooy
and similar —ooy <, ¥ <. g ooy for y € Y. On Y U {fo0y} we consider the
following operations: y + (+ooy) = (+00y) + y := +ooy for all y € Y U {+ooy },
y+ (—ooy) = (—ooy) +y := —ooy for every y € Y U{—o0y}, A- (+o0y) := +ooy
for all A > 0, X - (+ooy) := —ooy for all A < 0, \- (—o0y) := —ooy for all A > 0,
A+ (=ooy) := +ooy for all A < 0. Taking into account —ooy <, = v <, g +0v
for every y € Y, we have equivalently the following two conventions:

—int

(C1) + ooy L i U for every y €Y,
(C2) Y L i 0V for every y €Y.

If p: X - Y U{+ooy} is a given mapping, then the effective domain of ¢ is given
by

dom(p) :={z € X | p(z) # ooy }.

3. PRELIMINARIES

3.1. Solution concepts with respect to a variable domination structure. In
scalar-valued optimization the notion of (global) optimal solutions is very natural.
Let X be some real linear space and f: X — RU {400} a given mapping. Then,
xg € dom(f) is called a global minimum, that is, a solution of the problem

min f(x)

zeX

if f(xo) < f(x) for every x € X. Here, the natural ordering < in RU{+4o0} is a total
ordering. However, if we replace the real numbers R by an other linear space Y,
the ordering of elements in Y can be defined in dlfferent and non—obv1ous Ways If
K C Y is convex cone, then the binary relation y! < y if and only if 42 —y' € K,
yt,y? € Y, defines an order relation [19, Theorem 2.1.11] which is frequently used
in vector optimization (see, e.g., [19], [23]). Binary relations which are not defined
by a single cone but by a family of cones in Y will play an important role in the
following.

Let us first give a precise definition of the notation of a variable domination
structure, compare [11, Definition 1.8].
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i N~ N >
(a) A “jlntf( B (b) A ;éilntf% B
(©A<2 B @) A, < B

FIGURE~ 2. Tllustration of the different weak set relations in Y = R2
for int K = R2,,

Definition 3.1. Let X and Y be real Banach spaces and K : X = Y a set-valued
mapping with K(z) a convex cone in Y for every z € X. If elements in Y are
compared using K, then K defines a variable domination structure on Y.

The next example demonstrates a variable domination structure in R2.

Example 3.2.

(a) Let £ : R? — R? be a given mapping and denote by || - |2 the Euclidean
norm and by (-, -) the scalar product in R?. Define the set-valued mapping
K :R?2 = R? by

K():={y € B[ |yl < (tw).v)},  for every € R?.

For every € R?, K (z) defines a cone in R? and is called Bishop-Phelps cone,
see [11] and Example 3.22. Hence, K defines a variable domination structure
in R2. If we put £(z) = ({1(x),¢2(x)) := ((2 + arctanz1)/3,2 + sinzy) for
x € R2, then the cone K (z) can be visualized in the following way: denote
by s and s’ the intersection of the unit circle with the tangent line through
the points (0,1/¢2(z)) and (1/41(x),0). That is, K(x) is given by the two
half rays from the origin to s and s’ respectively, compare [11, Example
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FIGURE 3. Visualization of the Bishop-Phelps cone K (z), see [11]

1.28]. Notice that we have
K(tan1,3m/2) = R%, and  R%,C K(z), for every x € R?.

(b) Some examples for variable domination structures and their applications can
be found in [11] or Section 5.1 of this paper.

In the next definition, we describe solution concepts for vector optimization prob-

lems with respect to a fixed and variable domination structure, respectively (com-
pare [2], [11], [19)).

Definition 3.3. Besides (A), let ¢ : X — Y U {400y} be a given vector-valued
mapping and define the set

Y(dom()) = {(x) € Y | = € dom()}.
(a) The element 1(xg) € Y, where zg € dom(v)), is said to be a weakly minimal
element of ¢ w.r.t. the variable domination structure K, if we have
P(x) Lint K (wg) Y(w0),  for every x € dom(q),
that is, if no y € ¢»(dom(v))) exists such that
P(xo) € y + int K ()

or equivalently
(¢(dom(¢))) — 9 (x0)) N (— int K (x)) = 0.

Similar, the element 1)(z°) € Y, where 2° € dom(z)), is said to be a weakly
mazimal element of ¢ w.r.t. the variable domination structure K, if we
have ¥(2%) Zin K(20) () for all x € dom(z)).

(b) The set of weakly minimal and maximal elements of ¢ w.r.t. the variable
domination structure K will be denoted by the formulas WMin(¢(dom(z))), K(+))
and WMax(¢(dom(v))), K(+)), respectively.
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(c) Assume now that the mapping K : X =3 Y is constant, that is, K (z) = K
for every z € X, where K is a convex cone in Y with non-empty interior.
The element ¢(xg) € Y, where 29 € dom(v)), is said to be a weakly minimal
element of 1) w.r.t. the fixed domination structure K, if we have P(x) Lo i
Y (zo) for all z € dom(¢p). Similar 1 (z") € Y, where 2° € dom (7)), is said to
be a weakly mazimal element of ¥ w.r.t. K, if we have (z°) Lot & W(x) for
all x € dom(¢)). The set of weakly minimal and weakly maximal elements
of ¢ w.r.t. the fixed cone K will be denoted by WMin(¢)(dom(z)), K') and
WMax(1)(dom(v))), K), respectively.

(g ) —int K (ZGINR

(a) ¥ (xo) is a weakly minimal element of (b) v¥(xp) is not a weakly minimal ele-
P wr.t. K ment of ¢ w.r.t. K

FIGURE 4. Illustration of the solution concept w.r.t. a variable dom-
ination structure K

Remark 3.4. Frequently, one looks for weakly minimal or maximal elements in
a non-empty subset C C X where the objective mapping is ¢ : C — Y. This
can be reformulated in the form of Definition 3.1 by considering the new mapping
¥ : X — Y U{+ooy}, defined for z € X by

~  JY(x), forxzeC,
V(@) = {—i—ooY else.

Let us prove the following very useful lemma. Notice that we do not assume the
cone K to be proper or pointed.

Lemma 3.5. Besides (A), leta,b € 1:’ and K be a convex cone in Y with non-empty
interior. Then it holds that b—a € K and a ¢ —int K implies b ¢ —int K.

Proof. The proof of the statement follows from the useful identity

(3.1) K +int K = int K.

Notice that 0 € K and therefore it holds int K = int K + 0 C int K + K. For
the converse inclusion, let z € int K, y € K and z € Y. Since K is convex and

int K # 0, it holds int K = cor K, see [23, Lemma 1.32], where cor K := {k € K |
VyeY e >0, Veel0e], k+ey € K} denotes the algebraic interior of K.
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From z € int K we therefore conclude that there is ¢’ > 0 such that = + ¢z € K for
every ¢ € [0,¢']. The convexity of K implies z + y + ez € K for every ¢ € [0,€],
that is, z + y is an interior point of cor K. This shows (3.1).

Assume now that it holds —b € int K, where b—a € K and a ¢ —int K. Then, we
deduce from (3.1) that —a = b —a — b € int K, which is a contradiction. The proof
is complete. O

Remark 3.6. Obviously, we can rewrite the previous lemma in the following way:
0 2z @ <j bimplies 0 %, . z b. Some other important properties of the vector
relations can be found in [1, Lemmas 2.2 and 2.3] and [15, Lemmas 7.1.1 and 7.1.2].

3.2. Variational analysis. We shall now collect some definitions and results for
later use.

Definition 3.7. Besides (A), let ¢ : X — Y U {+ooy} be a given mapping. An
operator U € L(X,Y) is called a weak subgradient of ¢ at x € dom(p) w.r.t. the
variable domination structure K if

o(y) — () = (U,y = )y Lintk(z) 0,  forevery yeX.

The set of weak subgradients of ¢ at x will be denoted by d¢(x). If dp(zx) is
non-empty, then ¢ is said to be weakly subdifferentiable at x. If ¢ is weakly subdif-
ferentiable at every point of its domain, then ¢ is said to be weakly subdifferentiable.

Remark 3.8. If the variable domination structure K is fixed and dom(yp) = X,
then the previous definition coincides with [26, Definition 6.1.2]. Unlike the scalar
case, i.e., if we let Y := R and K (x) := Rx¢ for every z € X, the subdifferential is
not necessarily a closed and convex set, see [26, Remark 6.1.3].

Definition 3.9. Besides (A), let ¢ : X — Y U {+ooy} be given. The set-valued
mapping ¢* : L(X,Y) = Y, defined for every U € L(X,Y) by

©"(U) == WMax ({{U,z)y — ¢(2) | = € dom(p)}, K (")),

is called the weak conjugate of ¢ w.r.t. the moving domination structure K. By
the definition of WMax, we have (U, 2°)y — ¢(2°) € ¢*(U) for some 2° € dom(¢p)
if and only if

<U7 $O>Y - 90(330) ﬁint K (20) <Ual‘>Y - 90(1‘)7 for every z € X.

Example 3.10. Besides (A), let X = R", Y = R™ and let A € Mat,,x,(R) be
a given matrix. Then, the linear mapping ¢ : R — R™, defined by ¢(x) = Ax
for every x € R", is subdifferentiable. Indeed, for every x,y € X, it holds 0 =
o(y) —(z) — (A,y — x)y ¢ —int K(x). This calculation further shows 0 € ¢*(A).
In comparison to the Fenchel conjugate of functions from X to RU{+o0}, the weak
vector conjugate of a linear mapping is significantly larger. To be more precise,
consider the fixed domination structure K : R” = R™ given by K(z) = RY, for
every x € R" and define B := A + E, where E € Mat,,»x,(R) is a matrix with
first entry 1 and 0 else. It then holds (B — A)(y — ) = E(y — x) € int RZ, for all
z,y € R", that is, ¢*(B) = {z € R™ | zj = 0 for j = 2,...,m} is a line in R™.
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Lemma 3.11. Besides (A), let © € dom(p) and ¢ : X — Y U{+ooy}. We then
have

Ue€dp(x) if and only if (U,x)y — p(z) € ¢*(U).

Proof. By the definition of the weak conjugate of ¢, we have (U, z)y —p(x) € ¢*(U)
provided z € dom(yp) if and only if (U, 7)y — ¢(z) Zint k() (U, ¥)y — ©(y) for every
y € dom(yp). The last inequality is obviously equivalent to U € d¢(x). The proof
is complete. O

Definition 3.12. Besides (A), let ¢ : X — Y U {400y} be a given mapping and
K a convex cone in Y. ¢ is said to be K-convez if for all z,y € X and t € (0,1)
p(tr + (1 —t)y) <g to(x) + (1 = t)p(y).
Analogously, we define the Ky-convezity of ¢, where Ky := ﬂyGX K(y) , if we
replace K by Kj in the previous relations.
Remark 3.13. Let ¢ : R” — R™ be a mapping and K := RZ,. If the real-valued
component functions ¢; : R® — R, j = 1,...,m are convex, that is, for every
z,y € R" and t € (0,1)
pj(te + (1= t)y) < toj(x) + (1 - t)e;(y),
then it holds that ¢ is RT-convex.

Let us recall a basic concept of vector optimization (see [16, Section 3.2] and the
references therein).

Definition 3.14. Besides (A), let K be a convex cone in Y with non-empty interior
and let A, B C Y U {+oo} be non-empty sets. We say that A and B satisfy the
weak (A, B)-domination property w.r.t. K if for every b € B\ {+00} there exists
y? € WMax(4, K) such that y° >z b.

yO

FIGURE 5. Illustration of the weak (A, B)-domination property of
two sets A and B in R?

Remark 3.15.
(a) Tt is easy to see that the following assertions are equivalent:
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(1) A and B satisfy the weak (A, B)-domination property with respect to
K.
(2) It holds that B € WMax(A4,K) — K. _ i i
(b) We further have that B C WMax(4, K) — K and B € WMax(A, K) —int K
imply B € WMax(A, Ig) Indeed, assume we have B ¢ WMax(fl, K), that
is, we can find ¢ € int K such that b is an element of WMax(A, K) — c. But

this contradicts the fact that we have B € WMax(A, K) — int K.

3.3. An existence result for the generalized vector variational inequality.
The purpose of this section is to present an existence theorem for the generalized
vector variational inequality (VVI). We first collect some useful definitions and
lemmas. In the following, if (LA) holds, then we define

Ky := ﬂ K(y).

yeX

Definition 3.16. Let Z be a real normed vector space and denote by P.,(Z) the
collection of all non-empty, closed and bounded subsets of Z. Then, the Hausdorff
metric (distance) Hyz on P, (Z) is for every A, B € P, (Z) defined by

Hz(A, B) ;== max (21615 ggg lla —b|lz, ilglgéreleél |la — b]Z) .

Notice that Hz({a},{b}) = |la — b||z if A = {a} and B = {b} are singletons.
The following result can be found in [25].

Lemma 3.17. Let Z be a real normed vector space and let A, B C Z be non-empty
compact sets. Then, for each a € A, there exists an element b € B such that

la—bllz < Hz(A, B).

Definition 3.18. Besides (A), let 7 : X = L(X,Y) be a set-valued mapping. F
is said to be Ko-monotone if for every z,y € Dom(F), U € F(z) and U’ € F(y) it
holds that

<U — U',a; — y>y ZKO 0.
If in addition F is non-empty and compact-valued, i.e. we have in particular F(z) €
Pp(L(X,Y)) for every = € X, then F is said to be

‘H-hemicontinuous if for fixed elements x,y € X, the mapping R — R, t —
Hixv)(F(z +t(y — x)), F(x)) is continuous at 0F.

Remark 3.19. If the mapping F in the previous definition is single-valued and we
denote this mapping by F, that is F' : X — L(X,Y), then the definition of Kj-
monotonicity and H-hemicontinuity become: F' is Ky-monotone if (Fx — Fy,x —
Y)y € Ko for every z,y € dom(F'). Further, F is said to be hemicontinuous, if the
mapping R — L(X,Y), t = F(z + t(y — x)) is continuous at 0" for fixed elements
z,y € X.

Using the ideas in [4], we have the following result.

Lemma 3.20. Besides (A), let F : X = L(X,Y) and ¢ : X — Y U {400y} be
given mappings. Assume that the following conditions hold:
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(a) int Ko # 0.
(b) F is Kog-monotone, H-hemicontinuous and has non-empty compact values.
(c) ¢ is Ko-convezr and the effective domain dom(yp) is convez.

Then, x € dom(p) and U € F(x) satisfy

(3:2) U,y —2)y Ltk p(@) —9y),  forevery yeX,
if and only if x € dom(yp) satisfies
33) (Uy—2)y Link@ v@) —@y),  forevery yeX, U e F(y).
Proof. Let © € dom(y) and U € F(z) satisfy (3.2).  Since it holds
Ky C K(z), the Kop-monotonicity of F implies for every y € dom(y) and U’ € F(y)

Uy —x)y +0y) — (@) k@) (U, y—z)y +0(y) — o).
By inequality (3.2) we have in particular

<Ua Y- :U>Y gint K(x) (P(x) - (p(y)7 for every y & dOHl(gO)
Using Lemma 3.5, we conclude from the previous inequalities that

Uy —2)y +9(y) — ¢() Lint k(@) 0,
for every y € dom(yp), U’ € F(y).

Since the previous inequality also holds for every y ¢ dom(p) in particular, see
convention (C1) in Section 2, this shows (3.3).
Conversely, let x € dom(yp) satisfy (3.3). Let y € dom(y) be arbitrarily chosen, put
y = (1 —t)z+ty for t € (0,1) and let U/ € F(y;). Notice that y; € dom(yp), see
assumption (c¢). Inserting these elements into (3.3) yields

(Ui, yr — x)y + o(y) — o(2) Ling k(@) 0, for every t e (0,1).

By the Ky-convexity of ¢ we have, using again the fact that Ky C K(x), that it
holds
(Ul ye — x)y + o) — o(x) <g@y t [(U,y—z)y +o(y) —p(z)] .
From Lemma 3.5 we deduce that x € dom(yp) satisfies
(3 4) <Ut/7 Y- ‘T>Y + go(y) - ()0(:1:) FLint K(z) 0,
' for every Uj € F(y), t € (0,1).

Since F is compact-valued, for each U/ € F(y;) there exists U; € F(z) such that
1U; = Utllnix,yy < Mooy (F (i), Flx),

see Lemma 3.17. Since F(z) is compact and the sequence {U;} lies in F(x), we can
assume without loss of generality that U; — U in L(X,Y) for t — 0" and U € F(x).
Further, the inequality
1Uf = UllLx,yy < U = Ulluxyy + 10— Ullux,yy
< Hpxyv) (Fe), F(x) + |Ue = Ullnx,y)

shows U/ — U in L(X,Y) for t — 0", where we used the fact that F is H-
hemicontinuous, see (b). Since this convergence is strong and the set Y\ (— int K (z))
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is closed, we are able to pass in (3.4) to the limit ¢ — 0T, that is, z € dom(y) and
U € F(x) satisty

(3.5) (Uyy — o)y Lintk(a) P(x) —p(y),  for every y € dom(p).
Since (3.5) holds for every y ¢ dom(y) in particular, see Convention (C2), the proof
is complete. O

Definition 3.21. Besides (A), let W : X = Y be a set-valued mapping. W
is said to be closed if Gph(W) C X x Y is closed, that is, for every sequence
{(zn,yn)} € Gph(W) such that (25, yn) — (2,y), we have (z,y) € Gph(W).

Example 3.22. For the sake of simplicity let X =Y in the previous definition and
define a set-valued mapping K : X = X by

K(z):={y € X | |lyllx < {&(x),y)}, for every z € X.

Here, ¢ : X — X* is a given operator such that ||¢)(z)||x+ > 1 for every x € X. By
this, it holds that K (x) is a so-called Bishop-Phelps cone [11, Definition 1.14] for
every x € X and from [11, Lemma 1.16] it follows that K(z) is a proper, closed,
convex and pointed cone in X, where the interior is non-empty and int K(x) =
{y € X | |lyllx < (¥(x),y)} in particular, see [11, Lemma 1.16]. If in addition
. X — X* is continuous, then the set-valued mapping W : X = X, defined for
every x € X by

W(z) = X\ (=int K(z)) = {y € X [ (¢(2),9) > [yl x},
is closed. Indeed, let {z),} and {y,} be sequences in X such that z,, — x, y, — y and
Yn € W(xy). From y, € W(x,), we have (¢(zy),yn) > —||yn||x and the continuity

of % and | - llx dmply (()y) > —lylx, that s
y € W(z). This shows that W is closed.

Definition 3.23. Besides (A), let C C X be non-empty and a set-valued mapping
G : C = X be given. G is said to be a KKM mapping if for any finite subset
{y1,...,yx} C C, k € N, we have

k
conv{ys, ...y} € | Gly))-
j=1

Theorem 3.24 (Fan-KKM). Besides (A), let C C X be non-empty and G : C = X
a KKM mapping with non-empty and closed values. If there exists a point yy € C
such that G(yp) is a compact subset of X, then it holds

) Gy) #0.

yelC
The next results uses the ideas in [4], [10] and [22].

Theorem 3.25. Besides (A), let F : X = L(X,Y) and ¢ : X — Y U {+ooy} be
given mappings. Assume that the following conditions hold:
(a) int Ko # 0.
(b) The mapping W : X =Y, defined by W(x) := Y \ (—int K(z)) for every
x € X, is closed.
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(c) ¢ is Ko-conver and continuous with conver domain.

(d) F is Ko-monotone, H-hemicontinuous and has non-empty and compact val-
ues.

(e) F is coercive in the sense that there exists an element yo € dom(p) and a
non-empty compact subset By C X such that

{z e X [ (U 90 —2)y +0(y0) — ¢(x) Lint k(@) 0, for every U' € F(yo)}
is a subset of By.

Then, the generalized vector variational inequality (VVI) has a solution, that is,
there exists x € dom(p) and U € F(x) such that

(VVI) Uy — 1)y Lint k() 0(x) —@(y),  for every yeX.
Proof. Let us define a set-valued mapping G : dom(yp) = X for each y € X by
Gly) = {= € dom(p) | (U,y - )y +9(y) — 9(2) Zimt (o) O
for some U € F(z)}.
The main tool of this proof is Theorem 3.24 which will ensure that
(3.6) | G #0.
yedom(e)

It is evident that every element in the intersection is obviously a solution of (VVI).
For this purpose, we further define another set-valued mapping
G’ : dom(p) = X by

G'(y) := {z e dom(p) | (U",y — z)y + ©(y) — ¢() Lint k() O;
for every U’ € F(y)},

for every y € X. Notice that we have in view of the Ky-monotonicity of F that it
holds

(3.7) G(y) C G'(y), for every y e X,

compare Lemma 3.20. Let us show that G is a KKM mapping. Indeed, assume by
contradiction, there are k € N and vy, ..., yr € dom(yp) such that y := Z§:1 ajy; ¢

U§:1 G(y;), where Z?:l a; = 1 and o > 0 for
j = 1,...,k. Notice that §y € dom(y), see (c). Since y ¢ G(y;) for
j=1,...,k, for every U' € F(7) it holds

(3.8) U y; = Gy + oY) — o(7) i) 0, for j=1,...,k

By the Ky-convexity of ¢ and (3.8) it holds for all U’ € F(y)
0=(U"5 -y + @) — @)

K
> K (5) Zaj (U 5 —yi)y + @) — ;)] Zint k() 0,
j=1

which is impossible since 0 ¢ int K (7). Hence, G is a KKM mapping and so is G/,
see relation (3.7). Let us show that for every y € dom(y), the set G'(y) is closed.
Indeed, fix y € dom(p) and let {z,} C G’'(y) be a sequence such that z, — x.
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We are going to show that the limit point z belongs to G'(y). It holds for every
U € F(y)

(3.9) Uy — )y +o(y) — p(an) ¢ —int K(zy).

Using the assumptions (b) and (c), we can pass in (3.9) to the limit such that we
conclude z € G'(y). By (e), there exists yp € dom(p) such that G'(yo) C By, where
By is a compact subset of X. Hence, G'(yo) is compact. From relation (3.7) and
Theorem 3.24, we finally conclude (,cx G(y) € N,cx G'(y) # 0 such that (3.6)
holds. The proof is complete. O

The next corollary states the special case if F is single-valued.

Corollary 3.26. Besides (A), let F': X — L(X,Y) and ¢ : X — Y U {+ocoy} be
given mappings. Assume that the following conditions hold:
(a) int Ky # 0.
(b) The mapping W : X =2 Y, defined by W(x) := Y \ (—int K(z)) for every
x € X, is closed.
(c) ¢ is Ko-conver and continuous with convexr domain.
(d) F is Ko-monotone and hemicontinuous.
(e) F is coercive in the sense that there exists an element yo € dom(F')Ndom(p)
and a non-empty compact subset By C X such that

{z € X | (Fyo,y0 — )y + ¢(y0) — () Zint k(x) 0} € Bo.
Then, there exists x € dom(F') Ndom(y) such that

(Fa,y — )y L k(@) o(@) —@ly),  forevery yeX.
Definition 3.27. Besides (A), let ¢ : X — Y be a given mapping. The directional
derivative of ¢ at € X in the direction h € X is given by

(3.10) 5% (w; h) = lim Pz + tf;) —Y()

provided this limit exists. If di(x;h) exists for every h € X, and if the mapping
Dgy(x) : X — Y defined by
(D z, h)y = Dg(z)h := 0¢(x; h)

is linear and continuous, then we say that ¢ is Gdateauz-differentiable at x, and we
call Dgv x the Gateauz-derivative of ¢ at x. If ¢ is Gdateaux-differen-tiable at every
point x € X, then we say that ¢ is Gateauz-differentiable. Similar, we define the
right- and left-handed Gateauz-derivative of ¢ at x which will be denoted by Dgw T
and D x, respectively.

Example 3.28. Consider the mapping ¢ : R® — R defined by (x) = ||z — al|3
for every x € R", where a € R" is a given element and || - ||2 denotes the Euclidean
norm in R”. To calculate the Gateaux-derivative of ¢, we first notice that for every
t € R and z,h € R™ it holds

Y(x+th)—Y(z)=(x+th—a,z+th—a) — (x —a,z — a)
= 2t(x — a, h) + t*(h, h)
from which we conclude 69 (x; h) = 2(x — a,h) and Dgyp x = 2(x — a,-).
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The following results connect vector variational and vector optimization prob-
lems.

Theorem 3.29. Besides (A), let C C X be a non-empty convexr subset and v :
X — Y be a given mapping.

(a) If in addition 1 is right-handed Gateaux-differentiable with derivative Dgw

and ¥ (z) € WMin(¢[C], K(-)) for some x € C, then x salisfies the vector
variational inequality

(3.11) (D& o,y — )y Linik@) 0, for every ye C.

(b) Conversely, if v € C solves (3.11) and v is K (x)-convez in addition, then
P(x) € WMin(¢[C], K(-)).

Proof. (a). If ¢(z) € WMin(¢[C], K(+)) for some x € C, then we have in particular

(3.12) %W”f +t(y — ) —¢(x)] ¢ —int K(z),

for every ye C, t € (0,1),

where we used the convexity of C. Since Y \ (—int K(x)) is closed and v is
right-handed Gateaux-differentiable, passing in (3.12) to the limit ¢ — 01 yields
(D x,y —z)y ¢ —int K(x) for every y € C.

(b). Conversely, if z € C solves (3.11) and v is K(z)-convex, then we have in
particular %[@Z)(:p +t(y — ) —Y(@)] <intx) V() — Y(x) for every y € C. The
inequality further implies, using again the fact that 1 is right-handed Gateaux-
differentiable, that we have (D¢ z,y — z) + (z) <K(z) Y(y) for every y € C.
Since it holds <D51/1 T,y — ) Ling k() 0 for every y € C, the previous inequalities
imply (2) — ¥ (y) Zint k(z) 0 for every y € C, see Lemma 3.5. This confirms that
Y(x) € WMin(¢[C], K(+)) and the proof is complete. O

Remark 3.30. If the variable domination structure K is constant, i.e. K(z) = K
for every x € X, then Theorem 3.29 recovers [15, Theorem 9.1.1].

4. INVERSE GENERALIZED VECTOR VARIATIONAL INEQUALITIES WITH RESPECT
TO A VARIABLE DOMINATION STRUCTURE

The aim of this section is to describe the so-called conjugate approach for gener-
alized vector variational inequalities w.r.t. a moving domination structure.

4.1. Inverse problems for (VVI) based on vector conjugate. Besides our
assumption (A), let F : X = L(X,Y) and ¢ : X — Y U{+ooy} be given mappings.
Let us recall that the generalized vector variational inequality w.r.t. the moving
domination structure K consists in finding an element = € Dom(F) N dom(¢) such
that for some operator U € F(z) it holds

(VVI) Uy — )y Lint () p(x) = ¢(y),  forevery yeX.

If x € Dom(F) Ndom(yp) and U € F(z) satisfy (VVI), then we briefly say that the
pair (z,U) € Gph(F) solves (VVI). The first inverse vector variational inequality of
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(VVI) w.r.t. the moving domination structure K reads as follows: find an operator
U; € Dom(F~!(—-)) and an element z; € F~(—U;) N dom(y) such that

<V - Ul? _‘T1>Y %}ntK(ml)w*(Ul) - SD*(V%

(IVVIy) .
for every V € L(X,Y) with ¢*(V) # 0.

Notice that F~!(—-) denotes the shifted set-valued mapping = + F 1 (—z). If we re-

place the binary set relation 7\411nt K() by %?nt K() then the second inverse vector vari-

ational inequality becomes: find an operator
Us € Dom(F~1(—-)) and an element x5 € F~1(—Us) N dom(y) such that

(IVVIa) (V = Us,—22)y #ii k(ay) ¢ (U2) —9*(V),  forevery V eL(X,Y).

Again, if U; € Dom(F~1(—)) and z; € F~1(~U;) N dom(yp) satisfy (IVVI;), then
we briefly say that the pair (U;,z;) € Gph(F~1(—-)) solves (IVVL;), i = 1,2.
The next theorem states a direct and converse assertion for (VVI).

Theorem 4.1 (Direct and converse assertion for (VVI)). Besides (A), let F :
X = LX)Y) and ¢ : X — Y U{+ooy} be given mappings. Assume that ¢ is
subdifferentiable w.r.t. the moving domination structure K. Then, the following
statements hold:

(a) If the pair (z,U) € Gph(F) is a solution of (VVI) and we have
K(z) CK(y),  forevery yeX,

then the pair (U1, x1) := (=U, x) € Gph(F~1(—)) solves (IVVIy).
(b) Conwersely, if the pair (Uz, x9) € Gph(F~1(—+)) is a solution of (IVVIy), it
holds Op(x2) # 0 and the sets

A= {({U2y)y —o() [y € X} and B:={{Un,z2)y —o(r2)}

satisfy the weak (A, B)-domination property w.r.t. the cone K(x2), then the
pair (z,U) = (x2, —Uz) € Gph(F) is a solution of (VVI).

Proof. (a). Let the pair (x,U) € Gph(F) be a solution of (VVI), that is, we have
after some rearrangement

(4.1) —(U,z)y — ¢(2) Lint k(@) — (U, )y — oY), for every y € X.
This implies, using the definition of the weak conjugate of ¢, that we have
(4.2) —(U,z)y —p(z) € WMax ({ = (U,y)y —o(y) |y € X}, K() = ¢*(=U).

Suppose to the contrary that the pair (U, 1) := (—U,z) € Gph(F~1(—-)) does not
solve (IVVI;). Hence, there exists an operator Vy € L(X,Y") such that

_<‘/ba LL‘>Y - <U) 33>Y — <‘/0 - Ul) _CC]_>Y
Sine k() ©7(01) = ¢* (Vo) = ¢*(=U) — ¢* (Vo)
which is in view of the definition of the set relation ﬁilnt K(x) equivalent to

(4.3) — Vo, z)yy — (U, 2)y iy k@) v — ¥ (Vo), for every v € ¢*(=U).
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Since (4.3) holds in particular for the element —(U, x)y — ¢(x) € ¢*(—=U), compare
relation (4.2), we have after some rearrangement
SO(-%') - <V0,x>y ﬁllntK(x) _¢*(%)7
or equivalently
(4.4) o(x) — (Vo,x)y 4ilntK(m) —w, for every w € ¢*(Vp).

Now, let wy € ¢*(Vp) be arbitrarily chosen, that is, wy = (Vy, o)y — ¢(x) for some
xo € dom(p). By the definition of the weak conjugate of ¢, we conclude

4.5)  (Vo,y)y —o(y) — Vo, z0)y + ¢(x0) ¢ int K(z0), for every y € X.

Since (4.4) holds in particular for the element wy € ¢*(Vp), we conclude

() = (Vo,2)y <int k(2) P(70) — (Vo, Zo)y,

which implies in particular, using the assumption K (x) C K (xg), that

Vo, x)y — @(x) — (Vo, zo)y + @(x0) € int K (z0).

But the previous inequality leads to a contradiction if we insert the element x in
inequality (4.5). This shows that the pair (—U, x) is a solution of the inverse problem
(IVVI).

(b). Let the pair (U, z2) € Gph(F~1(—-)) be a given solution of the inverse problem
(IVVIy) and put U := —U and x2 := x. We are going to show that (z,U) € Gph(F)
is a solution of (VVI). Inserting —U and x in the inverse problem (IVVIy) yields

—(U,z)y = (V,a)y #iig@ ¢ (-U) —¢"(V),  forevery VeL(X,Y),
that is we have in view of the definition of the set relation %?nt K(x)
(46)  —({Ualy — (V,ay &g 97 (-0) —w,
(4.7) for every w € ¢*(V), Ve L(X,Y).

Let Uy € dp(z) be arbitrarily chosen. Lemma 3.11 implies that we have equivalently
(Ug, z)y — @(x) € p*(Up). Inserting V = Uy and w = (Up, z)y — ¢(x) in inequality
(4.6) yields after some rearrangement

(4.8) —(U,z)y — o(x) i () ¢ (=U).
Using the definition of the set relation %?nt K(x) the previous inequality is equivalent
to

—(U,z)y —p(x) & ¢*(=U) — int K ().

The weak (A, B)-domination property for the sets {—(U,y)y — ¢(y) | y € X} and
{=({U,z)y — ¢(x)} w.r.t. the fixed cone K (x) implies

(4.9) —(U,x)y —p(x) € " (=U),

see Remark 3.15. Now, suppose to the contrary that the pair (z,U) = (22, —Us) €
Gph(F) is not a solution of (VVI). Then there exists an element yo € X such that

<Ua Yo — l’>y SintK(a:) (,0(56) - Qp(yO)a
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which is equivalent to (compare the first part of this proof)

—(U,z)y —¢(x) € 9" (=U).
This obviously contradicts (4.9). The proof is complete. O
Remark 4.2.

(a) Theorem 4.1 is motivated by the incorrect proof in [29]. We further relax
the very restrictive condition —K UK =Y in [29], where K is a fixed cone,
by the weak (A, B)-domination property of the sets A and B. Notice that
the condition in [29] implies that K is a half-space.

(b) The correctness of Theorem 4.1 holds, adapting the previous definitions and

lemmas, if we replace Ly () 7éilnt K() and %?ﬂtK(_) by Lx()\{0} 7\4}((_)\{0}
and 3@((.)\{0}’ respectively.

(c) The assumption K(x) C K(y) for every y € X in part (a) of the previous
theorem, where x € X, can be rewritten as K(zx) = Ky, where Ky :=

nyex K(y).

4.2. Inverse problems for (VVI') based on a conjugate and perturbation
approach. Besides (A), suppose now, that F : X = L(X,Y) is single-valued and
denote this mapping by F. Assume further that F' : X — L(X,Y) is injective.
Then the previous variational inequality reduces to the following problem: find an
element x € dom(F) N dom(yp) such that

(VVI) (Fa,y — 2)y Lintk@) p() —@(y),  forevery yeX.

The first inverse vector variational inequality of (VVI') w.r.t. the moving domina-
tion structure K reads as follows: find an operator U; € dom(F#) such that

(V—-Uy, _F#U1>Y %ilntK(F#Ul) ©*(U1) —¢™(V),

(IVVT))
for every V € L(X,Y) with ¢*(V) # 0.

Here, F7 denotes the adjoint mapping of F, see Section 2. If we replace the binary
set relation %ilnt K() by %?nt K() then the second inverse vector variational inequality

becomes: find an operator U € dom(F#) such that

(IVVL) (V = Uy, _F#U2>Y 7\412111; K(F#Us) " (U2) — p*(V),
? for every V € L(X,Y).

We further have the following result.

Theorem 4.3 (Direct and converse assertion for (VVI')). Besides (A), let F : X —
L(X,Y) be injective and ¢ : X — Y U {+ooy} subdifferentiable w.r.t. the moving
domination structure K. Then, the following statements hold:

(a) If z € dom(F) Ndom(yp) is a solution of (VVI') and we have
K(x) C K(y), for every y € X,

then —Fz € dom(F#) solves (IVVI}).
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(b) Conwersely, if Uy € dom(F7) is a solution of (IVVI}), it holds x € dom(F)N
dom(yp), dp(z) # 0 and the sets

A= {(—Fx,y>y—<,0(y) |y € X} and B := { — <Fx,:p>y—g0(:z)}

satisfy the weak (A, B)-domination property w.r.t. the cone K(x), where
x 1= F7Uy, then x solves (VVT').

Proof. The proof follows from Theorem 4.1. For (a) notice that F#U; = F~'Fzr =z
if we let U; = —Fz. Conversely, notice for (b) that z = F#U, = F~1(—Us) implies
Uy=—Fuz. O

Remark 4.4.

(a) The correctness of Theorem 4.3 holds, adapting the previous definitions and
lemmas, if we replace iy k(. %ilnt K() and ;{?ntK(.) by L x()\{0} %}((-)\{0}
and 7{%((_)\{0}, respectively.

(b) If we let Y := R and K(z) := Rxq for every € X, then (VVI') becomes

the following (scalar) variational inequality: find 2 € dom(F)Ndom(y) such
that

(Fz,y —z) 2 o(z) —¢(y),  forevery yeX,

where (-,-) denotes the duality pairing between X* and X. Further, both
the inverse problems (IVVI)) and (IVVI}) coincide to the (scalar) inverse
problem: find a functional v* € dom(F*) such that

(0* —u*, F7Pu*) > o (u*) — p*(v*), for every v* € X™.

Here, ¢* denotes the well-known Fenchel conjugate of ¢ : X — R U {+o0},
see [2]. By this special choice of the data, the previous theorem recovers
the results for scalar variational inequalities in [15, Theorem 9.3.1], [24,
Theorem 1].

Let the assumption (A) be fulfilled, let F': X — L(X,Y") be an injective mapping
and ¢ : X — Y U {+ooy}. We define a perturbation mapping ¥ : X x X x X —
Y U {+ooy} such that

U(z,y,0) = (Fz,y)y + ¢(y), for every z,y € X.

In this way one can embed the problem (VVI') into a family of so-called perturbed
vector optimization problems (VVI,) which are to find 2 € dom(F) N dom(y) such
that

(VVI/Z) \I’(x,x,z) zintK(a:) \I’(.’L',y,Z), for every y € X,

for fixed z € X. Obviously, if we let z = 0, then (VVIy) is equivalent to the primal
problem (VVT') since (VVIy) then reads: find z € dom(F') N dom(yp) such that

(Fa,x)y +¢(2) Zint k(@) (F2,9)y +¢(y),  forevery yeX.

To formulate the inverse problem for (VVT,), we need the following definition.
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Definition 4.5. Let (A) hold. The weak conjugate of the perturbation mapping ¥
w.r.t. the moving domination structure K is the set-valued mapping U* : L(X,Y) x
L(X,Y)x L(X,Y) =Y, where we have (U,z)y + (V,y)y + (W, 2)y — ¥(z,y,2) €
U*(U,V,W) for some 2°,7°, 2° € dom(p) and U, V,W € L(X,Y) if and only if for
every x,y,z € X it holds that

(U, 2%y + (Voy')y + (W, 2%y — W(a®,y°,2")
gintK(mO) <U,l'>y + <VY7 y>Y + (VV, Z>Y - \Il(xaya Z)
Notice that the cone K (2°) depends on the element z° only.

Using this notation, we can state the following inverse vector optimization prob-
lem for (VVI,): find an operator Wy € dom(F#) such that

(4.10)  —U*(0,0, Wy) N WMax U —u 0.0w), KF*Wy) | #0.
WeL(X,Y)

Obviously, Wy € L(X,Y) is a solution of (4.10) if there are 2, 3°, 2 € dom() and
W € L(X,Y) such that for every z,y,z € X it holds that

(4.11) (Wo, ZO>Y - \I/(ZL’O, yO’ ZO) Lint K(F#Wy) (W, 2)y —¥(z,y,2).

Theorem 4.6 (Weak relationship between (VVI,) and (4.10)). Besides (A), let
F: X — L(X,Y) be injective and ¢ : X — Y U{+ooy}. Then, there exists T € X
such that

T*(0,0,W) 4L, k@) —Y(@,2,0), for every x € dom(p), W € L(X,Y).

Proof. Let x € X and W € L(X,Y) be arbitrarily chosen. Let (W, z)y —VU(Z,y, Z) €
U*(0,0, W) for some Z, 7,z € X. By the definition of the weak conjugate of ¥, we
have for every 2/,y/,2' € X

,2)Y — z,Y,% int K(Z) 2 )Y — r,y,z)-
(W, 2)y — ¥( ) & (W.2)y =¥y, 2")
Inserting 2’ = x, ¥’ = x and 2’ = 0 finishes the proof. O

Theorem 4.7 (Strong relationship between (VVI') and (4.10)). Besides (A), let
F: X — L(X,Y) be injective and ¢ : X — Y U {400y }. Assume we have

(4.12) —¥(x,z,0) € ¥*(0,0,—Fx)

for some x € dom(yp). Then, x is a solution of (VVI') and —Fx € L(X,Y) is a
solution of (4.10).

Proof. By (4.12), using the definition of ¥*(0,0, —Fz), we have
—\IJ(JJ,:E,O) gintK(z) _<F$7 Z/>Y - \I](Ilaylv Z/)’ for every .’E/, y/a 7 eX.

Inserting 2’ = 2 and 2’ = 0 yields —¥(x,x,0) Lint x(z) —¥(,y',0) for every y' € X
and consequently x solves (VVI'). Now, let us put Wy = —Fz. By this, we have
F#Wy = F~'Fz = 2 and inserting this element in (4.12) yields

_\IJ(F#WO’F#WO’O) ﬁintK(F#Wo) <W072/>Y - \Ij(x/’ylvz/)
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for every a/,y', 2" € X. Carefully taking into account (4.11), where we put = =
F#*Wy, y =z, z = 0 and W = W, we have that Wy = —Fx solves (4.10). The
proof is complete. O

Remark 4.8. The previous results did not use any properties for the moving dom-
ination structure K.

5. APPLICATIONS

The purpose of this section is to apply the inverse results of Section 4 to two
vector approximation problems.

5.1. Application to a vector control approximation problem with respect
to a variable domination structure. In this section, we focus on an application
of the previous results for (VVI'). For this purpose, we consider a vector control
approximation problem w.r.t. a moving domination structure K. One of the ba-
sic tools will be Theorem 3.29 which allows us to consider a variational problem
instead, such that we can apply the previous results and derive new existence state-
ments for finite-dimensional vector control approximation problems w.r.t. a moving
domination structure.

To be precise, let X and Y be Euclidean spaces, that is, X := R” and Y := R™,
where n, m € N. We study the problem of determining elements of the set of weakly
minimal elements w.r.t. the moving domination structure K, that is, we want to
compute elements of the set

(5.1) WMin(4[R"], K(-)),

where the objective vector mapping ¢ : R™ — R™ is given by

1
sllz — a3
P(x) = ; , for every x € R".

sz —a™3
Here, al,...,a™ are m given different points in R” and || - ||z denotes the Euclidean
norm in R™. The scalar product in R will be denoted by (-, -). The moving domina-
tion structure is given by the set-valued mapping
K : R™ = R™ which is for every x € R" defined by

RY, for z1 > 0,

(5.2) K(z):=

m
{yERm | Zyﬁ > 0 and y; 20forjz2,...,m} else.

j=1
In order to generate a reduced solution set of (5.1) corresponding to the preferences
of the decision maker, one can chose larger (in the sense of inclusion) ordering cones
for elements in certain regions of R™. It obviously holds that for every z € R”,
K(x) is a proper, closed, convex and pointed cone in R™ with non-empty interior.
Let us further define the set

A%y ={z e R" | 2; > 0}.

Since v is RY-convex, see Remark 3.13, and the Gateaux-derivative of the real-
valued component function x — ;(z) := ||z — a'||3 = (z — @', 2 — a’) at 2 € R"
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.

(a) int K(z) for z1 >0 (b) int K (x) for z1 <0

Ficure 6. Illustration of the moving domination structure K for
m =2

is given by Dgwi r = (z —a',-) for every i = 1,...,m, Theorem 3.29 implies that
every solution z € R"™ of (5.1), which belongs to N;o’ fulfills the following vector
variational inequality and vice versa:

(z—al,y—2)
(5.3) (D x,y—a)pm = : Lint K(z) 0,  for every y e R"
(z—a™y—ux)
For further use, let define the set
convsq = conv{al,... a™} N A%,
where conv denotes the convex hull.

Lemma 5.1. Every element in convsq solves (5.1) and (5.3), respectively.

Proof. Let x € convsg be arbitrarily chosen, that is, x = Y ", \ia®, where \; > 0

for i =1,...,mand > ", \; = 1. Suppose to the contrary that = does not solve
(5.3), that is, there is yp € R™ such that
(5.4) (D& 2,40 — x)rm € —int K (z)

Since K(z) = RY, inequality (5.4) further implies (z — al,yo — x) < 0 for i =
1,...,m. Multiplying every inequality with A; > 0 and adding them yields to

m
0=Z>\i<$,y0—$> (a',yo — ) Z)\ z—a',y—z) <0,
using the fact that Y ;" A; = 1. The previous inequality is obviously a contradic-

tion. The proof is complete. O

Next, we are going to construct the inverse problem for (5.1) and (5.3), re-
spectively. Using the identification L(R™,R™) = Mat,,«,(R), we define mappings
F :R"™ — Mat;,,xn(R) and ¢ : R" — R™ by

Fr:=(z,...,z)" and o(x) = Az, for every z € R",
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(12

FIGURE 7. conv{al,...,a®} (dotted) and convsq (gray) for n = 2
and m = 6

where A := —(a',...,a™)" € Mat,,«n(R). Notice that dom(F) = dom(p) = R".
Using this notation, the variational problem (5.3) becomes: find an element x € R"
such that

<F.’L‘, U :U> gintK(:c) (p(:E) - (p(y)v for every y € R™.

In the following, we use the notation B = (b) instead of B = (b,...,b)" for a matrix
B € Mat,x»n(R) generated by b € R™. Since F is linear and injective, the adjoint
mapping F7 : Mat,,xn(R) — R” becomes F#*B = F~'(-B) = —F~'B = —b for
every matrix B = (b) € Mat,xn(R).

Using all the previous notations, the first inverse vector variational inequality for
(5.1), respectively (5.3) is: find a matrix —(u)) € Mat,, x,(R) such that

(V o+ () (=) iy gy " (= () =" (V),
for every 'V € Mat,,xn(R) with ¢* (V) # 0.

The second inverse vector variational inequality is to find a matrix
—(w) € Mat,xn(R) such that

(V + () (=) A2, xey €5 (=) — " (V),
for every V€ Mat,xn(R).

(5.5)

(5.6)
Recall that the matrices —(u) and —(w) correspond to U; and Us, respectively,
compare Theorem 4.3.
Lemma 5.2. Let a € convsg and define

A:={—(Fa,y)em —¢(y) |y €R"} and B:={—(Fa,a)rm —p(a)}.
Then, the sets A and B satisfy the weak (A, B)-domination property w.r.t. to RY,.

Proof. One can show that it holds —(Fa,a)rm — p(a) € WMax(A,RZ) similar to
the proof of Lemma 5.1. Consequently, the weak (A, B)-domination property of A
and B follows and the proof is complete. O

Theorem 5.3. Using our previous observations and notations, we have:
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(a) Every matriz —(z) € Maty,xn(R), where © € convsg, is a solution of the
first inverse problem (5.5).

(b) Conversely, if a € convsg\{a',...,a™} and ¢*(—(a))) = 0, then the element
a is a solution of (5.1) and (5.3), respectively.

Proof. The statements (a) and (b) follow from Theorem 4.3 and the previous obser-
vations. Recall that the mapping F' : R™ — Mat,,x,(R) is injective and ¢ : R™ —
R™ is subdifferentiable w.r.t. the moving domination structure given by (5.2). For
the subdifferentiability of ¢ notice that for every x € R”, it holds A € dp(x), where
A= —(a',...,a™) T, see Example 3.10.

(a) Let « € convsg be arbitrarily chosen. In particular, we have x; > 0 such that
from the definition of K we conclude K (x) C K(y) for every y € R™. Since z solves
(5.1) and (5.3), respectively, compare Lemma 5.1, Theorem 4.3 (a) states that the
matrix —Fz = —(z) solves the first inverse problem (5.5). This shows the first part
of this theorem.

(b) Let a € convsg\{a',...,a™} such that ¢*(—(a)) = 0. We are going to show
that the matrix —(a) € dom(F7#) is a solution of the second inverse vector varia-
tional inequality (5.6). Using the convention for the Minkowski difference of empty
sets, we conclude ¢*(—(a)) — ¢*(V) = 0 — ¢*(V) = 0 for every V € Mat,,xn(R).
Since it holds (V + (a))(—a) #2, K(a) () for every V' € Mat,, xn(R), see Section 2, the
matrix —(a) € dom(EF7#) solves (5.6). Finally, it holds F#(—(a)) = F~!(a) = a and
the sets A and B satisfy the weak (A, B)-domination property w.r.t. K(a) =RY,,
see Lemma 5.2. Applying Theorem 4.3 and 3.29, we see that a solves (5.1) and
(5.3). The proof is complete. O

Remark 5.4. The weak conjugate of the negative vertex matrix
—(a’) € Mat,,xn(R) is non-empty for i = 1,...,m. Indeed fix i € {1,...,m}
and let z € A7 be arbitrarily chosen. Then, the inequality —(a’)z — () Zint K(z)
—(a’)y — p(y) for every y € R™ holds since it is equivalent to

(@' —aly —z)
: ¢ RYT,, for every y e R".
(a® —a™, y —x)
Notice that the ith component of the left hand side is zero.

5.2. Application to a beam intensity optimization problem in radiother-
apy treatment. As a second application of our results, we present a vector op-
timization problem which arises in radio therapy treatment, see [8] and [21]. The
intensity modulated radiotherapy treatment (IMRT) is currently used to treat can-
cer in prostate, head and neck, breast and many others, see [11], [12] and [21]. The
main idea of IMRT is to apply to the patient a suitable radiation dose, that is, the
intensity of rays going through sensitive critical structures is reduced while the dose
in the infected structures is increased.

In [21], this problem is considered as a vector optimization problem with respect
to a variable domination structure, which describes the dose of the beam intensity.
To this aim, a threshold vector 8 € R" is given, where #; := 0 and every component
0;, i = 2,...,n is defined as the dose of radiation, below which the organism 1
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FIGURE 8. Schematic axial body cut: lunge cancer (gray) and crit-
ical organs spinal cord and heart (dashed)

does not suffer from any effect. In the following, we assume that the dose delivered
to the tumor organ is given by Arz, where Ay € Maty,x,(R) is the regular dose
deposition matrix and « € R" is the beam intensity. The dose delivered to the n —1
critical organs C1,...,Cp_1 is given by Ac,x, ..., Ac, ,x, where Ac, € Mat,, xn(R)
are given regular matrices for ¢ = 1,...,n — 1. Notice that in [17] the author
claims that the Moore—Penrose generalized inverse of the involved matrices exist.
The composite matrix A := (Ar, Ac,,...,Ac,_ ;)" € Mat,2,,, is called the dose
deposition matrix and we have the following relationship

d= Ax,

where d € R™ is a dose vector. Since different tissues tolerate different amounts of
radiation, the radiation oncologist needs to determine a target dose a'™ € R" for
the tumor, lower and upper bounds to tumor voxels a, @ € R™ and upper bounds on
the dose to normal voxels which are divided into 3; € R” for i = 1,...,n — 1. The
variable domination structure of this problem is constructed by using the following
[21] practical perspective: the dose delivered to a critical organ i should be reduced
when it exceeds the threshold 6;. If not, one can increase this dose in favor of
an improvement in the value of another critical organ. To precisely describe the
variable domination structure K : R" = R"”, let the threshold vector # € R™ be
given and put I~ (z) := {i € {1,...,n} | z; > 6;} for every x € R". The variable
domination structure is for every x € R™ defined by

(5.7) K(z)={yeR"|y; >0forieI”(z)}

The next lemma states important properties of the domination structure given
by (5.7), see [21].
Lemma 5.5. Consider the variable domination structure K : R™ = R" determined
by (5.7). Then we have:

(a) For every x € R", K(x) is a closed and convezr cone in R"™ with non-empty
interior which satisfies R%y C K(x).

(b) The cone K(x) is pointed if and only if x; > 0; for everyi=1...,n.

In order to describe the vector optimization problem, we need the convex set of
bound conditions for beam intensity given by

Ci={z € R"| 0 <py,\{0} 2, @ <kg,\{o} ATT <Ry \{0} @
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and Ac; <gr \{0} B;fori=1,...,n—1}.

By using the variable domination structure given by (5.7), the problem of finding
beam intensity in radiotherapy treatment can now get formulated as the vector
optimization problem

(5.8) WMin(¢[C], K(-)),
where the objective vector mapping ¢ : R™ — R” is given by

Y Ara — a3

A 2
4
P(x) = 2| - I2 , for every z € R".
Recall that || - ||2 denotes the Euclidean norm in R™. Here, the first component of

¥, that is 1||A7 - —a' |3, can be interpreted as the deviation from the prescribed
dose to the dose delivered to tumor, while 1||A¢, - ||3 is the average dose delivered
to the critical organ i € {2,...,n}. In the following, we are going to rewrite (5.8)
as a vector variational inequality with respect to the domination structure given by
(5.7), such that we can apply the inverse assertions of Section 4. Calculating the
(right-hand sided) Gateaux-derivative of ¢ and using Theorem 3.29, we have: if
1 (z) solves (5.8) where x € C' and K (x) = RZ,, then x is a solution of the following
vector variational inequality, and vice versa: find an element x € C such that
(Arz — a®™ Ap(y — 7))

<AC'1‘T7 ACl (y - .T))

<Dg¢ T,y — x>]R" = ﬁint K(z) 0,

(5.9) :
(Ac,_ 1z, Ac, ,(y — z))
for every y € C.

Now, we use the indicator mapping x¢ : R” — R" U {4oogrn } defined by C, that is,
Xc(z) :=0 for x € C and y¢(x) := +oorn else. Hence, we can rewrite (5.9) in the
following way: find an element x € R™ such that

(5.10) (D&, y — w)rn ing k(@) Xo(2) — xo(y),  for every yeR"

Notice that Dg : R™ — Mat,x,(R) is injective and x¢ is subdifferentiable with
respect to the variable domination structure given by (5.7). In order to derive

inverse assertions for (5.10), we let Dé%l/} := (D}4)# and introduce the two following
inverse problems: find a matrix U; € dom(Dﬁw) such that

(5.11) (V = U1 =DEC Uy &, oty XU = xe(V),
for every V' € Maty,x,(R) with ¢*(V) # 0.

Replacing the binary set relation 7\41111,5 K() by ;é?nt K()? the second inverse vector

variational inequality is to find a matrix U, € dom(Dﬁd;) such that
# 2 * *
for every V € Mat,,x,(R).

(5.12)
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Recall that x¢, denotes the weak conjugate of x¢, see Definition 3.9. Let us put
Cl=Cn{zeR"|z; >0 fori=1,...,n}.

Theorem 5.6. Using our previous observations and notations, we have:
(a) If x € C% is a solution of (5.10), then the matriv —Djyx €
dOHl(DG#TZJ) is a solution of the first inverse problem (5.11).
(b) Conversely, if Uy € dom(DZCLw) is a solution of (5.12), it holds
x € CY and the sets

A= {(-Dfya,y)y—xcy) |y € X}
and B := { - (DEQZ) T, x)y — XC(CU)}

satisfy the weak (A, B)-domination property w.r.t. K(x), where x := D"éw Us,
then —D§¢ Us € dom(D}) is a solution of (5.8) and (5.10), respectively.

Proof. The proof follows from the Theorems 3.29 and 4.3. U

6. COMPARISON OF DUAL AND INVERSE ASSERTIONS FOR VECTOR OPTIMIZATION
PROBLEMS WITH RESPECT TO A FIXED DOMINATION STRUCTURE

Having a vector (minimum) optimization problem with fixed domination struc-

ture one can attach to it a conjugate dual (maximum) problem by using the so-called
perturbation or conjugate approach. The main task then is to investigate existence
of weak, strong and, sometimes, converse duality to connect both problems. The
main reason to look for duality assertions is that one can conclude from the exis-
tence of solutions of the primal problem that the dual problem has a solution, and
vice versa, or to get a lower bound for the solutions.
In the following, we will present the dual conjugate approach [2] for a vector opti-
mization problem with respect to a fixed domination structure. To be precise, let
X,Y and Z be real Banach spaces, let K C Y be a convex cone with non-empty
interior and v : X — Y a given mapping. The space Z can be interpreted as
a parameter space. The main objective is to calculate the set of weakly minimal
elements (primal problem)

(P) WMin(y[X], K).

Let U : X xZ — Y be aso-called perturbation mapping such that ¥(x,0) = 1 (z) for
every x € X. A widely used perturbation mapping in the framework of (constrained)
vector optimization problems is W(z,z) := ¢(z + 2) for z € X and z € Z, see [2].
Further, define a set-valued mapping ® : Z = Y by ®(z) := WMin(¥[X, 2], K),
where V[X, z] := {¥U(z,2) € Y | z € X}, for every z € Z. Clearly, it holds

®(0) = WMin(¢[X], K). In order to derive duality results for (P), one considers
the following equivalent vector optimization problem instead:

(P) WMin(¥[X, 0], K).

To introduce the dual problem for (P), we need the definition of the weak conjugate
of : X x Z =Y, which is the set-valued mapping U* : L(X,Y) x L(Z,Y) =2 YV
defined by U*(U, V) := WMin({(U, z)y + (V, 2)y — ¥(z,2) |z € X and z € Z}, K)
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for U € L(X,Y) and V € L(Z,Y). Then, the conjugate dual problem is to find an
operator V°? € L(Z,Y) such that

U0,V NnWMax [ [ —T*0,V),K | #0,
VeL(Z,Y)
which will be formally written as

(D) WMax(—¥*[0,L(Z,Y)], K).

As we have seen in Theorem 3.29, the primal problem (P) is closely related to the
following vector variational inequality with respect to a fixed domination structure
provided the mapping ¢ : X — Y is right-handed Géateaux-differentiable and K-
convex: find an element x € X such that

(P) (DEp 2,y — 1)y ¢ —int K, for every y e X.

Recall that Dgw is a mapping from X to L(X,Y). In the following, to simplify
the notation, we will put Dﬁzﬁ = (Dgw)# and ¢ := 0 denotes the zero-mapping
from X to Y. In order to apply the results of the previous sections, we assume
that Dgw : X — L(X,Y) is injective. Recall, that given an operator V € L(X,Y),
the weak conjugate of ¢ is the set-valued mapping ¢* : L(X,Y) = Y, defined by
©* (V) := WMax({(V,z)y — ¢(z) | z € X}, K) for every V € L(X,Y). The first
associated inverse problem to (P’) is to find an operator Uy € dom(DéE ) such that
(V= U1, —DEU)y #4,  (U1) = &"(V),

1

D/
(Dy) for every V € L(X,Y) with o*(V) # 0.

The second inverse problem is to find an operator Us € dom(Dﬁ ) such that

(Dy) (V= U, —D§U2>y %?ntf( 0" (U2) — " (V), for every V € L(X,Y).

In the following, we are going to present well-known duality results for (P), see [2]
and [3]. Exploiting the equivalence of (P) and (P’), we will apply Theorem 4.1 to
find new dual/inverse results for (P) and (P’). The following Theorem can be found
in [3] and [26] for the finite-dimensional case.

Theorem 6.1 (Weak duality between (P) and (D)). The problems (P) and (D) are
weakly dual, that is,

(z,0) ¢ —0*(0,V) - K, forevery x€ X, VelL(ZY).

In order to derive strong (direct and converse) duality results for (P), the following
so-called domination property [28] (stability property [3]) has been used: It holds
Y[X] € WMin(¢[X],K) + K. This property is further crucial to derive duality
results for (P) using a Lagrangian mapping, see [16]. The following theorem can be
found in [3] and [26] for the finite-dimensional case.

Theorem 6.2 (Strong direct and converse duality between (P) and (D)). Assume
for every z € Z it holds

U[X, 2] € WMin(¥[X, 2], K) + K.

Then we have:
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(a) The set-valued mapping © : Z =Y, defined before, is subdifferentiable at 0
if and only if, for each solution ¥ (x) € Y of (P), where x € X, there erists
a solution V° € L(Z,Y) of (D) such that

(6.1) T(x,0) € —T*(0,VY).

(b) Conversely, if v € X and V° € L(Z,Y) satisfy (6.1), then ¥(x,0) = ()
is a solution of (P) and V° is a solution of (D).

Similar to the well-known strong direct and converse duality result in Theorem
6.2, one can observe that one needs a modified weak domination property, see Def-
inition 3.14, to derive direct and converse assertions for (P) and (P’), respectively.
Using the previous notations, we have the following new result, see Theorem 3.29
and Theorem 4.3.

Theorem 6.3 (Strong direct and converse assertion for (P), (D)) and (D5)).

(a) Assume (x) is a solution of (P), for some x € X. Then, the operator
— Dbz € dom(D) solves (D).
(b) Conversely, if Us € dom(Dﬁ) solves (D) and it holds

—(Dfpx,x)y € WMax({—(Dfva,y)y |y € X}, K) - K,
where x := DgUz, then ¥(z) solves (P).

7. CONCLUSION

We have seen that vector variational inequalities with respect to variable dom-
ination structures can be used to solve approximation problems. These problems
are of big interest in different fields of applications. In order to give necessary and
sufficient existence results for the main and inverse problems, one needs to solve
set-valued vector variational inequalities. In a future work, it would be important
to prove existence results for the dual problems and to introduce a (non-linear)
scalarization technique which allows to tackle the problems in a different way. Fi-
nally, from a practical perspective it would be useful to consider inverse problems
for the vector variational inequality only using functionals instead of operators.
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