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k = 1, 2, . . . , where ⊙pC2 is the p-th symmetric power of C2. We can identify
⊙kC2 ∼= Ck+1 by (2.8). A Ck+1-valued distribution f on Un is called k-regular if
Df = 0 in the sense of distributions.

The (4n − 1)-dimensional quaternionic Heisenberg group is H := Hn−1 ⊕ ImH
equipped with the multiplication given by

(s, q′) · (t, p′) =

s+ t+ 2
n∑

j=1

Im(q′jp
′
j), q

′ + p′

 ,(1.3)

where q′, p′ ∈ H4n−4 and s, t ∈ ImH. We can identify H with the boundary ∂Un of
the Siegel upper half-space

∂Un :=
{
q = (q1, q2, . . . , qn) = (q1, q

′) ∈ Hn|Req1 = |q′|2
}
,(1.4)

using the projection

(1.5)
π : ∂Un −→ H ,

(|q′|2 + x2i+ x3j+ x4k, q
′) 7−→ (x2i+ x3j+ x4k, q

′).

Let dβ(·) be the Lebesgue measure on ∂Un obtained by pulling back by the projec-
tion π, the Haar measure on the group H .

For any function F : ∂Un → Ck+1, we write Fε for its vertical translate. We
mean that the vertical direction is given by the positive direction of Req1 : Fε(q) =
F (q + εe), where e = (1, 0, 0, . . . , 0). If ε > 0, then Fε is defined in a neighborhood
of ∂Un, in particular, on Un. The Hardy space H2(Un) consists of all k-regular
functions F on ∂Un for which

sup
ε>0

∫
∂Un

|Fε(q)|2dβ(q) < +∞.(1.6)

The norm ∥F∥H2(Un) of F is then the square root of the left-hand side of (1.6).
This paper is organized as follows. In Section 2, we recall definitions of the k-

Cauchy-Fueter operator, k-regular functions and the quaternionic Siegel upper Half-
space. In Section 3, we give the transformation formulae for the k-Cauchy-Fueter
operators under automorphisms of the quaternionic Siegel upper half-space. In
Section 4, we discuss the boundary values of k-regular functions in the Siegel upper
half-space Un and invariance properties of the Hardy space H2(Un). In Section 5, we
introduce the notion of the Cauchy-Szegö kernel and shows their basic properties.
The explicit form of the Cauchy-Szegö kernel is under investigation in progress.

2. The quaternionic Siegel upper Half-space and k-Cauchy-Fueter
operators

Proposition 2.1 (cf. Proposition 2.2 in [2]). The Siegel upper half space Un is
invariant under the following transformations.



THE k-CAUCHY-FUETER EQUATIONS AND THE HARDY SPACE 413

(1) dilations:

δr : (q1, q
′) −→ (r2q1, rq

′), r > 0.(2.1)

(2) left translations:

τp : (q1, q
′) −→ (p1, p

′) · (q1, q′),(2.2)

for p = (p1, p
′) ∈ ∂Un.

(3) rotations:

Ra : (q1, q
′) −→ (q1,aq

′), for a ∈ Sp(n− 1),(2.3)

where Sp(n− 1) = {U ∈ GL(n− 1,H)|UŪ t = In−1}, and

Rσ : (q1, q
′) −→ (σ̄q1σ, q

′σ), for σ ∈ H, |σ| = 1.(2.4)

To write down the k-Cauchy-Fueter operator in terms of complex variables, we
will use the well known embedding of quaternionic algebra H into C2×2 :

τ : x1 + x2i+ x3j+ x4k 7→
(

x1 + ix2 −x3 − ix4
x3 − ix4 x1 − ix2

)
.(2.5)

We need complex vector fields ZAA′ on Un as follows:

(ZAA′) =


Z00 Z01

Z10 Z11

...
...

Z(2n−2)0 Z(2n−2)1

Z(2n−1)0 Z(2n−1)1

 :=


∂x1 + i∂x2 −∂x3 − i∂x4

∂x3 − i∂x4 ∂x1 − i∂x2

...
...

∂x4n−3 + i∂x4n−2 −∂x4n−1 − i∂x4n

∂x4n−1 − i∂x4n ∂x4n−3 − i∂x4n−2

 .

The matrices

(εA′B′) =

(
0 1
−1 0

)
, (εA

′B′
) =

(
0 −1
1 0

)
are used to raise or lower primed indices, e.g.

ZA′
A =

∑
B′=0′,1′

ZAB′εB
′A′

.

Here (εA
′B′

) is the inverse of (εA′B′). Then Z0′
A = ZA1′ , Z

1′
A = −ZA0′ , i.e.

(
ZA′
A

)
=


−∂x3 − i∂x4 −∂x1 − i∂x2

∂x1 − i∂x2 −∂x3 + i∂x4

...
...

−∂x4n−1 − i∂x4n −∂x4n−3 − i∂x4n−2

∂x4n−3 − i∂x4n−2 −∂x4n−1 + i∂x4n


where A = 0, 1, . . . , 2n − 1, A′ = 0′, 1′. An element of C2 is denoted by (fA′) with
A′ = 0′, 1′. The symmetric power ⊙kC2 is a subspace of ⊗kC2, whose element is
a 2k-tuple (fA′

1A
′
2...A

′
k
) with A′

1, A
′
2, . . . , A

′
k = 0′, 1′, such that fA′

1A
′
2...A

′
k
∈ C are

invariant under permutations of subscripts, i.e.

fA′
1A

′
2...A

′
k
= fA′

σ(1)
A′

σ(2)
...A′

σ(k)



414 Y. SHI AND W. WANG

for any permutation σ of k letters. The k-Cauchy-Fueter operator D in (1.2) over
the quaternionic Siegel upper half-space is given by

(2.6) (Df)A′
2...A

′
kA

:=
∑

A′
1=0′,1′

Z
A′

1
A fA′

1A
′
2...A

′
k
.

We have isomorphisms

⊙kC2 ∼= Ck+1, ⊙k−1C2 ⊗ C2 ∼= C2k,(2.7)

by identifying f ∈ ⊙kC2 and F ∈ ⊙k−1C2 ⊗ C2n with

(2.8) f :=


f0′0′0′...0′
f1′0′0′...0′
f1′1′0′...0′

...
f1′1′1′...1′

 , F :=



F0′0′...0′0
...

F0′0′...0′(2n−1)
...

F1′1′...1′0
...

F1′1′...1′(2n−1)


respectively. Thus the k-Cauchy-Fueter operator is a (2nk)× (k+1)-matrix valued
differential operator:

(2.9)

(see (3.2) in [7] for similar operators on the quaternionic space Hn and (2.11) in [3]
on the quagernionic Heisenberg group for case k = 2). But here our operators are
defined over the quaternionic Siegel upper half-space.
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3. The transformation formula for the k-Cauchy-Fueter operators

We can extend the definition of embedding τ in (2.5) to a mapping from quater-
nionic (l × m)-matrices to complex (2l × 2m)-matrices. Let A = (Ajk)l×m be a
quaternionic (l ×m)-matrix and write

Ajk = a1jk + ia2jk + ja3jk + ka4jk ∈ H.

We define τ(A) is the complex (2l × 2m)-matrix (τ(Ajk))
k=0,...,m−1
j=0,...,l−1 , i.e.

τ(A) =


τ(A00) τ(A01) . . . τ(A0(m−1))
τ(A10) τ(A11) . . . τ(A1(m−1))

...
... . . .

...
τ(A(l−1)0) τ(A(l−1)1) . . . τ(A(l−1)(m−1))

 ,(3.1)

where τ(Ajk) is the complex (2× 2)-matrix

τ(Ajk) =

(
a1jk + ia2jk −a3jk − ia4jk
a3jk − ia4jk a1jk − ia2jk

)
.(3.2)

Though our τ is the conjugate of τ in [5], we still have the following proposition.

Proposition 3.1 (Proposition 2.1 in [5]). (1) τ(AB) = τ(A)τ(B) for a quater-
nionic (p×m)-matrix A and a quaternionic (m× l)-matrix B. In particular,
for q′ = Aq, q, q′ ∈ Hn, A ∈ GL(n,H), we have

τ(q′) = τ(A)τ(q)(3.3)

as complex (2n× 2)-matrix.

(2) τ(Āt) = τ(A)
t
for a quaternionic (n× n)-matrix A.

Proposition 3.2 (Proposition 3.1.1 in [2]). Let f = f0 + if1 + jf2 + kf3 : D → H
be C1-smooth function, where D is a domain in Hn.

(1) Define the pull-back function f̂ of f under the mapping q → Q = aq for

a = (ajk) ∈ GL(n,H) by f̂ := f(aq). Then we have

(3.4) ∂qj f̂(q) =

n∑
l=1

ālj ∂̄Ql
f(Q),

where ∂qj = ∂x4j + i∂x4j+1 + j∂x4j+2 + k∂x4j+3 .

(2) Define the pull-back function f̃ of f under the mapping q → Q = qσ for

σ ∈ H by f̃(q) := f(q1σ, . . . , qnσ). Then we have

(3.5) ∂ql f̃(q) = ∂̄Ql
(σ̄f(Q)).

From Proposition 3.2, we can derive the transformation formula of the k-Cauchy-
Fueter operators under automorphisms of the quaternionic Siegel upper half-space.

Proposition 3.3. Let f =
(
fA′

1A
′
2...A

′
k

)
∈ ⊙kC2 be C1-smooth function.

(1) For a = (ajk) ∈ GL(n,H), we have

(Ra∗Df)A′
2...A

′
kA

=
2n−1∑
B=0

τ(at)BA (Df)A′
2...A

′
kB

.(3.6)



416 Y. SHI AND W. WANG

(2) For fixed σ = σ0 + iσ1 + jσ2 + kσ3 ∈ H with |σ| = 1, we have

(Rσ∗Df)A′
2...A

′
kA

=
(
D f̃

)
A′

2...A
′
kA

,(3.7)

where

f̃A′
1A

′
2...A

′
k
(q) =

∑
D′=0′,1′

(
σC

)D′

A′
1

fD′A′
2...A

′
k
,(3.8)

with the 2× 2 complex matrix

σC :=

(
σ0 + iσ1 σ2 − iσ3
−σ2 − iσ3 σ0 − iσ1

)
.(3.9)

Proof. (1) Recall that for a differentiable mapping T : R4n → R4n, the pushing
forward of a vector field X is defined as

T∗Xf(x) = X[f(T (x))].(3.10)

(3.4) implies

Ra∗∂̄qjf
∣∣
aq

=

n∑
l=1

ālj ∂̄qlf

∣∣∣∣∣
aq

.(3.11)

Because f is arbitrarily chosen, we have

Ra∗∂̄qj =

n∑
l=1

ālj ∂̄ql .

By applying mapping τ in (3.1)-(3.2), we get

Ra∗ZAA′ =
2n−1∑
B=0

τ(āt)
B
AZBA′ .(3.12)

Thus
(Ra∗Df)A′

2...A
′
kA

=
∑

A′
1,B

′=0′,1′

Ra∗ZAB′εB
′A′

1fA′
1...A

′
k

=

2n−1∑
B=0

∑
A′

1,B
′=0′,1′

τ(āt)
B
AZBB′εB

′A′
1fA′

1...A
′
k

=
2n−1∑
B=0

τ(āt)
B
A (Df)A′

2...A
′
kB

.

(2) (3.5) implies that

Rσ∗∂̄qlf
∣∣
qσ

=
(
∂̄ql σ̄

)
f
∣∣
qσ

.(3.13)

Because f is arbitrarily chosen, we have

Rσ∗∂̄ql = ∂̄ql σ̄.

By applying mapping τ again, we get

(Rσ∗ZAA′) = (ZAA′)τ(σ̄),
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i.e.

Rσ∗ZAA′ =
∑

C′=0′,1′

ZAC′τ(σ̄)A
′

C′ .(3.14)

So we have

(3.15)

Rσ∗Z
A′

1
A =

∑
B′,C′=0′,1′

ZAC′τ(σ̄)B
′

C′ε
B′A′

1

=
∑

B′,C′,D′=0′,1′

ZD′
A εD′C′τ(σ̄)B

′

C′ε
B′A′

1

=
∑

D′=0′,1′

ZD′
A

(
σC

)A′
1

D′
.

The last identity holds because(
1

−1

)(
σ0 − iσ1 σ2 + iσ3
−σ2 + iσ3 σ0 + iσ1

)(
−1

1

)
= σC,

by the definition of σC in (3.9). Thus

(Rσ∗Df(q))A′
2...A

′
kA

= [D(f(qσ))]A′
2...A

′
kA

=
∑

A′
1=0′,1′

Z
A′

1
A

(
fA′

1...A
′
k
(qσ)

)
= Rσ∗Z

A′
1

A fA′
1...A

′
k

∣∣∣
qσ

=
∑

A′
1,D

′=0′,1′

Z
A′

1
A

(
σC

)D′

A′
1

fD′A′
2...A

′
k

∣∣∣∣∣∣
qσ

.

The proposition is proved. �

Corollary 3.4. The space of all k-regular functions on Un is invariant under the
transformations defined in Proposition 2.1. Namely, if f is k-regular on the Siegel
upper half-space Un, then the functions f(τp(q)), p ∈ ∂Un; f(Ra(q)), a ∈ Sp(n− 1);

f̃ given by (3.8) and f(δr(q)) are all k-regular on Un.

Proof. The k-regularity of f(Ra(q)) and f̃ follows directly from Proposition 3.3.
As the 1-regular case in [2], the translation τp in (2.2) can be represented as a
composition of the linear transformation given by the quaternionic matrix(

1 2p̄′

0 In−1

)
,

and the Euclidean translation (q1, q
′) → (q1 + p1, q

′ + p′). The first transformation
preserves the k-regularity of a function by Proposition 3.3, while the later one obvi-
ously preserves the k-regularity of a function since the k-Cauchy-Fueter operators
have constant coefficients.

It is obviously that f(δr(q)) is k-regular on Un. The corollary is proved. �
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4. The Hardy space

The identification of the quaternionic Heisenberg group and the boundary of the
quaternionic Siegel upper half-space allows us to define the Lebesgue measure dβ(·)
on ∂Un by pulling back by the projection π defined in (1.5), the Haar measure on
H .

Set D∗ = −D
t
and � = D∗D . We have the following lemma.

Lemma 4.1. (cf. Lemma 3.3 in [6])

� = D∗D = ∆ ·


1

2
. . .

2
1


(k+1)×(k+1)

,(4.1)

where ∆ := −
∑4n

j=1 ∂
2
xj

is the Laplacian.

By (4.1), it is straightforward to see that if f is k-regular, then

∆f = 0, where f =


f0′0′0′...0′
f1′0′0′...0′

...
f1′1′1′...1′

 .(4.2)

So each component of a k-regular function F is harmonic. A function F ∈ H2(Un)
has boundary value F b that belongs to L2(∂Un) in the following sense.

Theorem 4.2. Suppose that F ∈ H2(Un). Then

1. There exists a function F b ∈ L2(∂Un) such that F (q + εe)|∂Un → F b(q) as
ε → 0 in L2(∂Un) norm.

2. ∥F b∥L2(∂Un) = ∥F∥H2(Un).

3. The space of all boundary values forms a closed subspace of the space L2(∂Un).

Proof. The proof is just like the 1-regular case in [2]. We omit details. �

Proposition 4.3. The Hardy space H2(Un) is a complex Hilbert space under the
inner product ⟨F,G⟩ = ⟨F b, Gb⟩L2(∂Un).

Proof. All the real part and imaginary part of fA′
1...A

′
k
for A′

j = 0′, 1′, j = 1, . . . k,

are harmonic on Un. Thus for q ∈ Un,

fA′
1...A

′
k
(q) =

1

|B|

∫
B
fA′

1...A
′
k
(p)dV (p),

where B is a small ball centered at q and contained in Un, from which we see that

|f(q)|2 ≤ 1

|B|

∫
B
|f(p)|2dV (p).(4.3)
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There exist a, b > 0 such that B ∈ Un;a,b := {q ∈ Un|a < Req1 − |q′|2 < b}, and so

(4.4)

|f(q)|2 ≤ 1

|B|

∫
Un;a,b

|f(x1, . . . , x4n)|2dx1 . . .dx4n

≤ 1

|B|

∫
(a,b)×R4n−1

∣∣∣∣∣∣f
x1 +

4n∑
j=5

|xj |2, x2, . . .

∣∣∣∣∣∣
2

dx1 . . . dx4n

≤ 1

|B|

∫ b

a
dx1

∫
∂Un

|f(p+ x1e)|2dβ(p) ≤ c∥f∥2H2(Un)
,

where c = (b−a)/|B| is a positive constant depending on q, and independent of the
functions f ∈ H2(Un). We can prove the completeness just like the Cauchy-Fueter
case in [2]. We omit the details. �

Corollary 4.4. The Hardy space H2(Un) is invariant under the transformations of
Proposition 2.1.

Proof. Since the k-regularity property and the hypersurface ∂Un + εe (ε > 0) are
invariant under these transformations by Corollary 3.4 and the measure dβ either
invariant or has a finite distortion, the proof follows. �

5. The Cauchy-Szegö Kernel

Theorem 5.1. The Cauchy-Szegö kernel S(q, p) is a unique ⊙kC2⊗
(
⊙kC2

)∗
-valued

function, defined on Un×Un satisfying the following conditions. By the identification
⊙kC2 ∼= Ck+1 in (2.8), S(q, p) is a (k + 1)× (k + 1)-matrix valued function.

1. For each p ∈ Un, the function q 7→ S(q, p) is regular for p ∈ Un, and belongs
to H2(Un). This allows to define the boundary value Sb(q, p) for each p ∈ Un,
and for almost all q ∈ ∂Un.

2. The kernel S is symmetric: S(q, p) = S(p, q)
t
for each (q, p) ∈ Un × Un.

The symmetry permits to extend the definition of S(q, p) so that for each
q ∈ Un, the function Sb(q, p) is defined for almost every p ∈ Un (here we
use the subscript b to indicate the boundary value with respect to the second
argument).

3. The kernel S satisfies the reproducing property in the following sense

F (q) =

∫
∂Un

Sb(q,Q)F b(Q)dβ(Q), q ∈ Un,(5.1)

where F ∈ H2(Un).

Proof. For fixed q ∈ Un and fixed j = 1, . . . , k + 1, define a complex functional

(5.2)
lq : H

2(Un) −→ C,
F 7−→ Fj(q),

where Fj is the j-th component of F. It is bounded by estimate (4.4). Apply
Riesz’s representation theorem to see that there exists an element, denoted by
Kj(·, q) ∈ H2(Un), such that Fj(q) = ⟨F,Kj(·, q)⟩ = ⟨F b,Kb

j (·, q)⟩L2(∂Un). Here
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Kj(·, ·) is nontrivial and the boundary value Kb(p, q) exists for almost all p ∈ ∂Un.
We have

Fj(q) =

∫
∂Un

⟨F b(Q),Kb
j (Q, q)⟩dβ(Q).(5.3)

Let K(q, p) be the (k+1)× (k+1)-matrix, whose j-th column is Kj(q, p). Then its
(j, k)-th entry is

Kjk(q, p) =

∫
∂Un

⟨Kb
k(Q, p),Kb

j (Q, q)⟩dβ(Q)

=

∫
∂Un

⟨Kb
j (Q, q),Kb

k(Q, p)⟩dβ(Q) = Kkj(p, q).

So we have

K(q, p) = K(p, q)
t
.(5.4)

Denote S(q, p) := K(p, q)
t
for (q, p) ∈ Un ×Un. Then S(q, p) = K(q, p) is regular

in q, and S(q, p) = K(p, q)
t
= S(p, q)

t
. The function S has the boundary values as

in Theorem 4.2. Moreover, we have

Sb(q, p) = Sb(p, q)
t

(5.5)

for q ∈ Un, p ∈ ∂Un, which follows from the symmetry S(q, p + εe) = S(p+ εe, q)
t

by taking ε → 0 + .
To show the uniqueness, suppose that S̃(·, ·) is another function satisfying The-

orem 5.1. By definition its j-th column S̃j(·, q) ∈ H2(Un) for any fixed q ∈ Un.
Choose an arbitrary p ∈ Un and apply the reproducing formula (5.1) of S(·, ·) and
S̃(·, ·) to get

(5.6)

S̃(p, q) =

∫
∂Un

Sb(p,Q)S̃b(Q, q)dβ(Q) =

∫
∂Un

Sb(Q, p)
t
S̃b(q,Q)

t
dβ(Q)

=

∫
∂Un

S̃b(q,Q)Sb(Q, p)dβ(Q)

t

= S(q, p)
t
= S(p, q).

by using (5.5) for S(·, ·) and S̃(·, ·). The theorem is proved. �

Since the Siegel upper half-space possesses some invariance properties, it is ex-
pected that the Cauchy-Szegö kernel also inherits them. We have the following
proposition (see Proposition 5.1 in [2] for the Cauchy-Fueter case). In terms of

multi-indices, we write the kernel S as
(
S
B′

1...B
′
k

A′
1...A

′
k

)
, i.e. (5.1) is written as

FA′
1...A

′
k
(q) =

∫
∂Un

∑
B′

1,...,B
′
k=0′,1′

S
B′

1...B
′
k

A′
1...A

′
k
(q,Q)F b

B′
1...B

′
k
(Q)dβ(Q).
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Proposition 5.2. The Cauchy-Szegö kernel has following invariance properties.

(5.7)

S(q,Q) =S(τp(q), τp(Q)),

S(q,Q) =S(Ra(q), Ra(Q)),

S(q,Q) =S(δr(q), δr(Q))r4n+2,

S(q,Q) =

 ∑
C′,D′=0′,1′

(
σC

)C′

A′
1

(Sb)
D′B′

2...B
′
k

C′A′
2...A

′
k
(Rσ(q), Rσ(Q))

(
σ̄C

)B′
1

D′

 ,

for q,Q ∈ Un, where p ∈ ∂Un, a ∈ Sp(n− 1), r > 0 and |σ| = 1.

Proof. The proof of first three identities are just like the 1-regular case in [2]. We
omit details. We only prove the last identity.

Since
∑

D′=0′,1′
(
σC)D′

A′
1
fD′A′

2...A
′
k
(Rσ(q)) is k-regular in q by Corollary 3.4, the

function ∑
D′=0′,1′

(
σ̄C

)D′

A′
1

FD′A′
2...A

′
k
(Rσ−1(q))

is also k-regular in q. As Rσ : (q1, q
′) −→ (σ̄q1σ, q

′σ) is orthogonal map (cf. P. 1639
in [2]), it follows that for fixed A′

1 . . . A
′
k,∑

D′=0′,1′

(
σ̄C

)D′

A′
1

FD′A′
2...A

′
k
(Rσ−1(q))

=

∫
∂Un

∑
B′

1,...,B
′
k,D

′=0′,1′

(Sb)
B′

1...B
′
k

A′
1...A

′
k
(q,Q)

(
σ̄C

)D′

B′
1

F b
D′B′

2...B
′
k
(Rσ−1(Q))dβ(Q)

=

∫
∂Un

∑
B′

1,...,B
′
k,D

′=0′,1′

(Sb)
B′

1...B
′
k

A′
1...A

′
k
(q,Rσ(Q))

(
σ̄C

)D′

B′
1

F b
D′B′

2...B
′
k
(Q)dβ(Q).

Since dβ is invariant under the orthogonal transformation Rσ. Substituting
Rσ−1(q) 7→ q, we get

FA′
1...A

′
k
=

∫
∂Un

∑
B′

1,...,B
′
k,C

′,D′=0′,1′

(
σC

)C′

A′
1

(Sb)
B′

1...B
′
k

C′A′
2...A

′
k
(Rσ(q), Rσ(Q))

(
σ̄C

)D′

B′
1

· F b
D′B′

2...B
′
k
(Q)dβ(Q),

by

σCσ̄C =

(
1 0
0 1

)
.

The function  ∑
C′=0′,1′

(
σC

)C′

A′
1

(Sb)
D′B′

2...B
′
k

C′A′
2...A

′
k
(Rσ(q), Rσ(Q))


is also k-regular in q for fixed D′, B′

2 . . . B
′
k by Corollary 3.4, belongs to H2(Un) and

symmetric. The last identity in (5.7) follows by the uniqueness of the reproducing
kernel S(q, p) in Theorem 5.1. �
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upper half-space, Comp. Anal. Oper. Theory 7 (2013), 1623–1654.
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