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Denote by A the set of all self-mappings A : K → K such that

(1.1) f(Ax) ≤ f(x) for all x ∈ K.

A nonempty set E ⊂ A is called normal if given ϵ > 0, there exists δ(ϵ) > 0 such
that for each x ∈ K satisfying

f(x) ≥ inf(f) + ϵ

and each A ∈ E the inequality

f(Ax) ≤ f(x)− δ(ϵ)

holds.
Denote by Card(C) the cardinality of a set C. Our first result is proved in Section

2 while the second result is established in Section 3.

2. The first result

Theorem 2.1. Let {At}∞t=1 ⊂ A, {Atk}∞k=1 be its subsequence such that the set
{Atk : k = 1, 2, . . . } is normal and ϵ > 0. Then there exist a natural number N
and δ > 0 such that for each sequence {xt}Nt=0 ⊂ K satisfying

d(Atxt−1, xt) ≤ δ, t = 1, . . . , N

the inequality
f(xN ) ≤ inf(f) + ϵ

holds.

Proof. We may assume without loss of generality that t1 > 2 and ϵ < 1. There
exists δ0 ∈ (0, ϵ/4) such that the following property holds:

(a) for each x ∈ K satisfying inf(f)+ ϵ/4 ≤ f(x) and each integer k ≥ 1, we have

f(x)− f(Atkx) ≥ 4δ0.

Choose a natural number k0 ≥ 4 such that

(2.1) k0 > δ−1
0 (sup(f)− inf(f))

and set

(2.2) N = tk0 .

There exists δ ∈ (0, δ0) such that for each y1, y2 ∈ K satisfying

d(y1, y2) ≤ δ

we have

(2.3) |f(y1)− f(y2)| ≤ δ0/N.

Assume that {xt}Nt=0 ⊂ K satisfies

(2.4) d(Atxt−1, xt) ≤ δ, t = 1, . . . , N.

We claim that
f(xN ) ≤ inf(f) + ϵ.

First we show that there exists t ∈ {0, . . . , N} such that

f(xt) ≤ inf(f) + ϵ/4.
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Assume the contrary. Then

(2.5) f(xt) > inf(f) + ϵ/4, t = 0, . . . , N.

Property (a), (1.1) and (2.2)-(2.5) imply that

sup(f)− inf(f) ≥ f(x0)− f(xN ) =

N∑
t=1

(f(xt−1)− f(xt))

=

N∑
t=1

(f(xt−1)− f(Atxt−1) + f(Atxt−1)− f(xt))

=
N∑
t=1

(f(xt−1)− f(Atxt−1))

+

N∑
t=1

(f(Atxt−1)− f(xt))

≥
N∑
t=1

(f(xt−1)− f(Atxt−1))−Nδ0/N

≥
k0∑
k=1

(f(xtk−1)− f(Atkxtk−1))− δ0

≥ 4k0δ0 − δ0 ≥ k0δ0

and

k0 ≤ δ−1
0 (sup(f)− inf(f)).

This contradicts (2.1). The contradiction we have reached proves that there exists

j0 ∈ {0, . . . , N}

such that

(2.6) f(xj0) ≤ inf(f) + ϵ.

We may assume without loss of generality that j0 < N . It follows from (1.1), (2.3)
and (2.4) that

f(xj0)− f(xN ) =

N∑
t=j0+1

(f(xt−1)− f(xt))

=
N∑

t=j0+1

(f(xt−1)− f(Atxt−1) + f(Atxt−1)− f(xt))

=

N∑
t=j0+1

(f(xt−1)− f(Atxt−1))

+

N∑
t=j0+1

(f(Atxt−1)− f(xt))
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≥
N∑

t=j0+1

(f(Atxt−1)− f(xt))

≥ N(−δ0/N) ≥ −δ0.

By the relation above and (2.6),

f(xN ) ≤ f(xj0) + δ0 ≤ inf(f) + ϵ/4 + ϵ/4.

Theorem 2.1 is proved. �
Theorem 2.1 extends a result of [6] obtained in the case when the whole sequence

{At}∞t=1 is normal and K is a bounded, closed and convex set in a Banach space.
If the minimization problem

f(x) → min

x ∈ K

is well-posed [16], then our result implies the convergence of infinite products
An · · ·A1x as n → ∞ for all x ∈ K to the unique point of minimum of f . Note that
infinite products of operators find application in many areas of mathematics. See,
for example, [1, 2, 3, 4, 5, 7, 10, 15].

3. The second result

Theorem 3.1. Let {At}∞t=1 ⊂ A, {Atk}∞k=1 be its subsequence such that the set
{Atk : k = 1, 2, . . . } is normal and ϵ ∈ (0, 1). Assume that N0 is a natural number
such that for each integer k ≥ 1,

(3.1) tk+1 − tk ≤ N0.

Then there exist a natural number N and δ > 0 such that for each sequence
{xt}∞t=0 ⊂ K satisfying

d(Atxt−1, xt) ≤ δ, t = 1, 2, . . .

the inequality
f(xN ) ≤ inf(f) + ϵ

holds for all integers t ≥ N .

Proof. There exists δ0 ∈ (0, ϵ/4) such that the following property holds:
(a) for each x ∈ K satisfying inf(f)+ ϵ/4 ≤ f(x) and each integer k ≥ 1, we have

f(x)− f(Atkx) ≥ 4δ0.

Choose a natural number k0 ≥ 4 such that

(3.2) k0 > δ−1
0 (sup(f)− inf(f))

and set

(3.3) N = N0k0.

There exists δ ∈ (0, δ0) such that for each y1, y2 ∈ K satisfying

d(y1, y2) ≤ δ

we have

(3.4) |f(y1)− f(y2)| ≤ δ0/(8N).
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Assume that {xt}∞t=0 ⊂ K satisfies

(3.5) d(Atxt−1, xt) ≤ δ, t = 1, 2, . . . .

We claim that

(3.6) f(xt) ≤ inf(f) + ϵ for all integers t ≥ N.

Let p ≥ 0 be an integer. First we show that there exists t ∈ {pN, . . . , (p + 1)N}
such that

f(xt) ≤ inf(f) + ϵ/4.

Assume the contrary. Then

(3.7) f(xt) > inf(f) + ϵ/4, t = pN, . . . , (p+ 1)N.

Property (a), (1.1), (3.3)-(3.5) and (3.7) imply that

sup(f)− inf(f) ≥ f(xpN )− f(x(p+1)N )

=

(p+1)N∑
t=pN+1

(f(xt−1)− f(xt))

=

(p+1)N∑
t=pN+1

(f(xt−1)− f(Atxt−1)) +

(p+1)N∑
t=pN+1

(f(Atxt−1)− f(xt))

≥
(p+1)N∑
t=pN+1

(f(xt−1)− f(Atxt−1))−N(−δ0/(8N))

≥
(p+1)N∑
t=pN+1

(f(xt−1)− f(Atxt−1))− δ0/8

≥ 4δ0Card({t ∈ {pN + 1, . . . , (p+ 1)N}} ∩ {tk : k = 1, 2, . . . })− δ0

≥ 4δ0k0 − δ0 ≥ k0δ0

and

k0 ≤ δ−1
0 (sup(f)− inf(f)).

This contradicts (3.2). The contradiction we have reached proves that there exists

j ∈ {pN, . . . , (p+ 1)N}

such that

(3.8) f(xj) ≤ inf(f) + ϵ/4.

We claim that

f(x(p+1)N ) ≤ inf(f) + ϵ/2.

We may assume that j < (p+ 1)N . It follows from (1.1), (3.4) and (3.5) that

f(xj)− f(x(p+1)N ) =

(p+1)N∑
t=j+1

(f(xt−1)− f(xt))
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=

(p+1)N∑
t=j+1

(f(xt−1)− f(Atxt−1) + f(Atxt−1)− f(xt))

=

(p+1)N∑
t=j+1

(f(xt−1)− f(Atxt−1))

+

(p+1)N∑
t=j+1

(f(Atxt−1)− f(xt))

≥
(p+1)N∑
t=j+1

(f(Atxt−1)− f(xt))

≥ N(−δ0/(8N)) ≥ −δ0/8.

By the relation above and (3.8),

f(x(p+1)N ) ≤ f(xj) + δ0/8 ≤ inf(f) + ϵ/4 + ϵ/4.

Therefore

(3.9) f(xpN ) ≤ inf(f) + ϵ/2 for all natural numbers p.

Let p ≥ 1 be an integer and

t ∈ {pN + 1, . . . , (p+ 1)N − 1}.

In view of (1.1), (3.4) and (3.5),

f(xt)− f(xpN ) =
t∑

i=pN+1

(f(xi)− f(xt−1))

=

t∑
i=pN+1

(f(xi)− f(Aixi−1)) +

t∑
i=pN+1

(f(Aixi−1)− f(xi−1))

≤
t∑

i=pN+1

(f(xi)− f(Aixi−1))

≤ N(δ0/(8N)) ≤ δ0/8.

By the relation above and (3.9),

f(xt) ≤ f(xpN ) + δ0/8 ≤ inf(f) + ϵ/2 + δ0 ≤ inf(f) + ϵ.

Thus (3.6) holds and Theorem 3.1 is proved.
Theorem 3.1 generalizes a result of [6] obtained in the case when the whole

sequence {At}∞t=1 is normal and K is a bounded, closed and convex set in a Banach
space.

�
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