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SURROGATE DUALITY FOR ROBUST QUASICONVEX
VECTOR OPTIMIZATION

SATOSHI SUZUKI AND DAISHI KUROIWA

ABSTRACT. In this paper, we study quasiconvex vector optimization with data
uncertainty via robust optimization. By using scalarization, we introduce two
types of surrogate duality theorems for robust quasiconvex vector optimization.
We show surrogate min-max duality theorems for quasiconvex vector optimiza-
tion with uncertain objective and/or constraints. For the problem with uncertain
objective, we introduce its robust counterpart as a set-valued optimization prob-
lem.

1. INTRODUCTION

Recently, mathematical programming problems with data uncertainty have been
investigated in order to deal with complexity of real-world optimization problems.
Robust optimization is one of the approach to solve these problems robustly. In
robust optimization, we replace the problem which has data uncertainty with a semi-
infinite programming problem. One of the research aspects of robust optimization is
a strong duality theorem, which is a result guaranteeing that the pessimistic and the
optimistic counterparts of a given uncertain problem have the same optimal values
and the dual optimal value is attained. Many researchers introduce robust strong
duality theorems for mathematical programming problems with data uncertainty
by duality theorems in infinite programming, see [1,2,5,7,10,14,27] and references
therein.

In mathematical programming, many researchers study problems whose objective
function is real-valued, see [3,8,11,16-26]. Especially, in quasiconvex optimization,
surrogate duality is a well known and important element. Recently, the authors
introduce necessary and sufficient constraint qualifications for surrogate duality,
see [22,24,27]. Also, vector optimization, which is concerned with a problem whose
objective function is vector-valued, have been investigated by many researchers,
for example, see [4,6,15,28]. In vector optimization, solutions are defined by an
ordering cone. By using scalarization, we replace the problem with a real-valued
optimization problem. There are so many results of real-valued robust optimization,
and some results of robust convex vector optimization. However, as far as we know,
robust quasiconvex vector optimization has not been investigated yet. Additionally,
some types of robust counterpart for vector optimization have been introduced, for
example see [5,14]. It is not so evident which is the suitable robust counterpart
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of uncertain problem whenever the uncertainty aspects the vector-valued objective
function.

Hence, in this paper, we study quasiconvex vector optimization with data uncer-
tainty via robust optimization. To the purpose, we introduce surrogate duality for
robust vector optimization by using scalarization. We investigate surrogate min-
max duality for quasiconvex vector optimization with uncertain objective and/or
constraints. For the problem with uncertain objective, we introduce its robust
counterpart as a set-valued optimization problem.

The remainder of the paper is organized as follows. In Section 2, we introduce
some preliminaries and previous results. In Section 3, we investigate surrogate
min-max duality for quasiconvex vector optimization with uncertain constraints. In
Section 4, we investigate surrogate min-max duality for quasiconvex vector opti-
mization with uncertain objective and constraints. In Section 5, we discuss about
our results.

2. PRELIMINARIES

Let X be a locally convex Hausdorff topological vector space, X* the continuous
dual space of X, and (z*, x) the value of a functional z* € X* at x € X. Given a
set A* C X*, we denote the w*-closure, the boundary, the interior, the convex hull,
and the conical hull generated by A*, by cl A*, bd A*, int A*, convA*, and cone A*,
respectively. By convention, we define cone () = {0}. The indicator function d4 of
A C X is defined by

0, x€A,
oo, otherwise.

da(w) = {

Let f be a function from X to R := [—0o,+00]. We denote the domain of f by
domf := {x € X | f(x) < oo}. The epigraph of f is epif := {(z,7) € X xR |
f(x) < r}, and f is said to be convex if epif is convex. The Fenchel conjugate of
fo f* 2 X* = R, is defined as f*(u) := sup,cqoms{ (4, ) — f(x)}. Define the level
sets of f with respect to a binary relation ¢ on R as

L(f;0,0) :={z € X | f(x) o B}

for any 8 € R. A function f is said to be quasiconvex if for each 8 € R, L(f, <, ) is
convex. Any convex function is quasiconvex, but the opposite is not generally true.

Let Y be a locally convex Hausdorff topological vector space, partially ordered
by a nonempty, closed and convex cone K C Y, that is, for y, z € Y, the notation
y <g z will mean z —y € K. A cone K is said to be solid if int K is nonempty.
Let Y* be the continuous dual space of Y, and ¢ a function from X to Y. The
positive polar cone of K is KT := {\ € Y* |Vy € K,(\,y) > 0}. A function g is
said to be K-convex if for all z1, zo € X, and o € [0,1], (1 — a)g(z1) + ag(x2) €
g((1 — a)x1 + axg) + K. It is well known that ¢ is K-convex if and only if Ao g is
convex for all A\ € K. A function g is said to be K-quasiconvex if for ally € Y, z1,
xe € X,and a € [0,1] withy € (g(z1)+K)N(g(z2)+K), y € g((1—a)z14+azx)+ K.
Also, g is said to be proper quasi K-concave if for each z, y € X and « € (0,1),
g((1 —a)x + ay) € (g(x) + K) U (9(y) + K), in detail, see [4,28].
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The following set containment characterizations are well known in convex opti-
mization. There are some similar results in convex and quasiconvex optimization,
for example see, [3,8,9,19,22].

Theorem 2.1 ([3]). Let X be a locally convex Hausdorff topological vector space,
I an arbitrary set, g; a proper lower semicontinuous convex function from X to R
for each i € I, A a closed convex subset of X, {x € A | Vi € I,g;(x) < 0} # 0,
x* € X*, and o € R. Then, the following statements are equivalent:

(i) {zeA|Vielg(x) <0} C{reX|(z*z) <a},

(ii) (2", ) € clconeconv Uepigf + epid} |-
i€l
Theorem 2.2 ([8]). Let X and Y be locally convex Hausdorff topological vector
spaces, K C'Y a nonempty, closed and convex cone, A a closed convexr subset of X,
Y partially ordered by K, and g a continuous and K -convex function. Assume that
S={reAl|g(x)e —K} is nonempty. Then,

epidg = cl U epi(Aog)* + epidy
AeKT

3. QUASICONVEX VECTOR OPTIMIZATION WITH UNCERTAIN CONSTRAINTS

In this section, let X, Y and Z be locally convex Hausdorff topological vector
spaces, K C Y and C' C Z nonempty, solid, pointed, closed and convex cones,
A a closed convex subset of X, Y partially ordered by K, Z partially ordered by
C, f a continuous C-quasiconvex function from X to Z, V a set, g a function
from X x V to Y such that g(-,v) is continuous and K-convex for each v € V,
Fpoy ={z € Al Xog(x,v) <0} for each (v,\) €V X KT, and F={x € A|W €
V,g(z,v) € =K} # (.

We investigate the following vector optimization problem with data uncertainty
(UP):

Minimize f(z),
subject to z € A, g(x,v) € —K.
In this problem, v € V indicates data uncertainty. Because of the complexity of
real-world optimization problems, measurement errors, and the other uncertainty,
it is difficult to determine constraint (or objective) functions clearly. In (UP), we
cannot determine v clearly, however, we know that v is an element of the uncertainty
set V. In order to solve such a problem robustly, robust optimization have been
investigated. In robust optimization, we consider the following robust counterpart
(RC):
Minimize f(x),
subject to x € A, Yv €V, g(x,v) € —K.
In (RC), the constraint set is the intersection of the constraint sets of (UP). Hence,
a feasible solution of (RC) is also a feasible solution of (UP) for each v. It is clear
that val(RC) > val(U P), where val(RC') (val(UP)) is the minimum value of (RC)
((UP), respectively). Because of these properties, robust optimization is called
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‘worst-case approach’. Since (RC) is a semi-infinite programming problem, we in-
vestigate (RC) by the similar way in previous results via semi-infinite programming.
We define a solution of (RC) as follows.

Definition 3.1. An element z € F is said to be a weakly optimal solution of (RC)
if f(F)N(f(x)—intC) is empty.

Let e € intC' and z9 € Z. We denote by ¢ ., the scalarizing function from Z to
R, that is,
Yezo(2) =inf{t e R | z € 29 + te — C}.
It is well known that the following statements hold, in detail, see [6,15].

Theorem 3.2 ([6,15]). Let e € intC and zop € Z. Then, the following statements
hold:

(1) e,z is a real-valued continuous function,
(i) L(pe,z, <,t) = 20 +te — C,
(ill) L(pe,z: <,t) = 20 + te — intC,
(IV) L(SOG 200 ) ) = zp +te — de
v) if f is C-quasiconvez, then @ ,, o f is quasiconvez,
(vi) if f is proper quasi C-concave, then . ., o f is quasiconcave,
(vil) zo is a weakly optimal solution of (RC) if and only if for each e € intC,

there exists zg € Z such that @e », o f(xo) = minger Qe z, © f(z).
We need the following proposition.

Proposition 3.3. Let e € intC and 29 € Z Then, for each p € R,

Pe,zo (ne) = p+ Pe,zo (0)

Proof. By the definition of ¢, ., for each € > 0, there exists t. < @e 5, (0) + ¢ such
that 0 € 29 + t.e — C. Hence,

pe € pe+zg+tee —C =29+ (u+te)e — C.
This shows that
Pezo(pe) < pp+te < phA4 Qe z(0) +e.

Therefore, @e -, (pe) < p+ e,z (0).

Assume that @c ,,(pe) < p+ @e(0). Then, there exists ¢ € R such that
Vezo(pe) <t < p+ e (0) and pe € zg + te — C. Hence, 0 € 29+ (t — p)e — C.
This shows that ¢ »,(0) <t — p. This is a contradiction. O

We show the following characterizations for robust vector optimization.

Theorem 3.4. The following conditions hold:
(i) epié}(v y =d {coneepi (Ao g(-,v))" + epid’},

(ii) epidy = clconv U cl{coneepi (Ao g(-,v))" + epid’}.
veV I eK+
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Proof. By Theorem 2.2,

epidy, = ¢ [Jepi(tAog(-,v))" + epidy
t>0

= cl{coneepi(Aog(-,v))* +epidy}.
This shows that the condition (i) holds.
(ii) Since K is a closed convex cone,

F = {z€eA|YweV,VYAe KT Aog(z,v) <0}

= () Fun

veV, \eKt

= m L((;F(ﬂ,xwg’o)’
veEV, \EKT

Since epié}(v N is a convex cone, by Theorem 2.1 and the condition (i) of this
theorem,

epidz = clconeconv U epi5}(vyk) + epidy
veEV, \eK Tt
— 2 Ok
= clconeconv U epid Flon
vEV, EK T
= clconv U ep15}<v N
veEV eKT
= clconv U cl{coneepi (Ao g(-,v))" + epid’} .
veEV, Kt

Remark 3.5. It is clear that

clconv U cl{coneepi (Ao g(-,v))" + epid’}
vEVAEKT

= clconv U {coneepi (Ao g(-,v))" + epid’}.
veV, \eK+

However, the operator ‘cl” in the union is necessary and important to prove surrogate
duality and its constraint qualification.

Remark 3.6. By Theorem 3.4, we show that the following set containment charac-
terization. Let * € X*, and a € R. Then, the following statements are equivalent:

(i) Fc{zreX| @ z) <a},
(i) (z*,a) € clconv U cl{coneepi (Ao g(-,v))" + epid}.
veEV, EKT
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By Theorem 3.4, the following robust characteristic cone
U cl{coneepi (Ao g(-,v))" + epidy}
veV, \eKt
is closed and convex if and only if
epidy C U cl{coneepi (Ao g(-,v))" + epid’} .
veV, \eKt
In the following theorem, we investigate surrogate min-max duality for quasicon-
vex vector optimization with uncertain constraints.
Theorem 3.7. The following statements are equivalent:
(i) the following robust characteristic cone is closed and conver:

U cl{coneepi (Ao g(-,v))" + epidy},
veEV I eKt

(ii) for each xg € F and continuous C-quasiconvex function f, xqg is a weakly
optimal solution of (RC) if and only if for each e € intC, there exists zg € Z
such that

Peco© flzo) = max Inf{ees o f(z) [ Ao glr,v) <O

Proof. Assume that (i) holds. Let xg € F and f a continuous C-quasiconvex func-
tion. By Theorem 3.2 (vii), z¢ is a weakly optimal solution of (RC) if and only if
for each e € intC, there exists zp € Z such that ¢ ,, o f(z0) = minger @e », © f(2).
We show that

@1 infgezofle)= max  inf{pezof(z)|Xoglrv) <0}

It is clear that the weak duality holds, that is,

inf @e o0 f(z) > sup inf{pe, o f(x) | Ao g(z,v) <0}
zeF veV, eK+ zeA

Let m = infyep @e 20 f(z). If L(pe 2,0 f, <,m) = 0, then for each v € V and A = 0,
the equation (3.1) holds. If L(pe ., o f,<,m) # 0, there exists (z*,a) € X* x R
such that for all z € F' and y € L(@e 2, o f,<,m),

since L(pez © f,<,m) N F = 0 and L(pe s, © f,<,m) is a nonempty, open and
convex set. Because of the condition (i) and Theorem 3.4,
(", ) € epidp
C U cl{coneepi (Ao g(-,v))" + epid’}
veV, eK+

— 3 8%
= U epi 5F<U,A)'
veEV,AeK Tt
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Therefore, there exists (7,A) € V x KT such that (z*,a) € epi 6}'}(“). For each
T e F(’U,j\)’
(%, 7) Sa= 7 ¢ L(pez o f,<,;m) <= Qe 0 f(T) 2 m,

by the above separation inequality. This shows that inf e 4{@e 2,0 f(2) |
0} > m. Hence, the equation (3.1) holds. This shows that (i) implies (i
Next, we prove that (ii) implies (i). We only show that

epidy C U cl{coneepi (Ao g(-,v))" + epidy}.
veV, \eKt

Xog(z,v) <
i).

Let (z*, ) € epid}.. We define a function f from X to Z as follows:
| —A{arx)e, (x¥,x) > 0% (zF),
LCRS sl i b o

where e € intC. Then, f is continuous C-quasiconvex and for each z € F, z is a
weakly optimal solution of (RC). Let zp € F. By the statement (ii), there exist
20 € Z,veEV,and A € KT such that

Pe,z0 © f(20) = ;gg{‘ﬂe,zo o f(x) | Aog(z,v) <0}
By Proposition 3.3,
_ - (x*,:c> + 908,20(0)7 <a:*,x) > 5}(1‘*)7
peo 0 f(2) {_@@w+%mm»<ﬁaﬁs&@w
Hence, for each x € F, y),

Pe,zo © f(z) > Pe,zq © f(zo) <= Pe,zo © f(z) > =6p(x") + Pe,zo0 (0)
= (z¥, ) < Ip(z).

This implies that 5}( (z*) < 603(2*) < a. By Theorem 3.4.

V)
(z*, a) € epi 6}}@ b = {coneepi (Ao g(-,v))" + epid’}.

This shows that (i) holds. O

4. QUASICONVEX VECTOR OPTIMIZATION WITH UNCERTAIN OBJECTIVE AND
CONSTRAINTS

In this section, let X and Y be locally convex Hausdorff topological vector spaces,
K C Y a nonempty, solid, pointed, closed and convex cone, A a closed convex
subset of X, Y partially ordered by K, U a compact set, f a continuous function
from X x U to R", R, = {z € R" | Vi € {1,...,n},z; > 0}, V aset, g a
function from X x V to Y such that g(-,v) is continuous K-convex for each v € V,
Fion ={z €Al Xog(x,v) <0} for each (v,A\) € Vx KT, and F ={z € A| Vv €
V,g(z,v) € =K} # 0.

We study vector optimization with uncertain objective and constraints. Consider
the following uncertain problem:

Minimize f(z,u),
subject to x € A, g(x,v) € —K.
In this paper, we introduce the following robust counterpart (RC):
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Minimize f(z,U),
subject to x € A, Vv € V, g(z,v) € —K,

where f(z,U) = {f(xz,u) | u € U}. Hence, we regard (RC) as a set-valued optimiza-
tion problem with vector-valued constraints. For each ¢ € {1,...,n}, there exists
fi: X xU —=R,ie{l,...,n} such that

f(.’L‘,U) = (fl(.’L',U), R fn(xv U))
Since f is continuous and U is compact, f;(z,-) attains its maximum on U for each
i and z. Let f be a function from X to R™ as follows:

flz) = (max fi(z,u), ..., max f(z, v)).

In [14], Kuroiwa and Lee introduce the function, and study a similar robust coun-
terpart. Now we define a solution of (RC).

Definition 4.1. An element zp € F is said to be a solution of (RC) if f(z,U) ¢
(f(xo) —intC) for each x € F.

We compare a solution of (RC) with a solution of set optimization in Section 5.

Theorem 4.2. Let xg € F, e € R} | and zp € R". Then,

Pe,z0 (f(xo)) = SUD Pe 2, © f(T0,u).
ueU

Proof. 1t is clear that f(zo,U) C f(zo) — R’ . Hence,

Pe,zo (f(J:O)) > Sup Pe,zg © f(x07 U)
ueU

By Theorem 3.2, there exists Z € bdR"} such that F(@0) = 20 + @e,zo (f(20))e — Z.
Since z € bdR", there exists i € {1,...,n} such that z; = 0. Let g = Flao) —
f(xo,u;) where u; € U such that fi(x,u;) = maxyey fi(x,u). Then, y € R} and
y; = 0. This implies that z + y € bdR". Hence,

A~

f(ﬁo, Uz) = f(fl,‘o) -9
= 20+ Qe (f(20))e =2 -7
€ 20+ ez (f(x0))e — bdRY.
This shows that e ., (f(2,u:)) = @e,z (]E(m)) This completes the proof. 0

In the following theorem, we show a characterization of the solution of (RC).

Theorem 4.3. Let xg € F'. The following statements are equivalent:

(i) zo is a solution of (RC),
(ii) for each e € R}, there exists zo € R"™ such that

Sup Pe,zg © f($07 u) = min sup Pe,zg © f(% U)
ueld zeF ey
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Proof. We show that (i) implies (ii). Let e € R, and zy = f(xo). Then, by
Theorem 4.2, sup,cy e,z © f(xo,u) = (,06720(]3(56[))) = 0. By the statement (i),
for each 2 € F, there exists u € U such that f(z,u) ¢ f(xo) — R’ .. Hence
e zo © fx,u) > @e 2 (f(xo)) This shows that (ii) holds.

Conversely, assume that (ii) holds and there exists Z € F' such that f(z,U) C
f(:z:o) —R%,. Let e € R, . By the assumption and Theorem 4.2, there exists 2o €

R™ such that ez, (f(20)) = SupPyey Pe.z © f (0, u) = MiNge F SUPy ey Pe,zo © f(z,u).
By monotonicity of the scalarizing function, ¢e -, (f(z0)) > @e,z © f(Z,u) for each
u € U. Since U is compact and f is continuous, @e , (f(x0)) > maxyey Ye.z0f (T, ).
This is a contradiction. (I

Let F be the following set of functions;

f : continuous,

U : compact convex,

f(-,u) : R} -quasiconvex Vu € U,

f(x,-) : proper quasi Rl -concave Vz € X.

F={f:XxU—=R"

In the following theorem, we investigate surrogate min-max duality for quasiconvex
vector optimization with uncertain objective and constraints.
Theorem 4.4. The following statements are equivalent:

(i) the following robust characteristic cone is closed and convez:

U cl {coneepi (Ao g(-,v))" + epidh},
veEV,AeK+

(ii) for each xo € F and f € F, xgy is a solution of (RC) if and only if for each
e € R, , there exists zo € R™ such that
su o f(xp,u) = max inf o f(x,u) | Aog(z,v) <0}
SUD ez © f(zo,u) = max I (e o @ u) [Aog(z,v) < 0}
Proof. By Theorem 3.2, @, »,0f(-,u) is continuous quasiconvex for each u € Y. Since
U is compact, and f is continuous, sup,cys ez, © f(+, u) is continuous quasiconvex.
Hence, we can prove the following equation by the similar way of the proof of
equation (3.1),
inf su of(zx,u) = max inf{su o f(x,u) | Aog(x,v) <0}.
xeFUEB(Pe,zo f(z,u) UEV,)\GKJW&EA{UGE(PQ’ZO f(z,u) | g(x,v) <0}

Since f is continuous and f(x,-) is proper quasi R’ -concave, by Theorem 3.2,
©e 2o © f(x,+) is continuous quasiconcave function. By Sion’s min-max theorem,

inf {sup e, © f(z,u) | Ao g(z,v) <0}
z€A ueU

= i < .
max inf {pe,z © f(z,u) | Aoglz,v) < 0}

This shows that (i) implies (ii). The proof of converse implication is similar to the
proof of Theorem 3.7. O
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Remark 4.5. In the definition of F, we assume that U/ is compact convex. Exactly
speaking, we assume that I/ is a compact convex subset of a topological vector
space. It is not necessary that I/ is a subset of given topological vector spaces, X,
Y, or R".

5. DISCUSSION

In this section, we discuss about our results in this paper. Especially, we in-
vestigate a necessary and sufficient constraint qualification for surrogate duality
via robust optimization. Also, we compare a solution of (RC) in Section 4 with a
solution of set optimization.

Recently, many types of necessary and sufficient constraint qualifications for du-
ality theorems have been investigated, see [8,10,18-26]. In Theorem 3.7 and Theo-
rem 4.4, we show surrogate min-max duality theorems for robust quasiconvex vector
optimization with its necessary and sufficient constraint qualification. In the follow-
ing theorem, we investigate surrogate duality theorem for real-valued optimization
with uncertain objective and constraints. The proof is similar to Theorem 3.7 and
Theorem 4.4, and will be omitted.

Theorem 5.1. The following statements are equivalent:
(i) the following characteristic cone is closed and conver:
U cl{coneepi (Ao g(-,v))" + epidh},
veEV,AEKT
(ii) for each upper semicontinuous quasiconver function f from X to R,

inf f(z) = inf A <0
nf fl2) = _max  inf{f(@)|Aog(z,v) <0},

(iii) for each continuous function f from X x U to R with U is compact convex,
f(-,u) is quasiconvex for each u € U, and f(z,-) is quasiconcave for each

z e X,
inf sup f(z, u) = max inf { f(z,u) [ Aog(z,v) <0
xepuegf( ) UeuAeKtuemeA{f( ) | Ao g(z,v) <0},

(iv) for each xy € F and continuous C-quasiconvex function f, xg is a weakly
optimal solution of (RC) if and only if for each e € intC, there exists zg € Z
such that

Pezo 0 f(wo) = max inf{pez o f(2)[Aog(wv) <0},

(v) for each xg € F and f € F, xg is a solution of (RC) if and only if for each
e € R, there exists zo € R"™ such that
su o f(xg,u) = max inf o f(x,u) | Aog(x,v) <0}
SUD Pezo © f(z0,u) = max b {ge o f@u) [ Ao gla,v) < 0}

In the present paper, we introduce a robust counterpart as a set-valued optimiza-
tion problem. Unfortunately, it is not so evident which is the suitable robust coun-
terpart of uncertain problem whenever the uncertainty aspects the vector-valued
objective function. Many researchers introduce various types of robust approach
for uncertain vector optimization problem. For example, in [5], Georgiev, Luc and
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Pardalos define the efficient solutions of robust counterpart as those robust feasi-
ble solutions which are efficient for any possible value of u € U. In [7], Goberna,
Jeyakumar, Li, and Lépez investigate uncertain problems by transferring the un-
certainty from the objective function to the constraints. This approach is a very
elegant and important element for convex optimization problems. However, it is
not always valid for quasiconvex optimization problems, see the following example.

Example 5.2. We consider the following counterpart:

minimize ¢,
subject to = € F, f(z,u) —t € —C,Yu € U.

If f(-,u) is C-convex for each u € U, then this counterpart is convex optimization
problem. However, even if f(-,u) is C-quasiconvex, this counterpart is not always
quasiconvex optimization problem.

Let f be the following real-valued quasiconvex function on R:

0, x>0,
f(z) = {2:6, otherwise.

Let f(z,t) := f(x) —t, 21 = (—1,1) and 2o = (1,3), then

7 (;zl + ;ZQ> = 9> 23 = max{F(=1), F(22)}

This shows that f is not a quasiconvex function on R2.

In [14], Kuroiwa and Lee introduce a robust counterpart by a similar way in
Section 4 of this paper. We consider this robust counterpart is one of the natural
pessimistic approach to uncertain vector optimization problems.

In set-valued optimization, there are some definitions of solutions. Especially,
Kuroiwa investigate set optimization approach, see [12,13]. Next, we compare a
solution of (RC) in Section 4 with a solution of set optimization. In set optimization,
the following relation have been investigated. Let A and B be subsets of Z. The
notation A <" B will mean A C B — C. Also, A <" B will mean A C B — intC.
An element xg € F is said to be a u-type weak minimal solution if there does not
exist x € F such that f(x,U) <" f(xo,U). We can check easily that if zo € F is a
solution of (RC), then z is a u-type weak minimal solution. However, the converse
is not generally true, see the following example.

Example 5.3. Let 2o, v € F, A = f(zo,U) = {a € R? | ||a|| < 1}, and B =
fat) = {a € B2 | a— (5, 1) < 2} Then, (.U ¢ f(wo,U) — B2, that is
flz,U) L% f(zo,U). If f(y,U) £* f(zo,U) for each y € F, then zg is a u-type weak

minimal solution. However, f(zo) = (max(;, z,)ea T1, MaX(g, 7,4 T2) = (1,1) and

flx,U) C f(xo) — R2 ,. Hence, z( is not a solution of (RC). This indicates the
existence of a u-type weak minimal solution which is not a solution of (RC).
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In Theorem 4.3, we investigate a characterization of a solution of (RC) by the
scalarizing function. We can check easily that if for each e € R, there exists
zg € R™ such that

Sup Pe zq © f(xo,u) = minsup Pe,zo © f(z,u),
uel T€F yeu

then g € F is a u-type weak minimal solution. However, the converse is not
generally true by Theorem 4.2 and Example 5.3. This means that a u-type weak
minimal solution is not characterized by this type of scalarization. By using the
notion of the solution of (RC) in this paper and the scalarizing function, we show
surrogate min-max duality via robust quasiconvex vector optimization.

6. CONCLUSION

In this paper, we investigate surrogate duality for robust quasiconvex vector op-
timization. In Section 3 and Section 4, we investigate robust vector optimization
by using scalarization. We investigate surrogate min-max duality for quasiconvex
vector optimization with uncertain constraints and introduce a necessary and suf-
ficient constraint qualification for surrogate duality. Also, we investigate vector
optimization with uncertain objective and constraints. Because of the uncertainty
of the objective function, the robust counterpart is a set-valued optimization prob-
lem. We introduce a notion of solutions of the robust counterpart, and we investi-
gate surrogate min-max duality with its constraint qualification. In Section 5, we
discuss about our results. We investigate surrogate duality for real-valued robust
optimization with its constraint qualification. Also, we compare a solution of (RC)
in Section 4 with a u-type weak minimal solution in set optimization.
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