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A DC REGULARIZATION OF SPLIT MINIMIZATION
PROBLEMS

ABDELLATIF MOUDAFI AND HONG-KUN XU

ABSTRACT. Numerous problems in signal processing and imaging, statistical
learning and data mining, or computer vision can be formulated as optimization
problems which consist in minimizing a sum of convex functions, not necessarily
differentiable, possibly composed with linear operators and that in turn can be
transformed to split minimization problems (SMP), see for example [5]. Each
function is typically either a data fidelity term or a regularization term enforcing
some properties on the solution, see for example [8] and references therein. In
the spirit of the idea developed for Split Feasibility Problems (SFP) in [1] and
[26], we introduced a non convex regularization for split minimization problems,
proposed three algorithms and proved their convergence properties. The first
algorithm is based on the DCA introduced by Pham Dinh Tao, the second one
is nothing else than the celebrate forward-backward algorithm. An algorithm
based on Mine-Fukushima method is also stated. It is worth mentioning that
as special case, we recovered the SFP which model a number of applied prob-
lems arising from signal/image processing and specially optimization problems
for intensity-modulated radiation therapy (IMRT) treatment planning, see for
example [4].

1. INTRODUCTION AND PRELIMINARIES

Recent developments in science and technology have caused a revolution in data
processing, as large datasets are becoming increasingly available and important. To
meet the need in big data area, the field of compressive sensing (CS) [11] is rapidly
blooming. The process of CS consists of encoding and decoding. The process of
encoding involves taking a set of (linear) measurements, b = Az, where A is a
matrix of size m x n. If m < n, we say the signal x € IR" can be compressed. The
process of decoding is to recover x from b with an additional assumption that z is
sparse. It can be expressed as an optimization problem,

(1.1) min ||z||p subject to Az = b,

with || - ||o being the lp norm, which counts the number of nonzero entries of z; that
is

(1.2) lzllo = Hwi | 2 # 0}

where | - | denotes here the cardinality, i.e., the number of elements of a set. So

minimizing the [y norm is equivalent to finding the sparsest solution. One of the
biggest obstacles in CS is solving the decoding problem above, as [y minimization is
NP-hard. A popular approach is to replace [y by a convex [1-norm, which often gives
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a satisfactory sparse solution. This [y heuristic has been applied in many different
fields such as geology and geophysics, spectroscopy, and ultrasound imaging.
Recently, there has been an increase in applying nonconvex metrics as alternative
approaches to /1. In particular, the nonconvex metric [, for p € (0,1) in [7] can be
regarded as a continuation strategy to approximate [y as p — 0. The optimization
strategies include iterative reweighting [7] and half thresholding [27], the scale-
invariant [;, formulated as the ratio of [; and ly, was discussed in [13]. Other
nonconvex [ variants include transformed [, sorted [; and capped l;. However,
due to errors of measurements, the constraint Ax = b is actually inexact; It turns
out that the so called Lasso problem of Tibshirani [25] (which is well-known to be
equivalent to the basic pursuit (BP) of Chen et al. [9]) is reformulated as
min |lz[|; subject to ||[Ax —b||, < e,
r€R™

where € > 0 is the tolerance level of errors and p is often 1,2 or oco. It is noticed in
[1] that if we let @ := B.(b), the closed ball in IR™ with center b and radius ¢, then
the later is rewritten as

min ||z||; subject to Az € Q.

zeIR™
With @) a nonempty closed convex set of IR" and FPg the projection from IR"™ onto
() and since that the constraint is equivalent to the condition Ax — Pg(Axz) = 0,
this leads to the following equivalent Lagrangian formulation

1

min (1~ Po)Asl + ol
with v > 0 a Lagrangian multiplier. A connection is also made in [1] with the
so-called split feasibility problem [5] which is stated as finding x verifying

(1.3) reC, AxeQq,

where C and @ are closed convex subsets of IR"™ and IR™, respectively. An equivalent
minimization formulation of (1.3) is

1
1.4 in = ||(I — Po)Ax|3.
(1.4) min 5 (I — Po) Au3
Its 11 regularization reads as
.1
(15) min < (I — Po) Aul3 + ],

where v > 0 is a regularization parameter.
Note that it reduces to the Lagrangian formulation above when C' = IR".

This convex relaxation attracts considerable attention, see for example [1] and
references there in. In [18] we studied a non-convex but Lipschitz continuous metric
l1—o for SFP. As illustrated in [15], the level curves of [;_9 are closer to [y than those
of [; and it is demonstrated in a series of papers [15, 27] that the difference of the I3
and l2 norms, denoted as [1_2, outperforms /; and [, in terms of promoting sparsity
when the sensing matrix A is highly coherent, this motivated us to consider in [18]
the following nonconvex [;_o regularization for split feasibility problem,

!
(1.6) min (5[|(7 = Po)Azllz + v(llzll — ll[l2),
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and propose three algorithms with numerical experiments.

In what follows we are interested in the minimization problem:
(17) min (/) + g2(Az) +1(llzlls — lel)).

which is more general and we will focus our attention to the algorithmic aspect
by devising three methods. The first algorithm uses the DCA which is a descent
method without line search introduced by Tao and An [24] for minimizing a function
f which is the difference of two lower semicontinuous proper convex functions g and
h on the space IR". The second one is based on the gradient proximal method
to solve the problem [24] by full splitting, that is, at every iteration, the only
operations involved are evaluations of the proximal mappings of g and r separately.
An algorithm which relies on the Mine-Fukushima method for minimizing a sum of
two functions is also stated.

Problem (1.7) is the nonconvex [1_9 regularization for the following split mini-
mization problem

(19) min {£(w) + ga(A2)},

where f: R" — RU {+o0},g9 : R™ — IRU {+0o0} are two proper, convex, lower
semicontinuous functions and A : IR™ — IR™ a bounded linear operator,

1
= inf —lu — y||?
ga(y) = inf {g(u)+2)\llu vl }

stands for the Moreau-Yosida approximate of the function g of parameter .

Note also that (1.8) is a partial regularization of the so-called graph form type
problem, see [21]. A wide of convex optimization problems can be expressed in this
form, including cone programs and a wide variety of regularized loss minimization
problems from statistics, like logistic regression, the support vector machine, the
lasso and the intensity modulated radiation treatment planning. Observe also that
by taking A = 1, f = ic and g = ig the indicator functions of two nonempty,
closed and convex sets C, Q of IR"™ and IR™ respectively, (1.8) reduces to (1.4) when
CNAYQ) #0.

Finally, the differentiability of the Yosida-approximate gy ensures the additivity
of the subdifferentials and we can write

O(f(x) + gr(Aw)) = 0f(z) + A'Vgy(Az).
This implies that the optimality condition of (1.8) can then be written as

(1.9) 0 € df(z) + A'Vgy(Ax),
and that of (1.7), for any nonzero point x, is given by

x
(1.10) 0 € 9f(x) + A'Vgx(Az) + (@] — )

[l
2. COMPUTATIONAL APPROACHES

We use ||z|[, to denote the p-norm of a vector , where 1 < p < oo, and || - || is
reserved exclusively for the Euclidean 2-norm || - ||2.
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2.1. DCA. First, recall that the partial differential of a convex function h is defined

as
(2.1) Oh(z) :=={u € R";h(y) > h(z) + (u,y — x) Vy € R"}.
It is easily seen that
1 1

(2.2) 8?Mx—w2:V§WM—MP:AﬂAx—M7
and

| sgn(x) if x; #0;
(2:3) (Oflll1): = { any element of [—1,1] if z; = 0.

The characteristic function of a set C C IR"™ is defined as

(2.4) id@:{o if zeC;

+o00 otherwise.

Such function is convenient to enforce hard constraints on the solution. Moreover,
the normal cone to C' at x € C, denoted by N¢(x) is defined

(2.5) Ne(z) :={de R" | (d,y—z) <0, Yy € C}.
A known relation between the above definitions is that dic = N¢.

Remember that given an initial point zg, the DCA seeks critical points of f :=
g — h by constructing two sequences (zj) and (yx) by the following rules

(2.6) { Y € Oh(zy);

’ Tpr1 = arg minge gr (g(a;) — (h(xk) + (yg, x — xk.)))
Note that by the definition of subdifferential, we can write
(2.7) hapt1) = h(wk) + (Yr, Totr — Tk)-
Since xj11 minimizes g(z) — (h(z) + (yg, z — xf)), we also have
(2.8) 9(@ir1) — (M(@k) + (Yrs Trr1 — 21)) < gl@n) — h(@).

Combining the last inequalities, we obtain

(2.9)  f(or) = g(zg) — h(zr) > g(@k11) — (M(2k) + Yk Thr1 — Tk)) 2 f(Trs1)-

Therefore, the DCA provides a monotonically decreasing sequence {f(zx)} which
converges provided that the objective function f is bounded below.
The objective function in (1.7) has the following DC decomposition

(2.10) nin ((f (@) + ga(Az) +ll2[1) — vll=ll2)-

Observe that ||z||2 is differentiable with gradient x/||z||2 for any = # 0 and that
0 € ]| - ||2(0) which leads to the following iterates

arg mingerr f(x) + gr(Az) + 7|z if xp =0

211) s = { e 7o)+ a(A) o] - (o, 7)ok £ 0.
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Now, we define for all v > 0, I" by
(2.12) [(z) = f(z) + gr(Az) +y([lz[ly — lll2)-

We are in a position to prove the following convergence properties of Algorithm
2.11.

Theorem 2.1. Let (x) be the sequence generated by Algorithm 2.11 and assume
that for all v > 0 we have that lim|;,— 0o I'(7) = +o00. T is therefore coercive
in the sense that its levels sets are bounded, namely {x € R";T(z) < T'(zg)} is
bounded for any xo € IR"™. Then,

(i) (xg) is bounded.
(ii) Every nonzero limit point x* of the sequence (xy) is a stationary point of

(1.7), namely

k * * 1.*
Proof. A simple computation which uses the fact that ||a||? — ||b]|> = |la — b||*> +

2(b,a — b), gives
[(xg) — D(wpg1) = f(or) — f(2re1) + 9r(Azk) — gr(Azpy1)
(2.14) +y(lzkllt = N2kl = lzll2 + zksall2)-

The first-order optimality condition at x4 as the solution of the problem (2.11)
and the fact that 9(|| - ||1 + f)(z) = 9||z|[1 + 0f(x) lead to

(2.15) AV gx(Azgi1) + YW1 — Yg) + Prr1 = 0,

where y, € O||zk|l2, w1 € O||Tk+1ll1, Pr41 € Of (xg4+1) which combined with the
fact that (wgi1, Tkr1) = ||xgr1|)1 gives

(Var(Azpq1), Az, — Axprr) + (Wit k) — |2kt + Uk, Tor1 — 2k))

(2.16) — (Prt1, Tp41 — 2k) = 0.
Combining (2.14) and (2.16), we can write I'(xg) — I'(xg4+1) as
(2.17)

[(zg) — (k1) flzk) = f(@rps1) — Prt1s o1 — i)

+ ga(Azk) — ga(Azpy1) — (Vor(Ampgr), Azy — Axgyq)
+ Y(lzrralls = llzwllz = (yrs 2har — 1))
+ y(llzell — (wrs1, o))

Since prt1 € Of (rr11), using the subdifferentiability of f, we get

(2.18) f(ar) 2 f(@rr) + Prs1, T — Tpg)-
The %—Lipschitz continuity of the gradient of g, assures that

In(Azy) > gr(Azpy1) + (Vor(Arggr), Azp — Axgyq)
A
(2.19) + 5 IIVar(Azgi) — Vga(Azy)|*.
Since yj, € 0||xk||2, we obtain

(2.20) |zks1llz = lzell2 = Uk, Thger — 1) >0
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and also since and ||wi41|leo < 1,

(2.21) kaul - (wk+1,xk) > 0.
Substituting (2.18)-(2.21) into (2.17) yields

A
[D(zg) = T'(2pg1) > §||V9A(A33k) — Vor(Azgs1)|?
(2.22) +y(lzrsllz = Nkl = (Yo, Trr1 — 21)) > 0.

This ensures that the sequence (I'(xy)) is monotonically decreasing, which in turn
ensures that the sequence (z) C {x € R",I'(x) < I'(xo)} which is bounded since
I" is coercive.

If x1 = 9 = 0, we then stop the algorithm producing the solution z* = 0.
Otherwise, it follows from (2.22) that

(2.23) F(xo) — I‘(xl) > 7”1’1H2 > 0,

so x # 0 for all £ > 1. Since (I'(z)) is convergent, substituting yi =
(2.22), leads to

Tk

Texlz 14O

(2.24) lim va)\(Aa}k) — Vg)\(A:Ck+1)H =0
k—+o00
and
(2.25) lim ([|zglle - |zk+1ll2 — (2K, Tr41)) = 0.
k—+oo

Now, let (z,) be a subsequence of (z3) converging to z* # 0. With no loss of
generality, we may also assume that (x,_1) converges to . It then turns out from
(2.25) that

[z - [[2]]2 = (27, &).
This implies that «* = uz for some p > 0.

On the other hand, the optimality condition at the k,-th step of Algorithm (2.11)

reads

T _
(2.26) —(A'Vgy(Azy,) - vﬁ) € 0|z, |l + Of (a, ).

Taking the limit as v — oo in (2.26) and observing the fact that the operator
~¥O|| - ||1 + 0f is maximal monotone, we obtain

&
1212

Upon substituting z* = p& into the last relation, we immediately get

_(Ath,\(A:U*) — ) € y0||z*||1 + Of (z¥).

*

* x * *
_(Ath)\(ASL' ) — vHx*HQ) € yo|lx*||1 + of ().
That is, (2.13) holds and z* is a stationary point. O

Remark 2.2. It should be noticed that the coerciveness assumption of the objective
function was also assumed in [15] and it is worth mentioning that this hypothesis
is valid in numerous settings and most often holds true in real world applications.
This is the case, in instance, for:
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(i) Subset selection in regression. More precisely, let A € R™*" b e IR™,
by setting f = 0 and g(z) = i) so that g\(Az) = 55 l|Az — b[|3, the
problem (1.8) is least square estimation of a linear model equipped with
variable selection. Such data-fidelity terms are currently used in denoising,
in deblurring, and in numerous inverse problems.

(ii) Split feasibility problems which modeled, among others, Intensity mod-
ulated radiation treatment planning and that can be recovered by setting
f =ic, g =g so that g\(Az) = 5x||(I — Pg)Az|j} with C,Q being two
closed convex sets.

(iii) Support vector machine (SVM) with feature selection, see for example
[20] and also in Sparse portfolio selection, see for instance, [30]. Indeed,
let V € IR™*™ be a covariance matrix, r € IR™ a mean return vector, [, u €
R", and 7 € IR. When f(z) = 2!Vz and S = {x € R" : rlz > 7,1'z =
1,I < z < u} the problem (1.8) is a sparse portfolio selection and the
coerciveness assumption holds true.

(iv) Huber M-estimator problem. Now, having in mind that the support of
x is defined by supp(z) = {1 < 2 < n;x; # 0} and that ||z||o = |supp(x)|
is the cardinality of supp(z) and remembering that for all x # 0, we have
|z|l1—||z||2 > 0 and that ||z|1—]||z|]2 = 0 < ||z||o = 1, we can get other cases
of coerciveness of I' by particularizing f and g (since for A small enough, g
and its Yosida approximate, gy, have the same asymptotical behavior, since
gx convergences to g in the epi-convergence sense, see fo instance [23]).
We can easily verify that the coerciveness assumption is again valid, for
example, when f is a non negative function and g is positively homogeneous

of degree 1. An interesting case is the absolute value function |-|. Its Yosida
approximate is given by
o)y = %ﬁ if |z| < A
AT z] - 3\ otherwise.

This is clearly equal, up to a scaling factor A, to the so-called Huber’s M-cost

function

pw={ B e

Alz| — A% otherwise.

in the context of robust linear estimation theory, see [14]. The Huber’s
M-cost function has been used in M-estimator problems which is known
as a robust alternative to the Least Squares estimator that is unfortunately
sensitive against occurrence of outliers in the ill-conditioned linear regression
systems. The Huber’s M-cost function has also been used in many inverse
problems as an excellent robust convex penalty function that grows linearly
for x far from zero, hence it achieves least sensitivity to large outliers of
large residual, see [28] and references therein.

Remark 2.3. Each DCA iteration requires solving an [;-regularized split feasibility
subproblem of the form

min (£(2) + 93(2) + (2,0} +z]1)



292 A. MOUDAFI AND H. K. XU

where v € IR" is a constant vector. This problem can be solved by the two split prox-
imal algorithms (coupling forward-backward and the Douglas-Rachford algorithms)
proposed in [8], [17] and also by the alternating direction method of multipliers
(ADMM) following the analysis developed in [29] for the special case where f =0

and Q = igp).

2.2. Forward-backward splitting algorithm. To begin with, recall that the
proximal mapping of a proper, convex and lower semicontinuous function ¢ of pa-
rameter A > 0 is defined by

1
(2.27) prox,,(r) := arg vrélgl{go(v) + %Hv —z||*}, z € R,

and that it has closed-form expression in some important cases. For example, if
o=+ |l1, then for x € IR"

(2.28) prox,|., (z) = (prox,.|(z1), - , prox, . |(zn)),
where prox. | (z) = sgn(zy) max{|zy| — 7, 0}.

If ¢ =ic, we have

(2.29) prox,,(r) = projo(r) := arg IZIélél |z — z||.

For the sake of simplicity and clarity, we set in what follows f = 0. Observe that
the minimization problem (1.7) can be written as

(2:30) min gr(42) + (el — [12]2).

It is worth mentioning that when f # 0, this requires to compute the proximal op-
erator of a sum, namely prox; . (|.|l,—|-|»)» Which may be performed with Douglas-
Rachford iterations in the spirit of the analysis developed in [8] and [17].

A closed-form solution of proxjg, ||, Was proposed in [15], in particular, we
have the following lemma.

Lemma 2.4. Given y € IR", v > 0 and setting r(z) = || - |1 — || - ||2, we have
(1) When v < ||Ylloo, then

v+ llprox ., (W) 2
(2.31) prox.,.(y) =
K [[prox, ., (v)ll2

PTOXy . (¥)-

(ii) When v = ||y|lec, then x* € prox.,(y) if and only if it satisfies xj = 0 if
lyil <, llz*|l2 =~ and xfy; > 0 for all i.

(iii) When v > [|yllco, then x* € prox.,(y) if and only if it is a 1-sparse vector
satisfying 7 = 0 if |yi] < [|ylloos [|2*]]2 = [|ylloc and z}y; > 0 for all i.

By setting [(x) = gx(Az), one has Vgy(Az) = %At(I—pI‘OXAg)(A:E), the forward-
backward splitting algorithm can be expressed as follows

(2.32) Tk+1 € Prox., (a:k — %At(l — prox/\g)Axk)) .
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Since the two assumptions of [15, Theorem 3] are satisfied, namely the coercive-
ness of the objective function and differentiability of the function ! with Lipschitz-
continuity of its gradient, a direct application of this Theorem leads to the following
convergence result:

Proposition 2.5. If v < HXHQ’ then the objective values are decreasing and there

exists a subsequence of (x) generated by (2.29) that converges to a stationary point
of (2.27). Furthermore, any limit point of (zi) is a stationary point of (2.27).

2.3. Mine-Fukushima Algorithm. At this stage, we would like to mention that
in the case where f is strictly convex and that we can generate from an initial point
xg a sequence x such that xy # 0 for all k € IV, then the Algorithm introduced by
Mine-Fukushima in [16] is applicable. Indeed, problem (1.6) can be written as

(2.33) min (h(2) = 6(z) + ¥(x),

with ¢(z) = ga(Azx) — v||z|]2 and ¥ (z) = v||z|[1 + f(z). Observe that in this case,

we have for x # 0, that

x
Vo(z) = AY(Vgy) Az — v
1]l

Algorithm 2.1 of [16] takes the following form:

and 0Y(z) = O||z||1 + Of (z).

Algorithm:
Step 1. Let xg be any initial point. Set k = 0, and go to step 2.

Step 2. If —V¢(xy) € 0v(xy), then stop; otherwise, go to Step 3.

Step 3. Find a minimum Zj, of

2.34 i ANV gy ) Az — y—F ) 4 + :

and go to Step 4.

Step 4. Find
(2.35) Thp1 = ogTg + (1 — ag)zy,
such that oy > 0 and
d(zp11) < dlaZy + (1 — a)zy) for all a > 0.
Set k =k + 1, and go to Step 2.

Observe that solving (2.31) in Step 3 is equivalent to finding Zj, such that —V f(xy) €
9g(Zy).

Since h is coercive in many interesting cases, a direct application of [16, Theorem
3.1] yields the result below.

Proposition 2.6. The sequence (xy) generated by the Algorithm above contains a
subsequence which converges to a critical point * of (1.7), namely

* :L‘* * *
—A'Vgy(Az )_V||$*H2 € o||z*||1 + of ().
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Remark 2.7. The assumption of strict convexity on f can be removed by applying
the following process: for some p > 0 consider the following decomposition of the

objective function h: h = ¢(z) + ¢ with ¢(z) = ¢(z) — u% and ¥ by ¥(z) =
P(x) 4+ u%. Relation (2.31) becomes

2
(236)  min ((z, AVgr(dzp) + pop =) +llalh + f@) +pmgR)

3. SPLIT FEASIBILITY PROBLEMS

We focus on the split feasibility problem ([5, 2, 3]) obtained by taking f = ic,
g = 1¢ the indicator functions of two nonempty closed convex sets C, Q of IR", IR™,
respectively, Indeed the problem (1.8) reduces to

o . 1 2
min {ic(x) + (iQ)r(Ax)} & min{o-|(T — Po)(An)|?),
which, when C' N A~1(Q) # 0, is equivalent to the split feasibility problem (see [6]
for an implicit version), namely

x € C such that Az € Q.

This problem was used for solving an inverse problem in radiation therapy treatment
planning [5] and has been well studied both theoretically and practically, see for
example [1, 4, 22] and the references therein.

Having in mind that in this special case the proximal mapping of ¢g is nothing by
the orthogonal projection on the closed convex set @), Algorithm (2.11) with A =1
and f = 0 reduces to

arg mingec 5 ||(I — Po)Az||3 +~[jz|1 if 25 =0

3.1 = . i
B @ {argmmzec2||<I—PQ>Aw||%+vux||1—<mf,j@ if 71 # 0

which is exactly the algorithm studied in [18]. In this setting I" being coercive, we
obtain

Proposition 3.1. Let (x)) be the sequence generated by Algorithm (3.1), we have

(i) For all v > 0 we have that lim| ||, 400 I'(z) = +o00. T' is therefore coercive
in the sense that its levels sets are bounded, namely {z € IR™;T'(z) < I'(x)}
is bounded for any xg € IR™.

(i) (zg) is bounded.

(iii) Any nonzero limit point x* of the sequence (xy) is a stationary point of
(1.7), namely

*

* * €z
(3.2) 0c AT — Pg)Ax +fy(8||a: I — W)

The proof follows directly from applying Theorem 2.1. We hence recover the
main convergence result, [18, Proposition 2.1], of DCA presented in [18] without
the asymptotic regularity assumption. It is worth mentioning that we also recover
[29, Proposition 3.1] by taking @ = {b}.
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Concerning the proximal splitting algorithm, we have that l(z) = 55 ||(I—Pg)Az||3
and hence the forward-backward splitting algorithm reduces to

(3.3) Thss € proxy, (= A1 = Po)A(wy) )

and we recover its convergence properties obtained in [18, Proposition 2.4] directly
from Proposition 2.3 above. This is also the case for the Mine-Fukushima Al-
gorithm convergence property, namely [18, Proposition 2.5] which follows directly
from Proposition 2.4. Step 3, in this case, reads as: Find a minimum Zj of

. T
(3.4) min <<x,At(I—PQ)Awk _’Vux:ug> +’)’Hx!1),

zeC

and go to Step 4.

4. CONCLUSION

The main purpose of this paper is to investigate split minimization problems un-
der a nonconvex Lipschitz continuous metric instead of conventional methods such
as 1 or l1/lo minimization developed for example in [1], to present an iterative
minimization method based on DCA introduced by Tao et al. for DC optimization
and also to analyze its convergence to a stationary point. Furthermore, relying on a
proximal operator for [1_s for minimizing the sum of a convex function and a differ-
entiable one, an other algorithm is presented and its convergence property is stated.
Moreover, an additional algorithm based on Mine-Fukushima method with its con-
vergence result is also provided. It is worth mentioning that our results extend and
unify in a more general setting the corresponding main results presented in [29] and
[18]. Effectiveness of the algorithms was illustrated by numerical experiments for
split feasibility problems in [18]. Moreover, it was shown that I;_» is always better
than {1, and is better than [, for highly coherent matrices in [29], Proximal opera-
tor can accelerate the minimization, but it tends to obtain a suboptimal solution,
see [15] in which it is mentioned that in general, nonconvex methods have better
empirical performance compared to convex ones, but lack of provable grounds.
Finally, we would like to emphasize that much attention has been paid very recently
to DC approaches, for instance, for optimization problem having a nonconvex con-
straint called the cardinality constrain:

|zllo < k, where x € IR" and k € {1,---,n}.

Due to the nonconvexity and discontinuity of the lp-norm, it is well-known that
the resulting optimization problem is intractable (due to NP-hardness of the lo-
minimization over a linear system). An alternative approach was proposed in [12]
by rewriting the cardinality constraint as ||z|[1 — ||z||x, with ||z||x being the largest-
k norm. One advantage of the use of the largest-k norm representation is that
its subgradient can be efficiently computed, which can make DCAs efficient. More
interestingly, this fact motivates to develop a soft thresholding technique, which is
popular in the context of proximal methods [10], and thus allows to use a closed-
form solution of the DCA subproblem. We refer to the interesting paper [12], which
deserves to be better known in the community of applied nonlinear analysis and
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which is at the origin of new penalty methods for (J-Lasso, based on the difference
of two norms, that will be proposed by the first author in a forthcoming paper.
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