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GENERALIZED CUTTING PLANE METHOD BY MEANS OF
MINIMUM TYPE SUBDIFFERENTIALS

ALI REZA DOAGOOEI AND CHRISTIANE TAMMER

ABSTRACT. Applying generalized convexity techniques and using minimum type
subdifferentials, we design a cutting-plane type algorithm to minimize the degree-
one calm and continuous objective functions. We establish conditions to prove
the convergence of the algorithm. In addition to proposing some packages from
the literature, we will illustrate our method through a geometric example.

1. INTRODUCTION

Optimization algorithms constitute a wide branch of research in the theory of
applied mathematics. Besides the numerous convergent algorithms which are tai-
lored to the particular types of optimization problems, there are many heuristic
algorithms which are fast but not convergent for any kind of objective functions.
In other words, the main part to make an algorithm reliable is its convergence.
Being an efficient convergent algorithm to solve convex optimization problems, the
cutting-plane method iteratively refines a feasible set of a convex objective function
through the linear inequalities. Such procedures are commonly used both to solve
(not necessarily differentiable) convex optimization problems and to find integer
solutions of mixed integer linear programming problems.

In a general situation, the cutting plane method has been developed in the setting
of abstract convexity [14]. Then, many papers have been studying this method
for several classes of objective functions, see for example [3, 4, 5, 6, 9, 11, 19].
In particular, the cutting angle method, which is a special case of cutting plane
method, applies a max-min function of the form

hz) — N L
(r) = max,  min iz,
where © = (z1,...,7,) and (l;1,...,l;,) belong to R™, for i = 1,k and for some

k € N. The cutting angle method for classes of increasing and convex along rays
functions, increasing and co-radiant functions and for the class of Lipschitz contin-
uous functions are examined in [1, 2, 18].

The class of degree-one calm functions is very large. It contains all locally Lip-
schitz functions. In this paper, we propose a cutting angle method (generalized
cutting plane method) to minimize a degree-one calm function over a compact sub-
set of R™.
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The layout of this paper is as follows: In Section 2, we gather definitions, no-
tations and preliminaries which are used in the paper. In Section 3, we present
a method to obtain a min-type subgradient of a degree-one calm function and we
apply it to design a generalized cutting plane method. In order to solve a sub-
problem of aforementioned algorithm, we derive a method to minimize a max-min
function in Section 4. We also present another version of cutting angle method
which uses approximate solutions and prove its convergence. In addition to propos-
ing some packages from the literature, we will finally illustrate our method through
a geometric example.

2. PRELIMINARIES

Let H be a set of finite-valued functions defined on a set X. Recall that a function
f:X = Rin :=RU{+0o0} is called abstract convex with respect to H or H-convex
on X [17], if there exists a set U C H such that

f(z) =sup{l(z) | 1 €U} (2 € X)

with the convention sup() = —oco. We assume that the function —oo, where
—oo(x) = —oo for all z € X is also abstract convex. Note also that H is called the
set, of all elementary functions.

For a positive integer number k, we denote the set of all functions defined as a
minimum of at most £ affine functions by Hjy. In other words,
(2.1) Hi = {h :R* = R ‘ h() = lrillil(az, ) + Odi), I e R*, o; € R, 7 < k}

<i<y

The following observation characterizes H,,+1-convex functions, which also indicates
how large this class of functions is.

Theorem 2.1 ([20], Theorem 5.1). Suppose f : R" — R, is a proper, lower
semicontinuous function. Then, the following statements are equivalent:

(i) f is Hpy1-conver.
(ii) There exists { € Hpi1 such that f > (.

It is worthy saying that every function with a finite global infimum is H,1-
convex. Moreover, every star-shaped function (function with a star-shaped epi-
graph) is H,,41-convex as well.

Let dom(f) := {x € X | f(x) < +00}. Recall that the H-subdifferential of the
function f at a point xy € dom(f) is defined by

O f(zo) ={heH |VzeX: f(z)— flzo) = h(z) — h(zo)}.
Every element of 0y f(z9) is called an abstract subgradient of f at the point xg.
Notice that 05, f(x) C Oy f(x) for all x € X, where
O3l (@) 1= {h € supp(f, H) | h(x) = f(2)}.
Recall that a function f : X — R, is called degree-one calm at the point z €
dom(f), if
fly) — f(=z)

liminf —/————= > —oc0
yoe o ly — ]
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Equivalently, f is degree-one calm at x € dom(f) if and only if there exist € > 0
and K > 0 such that

(2.2) Vy € B(z,e): fy) = f(z) 2 —K|y —=|,

where B(z,€) := {2z € X | ||z —z|| < €}. The following observation shows where the
‘Hnr1-subdifferential of a function is nonempty.

Theorem 2.2 ([20], Theorem 6.3). Let f : R™ — Ry be a lower semicontinuous
non-negative function and x € R™ be such that f(x) # +oo. Assume f is degree-one
calm at the point x. Then 05, . f(z) # 0.

Recall that a family of function G := {g | R™ — R} is called equicontinuous at a
point xg € R™ if for every € > 0 there exists a neighborhood V,,, such that

lg(z) — g(z0)| <,

for all z € V,, and for all ¢ € G. G is called equicontinuous on C' C R" if G is
equicontinuous at every point of C.
Our main result will be established upon the following theorem.

Theorem 2.3 ([14], Theorem 9.1.1°). Let (X,d) be a metric space and H be a
equicontinuous family of real-valued functions defined on X. Let f be a continuous
function such that

(2.3) f(z)=sup{h(z)+c|heH, ceR, h+c< [},

for all z € X. Let {e;} be a nonincreasing sequence of positive numbers tending
to 0. Let the sequences (z)ren and (hi)ken be defined by the following recursive
procedure:

For the initial data xo,x1,...,2_1 € X and hg,...,hp_1, the point xp €
X is chosen so that r(zr) — infpex¥r(x) < e  where Yp(x) =
max{ho(x), hi(x),..., hx—1(z)}. Let hy € H be chosen so that hi(z) < f(x) for
allx € X and

V() < hyg(xg) < flar) < velar) + e
If the sequence (xy) has a limit point x*, then x* is a minimizer of the following
minimization problem:
f(z) — inf, zeX.

Remark 2.4. Suppose that the family of functions H is closed under addition, i.e.,
H + ¢ =H for all c € R. Then, (2.3) is fulfilled if and only if f is H-convex.

3. GENERALIZED CUTTING PLANE METHOD

In this section, we apply generalized cutting plane method [14] by means of min-
imum type subdifferentials. We first present the generalized cutting plane method
and then discuss the details of the algorithm.

Let X be a normed space and H be a set of functions defined on an open set
containing the compact convex set C' C X. Assume that f is an abstract convex
function with respect to the set H. Consider the following minimization problem.

(3.1) f(x) = min, x € C.
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To solve this problem, the generalized cutting-plane method is applied as follows:

Algorithm 1. Generalized cutting plane method (GCPM)
Step 0. Let k£ := 0 and arbitrarily choose an zg € C.

Step 1. Find hy € 05, f(xx).

Step 2. Find a global optimum for the problem

max h;(z) — min, z € C.
0<i<k

Let y* be a solution of this subproblem.
Step 3. Set k:=k+ 1, z; := y* and return to Step 1.

A convergence of this algorithm has been proved in [14] (compare also with [17],
Theorem 9.1) under weak assumptions.

Theorem 3.1 ([14], Theorem 9.1.1). Assume that the set H consists of continuous
functions and let f be a continuous H-convex function. Then, each limit point of
the sequence (xy) produced by GCPM is a global minimizer of the function f over
the set C.

Our main goal is to solve the minimization problem defined by (3.1) by means
of a developed version of GCPM, whenever the objective function is degree-one
calm and H-convex function. As seen from (2.1), the elements of H,,4+1 are contin-
uous functions. This fulfills the first assumption of Theorem 3.1. Therefore, the
generalized cutting plane method by means of H,,1-subdifferentials is convergent,
provided f is a continuous H,+1-convex function.

On the other hand, Theorem 2.2 ensures that dy, ., f() is nonempty for every
x € C under the degree-one calm assumption of the function f over the set C.
However, we need a formula to calculate a minimum-type subgradient of function f
at each point. In [20] Section 6, a method has been presented in order to construct
a subgradient of a non-negative, lower semicontinuous and degree-one calm function
with respect to the class of min-type functions H, 1. We develop this method and
formulate it through the following algorithm.

Algorithm 2. (Constructing a minimum-type subgradient)

Input: A continuous function f, x € C such that f is degree-one calm at the point
x with respect to the constant K and the set B(z,¢), where 0 < € < 1 satisfying
(2.2). Let M > 0 such that f + M > 0 over C.

Step 1.
If f(x)=0

h := 0 and exit.
Else

f = fla)+ M.

Step 2. ([20], Theorem 6.2)
If o < 1
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K:=V2K+f;é:=
Else

K :=\2K|z|+ f ; é := ST

Step 3. ([20], Theorem 4.2)
m = max{n, 55} + 105 3 €1

(1—1—715)7)13’[('2
Step 4. (]2 ] Lemma 2.1)
A= _eaf?
xfll(ﬂ»‘l)H’
d; %( J Xy XAy, L= Axy) for i =1,2,....n
dp+ ':%(xl ATy — ATy — AN L+ Nxy ).

Step 5. ([20], Theorem 6.1)

B := (nﬁl n‘fﬁl i"jll), that is an (n + 1) x (n + 1) squared matrix. Here n‘fﬁl is

the i*" column of B for i = 1,2,...,n+ 1.

Step 6.
Calculate B~!. Let a; € R™*! be the i row of B~! and a; = (;, ;) € R” x R for
1=1,...,n+1.

Output: (][20], Theorem 6.3)
h := mini<j<nt1{li,.) + @ — M. Return h as a minimum type subgradient of f at
the point x.

Remark 3.2. In Algorithm 2, if f is nonnegative over C, then clearly one could
assume M = 0. Notice also that the minimum-type subgradient h obtained by
Algorithm 2 belongs to 0y, f(z). See [20] (Section 6) for the details.

So far, we have proved the convergence of GCPM and presented an algorithm to
find a minimum-type subgradient of the function f at each point of C. Thus, the
subproblem defined in Step 2 of GCPM is the last challenging task. In the next
section, we discuss how to solve this subproblem. In fact, we replace the subproblem
2 of GCPM by an inexact counterpart and then we will prove the convergence of
the new algorithm.

4. INEXACT GENERALIZED CUTTING PLANE METHOD
AND CONVERGENCE ANALYSIS

In this section, first we study some numerical methods to solve the following
problem

(P1) min max (, SrjIlglgH<aM> + aij),

where C is a subset of R", k € N, a;; € R" and «a;; € R, for j = 1,n+1 and
i=1k.
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There exist only a few methods in the literature to find a stationary point of
a max-min function, see for examples [15, 16, 21]. Using Armijo condition [13,
Section 2|, these methods have been established based on a line search method. It
is worthy saying that in our case, (P1) should be solved in each iteration of the
algorithm GCPM (Step 2). Hence, we are not able to use such iterative algorithm,
which obviously increases the complexity of the algorithm. Therefore, we will use a
smooth function as a surrogate function defined in [21] and will replace the objective
function in (P1) by it. Then, an inexact solution is computed. More precisely, let

O(x) := 112?§€ 1§rjn§irrzl+1<aij7x> + i (zeR™).

Consider the following smooth approximation function for p > 0
k

(4.1) ®,(z) := lln <Z __ 1 ) n In(n + 1)'

p i=1 Ej:l exp(—p(al-j, ) _paij) p
Applying Proposition 2.1 of [21], one has

(12) B(w) < By (r) < D) + LD
for all x € R™.

We will show that replacing ®, with sufficiently large p in Step 2 of (GCPM)
necessitates a convergence to a global minimum of the function f, even if the func-
tion ®, is minimized approximately. To do this, first we present a new version of
GCPM using the approximate under-estimator ®,,.

Algorithm 3. Generalized cutting plane method with approximate under-
estimators (GCPMwAU)

Step 0. Let k:=0, 0 >0, ¢g > 0 and zg € C be arbitrary chosen.

Step 1. Find hy := mini<j<pti1(aij,.) + aij € 9y, f(@k) (Algorithm 2 may be
used here).

Step 2. For ¢, > 0, choose pi > 0 sufficiently large such that

In(k+1)(n+1) : 1
o <m1n{k+1,ek},

and let
k

Oy () ::i1n<z - 1 >+ln(n+1)'

Pe Nz D00 exp(—prlaij, o) — provj) Pk

Step 3. For the following minimization problem

®p(x) = min, x € C,
find an approximate solution y* € C' such that
(4.3) Or(y") < inf Pi(2) + e
Step 4. If | Py (y*) — Pp—1(zx)| < o0 — %, then stop with the xj as a (0 — e )-solution.

That is |®x_1(xk) — mingeo f(z)| < 0 — €.
Otherwise, choose €41 such that 0 < exy1 < €x; set k:=k+ 1 and =, = y*. Go to
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Step 1.

Algorithm 3 benefits from two superiorities rather than Algorithm 1. First, in
Step 3 of GCPMwAU we have a smooth function to minimize, while in Step 2 of
GCPM the function is nonsmooth. Secondly, in Step 3 of GCPMwAU we need to
obtain an approximate solution satisfying (4.3), while in Step 2 of GCPM one needs
to reach an exact solution. In the end of this section, we will show the convergence
of GCPMwAU.

Now we discuss how to find a y* satisfying (4.3) in the iteration. For this
end, we discuss two cases: either C'is a box or C' is defined as a system of equalities
in R™. For the sake of simplicity, we denote ®; by .

k,th

Case 1: Let [,u € R" and C := [l,u], i.e.,

where | = (I1,12,...,1ly), u = (u1,us2,...,u,). Since 1 is a smooth function, one
could apply the nonlinear gradient projection method [13]. This method is a sequen-
tial quadratic type method and uses either line search approaches or trust-region
methods. We briefly explain this method using the line search approaches.

At the iteration k, one may replace 1 by a quadratic model at the a point z as
follows:

(@) = 6(2) + V() (& = 2) 5 (0 — =) Bo -~ 2),

where B is a positive definite approximation to the Hessian V21)(z). Therefore, a
line search method is applied. Indeed, at the iterate z; of the line search method,
define the quadratic model of ¥ by

1
¢i(x) == Y(z) + Vo(z) (@ — z) + 5(:1: — z)IBi(z — ).
Then, use the gradient projection method for quadratic programming in order to
find an approximate solution of the problem

(4.5) gi(z) = min, | <z < u.

Let Z be an approximate solution. The descent direction for the objective function
W is Z — z;. Thus, 241 := 2; + (£ — z;) is the new iteration, where «; is chosen to
satisfy Armijo condition. To implement this method, one may apply the software of
[22] (see also [7]) in which the Hessian approximation is defined by limited-memory
BFGS updating.

Case 2: Let
(4.6) C={zeR"i<z<wu, g(x)=0,1=1,2,...,m},
where, g; : R — R is continuously differentiable functions for ¢ = 1,2,...,m and

l,u € R™. Thus, we can write the subproblem of GCPMwAU by

Y(x) — min, gi(x) =0, i=1,2,...m, | <z <.
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The augmented Lagrangian method could be applied in this case (see [8], Chapter
1-3 for the details). For \; € R, i =1,...,m and pu > 0, let

Lia, X p) = f(2) = Sy hgi(x) + SEL162 (),
be the augmented Lagrangian function. Consider the following subproblem
L(z, ;1) = min, [ <z <u,
where A = (A1, ..., \p,). With the same argument to solve the problem of (4.5), the
nonlinear gradient projection is applied to approximately solved this subproblem at

each iteration. For the best implementation of augmented Lagrangian method, we
refer the reader to MINOS [12] and LANCELOT packages [10].

Remark 4.1. In the iteration & of GCPMwAU, whenever C' is determined by one
of the aforementioned cases, the subproblem has an approximate solution y, € C
such that @ (yx) < infyec ®r(z) + €, for a positive tolerance e.

Next, we discuss the convergence of the GCPMwAU. For this end, the following
lemmas are needed.

Lemma 4.2. Let a;; € R" and a;; € R, fori1=0,1,2,... and j =1,n+ 1. Set

A:={&() == 1§5,ngi£1+1<aij,‘> fay|i=0,1,2,...}.

If{a;j | j=1,n+1, i=0,1,2,...} is bounded, then A is equicontinuous over R™.

Proof. Let zp € R", &, € A and € > 0 be given. Since {a;; | j =1,n+1, i =
0,1,2,...} is bounded, there exists M > 0 such that [|a;;|| < M for all j =
L,n+1,i=0,1,2,.... Let § :== §;. Assume that x € R" satisfying ||z — x| < ¢.
Then,

(4.7) |<aij,x — .1‘0)’ < €,

forj=1,n+1, :=0,1,2,.... On the other hand, there exist s,t € {1,n + 1} such
that (aks, vo) + aks = Ek(wo) and (agt, ) + ape = (). Applying (4.7), we have

&) = (age, ) + are > (ars, To) + oy — € > (o) — €

and

§(w0) = (aks, To) + Qs > (Aps, T) + aps — € > Ep() — €
Therefore, |£;(x) — &k (20)| < e. This completes the proof. O
Lemma 4.3. Let Oy, hi, x and € be obtained in the iteration k of GCPMwAU.
Then,

(i) he(xr) < Pplzr) < hi(zr) + 37
(ii) Pg(x) — k%rl < f(x), for all x € C.
(ili) For k > 1, ®p(z) > mingec f(2) > Pp1(zk) — 1 — €k
Proof. (i) follows from (4.2). (ii) follows from (i) and the fact that hi(z) < f(z) for
all x € C. Finally, (iii) follows from the following inequality.
. : 1 1
Pp(wg) > hi(wg) = f(og) > min f(z) > min @p 1 (z) — = > 1 (ak) — - — €,
zeC zeC k k

where the last inequality follows from (4.3). O
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By the following Theorem, we show that GCPMwAU is convergent. We denote
all the positive integer numbers by N.

Theorem 4.4. Let 0 < p <1 and 0 < €x11 < peg. Assume that there exists M > 0
such that ||a;;|| < M, where a;; € R™ is obtained from Step 1 of GCPMwAU for
j=1,n+1andi € NU{0}. Then, GCPMwAU will terminate after finitely many
iterations.

Proof. Assume, by the way of contradiction, that the number of vectors xj, generated
by Step 4 of GCPMwAU is infinite. Let

./4::{ min <aij,->—|—aij | i:O,1,2,...}

1<j<n+1
and
1 b 1 In(n + 1)
B:={®,(:)= —1n — + | k > 0}.
Dk <; Zjill exp(—pr{ai;, ) — Pk:Oéij)> Dk

Applying Lemma 4.2, A is equicontinuous. Now, we are going to show that the
family of functions B is equicontinuous as well. Let > 0 be arbitrary and zg € C.
Using (4.2) and equicontinuity of A4, there exists a neighborhood V;,, of z¢ such that

|[@(x) — ®(x0)| <17
and
P(z) < p(x) < (x) +1
for all ® € A and =z € V,,. This implies that |®x(xz) — Px(x0)| < . Thus, B is
equicontinuous.
It follows now from Theorem 2.3 that every limit point of (zy) is a global minimizer
of f over C. Let (xx;) be a convergent subsequence of (z;) and zy;, — 2* € C,

where mingeo f(z) = f(z*). Since € | 0, equicontinuity of B and Lemma 4.3 part
(iii) imply that

lim @kj,l(xkj) = lim (I)kj(xkj) = f(.’L'*),

Jj—+o0 Jj—+oo
which means |®y, (zg;) — @, —1(wx;)] — 0. Therefore, the stopping criterion of
GCPMwAU (|94 (y*) — ®4—1(2x)| < o — 1) will eventually happen. This is a con-
tradiction. Therefore, GCPMwAU will terminate after finitely many iterations. [

The following proposition shows the convergence of GCPMwAU with an exact
minimizer, whenever two consecutive iterations have the same solution.

Proposition 4.5. Let x;, and xpy1 be obtained from Step 4 of GCPMwAU and
Tk = Tpa1. Then, i is an exact global minimizer of the function f over C.

Proof. Since xj, = xp41, Maxo<i<k i = Maxo<i<kp+1 hi and consequently &5 =
&1 1. Therefore,
(4.8) Dp (k) = Prtj(@h) = Prr14j (Trt1) = Prp1(Trt1),
for all 7 =0,1,2,.... On the other hand, by Lemma 4.3 part (iii) we have
1

(4.9) Py jrr(zr) > min f(@) = Cpsj(me) — Etg o
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forall  =0,1,2,.... As j — 400, it follows from (4.8) and (4.9) that

iréig f(a:) = @k(xk)

This completes the proof. O

In the rest of this section and through the following geometric example, we illus-
trate how GCPMwAU works.

(A) The original function f and the (B) The original function f and the sub-
subgradient hg at zg = 1. gradient hy at 7 = —1.

415 15

(¢) The original function f and the (D) The original function f and the
smooth estimator of function hg. smooth estimator of max{hg, hi}.

Ficure 1. The algorithm terminates here due to zo = 0 = z3.

Example 4.6. Let f(z) :=+/|z| and C':=[-1,1]. Let 9 = 1 and ho € 93, f(o)
be defined by

rz <1,
h“”_{l x> 1.

Choose pp = 10 and ¢y = 0 in Step 2,

1 1 In(10
<I>0(x)::—ln< )+ a( )
10 exp(—10) + exp(—10z) 10
Figure 1 part (a) and (c) depict the function hy and its smooth estimator, respec-
tively. The minimizer of ®g on [~1,1] is 21 = —1. So, we take hy € 0,  f(z1)
defined by

—r x> -1,
}“@:{1 z < -1
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For p; =10 and €¢; = 0,

O (z) :=

1 1 1 In(10)
—In ( + )

10 exp(—10) + exp(—10z) = exp(—10) + exp(10x) 10
Figure 1 part (b) and (d) depict the function h; and the smooth estimator ®q,
respectively. Therefore, the minimizer of ®; over C' is o = 0. Now, we take hy =0
of 93 . f(z2). So max{ho,h1,he} = max{ho,hi}. This means that &, = ®; and
consequently 3 = 0 = zo. It follows from Proposition 4.5 that xo = 0 is the
minimizer of f over [—1, 1] which we have already known.

(A) The original function f. (B) The smooth function ;.
FIGURE 2. The exact global minimizer is obtained by ®;.

It is worthy mentioning that the function f(z) =/|z] is neither smooth nor lo-
cally Lipschitz at 0. Moreover, comparing parts (a) and (b) of Figure 2, GCPMwAU
gives us a smooth function which has the same minimizer at the point 0. Neverthe-
less, we emphasis here that the shape of ®; entirely depends on both the abstract
subgradients choosing in Step 1 and the values of p; and €, picking in Step 2.
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