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SOME FIXED POINT RESULTS FOR WEAK CONTRACTION
MAPPINGS IN ORDERED 2-METRIC SPACES

PAKEETA SUKPRASERT, POOM KUMAM~*, ARSLAN H. ANSARI, SUMIT CHANDOK,
AND NAWAB HUSSAIN

ABSTRACT. In this paper, we establish certain new fixed point results for gen-
eralized weak contraction mappings using the concept of a triangular 2 — o — 7
admissible mapping in the framework of 2-metric spaces. As an application of the
obtained results, we prove some fixed point results in partially ordered 2-metric
spaces. The presented theorems generalize certain recent results in the literature.

1. INTRODUCTION

Several attempts have been made in order to generalize the concept of metric
space. Many important and interesting results have been obtained, for instance,
quasi metric spaces, 2-metric spaces [20], G-metric spaces [34], b-metric spaces,
fuzzy metric spaces, partial metric spaces, probabilistic metric spaces and many
more (see e.g. [l-41]and references cited therein). The notion of 2-metric was
introduced by Gahler in [20]. Note that a 2-metric is not a continuous function
of its variables, whereas an ordinary metric is continuous. It is well known that
in several situations fixed point results in G-metric spaces can be deduced from
fixed point theorems in metric or quasi-metric spaces. It has also been shown by
various authors that in several cases the fixed point results in cone metric spaces can
be obtained by reducing them to their standard metric counterparts. It is worth
to note that in the above generalizations, a 2-metric space was not known to be
topologically equivalent to an ordinary metric.

In this paper, we establish certain new fixed point results for generalized weak
contraction mappings using the concept of a triangular 2—a —1n admissible mapping
in the framework of (ordered) 2-metric spaces.

2. PRELIMINARIES

To begin with we give some notations, definitions and primary results which will
be used in the sequel.

Definition 2.1 ([20]). Let X be a non-empty set and let d : X x X x X — R be
a mapping and satisfying the following assertions:
(1) For every pair of distinct points x,y € X, there exists a point z € X such
that d(z,y, z) # 0;
(2) If at least two of three points z,y, z are the same, then d(x,y, z) = 0;
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(3) The symmetry:
d(x,y,2) = d(z, z,y) = d(y, z,2) = d(y, z,2) = d(z,2,y) = d(z,y, 7)
for all z,y,z € X;
(4) The rectangle inequality: d(z,y,z) < d(z,y,t) + d(y, z,t) + d(z, z,t) for all
z,y,z2,t € X.
Then d is called a 2-metric on X and (X, d) is called a 2-metric space which will be

sometimes denoted by X if there is no confusion. Every member z € X is called a
point in X.

Definition 2.2 ([20]). Let (X, d) be a 2-metric space and a,b € X, r > 0. The set
B(a,b,r) ={z € X : d(a,b,x) < r}

is called a 2-ball centered at a and b with radius . The topology generated by the
collection of all a 2-balls as a subbase is called a 2-metric topology on X.

Definition 2.3 ([25]). Let {x,} be a sequence in a 2-metric space (X, d).

(1) {x,} is said to be convergent to z in (X, d), written lim,,_,o z,, = z , if for
all a € X | limy, o0 d(xp, x,a) = 0;

(2) {z} is said to be Cauchy in X if for all a € X, limy, p—s00 d(Tp, T, @)
= 0, that is, for each € > 0, there exists ng such that d(x,, z,,,a) < € for all
n,m > ng and a € X;

(3) (X,d) is said to be complete if every Cauchy sequence is a convergent se-
quence.

Definition 2.4 ([25]). A 2-metric space (X, d) is said to be compact if every se-
quence in X has a convergent subsequence.

Lemma 2.5 ([25]). Every a 2-metric space is a T1-space.

Lemma 2.6 ([25]). lim, oo zn = z in a 2-metric space (X,d) if and only if
limy, 00 T, = T in the 2-metric topological space X .

Lemma 2.7 ([25]). If T : X — Y is a continuous map from a 2-metric space X to
a 2-metric space Y, then lim, o x, = x in X implies lim,, oo Tx, =Tx in Y.

It is straight forward from above definitions, that every 2-metric is non-negative
and every 2-metric space contains at least three distinct points. A 2-metric d(x, y, 2)
is sequentially continuous in one argument. Moreover, if a 2-metric d(zx,y, z) is
sequentially continuous in two arguments, then it is sequentially continuous in all
three arguments (see [32]). A convergent sequence in a 2-metric space need not be a
Cauchy sequence (see [32]). In a 2-metric space (X, d), every convergent sequence is
a Cauchy sequence if d is continuous (see [32]). There exists a 2-metric space (X, d)
such that every convergent sequence is a Cauchy sequence but d is not continuous
(see [32]).

Chatterjea in [12] introduced the notion of a C-contraction as follows.

Definition 2.8. Let (X, d) be a metric space and T': X — X be a mapping. Then
T is called a C-contraction if there exists a € [0, 1) such that for all z,y € X,

d(Tz, Ty) < %[d(x,Ty) +d(y, Tz)].
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This notion was generalized to a weak C-contraction by Choudhury in [13].

Definition 2.9. Let (X,d) be a metric space and 7' : X — X be a mapping.
Then T is called a weak C-contraction if there exists v : [0,00)? — [0, 00) which is
continuous and (s,t) = 0 if and only if s = ¢ = 0 such that

AT, Ty) < L ld(e, Ty) + d(y, Ta)] — w(d(x, Ty), dly, T))
for all z,y € X.

Samet et al. [38] defined the notion of an a-admissible mapping as follows.

Definition 2.10. Let T be a self-mapping on a non-empty set X and a: X x X —
[0, +00) be a function. We say that T is an a-admissible mapping if

r,ye X, olr,y)>1 = oTz,Ty)>1.

In [38] the authors consider the family ¥ of non-decreasing functions ¢ : [0, +-00) —
[0, 4+00) such that 3" 4" (t) < +oo for each ¢ > 0, where ¢" is the n-th iterate
of ¢ and give the following theorem.

Theorem 2.11. Let (X,d) be a complete metric space and T be an a-admissible
mapping such that

(2.1) a(z,y)d(Tz, Ty) < p(d(z,y))
for all x,y € X, where ¢ € U. Suppose that the following assertions hold:
(1) there exists xo € X such that a(zg, T'zo) > 1,
(ii) either T is continuous or for any sequence {x,} in X with a(xy, Tpi1)
> 1 for alln € NU{0} and x,, — = as n — 400, we have a(x,,x) > 1 for
alln € NU{0}.
Then T has a fixed point.

Salimi et al. [39] modified and generalized the notions of a-t-contractive and
a-admissible mappings as follows.

Definition 2.12 ([39]). Let T be a self-mapping on a non-empty set X and «a,7 :
X x X — [0,400) be two functions. We say that T is an a-admissible mapping
with respect to 7 if

nyeX, alxy zny) = oTz,Ty)=n(Tz,Ty).
Note that if we take n(x,y) = 1 then this definition reduces to Definition 2.10. Also,

if we take a(z,y) =1 then we say that T is an n-subadmissible mapping.

Recently Karapinar et al. [27] introduced the notion of triangular a-admissible
mapping as follows.

Definition 2.13 ([27]). Let X be a non-empty set and 7' : X — X and « :
X x X — (—o00,+00) be two given mappings. We say that T is a triangular -
admissible mapping if

(1) z,ye X, afzx,y)>1 implies «(Tz,Ty)>1, =z,yeX,
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>
(2) 7,y € X, { ZE:’;; ;i implies «(z,y) > 1.

Motivated by Karapinar et al. [27] and Salimi et al. [39], Fathollahi et al. [19]
introduced the following notion.

Definition 2.14. Let (X,d) be a 2-metric space and T : X — X and «a,7 :
X x X xX — [0,400) be mappings. We say that T is a triangular 2-a-n-admissible
mapping if for all a € X,

(1) z,y € X, a(z,y,a) > n(z,y,a) implies a(Tz,Ty,a) > n(Tx,Ty,a),

alz,z,a) > n(x, z,a)
R L R Et e
If we take n(z,y,a) = 1, then we say that T is a triangular 2-a-admissible mapping.
Also, if we take a(x,y,a) = 1, then we say T is a triangular 2-n- subadmissible
mapping.
Example 2.15. Let X = [0,00). Define 7': X - X and a,n: X x X x X —
[0, +00) by Tz = 1,

implies a(fl), Y, a) > 77(1:7 Y, (1).

oz, y,0) = a?+2, ifx,y€l0,1]
Y, @)= 0, otherwise

and 7n(x,y,a) = a®> + 1. Then T is a triangular 2-a-n-admissible mapping.

Lemma 2.16. Let (X,d) be a 2-metric space and T : X — X be a triangular 2-o-
n-admissible mapping. Assume that there exists xo € X such that a(xg, Tzo,a) >
n(xo, Txo,a) for all a € X. Define sequence {x,} by x, = T"xy. Then

Ty Ty @) = N(T, Ty @) for all myn € N with m < n and for alla € X

Definition 2.17. Let (X, d) be a 2-metric space. Let a,n: X x X x X — [0, 00)
and T': X — X. We say T is a 2-a-n-continuous on (X, d), if

Tp = as n— 00, a(Ty,Tnt1,a) > N(Tn, Ty, a) for alln € N and

a € X = Tz, - Tx. If we take n(x,y,a) = 1, then we say that T is a 2-
a-continuous mapping. Also, if we take a(x,y,a) = 1, then we say T is a 2-n-
continuous mapping.

Example 2.18. Let X = [0,00) and d(z,y,a) = min{|lz — y|, |y — al, |z — al}.
Assume that the mapping 7: X — X and «a,n: X3 — [0, +00) are defined by

z2, if xel0,1]

Tr =
Inxz+2, if ze€(1,00),
1, if =z,yel0,1]
a(x,y,a) = and n(xayva) =L

0, otherwise
Clearly T is not continuous, but T' is a 2-a-n-continuous on (X,d). Indeed, if
Ty — x as n — 00 and a(Tp, Tpi1,a) > N(Ty, Tni1,a) = 1, then z, € [0,1] and
lim,, 00 Ty = lim,, oo xi =22 ="Tx.



SOME FIXED POINT RESULTS FOR WEAK CONTRACTION MAPPINGS 481

Motivated by the above mentioned developments, we first generalize the concepts
of a 2-a-n-admissible mapping with weak and rational a-n-1-
contractions using some auxiliary functions and establish the existence and unique-
ness of fixed points for such mappings in complete 2-metric spaces. As an application
of obtained results, we prove some fixed point theorems in partially ordered 2-metric
spaces. The presented theorems generalize and improve many existing results in the
literature. Moreover, some examples and an application to integral equations are
provided to illustrate the usability of the proved results.

3. FIXED POINT RESULTS FOR WEAK a—T]—C—CONTRACTION MAPPINGS

Definition 3.1. We say that f : [0,00)? — R is a C-class function if it is continuous
and satisfies

(1) f(s,t) <'s;

(2) f(s,t)=s=s=0ort=0.

Example 3.2. The following functions f : [0,00)?> — R are elements of C. For all
s,t € ]0,00), we have

1) f(s,t) =s—1t, f(s,t) =s =1t =0;

2) f(s,t) = gj:g, fls,t) =s=>t=0;

3 f(s,t):(l—it),f(s,t):s:>s:00rt:0;

(t+a®)

f(s,t) =log (lﬂ),a>1,f(s,t):3:3:()0rt:0;
5 f(s,l)zln(l%a),a>e,f(s,l):s:>3:O;
6) f(s,t) = (s + D)W/ AHD) 11 > 1, f(s,t) =s =t =0.

Denote with ¥ the family of continuous functions 1 : [0,00)? — [0, c0) such that
P(s,t) >01if s #0 or t # 0 and ¥(0,0) > 0.

Definition 3.3. Let (X, d) be a 2-metric spaceand T : X — X, a,n: X x X x X —
[0,+00) and f € C. Then

e T is a weak a — n — f — C-contraction mapping if
z,y € X, a(z,y,a) = n(z,y,a) = d(T'z,Ty,a)

< 1 (31, Ty, @) + d(y, T, 0)), (d(z, Ty, @), d(y, T, )

for all a € X where ¢ € W.
e T is a modified weak o« — f — C-contraction mapping if

z,y € X, a(z,y,a) > 1= d(Tz,Ty,a)
< f(5ldlx, Ty,a) + d(y, T, )], w(d(x, Ty, ), dly, T, 0)))

for all a € X where ¢ € V.
e T is a modified weak n — f — C-contraction mapping if

z,y € X, n(z,y,a) <1 = d(Tz,Ty,a)

1
< f(g[d(x, Ty,a) + d(y, Tz, a),(d(z, Ty, a),d(y, T, a)))
for all @ € X where ¢ € W.
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e T is a weak oo — f — C-contraction mapping of type (I) if
a(z,y,a)d(Tz,Ty, a)

<f (%[d(x, Ty,a) + d(y, Tz, a)],(d(z, Ty, a),d(y, Tz, a»)

for all x,y,a € X where ¢ € V.
e T is a weak n — f — C-contraction mapping of type (I) iff is increasing with
respect to first variable and

d(Tz,Ty,a)

< f<n(w,2y, a)

for all z,y,a € X where ¢ € V.
e T is a weak oo — f — C-contraction mapping of type (II) if

d(Tx, Ty, a)

[d(w, Ty, a) + d(y, Tz, )], (d(z, Ty, a), d(y, Te,a) )

(a(z,y,a) + )

1
—ld(x, Ty,a) + d(y, Tx,a)],¥(d(x, Ty, a),d(y, Tz,a )
< (14 o7 (3@ T0.@) + dy. T2, @), ¥(d(e Ty, ). d(y, T,0)
for all x,y,a € X where ¢ € ¥ and ¢ > 0,
e T is a weak n — f — C-contraction mapping of type (II) if

(1+ E)d(Tx,Ty, a)

1
< (n(z,y,a) + g)f(z[d(x’T% a) + d(y, Tz, a)],¢(d(z, Ty, a),d(y, Tz, a))>

forall z,y,a € X, £ >0and ¢ € V.

Now we are ready to state and prove our first main result of this section.

Theorem 3.4. Let (X,d) be a complete 2-metric space. Assume, T : X — X is a
weak a-n-f — C-contraction mapping satisfying the following assertions:

(i) T is a triangular 2-a-n-admissible mapping;

(ii) there exists x¢ in X such that, a(xg, Txo,a) > n(ze, Txo,a) for all a € X;

(iii) T is continuous or 2-a-n-continuous or,

(iv) if {zn} is a sequence in X such that a(xp, xni1,a) > (T, Tnt1,a) for all
a € X and x, — x as n — oo, then a(x,,x,a) > n(x,,x,a) for alln € N

and all a € X.
Then T has a fized point.

Proof. Let xg € X such that a(zg, Txg,a) > n(zg, Txg,a) for all a € X. Define a
sequence {z,} by z, = T"zo for all n € N. Now, since T is a triangular 2-a-n-
admissible mapping, so by Lemma 2.16, we have

(3.1) a(xm,xn,a) > n(xm, xn,a) for all m,n € N with m < n and for all a € X.
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From (3.1), we deduce
(3.2)
d($n+1, Tn, CL)
=d(Tzp, Trp_1,a)

S f (%[d(.’ﬂn, Txn—la CL) + d(ajn—h T‘rna a’)]? 1/’(d(xn7 Tl'n_l, a)? d(l’n_l, T.an, CL)))

= f(%[d(a;n, T,y a) + d(Tp—1,Tpt1,a)], V(d(zn, Tn,a), d(Tp—1, Tni1, a)))

= £ (301,041, @), 90, (1, 211,0) )

< %d(xn—lyfvnﬂ,a),

for all a € X. By taking a = x,,—1 in (3.2), we get d(n41,Zn, Tn—1) < 0. i.e.,
(3.3) d(pi1, TnyTp—1) =0
and so by (3.2) and (3.3), we have

d(Tp41,Tn,a) < %d(zn,l, Tnt1, @)
(3.4) < %[d(mn,l, 20y @) + d(Zns i1, @) + AT 1, B, Tns1)]
< S ldn-1,20,0) + (e, 01, ),

which implies
(3.5) d(Xpi1, T, a) < d(xp—1,Tn,a).

Hence, the sequence {d(zy+1,xn,a)} is decreasing in R, and so it is convergent to
r € Ry. ie., limy oo d(p41,Zn,a) = r. Taking limit in (3.4), we get

1 1
r < inh_{rolod(xn,l,an,a) < §(r+7‘) =r
and then
(3.6) nl;rglo d(Tp—1,Tpt1,a) = 2r.

By taking limit as n — oo in (3.2) and applying (3.6), we get

1
r< f(§(27”),1l)(0727")) <r
this implies r = 0 or ¥(0,2r) = 0. i.e., r = 0. Hence
(3.7) nlggo d(xp+1, Tp,a) = 0.

If d(xp—1,xpn,a) = 0, then by (3.5), we have d(xy,41,Tn,a) = 0. Since, d(xg, x1,x0) =
0, we have d(zy, zp+1,20) = 0 for all n € N.
Since d(Xpm—1, Tm, Tm) = 0, we have

(3.8) ATy, Tnt1,Tm) =0
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for all n > m — 1. For 0 < n < m — 1, noting that m — 1 > n + 1, from (3.8), we
have
d(l'mfl,xmal'nJrl) = d(l‘mflyxmal‘n) =0

which implies

d(xm Tn+1, xm) < d(wm Tn+1, xm—l) + d(xn—&-h Tm, xm—l) + d(xm; Tn, xm—l)

(3.9) = d(zn, Tnt1, Tm—1)-
Now, since, d(zy, Tp+1, Tn+1) = 0, from (3.9), we get
(3.10) d(Tp, Tnt1,Tm) =0

for all 0 < n < m — 1. Hence, from (3.8) and (3.10), we have d(zp, Znt1,Zm) =0
for all m,n € N. Now for all 4,5,k € N with ¢ < j,, we have d(xj_1,z;,2;) =
d(zj—1,xj,x) = 0. Hence, we obtain

d(xia .’L'j,l'k) < d(l’i,l'j,lﬁj_l) + d(«flfj,l’k,ﬂfj—l) + d('xka l’z‘,l'j—l)
= d(zs,zj—1,28) < ... < d(z, zi, ) = 0.

That is, for all 4, j, k € N, we have
(3.11) d(xi,xj,:ck) =0.

We now show that {z,} is a Cauchy sequence. Suppose to the contrary that {x,}
is not a Cauchy sequence. Then there is ¢ > 0 and sequences {m(k)} and {n(k)}
such that for all positive integers k,

(3.12)  n(k) >m(k) >k, d(@p@) Tmk),a) > and d(Tpg)—1, Tm(k), @) < €.
From (3.11) and (3.12), we deduce
€ < d(Tp k), T(k)> @)
< d(Tp(k), Tr(k)—15@) + ATy (k)—15 Tm(k)> @)
(3.13) + d(Zn (k) Trm(k)s Tn(k)—1)

= d(Tp(k), Tn(k)—1, @) + ATpk)—1 Tm(k)> @)
< d(Tp(k), Tn(r)—1,a) + €.

Taking limit as k& — oo in the above inequality and applying (3.7), we get
14 lim d = lim d _ =e.

(3.14) M d(Znk), Timry, @) = UM d(@n )1, Tm(r), @) = €

Also by (3.11), we get

ATy Tr(k)—1, @)

< d( Tk, Tim(k)—15 @) + ATm(k)—15 Tn(k)—15 @) + ATy T(k)—1> T (k)—1)
= d(Trm(k)s Tm(k)—15 @) T AT m(k)—15 Tn(k)—1, @)
(3.15)
< ATk, Tim(k) =15 @) + AT (k) =15 T(k)s @) + ATy —15 T(k)> @)
+ AT (k) =15 T(k)—1> Tn(k))
= d(Zm (k) Tm(k)—1, ) T A Trm(k)—1, Tn(k)> @) + ATy -1, Tng), @),
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and

ATy (k)15 T (k) @)
(3.16) < AT (k) =15 Ty @) + AT () Ton(iys @) + AT (k) =15 Tr(k)> Ton(k))
= d(Tp(k)—1> Tm(k)> @) + ATr(k), Trm(k)> @)-

By taking limit as £ — oo in (3.15) and (3.16) and applying (3.7) and (3.14), we
have

(3.17) lim d(xm(k)fhwn(k)a a) = €.

k—o0

Now since, n(k) > m(k) then by (3.1), we have

AUTim(k)=15 Tr(k) =15 @) = N Trm(k)—15 Tn(k) -1, @)
for all a € X. So by (3.1), we get
€ < d(Tm(k) Tn(k)> @)
= d(T (k) -1, TTr(k)—1,@)
< f(%[d(xm(k)—bTxn(k)—la a) + d(Tp)—1, T (k)—1, a)],
V(A @k —1> TTr(k) =15 @) AT (k) -1 T T (k)15 a)))
= f(%[d(xm(k)—bxn(k)a a) + d(Zn(ky—1, Tm(k)> @),

Y(A(Z (k)15 Tr(k)> @)5 A (k) -1 T (k) a))) -

Taking limit as & — oo in above inequality and applying (3.14), (3.17) and
continuity of ¥, we deduce

e < f<%[e—|—e],w(e,e)> <e€

and so € =0, or ¢(e,¢) = 0. That is e = 0 which is a contradiction. Hence {z,}
is a Cauchy sequence. Now, since (X, d) is a complete 2-metric space, then there
exists z* € X such that lim, o x,, = 2*. At first we assume (iii) holds. That is, T
is continuous. Then

= lim z,y1 = lim T, = Tx".

That is, x* is a fixed point of T'. If T' is 2-a-n-continuous on X, x, — x* as n — oo
and a(zp, Tni1,a) > n(xy, Tpi1,a), then we have

Tt = g Tom = g P =
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So x* is a fixed point of T. Next we assume (iv) holds. That is, a(z,,z*,a) >
n(zn,x*,a) for all n € N and all @ € X. Then by (3.1), we get
d($n+lvTx*7a)

=d(Tzy, Tz, a)
< f (1, Ta*,0) 4+ d(a*, T, )], (d(an, Ta*, ), d(a”, T, 0)))

1
= 1 (5l T2 0) + (2" @as1, )], U(d(wn, Ta' @), d(a" 2011, ).
Taking limit as n — oo in the above inequality we get
d(z*,Tx",a)

< f(%[d(a:*, Tz*,a) +d(z*, 2", a)],Y(d(z*, Tz, a),d(z*, x*, a)))
< f(%d(x*,Tx*,a),¢(d(x*,Tx*,a),0))
< %d(w*,T;r*,a)
which implies, d(z*, Tx*,a) = 0. i.e., * = Tz*. O

If we take f(s,t) = s —t in Theorem 3.4, we obtain following main result in [19]
as corollary.

Corollary 3.5 (Theorem 2.1 [19]). Let (X, d) be a complete 2-metric space. Assume
that T : X — X is a weak a-n-C'-contraction mapping satisfying the following
assertions:
(i) T is a triangular 2-a-n-admissible mapping;
(ii) there exists xo in X such that, a(xo, Txo,a) > n(xo, Txo,a) for all a € X
(iii) T is continuous or 2-a-n-continuous or,
(iv) if {zn} is a sequence in X such that a(Tn, Tpi1,a) > N(Tn, Tni1,a) for all
a € X and x, — x as n — oo, then a(x,,x,a) > n(x,,x,a) for alln € N
and all a € X.

Then T has a fixed point.
By taking n(z,y,a) = 1 in Theorem 3.4, we obtain following results.

Corollary 3.6. Let (X,d) be a complete 2-metric space. Assume that T : X — X

is a modified weak a-f — C-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-a-admissible mapping;

(ii) there exists xo in X such that, a(xg, Txg,a) > 1 for all a € X;

(iii) T is continuous or 2-a-continuous or,

(iv) if {zn} is a sequence in X such that a(zy,Tnt1,a) > 1 for all a € X and
Tp — T asn — 00, then a(xy,z,a) > 1 for alln € N and all a € X.

Then T has a fixed point.
Example 3.7. Let X = [0,00). We define a 2-metric d on X by
d(l‘,y, CL) = mln{|x - y‘a |y - a|7 |I’ - a‘}
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Clearly (X,d) is a complete 2-metric space. Define, T : X — X, v : [0,00)? —
[0,00), a: X x X x X — [0,00), and f : [0,00)? — R as follows:

£ if z € [0,2]

T +ad+1, if x € (2,8]
Ty =

logg z +cosx + 2, if x € (8,14]

|22 + x — 225, if x € (14, 00)
1, ifz,y€l0,2]

and a(z,y,a) =
%, otherwise,
s
t) = —— t) = 1.
Flost) = 1ogs 0060

Now, we prove that all the hypotheses of Corollary 3.6 (Theorem 3.4) are satisfied
and hence T has a fixed point.

Proof. Let x,y,a € X, if a(z,y,a) > 1 then z,y € [0,2]. On the other hand for all
w € [0,2], we have Tw < 2. Hence o(Tx,Ty,a) > 1 for all a € X. This implies
that T is a 2-a-admissible mapping. Clearly, «(0,70,a) > 1 for all a € X. Now, if
{z,} is a sequence in X such that a(z,,x,1,a) > 1for alln € NU{0} and a € X
and x,, — x as n — +o00. Then {z,} C [0, 2] and hence = € [0,2]. This implies that
a(xp,z,a) > 1foralln e NU{0} and all @ € X.

Let a(x,y,a) > 1. Then x,y € [0, 2] and hence

d(Tz,Ty,a) =0 < —[d(z,Ty,a) + d(y, Tz,a)]

o= S|

[d(xz,Ty,a) + d(y, Tz, a)]
1+1

%[d(m, Ty,a) + d(y, Tx,a)]

L+ 9(d(x, Ty, a),d(y, Tx,a))

That is,

tld(z, Ty, a) + d(y, Tz, a)]
>1=d(Tz,T < 2 _ ]
for all @ € X. Hence, T is a modified weak a-f — C-contraction mapping. Then, all
the hypotheses of the Corollary 3.6 (Theorem 3.4) are satisfied and hence T has a
fixed point. O

By taking a(z,y,a) =1 in Theorem 3.4 we have the following Corollary.

Corollary 3.8. Let (X,d) be a complete 2-metric space. Assume that T : X — X
is a modified weak n-f — C-contraction mapping such that satisfying the following
assertions:

(i) T is a triangular 2-n-subadmissible mapping;

(ii) there exists xg in X such that, n(xo,Txo,a) <1 for all a € X;
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(iii) T is continuous or 2-n-continuous or,
(iv) if {xzn} is a sequence in X such that n(x,, Tpi1,a) < 1 for all a € X and
Tpn — T asn — 00, then n(xy, z,a) <1 for alln € N and all a € X.

Then T has a fixed point.

Corollary 3.9. Let (X,d) be a complete 2-metric space. Assume that T : X — X
is a weak a-f — C-contraction mapping of type (I) or weak a-f — C-contraction
mapping of type (II) satisfying the following assertions:
(i) T is a triangular 2-a-admissible mapping;
(ii) there exists xg in X such that, a(xg, Txg,a) > 1 for all a € X;
(iii) T is continuous or 2-a--continuous or,
(iv) if {zn} is a sequence in X such that a(zy,Tpni1,a) > 1 for all a € X and
Tpn — T asn — 00, then a(xy,z,a) > 1 for alln € N and all a € X.

Then T has a fixed point.

Corollary 3.10. Let (X,d) be a complete 2-metric space. Assume that T : X — X
is a weak n-f — C-contraction mapping of type (I) or weak a-f — C-contraction
mapping of type (II) satisfying the following assertions:
(i) T is a triangular 2-n-admissible mapping;
(ii) there exists g in X such that, n(xo, Txo,a) <1 for all a € X;
(iii) T is continuous or 2-n-continuous or,
(iv) if {zn} is a sequence in X such that n(x,, Tpi1,a) < 1 for all a € X and
Tpn — T as n — 00, then n(xy,, z,a) <1 for alln € N and all a € X.

Then T has a fixed point.
(A) for all z,y € X where a(z,y,a) < n(z,y,a) and a(y,z,a) < n(y,z,a) for

all a € X, there exists z € X such that a(x, z,a) > n(z, z,a) or a(z,x,a) >

n(z,z,a) and a(y, z,a) > n(y,z,a) or a(z,y,a) > n(z,y,a) for all a € X.
Theorem 3.11. Adding condition (A) to the hypotheses of Theorem 3.4 (resp.
Corollary 3.6, 3.8, 3.9 and 3.10) we obtain uniqueness of the fized point of T.

Proof. Assume that x* and y* are two fixed points of T. We consider to following
cases:

Case 1: Let, a(z*,y*, a) > n(z*,y*, a) or a(y*,z*,a) > n(y*,z*,a) for all a € X.
Then from (3.1), we have

d(Tz*,Ty", a)
1 * * * * * * * *
< f(§[d($ aTy 7a)+d(y 7T:E aa)]vdj(d(:ﬂ 7Ty aa)7d(y ,TIL’ 7a)))
for all @ € X. This implies that
d(z*,y",a) < f(d(z",y", a),¥(d(z",y", a), d(z",y", a))) < d(z",y", a).
That is, ¥(d(z*,y*,a),d(z*,y*,a)) = 0 for all a € X. So, d(z*,y*,a) = 0 for all
a € X. Hence z* = y*.

Case 2: Let a(z*,y*,a) < n(z*,y*, a) and a(y*, z*, a) < n(y*,z*,a) for all a € X.
From (A) there exists z € X such that

Oz(:n*,z,a) > 77(35*72761) or OC(Z,.’L'*,G) > U(Za$*7a)
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and
a(y”, z,a) Z0(y", z,a) or a(z,y",a) 2 (29" a)
Without loss of generality, we can assume
a(z*, z,a) > n(z*, z,a) and a(y*, z,a) > n(y*, z,a)
Now, since T is a triangular 2 — o — n-admissible mapping, then
Tz, T(T"12),a) > n(Tz*, T(T" '2),a), a(Ty*, T(T"'2),a)
> p(Ty", T(T""2),a)

for all n € NUO and all @ € X. Then from (3.1), we get

d(Tz*, T(T" 12),a) < f(%[d(:r*,T(T"_lz), a) +d(T" 1z, Tx*, a)),
W(d(z*, T(T" '2),a),d(T" 2, Ta*, a)))
which implies that
d(z*,T"z,a)

1g) < (Gl 17 0) 4t T ) w(dat, T, 0), (', T2, 0)))
< %[d(az*, T"z,a) +d(z*, T" 12, a)]

which also implies that d(z*,T"z,a) < d(z*,T" 'z, a). Then there exists £ € R
such that lim,, o d(z*,T"z,a) = ¢. By taking limit as n — oo in (3.18), we get

t<f(3e+0.000) <0

and so ¢ = 0 or ¥(¢,¢) = 0. Therefore ¢ = 0. That is, lim,_,o, 7"z = x*. Similarly,
we can deduce that lim,_,o,, 7"z = y*. Then by Lemma 2.5, we get 2* = y*. g

Remark 3.12. Several more consequences can be obtained using the other func-
tions f € C given in Example 3.12, and/or some other concrete choices of control
functions involved here.

4. FIXED POINT RESULTS FOR RATIONAL CONTRACTION IN 2-METRIC SPACES

In this section, we prove certain fixed point theorems for rational contraction
mapping via a triangular 2-a-n-admissible mapping.
Denote with ¥, the family of continuous functions ¢ : [0,00) — [0,00) such that
w(t) > 01if t # 0 and (0) > 0.
Definition 4.1. Let (X, d) be a 2-metric space and «a,n: X x X x X — [0, +00)
be three mappings and f € C. A mapping T : X — X is called

e T is a modified rational a-n-¢-f-contraction mapping if

z, Y €lX,  alz,y,a) 2n(z,y,a) = d(Tz,Ty,a) < f(M(z,y,a), (M (z,y,a)))
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for all a € X where ¢ € ¥, and
d(z,Ty,a) +d(y, Tz, a)
2 Y

d(z, Tz, a)d(y, Ty, a)
1+d(Tx,Ty,a)

M(:L'a Y, (I) = Inax {d(:ﬂ, Y, a)v d($7 Tl', a)7 d(y7 Ty7 (I),

e T is a modified rational a-p-f-contraction mapping if
v,y € X, a(z,y,a) >1=d(Tz,Ty,a) < f(M(z,y,a), p(M(z,y,a)))

for all a € X where ¢ € V.
e T is a modified rational n-¢-f-contraction mapping if

r,y € X, n(x,y,a) <1=d(Tz,Ty,a) < f(M(z,y,a), po(M(x,y,a)))

for all a € X where ¢ € V.
e T'is a rational a-p- f-contraction mapping if

for all z,y,a € X where ¢ € V.
e We say that T is a rational 7n-¢- f-contraction mapping if f is increasing
with respect to first variable and

d(Tx,Ty,a) < f(n(z,y,a)M(z,y,a), o(M(z,y,a)))
for all z,y,a € X where ¢ € V.

Theorem 4.2. Let (X, d) be a complete 2-metric space. Assume that T : X — X is
a modified rational a-n-p-f-contraction mapping satisfying the following assertions:

(i) T is a triangular 2-a-n-admissible mapping;

(ii) there exists xg in X such that, a(xo, Txo,a) > n(xo, Txo,a) for all a € X,

(iii) T is continuous or 2-a-n-continuous or,

(iv) if {zn} is a sequence in X such that a(xp, Tpi1,a) > N(Tp, Tpi1,a) for all
a € X and x, — x as n — oo, then a(xy,x,a) > n(xy,x,a) for alln € N

and all a € X.
Then T has a fized point.
Proof. Let xg € X such that a(xg, Txo,a) > n(xg, Txg,a) for all a € X. Define a

sequence {z,} by z, = T"zg for all n € N. Now, since T is a triangular 2-a-n-
admissible mapping, so by Lemma 2.16, we have

(4.2) a(xm, xn,a) > n(Tm, Tn,a) for all m,n € N with m < n and for all a € X.

From (4.1), we deduce
(4.3)
d($n+1, Tnyy CL) = d(Tl'n, T.’En_l, CL) S f(M(CL’n, Tn—1, CL), QO(M(:ETW Tn—1, a)))
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where,
M(l'nv Tn—1, CL)
= max {d(.’lﬁ'n, Tn—1, a’)v d(x'rlv T‘TTM a)? d(.’IZ‘n_l, Tflfn_l, a)7
d($n7 Txnflv CL), d(l‘n,l, T:L‘na Cl) d(l'n, Txna a)d(l‘nfla T:L'nfh CL)
2 ’ 1+d(Twp, Trn—1,a)
= max {d(l’n, Tn—1, a)7 d(xnv Tn+1, a)7 d(fl?n_l, Tn, a)a
d(l’n, Tn, (l) + d(l’n_l, Tn+1, a) d(xna Tn+1, CL)d(fL'n_h Tn, a) }
2 ’ 1+ d(zpt1, Tn,a)
d(xy,—
= max{d(xn,xn1,a),d(xn,$n+1,a), (n 1,2xn+1,a)7
d(l‘n, Tn+1, a)d(xnfla Tn, a) }
1+ d(zpt1, Tn,a)
d(x,—
S max {d(l’n, Tp—1, a)7 d(.%'n, Tn41, a)7 (xn 172$n+1’ a) )
(1+ d(zp, xnt1,a))d(xp—1,Tn,a) }
1+ d(zpt1, Tn,a)
d(x,—
= max {d(:cn, Tn—1,0),d(Tpn, Tni1,a), (n 1’2$n+1’ @) }
and so

d(xy,—
M(Cﬂn, Tn—1, CL) = max {d(l’n, Tp_1, CL), d(l}“ Tl CL), (wn 172$n+1, a) }

By taking a = z,_1 in (4.3), we have
d(l‘n+17 T,y LEn,]_) S f(d(xna Tn+41, :L‘nfl)a ‘P(d(xna Tn+1, xnfl)))
and then p(d(zy, nt1,Zn-1)) = 0. i.e., d(zp, Tpt1,Tn—1) = 0. Hence

maX{d(xna Tn—1, a)? d(.’Bn, Tn+1, a)} S M(.’L‘n, Tn—1, a)

d(xp—
= max{d(xn, Tn—1, a)7 d(l',r“ Tpiis a)’ (xn 172xn+1, a) }
< max{d(xp, Tp-1,a), d(Tn, Tpi1,a),

1

i[d(xn—ly T, a) + d(xn’ Tn+1, a) + d(xn—lv Tn, xn—&-l)]}

1
= max {d(xTIJ Tn—1, CL), d(xn) xn-i—la a)u §[d($n—17 Ty a) + d(xn) xn-i—la a)]}
= max{d(zn, Tn_1,a),d(Tn, Tni1,a)}.

Therefore, M (zy,, zp—1,a) = max{d(xy, n_1,a),d(Tn, Tnt1,0)}.
If M(xy,xn—1,a) = d(zp, Tni1,a), then from (4.3), we get

d(xn+17 Tn, a) < f(d(xfu Tn+1, a)v (p(d(xTu Tn+1, a)))
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Thus, d(zy,Tnt+1,a) = 00r p(d(zy, Tpnt1,a)) = 0. ie., d(xn, zpy1,a) = 0 for all
a € X. Hence by Definition 2.1 (d1), x,, = zp41 = Tz, for all n € N. Then z = x,,

is a fixed point of T. Now, if M(xy,xn—1,a) = d(zp,Tn-1,a), then from (4.3), we
get

(4.4) d(Tpt1,Zn,a) < fld(zyn, Tn-1,0), p(d(Tn, Tn-1,0))) < d(zn, Tpn_1,a).

So, the sequence {d(xy+1,Tn,a)} is decreasing in Ri and so it is convergent to
r € Ry. ie., limy oo d(Tpt1, Ty, a) = r. Taking limit in (4.4), we get

r < fro(r))
which implies that » = 0. Hence

(4.5) lim d(xp+41,2n,a) =0.

n—oo
From (3.11) in Theorem 3.4, we have d(x;, z;,z1) = 0 for all 7,5,k € N. We now
show that {z,} is a Cauchy sequence. Suppose to the contrary that {x,} is not a

Cauchy sequence. Then there is € > 0 and sequences {m(k)} and {n(k)} such that
for all positive integers k,

n(k) > m(k) >k, d(xn(k)axm(k)a a) >¢ and d(xn(k)—la'xm(k)a CL) <e.

As in the proof of Theorem 3.4, we get

(4.6) . d(@n ), Emr), a) = UM d(Zn(k)-1, Tm(r), @) = €
(4.7) Jim d(@m k)1, Tn(r), @) = €

Now since, n(k) > m(k) so by (4.2), we have

AUTm(k)—15 Tr(k)—15 @) = N Tm(k)—15 Tn(k) -1, @)
for all a € X. So by (4.1), we get
d(xm(k% Ln(k)s a) = d(Txm(k)—b Tmn(k)—la (I)

(4.8)
< F(M () =15 Ty —1> @) QM (T (1)~ 15 Ty -1, @)))
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where

M (% (k)1 Tn(k)—1, @) = max {d(ﬂcm(k)—b Tr(k)—15 @), ATrm(k)—1, T T (r)-1, ),

d(xn(k)—la Txn(k)—la (L),
ATty -1, T T (k)—1, @) + A @)1, T T (1)1, @)
2 )
A(Tr(k)—1s TTm(r)—1, (@ k)1, T (k) -1, @) }
14+ d(T k)1, Ty -1, @)

= max {d(l‘m(k)_b T (k) =15 @) AT (k) =15 T (k) @)

d(‘Tn(k)—lv xn(k)u CL),
ATy 1, Tn(k)s @) T ATnk)—15 Tm(r), @)
2 )
d(‘rm(k)—l’ Tm(k)> a’)d(l’n(k)—la Ln(k)s CL) }
L4 d(Zom (1) Ty @)
Taking limit as &k — oo in (4.8) and applying (4.6) and (4.7), we deduce

e < f(Um M (@) -1; Tn(ry-1, @), MM @M (Zmk) -1, Tn(r)-1,0)))

where limy_;o0o M (Zp,(k)—1, Tn(k)—1,a) = €. Then e = 0 or p(e) = 0. ie, e =0
which is a contradiction. Hence, {z,} is a Cauchy sequence. Now, since (X, d) is a
complete 2-metric space, then there exists x* € X such that lim, . z, = x*. At
first we assume (iii) holds. That is, T" is continuous or 2-a-n-continuous. Then, we
have

¥ = lim zp4 = lim Tz, = Tx™.
n—oo n—oo

That is, 2* is a fixed point of T. Next we assume (iv) holds. That is, a(xy, z*,a) >
n(xn,z*, a) for all n € N and all @ € X. Then by (4.1), we get

d(xpt1, Tz* a) = d(Txy, Tx*,a) < f(M(xp, 2%, a), o(M(zy, 2%, a)))

for all a € X where ¢ € ¥, and

M(xp, %, a) = max {d(xn, x*,a),d(xn, Try,a),dz*, Tx*, a),

d(xp, Tz*,a) + d(z*, Tap,a) d(z,, Try,a)d(x*, Tz*, a)
2 " 14+d(Txp, Tx* a)

= max {d(xn, x*,a),d(zn, Tni1,a),d(z”, Tz, a),

d(xn, Tx* a) + d(z*, zpy1,a) d(Tp, Ty, a)d(x*, Tx* a)
2 " 1+4d(zpy, Tr*,a) '

Taking limit as n — oo in the above inequality we deduce that

d(z*, Tz*,a) < f( li_}rn M(xp,x*,a), li_)m o(M(zy, 2", a))).
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Since limy, 00 M (2, x*,a) = d(z*, Tz, a).
Thend(z*, Tx*,a) = 0 or, p(d(z*,Tx*,a)) = 0. i.e., d(z*,Tx*,a) =0 for all a € X.
Thus, z* = Tz*. O

If we take f(s,t) = s—t in Theorem 4.2, we obtain Theorem 3.1 [19] as corollary.

Corollary 4.3. Let (X,d) be a complete 2-metric space. Assume T : X — X is a
modified rational a-p-f-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-a-admissible mapping;
(ii) there exists o in X such that, a(xg, Txg,a) > 1 for all a € X;
(iii) T is continuous or 2-a--continuous or,
(iv) if {zn} is a sequence in X such that a(zy, Tpi1,a) > 1 for all a € X and
Tpn — T asn — 00, then a(xy,z,a) > 1 for alln € N and all a € X.

Then T has a fized point.
Example 4.4. Let X = [0,00). We define a 2-metric d on X by
d(z,y,a) = min{o(z,y),0(y,a),o(x,a)},

where

max{u,v} if u#wv
U(U’U):{O, o) ifuiv.
Clearly (X, d) is a complete 2-metric space. Define T : X — X, ¢ : [0, 00) — [0, 00),
a: X xX xX —[0,00), and f :[0,00)2 = [0,00) by f = log"/f_f;7 P(t) = a? for
all s,t € [0,00)

1 if z € [0,1]
Tx =< cosz+2, ifxe(1,300]

w3+ +1, if 2 €[300,00),

and

1, ifz,yel0,1] and a =0

a(z,y,a) =

1

2
Now, we prove that all the hypotheses of the Corollary 4.3 (Theorem 4.2) are sat-
isfied and hence T has a fixed point.

otherwise.

Proof. As in the proof of Example 3.12 we can show that T is a 2-a-admissible
mapping «(0,70,a) > 1 for all @ € X and if {z,} is a sequence in X such that
a(Tp, Tnt1,a) > 1 for all n € NU{0} and a € X and x,, — = as n — +oo, then
a(xp,z,a) > 1foralln e NU{0} and all @ € X.

Let a(z,y,a) > 1. Then x,y € [0,1] and hence

p(M(z,y, a)) + a0 )
L+ oM(z,y,a)) /

d(Tz,Ty,a) =0 < log (

That is,

M Y, M(z,y,a)
o(r,y,a) > 1 = d(Tz, Ty,a) < log (#Azmalta” 2
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for all @ € X. Hence, T is a modified rational a-p-contraction mapping. Then, all
the conditions of the Corollary 4.3 (Theorem 4.2) are satisfied and hence 7" has a
fixed point. U

By taking a(z,y,a) =1 in Theorem 4.2 we have the following Corollary.

Corollary 4.5. Let (X,d) be a complete 2-metric space. Assume that T : X — X
is a modified rational n-p-f-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-n-admissible mapping;
(ii) there exists xg in X such that, n(xo, Txo,a) <1 for all a € X;
(iii) T is continuous or 2-n-continuous or,
(iv) if {zn} is a sequence in X such that n(x,, Tpi1,a) < 1 for all a € X and
Tp — T asn — 00, then n(xy,, z,a) <1 for alln € N and all a € X.

Then T has a fized point.

Corollary 4.6. Let (X,d) be a complete 2-metric space. Assume that T : X — X
is a rational a-p-f-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-a-admissible mapping;
(ii) there exists xo in X such that, a(xg, Txg,a) > 1 for all a € X;
(iii) T is continuous or 2-a-continuous or,
(iv) if {zn} is a sequence in X such that a(zy,Tnt1,a) > 1 for all a € X and
Tpn — T asn — 00, then a(xy,z,a) > 1 for alln € N and all a € X.

Then T has a fized point.

Corollary 4.7. Let (X,d) be a complete 2-metric space. Assume that T : X — X
is a rational n-p-f-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-n-admissible mapping;
(ii) there exists x¢ in X such that, n(xo, Txo,a) <1 for all a € X
(iii) T is continuous or 2-n-continuous or,
(iv) if {xn} is a sequence in X such that n(xn,Tp41,a) < 1 for all a € X and
Tp — T as n — 00, then n(zy,z,a) <1 for alln € N and all a € X.

Then T has a fixed point.

5. FIXED POINT RESULTS IN PARTIALLY ORDERED 2-METRIC SPACES

Recently, there have been so many exciting developments in the field of existence
of fixed points in partially ordered sets. This approach has been initiated by Ran and
Reurings [35] and they also provided some applications to matrix equations. Their
results are a hybrid of the two classical theorems; Banach’s fixed point theorem and
Tarski’s fixed point theorem. Agarwal, et al. [1], Bhaskar and Lakshmikantham [6],
Ciric et al. [14] and Hussain et al. [24] presented some new results for nonlinear
contractions in partially ordered metric spaces and noted that their theorems can
be used to investigate a large class of problems. In this section, as an application
of obtained results we prove some fixed point results in partially ordered 2-metric
spaces. We also note that the recent fixed point results in [18] can be deduced as
simple corollaries.
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Recall that if (X, <) is a partially ordered set and 7' : X — X is such that for
x,y € X, z =y implies Tx =< Ty, then mapping T is said to be non-decreasing.

Theorem 5.1. Let (X, d, =) be a complete partially ordered 2-metric space. Assume
that T : X — X is a mapping satisfying the following assertions:
(i) T is non-decreasing;
(ii) there exists ¢ in X such that, xo < Txop;
(iii) T is continuous or,
(iv) if {zn} is a non-decreasing sequence in X such that x, — x as n — oo,
then x, <z for all n € N;

(v)
(5.1U(Tx, Ty, a) < f(5ld(x, Ty, a) + d(y, Tz, )],y (d(z, Ty, a),d(y, T, a)))
holds for all z,y,a € X with x <y ory 3 x where v € ¥ and f € C.
Then T has a fixed point.

Proof. Define the mapping o : X x X x X — Ry by

aoz.0) = {
Let a(z,y,a) > 1, then z < y. From (5.2), we get
(T, Ty,a) < [(3ld(z, Ty, a) + d(y, Tz, a)], Y (d(w, Ty, a), d(y, Tz, a))).

Again let z,y,a € X such that a(z,y,a) > 1. This implies that x < y. As the
mapping 7" is non-decreasing, we deduce that Tx < Ty and hence o(Tx, Ty, a) > 1
for all a € X. Also, let a(z, z,a) > 1 and «a(z,y,a) > 1, then z < z and z < y. So
from transitivity we have z < y. That is, a(z,y,a) > 1 for all @ € X. Thus T is
a triangular 2-a-admissible mapping. The condition (ii) ensures that there exists
xo € X such that g < Txg. This implies that a(zg, Txo,a) > 1 for all a € X. Let
{zn} be a sequence in X such that a(z,,zpt1,a) > 1 foralla € X and alln € N
and x,, — x asn — 00. S0, T, =X Tp41 for all n € N. Then from (iv) we have x,, < x
for all n € N. That is, a(xy,,z,a) > 1 for all n € N and all a € X. Therefore, all the
conditions of the Corollary 3.6 are satisfied, so T has a fixed point in X. O

1 ifz=xy
0 otherwise.

If we take f(s,t) = s —t in Theorem 5.1, we obtain following main results in [18]
as corollary.

Corollary 5.2 (Theorem 2.3 and 2.4 of [18]). Let (X,d, <) be a complete partially
ordered 2-metric space. Assume T : X — X is a mapping satisfying the following
assertions:

(i) T is non-decreasing;
(ii) there exists ¢ in X such that, xo < Txo;
(iii) T is continuous or,

)

(iv) if {xn} is a non-decreasing sequence in X such that x, — = as n — oo,
then z, < x for all n € N;

(v)

(5.2)  d(Tz,Ty,a) < =[d(z,Ty,a) + d(y, Tx,a)] — ¥(d(z,Ty,a),d(y, Tz, a)))

N
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holds for all x,y,a € X with x <y ory 2 x where ¢ € V.
Then T has a fized point.

Next, we assume the condition (B) as follow:

(B) for all z,y € X which are not comparable, there exists z € X such that
comparable to z and y.

Theorem 5.3 (Theorem 2.5 of [18]). Adding condition (B) to the hypotheses of
Theorem 5.1 we obtain uniqueness of the fixed point of T.

Proof. Define the mapping o : X x X x X — R as in the proof of Theorem 5.1. Let
x,y € X where a(z,y,a) < 1 and a(y,x,a) < 1 for all @ € X. That is, x and y are
not comparable. Hence, by condition (B) there exists z € X such that comparable
toz and y. ie., z <z orx <X zand z <X y or y X x. That is, a(z,x,a) > 1 or
a(z,z,a) > 1 and a(z,y,a) > 1 or a(y, z,a) > 1 for all @ € X. Then conditions of
Theorem 3.11 hold and fixed point of T' is unique. O

Theorem 5.4. Let (X,d, <) be a complete partially ordered 2-metric space. Assume

that T : X — X is a mapping satisfying the following assertions:
(i) T is non-decreasing;

(ii) there exists g in X such that, xo < Txo;

(iii) T is continuous or,

(iv) if {xn} is a non-decreasing sequence in X such that x, — x as n — oo,
then x, =< x for all n € N;

(v) T is an ordered modified rational p-contraction mapping, that is,

d(T'z,Ty,a) < f(M(z,y,a), o(M(z,y,a)))
holds for all x,y,a € X with x =y ory = x where p € ¥, f €C and
d(z,Ty,a) + d(y, Tx,a)
5 ;
d(z,Tx,a)d(y,Ty,a)
14+d(Tz, Ty, a) }

Af@%yaa):Inax{dﬂﬂdh0)4K$7T$7a%dﬁh7@aa%

Then T has a fized point.
Proof. Define the mapping o : X x X x X — Ry by

if 2 <
M%%@Z{l o=y

0 otherwise.
Let a(x,y,a) > 1, then z < y. From (5.3), we get
d(Tz,Ty,a) < f(M(z,y,a), o(M(z,y,a))).

Again let z,y,a € X such that a(z,y,a) > 1. This implies that © < y. As the
mapping 7" is non-decreasing, we deduce that Tx < Ty and hence o(Tz,Ty,a) > 1
for all a« € X. Also, let a(x,z,a) > 1 and «a(z,y,a) > 1, then, z < z and z < y.
So from transitivity we have, x < y. That is, a(z,y,a) > 1 for all a € X. Thus T
is a triangular 2-a-admissible mapping. The condition (ii) ensures that there exists
xg € X such that g < Txg. This implies that a(zg, Txg,a) > 1 for all a € X. Let
{zn} be a sequence in X such that a(zp,xny1,a) > 1foralla € X and alln € N
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and z, — © as n — 00. So, ¥, = Tpy1 for all n € N. Then from (iv) we have
xn < x for all n € N. That is, a(zy,,z,a) > 1 for all n € N and all a € X. Therefore,
all the conditions of the Corollary 4.3 are satisfied so T" has a fixed point in X. O
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