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ABSTRACT. We consider a parametrized optimal control problem for differential
inclusions defined by a concave multivalued mapping. We proved that under some
assumptions we can perturbed the cost function and the constraint multivalued
mapping in such a way that the solution of the perturbed problem depends
continuously on the parameter. The proof is based on the original non-parametric
version introduced by F. Clarke and on a parametric version of the Borwein-Preiss
smooth variational principle.

1. INTRODUCTION

One of the main tools in nonlinear and nonsmooth analysis are the variational
principles in Banach spaces, as Ekeland’s variational principle [12, 13] and its smooth
generalizations, Borwein-Preiss’ [3] and Deville-Godefroy-Zizler’s variational prin-
ciples [9, 10, 11]. Some interesting applications of these variational principles can
be found in [4, 5, 10, 11, 16].

Parametric versions of the Ekeland and the Borwein-Preiss variational principles
are developed in [14] and [15] respectively. The latter states that under some con-
ditions we can perturb a convex function depending on a parameter with a smooth
convex function in such a way, that the minimum point depends continuously on
the parameter.

In this paper we present an application of this parametric variational principle to
optimal control problems for differential inclusions, defined by concave multivalued
mappings.

The main contribution in the paper states that we can perturbe the function and
the multivalued mapping in such a way that the solution of the perturbed problem
depends continuously on the parameter. We consider the following parameterized
optimal control problem:

minimize f(v,z(b)) for every v € V (parameter space)
under constraints () € F(t,v,z(t))
z(a) = c(v),
where f(v,.) is a convex function, the functions { f(.,z) : € Y’} are equi-continuous

for any bounded Y C R", ¢ is continuous mapping, the multivalued mapping
(t,v,y) — F(t,v,y) is measurable with respect to t, equi-Hausdorff continuous with
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respect to v and Lipschitz with respect to y with the following specific property:
F(t,v,.) is a concave multifunction, i.e. for every x1,x9 € E,t € [a,b],v € V and
[ € [0, 1] we have

AF(t,v,z1) + (1 =) F(t,v,22) C F(t,v,\x1 + (1 — l)x2)

This property is equivalent to convexity of the graph of F'(¢,v,.). A particular case
of this property is satisfied by so called linear relations [17, 18]. All conditions on
F are given in Section 3. Then for any € > 0 we can find a convex and smooth in
x perturbation A(v,z) of f such that the perturbed problem:

minimize f(v,x(b)) + eA(v,z(b)) for every v € V
under constraints i(t) € F(t,v,2(t)) + cBrn
z(a) = c(v),
has a solution depending continuously of the parameter v. The proof is based on

the original non-parametric version introduced by F. Clarke [7] and on a parametric
version of the Borwein-Preiss smooth variational principle [14].

2. PARAMETRIC BORWEIN-PREISS VARIATIONAL PRINCIPLE WITH CONSTARINTS

In this section we include, for completeness, the main results from [14], which
are essential for obtaining the main result concerning perturbed optimal control
problems.

Let (E,||.||) be a Banach space, B the open unit ball in E and Y a convex subset
of E.

Recall that a function g : Y — R is quasi-convex if its sublevel sets L(g, «) :=
{zx €Y : g(x) < a} are convex for every a € R. Equivalently, ¢ is quasi-convex
if g(lz + (1 — N)y) < max{g(x),g(y)}, for every z,y € Y, A € [0,1]. Recall that a
multuvalued mapping F' : T' — FE, where T is a topological space, is lower semi-
continuous at x, if for every open V with V N F(zg) # () there exist an open
U > xg such that F(x) NV # (0 for every z € U. Denote by Ry the set of all
positive numbers and by 2Y the set of all non-empty subsets of the set Y.

In the sequel we will use the following lemma, which appears to be a powerful
instrument of variational analysis, since the parametric Borwein-Preiss variational
principle (see below) is based on it, and it gives simple proofs of: Ky Fan’s minimax
inequality [2], extension to quasi-convex functions of minimax equalities (see [2],
Theorems 6.3.2 and 6.3.4]), Sion’s minimax theorem [22], etc.

Lemma 2.1 ([15]). Suppose that X is a paracompact topological space, E is a
Banach space, Y C E is a closed, convex and nonempty subset, F : X — 2Y is lower
semicontinuous multivalued mapping with convexr nonempty images, € : X — Ry s
a continuous function and the functions f : X XY — R, g : X — R satisfy the
conditions:

(i) the function f(z,.) is quasi-convex for every x € X;

(ii) the function f(.,y) is upper semicontinuous for every y € Y;

iii is lower semicontinuous and g(x) > inf x,y) > —oo for
(iii) g g(z) = ye(p(z)%(z)B)me( y) f
every x € X.
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Then:

(a) there exists a continuous selection ¢ : X — Y of the mapping F. (i.e.
() € Fe(x) for every x € X ), where F.(x) = (F(z)+e(x)B)NY, and

(2.1) fz,0:(x)) < g(z) +e(z) VrelX.

(b) If F(x) is open for every x € X, then there exists a continuous selection o,
of F' satisfying (2.1).

Below we present a particular case of a parametric Borwein-Preiss principle with
constrauns, proved in [15] (Theorem 4.2).

Suppose that the following conditions, denoted collectively by hypothesis (H) are
satisfied:

(H,) P is a compact topological space,

(Hp) E is a Banach space, C' C E is a closed, convex and nonempty set, g > 0
is given, Cy = C' + ¢¢ B,

(H.) the function f : P x E — R is convex and continuous with respect to the
second variable, and bounded on the bounded subsets of Cp,

(Hg) the family of functions {f(.,z) : € Y'} is equi-continuous for any bounded
subset Y C Cy,

(H.) the multivalued mapping C : P — 2¢ has closed convex and nonempty values
and is lower semi-continuous and Hausdorff upper semi-continuous and Upe pC(p) is
bounded.

Consider the following parameterized minimization problem P:
minimize f(p,x) with respect to = for every p € P,

under constraints: x € C(p).

Denote disty (z) = inf ey ||z — y|| - the distance from a point x to a set Y.

Theorem 2.2 ([15]). Assume that the hypothesis (H) is satisfied, inf f(p, Cy) > —oo
for every p € P and the norm of the Banach space E is Fréchet differentiable on
E\{0}. Let the continuous functions €,l : X — R4, v: X — R and the numbers
a>0,qg>1 be given, | be bounded,

I(p)
2¢5e~1

u: P — C s a continuous mapping satisfying

(2.3) u(p) €C(p)+~(p)B and f(p,u(p)) < oo f(p,x)+e(p) VpeP.
zeC(p)+v(p)B

(2.2) 0<~(p) < Vp e P,

Then there ezist a continuous selection v of C (solution set mapping) and a contin-
wous function K : P — Ry such that:

(i) llo(p) —up)l <i(p), VpeP,
(ii) the function f(p,z)+A(p,x) attains its minimum over C(p) at v(p), Vp € P.

(iif) —AL(p,v(p)) € 3z L(p,v(p), K(p)),
where 0, L(p, z, K) is the subdifferential of L with respect to the second variable, L
is the Lagrange function given by L(p,z, K) = f(p,z) + Kdiste(,)(z),
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(2.4 M) = 3 (o)l — )
n=0
e5) ol ="DEEEONE ) o 0 Yu =1,
=0

vi,x; : P — Cy are continuous mappings, and x;(p) converges uniformly for p € P
to v(p).

3. PARAMETERIZED OPTIMAL CONTROL PROBLEM FOR DIFFERENTIAL
INCLUSIONS

Denote by AC([a,b], R™ the space of all absolutely continuous functions from
[a,b] to R™ and define

G(v) = {x € AC([a,b], R™) : i(t) € F(t,v,2(t)), a-e., z(a) = c(v)}.
Consider the following parameterized minimization problem P(v):
minimize f(v,z(b)) for every v € V (parameter space)

under constraints: = € G(v).

The aim of this section is to show that under a small perturbation of the cost
function f, there exists a solution of this problem, which depends continuously on
the parameter v. Assume that:

(1) the function f : V x R"™ — R, where V is a paracompact space has the
properties:

1.1. f(v,.) is convex and differentiable for every v € V,

1.2. the functions {f(.,2) : z € Y} are equi-continuous for every bounded
subset Y C R";

(2) the multimap F : V x R x R® — 2R"\ {})} has convex compact images with
smooth boundaries (i.e. at any boundary point of any image of F' there is
only one supporting hyperplane) and:

2.1. the multimap ¢ — F(v,t,x) is measurable for any z € R",v € V,

2.2. F(t,v,.) is Lipschitz with a Lipschitz constant k(¢,v), which is an in-
tegrable function with respect to ¢t and the family {k(t,.) : t € [a,b]} is
equi-continuous,

2.3. F(t,v,.) is a concave multifunction, i.e. for every xi,20 € E,t €
[a,b],v € V and [ € [0, 1] we have

AF(t,v,21) + (1 =) F(t,v,22) C F(t,v,\x1 + (1 — )x2);

This property is equivalent to the convexity of the graph of F(¢,v,.).
2.4. the mappings {F'(¢,.,y) : t € [a,b],y € R"} are equi-Hausdorff contin-
uous,
2.5. there is a continuous function v : V' — R such that [|z]] < v(v)(||ly|[+1)
for all (¢,y) € [a,b] x R", z € F(t,v,y) (linear growth condition).
(3) the mapping ¢: V — R™ is continuous.
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Denote by Lﬁ'” , the space L?([a, b], R™) furnished with the following norm:

1/2
ol = (12122 0,500 + 112(@) e + lo®) e )

which is Fréchet differentiable on L2([a,b], R™) \ {0}, since the space L?([a,b], R™)
is Hilbert.

By the above hypotheses and Theorem 1.11 of Chapter 4 in [8] it follows that
G(v) is nonempty compact and convex subset in L?([a,b], R"), and therefore, in
L? too.

ll-la,b
Lemma 3.1. The multivalued mapping G : V. — Lﬁ.” \ is: (a) lower semi-

continuous and (b) Hausdorff upper semi-continuous.

Proof. (a). Let vo € V, 2o € G(vg) and € > 0 be given. Denote

b b
K(U):exp(/ k‘(t,v)dt) and pF(U,ZE):/ dist pg,p,0(0)) (£(2) ) dt.

Since the functions {k(t,.) : t € [a,b]} are equi-continuous, the function K is con-
tinuous, so there exists an open set Oj(vg) such that |K(v) — K(vg)| < 1 for ev-

ery v € O1(vg). Take v € <0,€/(K(Uo)|a —b|(Jla —b] + 1)1/2)>. Since the map-

pings {F(t,.,y) : t € [a,b],y € R"} are Hausdorff equi lower semi-continuous and
¢: V — R™ is continuous, there exists an open set O3(vg) such that

F(t,v0,z0(t)) C F(t,v,z0(t)) + B,
lle(v) — c(vo)]| <&, Vv e Oz(v), vVt € [a,b],

hence pr(v,x0) < 7|la —b|. Using Theorem 3.1.6 in [7], for any v € O1(vo) N O2(vp)
we obtain existence of a trajectory z, of F(.,v,.) such that z,(a) = zo(a) and

b
|z = @ollz, = / |0 (£) = o ()]t + |20 — xol|R
a
< (Ja— b+ 1) mas [zo(t) — zo(0)?
t€la,b]

< (la—b]+ 1)K (v)*pr (v, 0)*
< (la=bl+ 1)K (v)*y*|a— b
< &

Defining %, = x, + ¢(v) — ¢(vg), we have

a,b + ||xv - xOHQ,b
< (14 (la—bl+2)'2),

which proves the lower semi-continuity of G.

(b). Assume the contrary: G is not Hausdorff upper semi-continuous at some
vo. Then there exist € > 0 and sequences {v;}°,, {z;}52; such that v; — vy and
z; € G(vi) \(G(vo) +¢€Bj,,) Since the mappings {F'(¢,.,y) : t € [a,b],y € R"} are
Hausdorff equi upper semi-continuous, there exists a subsequence {iy} such that

l.'ik (t) € F(ta’l)ika Ly, (t)) C F(ta V0, Liy, (t)) + B”Ha,b/k

va — 20||a,b < va — Ty
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The continuity of (v) in the linear growth condition of F'(t,v,.) (see 2.5) and
Gronwall’s inequality (see Proposition 1.4 of Chapter 4 in [8]) guarantee the uniform
boundedness of {z;, (t) : t € [a,b],k = 1,...}, therefore, a uniform bound of {z;, }
with respect to the norm ||.||qs. Further the proof is the same as the proof of
Theorem 1.11 in Chapter 4 of [8], proving in such a way existence of subsequence
of {x;,} converging uniformly (therefore in the norm ||.||,; as well) to a continuous
function xg, which is a trajectory of F(.,vo,.) and satisfying z¢(a) = c¢(vp) (here we
used the continuity of ¢). This means zo € G(vp), a contradiction. O

Lemma 3.2. Assume that V is a compact topological space. Then the function
p(v) = infyec(o)+eny , f(v,z(b)) is lower semi-continuous on V.

Proof. Since G is Hausdorff upper semi-continuous and V' is compact, G(V') + EB|| 1
is compact too. Take vy € V, € > 0, an open set U > vy such that G(v) C

G(’Uo) +6B||.||a7b and f(vo,$(b)) - f(U, :L‘(b)) <eVxe G(V) +€BH.||a’b,U eU (this is

possible by 1.2). For any v € U, take z, € G(v) +eBy ), , and y, € G(vo) +€B,,

such that f(v,z,(b)) < ¢(v) + € and ||y — Yullap < €. Let K be the Lipschitz

constant of f(vo,.) on {z(b) : z € G(V)+eBj,,} (such a K exists by boundedness

of f(vp,.) on the bounded subsets and by a basic lemma of convex analysis, see for

instance [16], Lemma 5.23, page 742). Then

p(vo) —p(v) < f(vo,yu(b)) = f(v,24(D) +¢
< f(U07yv(b)) - f(UOa -Tv(b)) +2¢
< Kllyo(b) — 2o (D) [rn + 22
< e(K +2),

which proves the lower semi-continuity of the function . O
Now we state the main result in this paper.

Theorem 3.3. Assume that V' is a compact topological space (a parameter space).
Then

(i) for every e > 0,q > 1 and v € V there exists a solution z.(v)(.) of the
perturbed minimization problem Pg(v):
minimize fe(v,z(b) = f(v,x(b)) + A(v,x) for everyv € V
under constraints: x € G(v), where

o
(3.1) A(,z) =Y pn(v) ||z = za(0)||2
n=0
Ty V — Lﬁ.” , ore continuous mappings converging uniformly for V to

the continuous mapping x. : V. — Lﬁ_H o Hn Vo= [0,1] are continuous

functions, >0 o pn(v) < €.
(ii) There exists a mapping pe : V — AC([a,b], R"™) (Hamilton multiplier map-
ping) such that the following necessary conditions for minimum are satisfied:

1) pe(0)(t) € 8] = Ho(t,2:(0)(0),p:(0)(1),0) | + 2By,
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Yo €V, a.e. in [a,b], where H is the Hamiltonian:
H(t, 2, p,v) = max{(p, w) : w € F(t,,0)}.

2) pe(v)(0) = —fi(v,2:(v)(b)) Vv eV
(iii) If for every v € V, @.(v)(t) € bdF(t,z-(v)(t) a.e., then p is continuous, as
a mapping from V to L*([a,b], R™).

Proof. We follow the proof of the nonparametric case (see [7], the proof of Theorem
3.2.6), with some modifications.

Put | = 3,0 = ¢ and y(v) = ¢/K(v), where K(v) is given by Theorem 2.2.
Then ~ satisfies (2.2) and (¢ + K(v)y(v) + ) /19 < €. We apply Lemma 2.1 (its
conditions are satisfied due to Lemmas 2, 3) and obtain a continuous selection Z.
of the multimap v — G(v) + vB such that

f,2(v)(b)) < inf  f(v,z(b)) +7(v), YveV.
z€G(v)+v(v)B
Applying Theorem 2.2, we obtain a continuous selection z. of the mapping v — G(v)
such that
J (0, (0)(0) + Alv,z) = min (f(v,y(0) +Alv,y)) Vo eV,
yeG(v)
where A(v,z) is given by (3.1) and Y 2 tn(v) < €. This proves (i).

Further we follow the proof of Theorem 3.2.6 of [7]: the proof of Lemma 2 there
is the same in our parametric situation, but in our case the constants involved are
continuous functions of the parameter v. Define

(3.2) Keap(r) = exp ( / b k(1)

(3.3) K (0) = K (0) [ Keopl(0)In(Keap(0) +1],
(3.4) Ka(v) = (b—a+ 1)K, (v)/K (v),
(3.5) K3(v) = Kogp(0) K (v),

(3.6) Ky(v) = (b= a + 1) Keap(v),

(3.7) Si(v,y) = f(v,y(b) = f(v, z(v)(D)) + 7 (v),
(3.8) fa(v,y) = A(v,y),

A(v,y) is given by (3.1),

I

(3.9) fa(v.9) = (K1(0) +7(0) K2(0)||y(@) = ev)|
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(3.10) falv,y) = (Ks(0) +2(0) Ka(v) ) pr(v,9),

b
(3.11) pF(U,$):/ diStF(tm’z(t))(.f(t))dt,

which is a continuous function.

The functions f;(v,.),i = 1,...,4 are convex (the convexity of f4(v,.) is non-
trivial and follows from the concavity of F'(¢,v,.) (condition 2.3) and convexity of
the images of F).

So, applying Lemma 2 in the proof or Theorem 3.2.6 of [7] we obtain that z.(v)(.)
is a global minimum of the function

fi(v, )+ fa(v,) + f3(v,.) + falv, ).

Therefore
(3.12) 0 € 9 filv,2:(0)) + folv, 2e(v)) + fo(v,22(0) + falv,2:(v)).

The functions f;(v,.),s = 1,2,3 are Fréchet differentiable and we calculate (as in
the proof of Theorem 3.2.6 in [7]): for any y € L?([a, b], R"),

(313)  fi(0, 7)) = (Ki@) +7(0) o) ) ([2=(a) = c(v)][gar y(a))

(3.14) fi(v,2e()(y) = (f' (v, 2:(0)(0), ¥ (b)) g
this follows from Theorem 2.3.10 in [7];

(3.15) f3(v.2(0)(y) = Y (v
n=1

R’

q—1

zo(v) = 2:0)|, (|lealv) =232 ),
a,b L,Lb
We put r(v) = f4(v,zc(v)) and note that ||r(v)(t)|| < e for ¢ € [a, b].

In the calculation of the subdifferential of f4(v,.) we use Example 2.7.4 in [7]
and Proposition 2.5.3 in [7]. The distance function distp( () (#(t)) is Fréchet
differentiable at 4(t) and is convex separately with respect to x(¢) and &(t).

Let us denote the derivative of (K3(v) + v(v)K4(v))dist p(¢ vz, (1)) (-) at @c(t) by
Sy(t) and

2
La,b

o = —f1(v,2:(v)) = fo(v, 22 (v)) = f3(v, 22 (v)).
From (3.12) we obtain &, € 0f4(v,z-(v)), so by Example 2.7.4 in [7] there exist
measurable functions (G, §,) such that

(@00). 50(6) € DK (0) + () () sty (E0). s,
where 0 is the Clarke subdifferential with respect to (z.(t),Z-(t)), and
b
B16) &)= [ [@000)+ (0.50)]dn e bl RY,
By Proposition 2.5.3 of [7] it follows that §,(t) = s,(t) a.e. and
(t) € 02 (Ka(0) +1(0) Ka(0))dist 00 (@(0)] . s

Here 0, is the subdifferential from convex analysis, with respect to x.
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Further the proof is the same as those of Theorem 3.2.6 in [7], as it follows that
pe(v) = s, - see Lemma 3, page 127 of [7] and the subsequent part of the proof. So
we prove (ii).

Note that p.(v) is zero, if p.(v)(t) is an interior point of F'(¢,v,z(t).

By (3.13), (3.14), (3.15), £ is continuous as a mapping from V to L?([a,b], R™),
and if @.(v)(t) € bdF(t,xe(v)(t) a.e., then s is continuous too, as a mapping from
V to L%([a,b],R™). Then by (3.16), ¢ is continuous too, which proves (iii), since

P(v) () = Gu(-) +r(v)(.)- =

Remark 3.4. The condition for smooth boundaries of the images of F' is satisfied
on the perturbed mapping F. defined by F.(t,v,z) = F(t,v,z) + eBgrn.
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