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STRUCTURE OF APPROXIMATE SOLUTIONS OF
AUTONOMOUS VARIATIONAL PROBLEMS

ALEXANDER J. ZASLAVSKI

ABSTRACT. In this paper we study the structure of approximate solutions of
autonomous variational problems on large finite intervals. Our goal is to show
that approximate solutions are determined mainly by the integrand, and are
essentially independent of the choice of time interval and data. In the first part
of the paper we discuss our recent results on Lagrange problems. The second
part of the paper contains new results on the structure of approximate solutions
of Bolza problems.

1. INTRODUCTION

The study of variational and optimal control problems defined on infinite (large)
intervals has recently been a rapidly growing area of research [2,5-16,18,19,22,23,
25,27-38]. These problems arise in engineering [1,10,30,39], in models of economic
growth [10,21,24,30], in infinite discrete models of solid-state physics related to
dislocations in one-dimensional crystals [4,26] and in the theory of thermodynamical
equilibrium for materials [17,20].

In this paper we analyze the structure of approximate solutions of the Lagrange
variational problems

(Py) / f(z (t))dt — min, z(0) =z, 2(T) =y,

z: [0,T] — R" is an absolutely continuous (a. c.) function,

(P2) / f(z (t))dt — min, z(0) = x,

z: [0,T] - R" is an a. c. function,

(Ps) / f(z (t))dt — min, z: [0,7] — R" is an a. c. function
and Bolza variational problems

(Py) / F(2(t), ()t + h(=(T)) — min, 2(0) = z,

z: [0,T] — R"™ is an a. c. function,

(Py) / F(2(t), 2'(£)dt + h(2(T)) + £(2(0)) — min,

z: [0,7] — R" is an a. c. function,
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where T > 0 is sufficiently large, z,y € R", f : R" x R — R! is an integrand and
h,& : R x R™ — R! belong to a space of functions described below.

In our research which was summarized in [30] we were interested in turnpike
properties of the approximate solutions of problem (P} ) which are independent of the
length of the interval, for all sufficiently large intervals. To have this property means,
roughly speaking, that the approximate solutions of the variational problems are
determined mainly by the integrand, and are essentially independent of the choice
of an interval and endpoint conditions, except in regions close to the endpoints of
the time interval.

It is clear that an optimal solution v : [0,7] — R™ of the variational problem
(P1) always depends on the integrand f and on z,y,T.

We say that the integrand f has the turnpike property if for any € > 0 there
exist constants L; > Ls > 0 which depend only on |z|, |y|, € such that for each
T € [L1,T — Lq] the set {v(t) : t € [1,7 + Lo]} is equal to a set H(f) up to € in
the Hausdorff metric where H(f) C R"™ is a compact set depending only on the
integrand f.

Thus if the integrand f has the turnpike property, then for large enough T the
dependence on x,y, T is not essential. In [29] this turnpike property was established
for a certain large class of integrands.

Turnpike properties are well known in mathematical economics. The term was
first coined by Samuelson in 1948 (see [24]) where he showed that an efficient expand-
ing economy would spend most of the time in the vicinity of a balanced equilibrium
path (also called a von Neumann path). This property was further investigated for
optimal trajectories of models of economic dynamics [21,30]. Many turnpike results
can be found in [30].

In [36] we studied the structure of approximate solutions of Lagrange problems
(P2) and (P3) in regions close to the endpoints of the time intervals. We showed
that in regions close to the right endpoint 71" of the time interval these approximate
solutions are determined only by the integrand, and are essentially independent of
the choice of the interval and the endpoint value z. For problems (Ps), approximate
solutions are determined only by the integrand also in regions close to the left
endpoint 0 of the time interval.

More precisely, in [36] we define f(z,y) = f(x, —y) for all x,y € R™ and consider
the set P(f) of all solutions of a corresponding infinite horizon variational problem
associated with the integrand f. For given positive constants €, 7, we show that if
T is large enough and v : [0,7] — R™ is an approximate of the variational problem
(P2), then |[v(T —t) —w(t)| < € for all t € [0, 7], where w € P(f). Moreover, using
the Baire category approach, we showed that for most integrands f the set P(f) is
a singleton.

In the first part of the paper we discuss our results on the structure of approximate
solutions of Lagrange problems (P;) — (Ps) obtained in [27,29,36]. The second part
of the paper contains new results on the structure of approximate solutions of Bolza
problems (Py) and (Ps).

Denote by | - | the Euclidean norm in R™. Let a be a positive constant and let
¥ : [0,00) — [0,00) be an increasing function such that ¥(t) — oo as t — oo.
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Denote by A the set of all continuous functions f : R™ x R® — R! which satisfy
the following assumptions:

A(i) for each z € R™ the function f(z,-): R® — R! is convex;

Aii) f(z,u) > max{u(je]), v(|ul)[ul} — a for each (z,u) € R" x R™

A(iii) for each M, e > 0 there exist I, § > 0 such that

|f(z1,u1) — f(z2,u2)| < emax{f(z1,w1), f(z2,u2)}
for each uy,us,x1,x2 € R™ which satisfy
lzi| < M, i=1,2, |u;| >T, i =1,2, |x1— x|, |ug —us| < 4.

It is easy to show that an integrand f = f(z,u) € C'(R?") belongs to A if
f satisfies assumptions A(i), A(ii) and if there exists an increasing function vy :
[0,00) — [0, 00) such that

max{|0f/0x(x,u)|, |0f/0u(x,u)} < ho(|z|)(L+ ([ul)|ul)
for each z,u € R"™. Here 9f/0x = (9f/0x1,...,0f/0x,) and If/0u =
(0f/Ouy,...,0f/Ouy).
For the set A we consider the uniformity which is determined by the following
base:

E(N,e,A) ={(f,9) e Ax A: [f(z,u) — g(z,u)| < e
for all u,z € R" satistying |z|, |u| < N}
M(f.9) € Ax Az (f @ w)] + D(lg(@, ) + 1) € WA
for all z,u € R" satisfying || < N},
where N,e > 0 and A > 1. It is known [30] that the uniform space A is metrizable

and complete.

We consider functionals of the form

Ts
(1.1) (T, Ty, 2) = fla(t), 2/ (t))dt
Ty

where f € A, —oc0 < Ty < Ty < ocand x : [T1,Ts] — R™is an absolutely continuous
(a.c.) function.

For f € A, y,z € R™ and real numbers T, T5 satisfying T7 < Ty we set

UNTy, Ty, y, 2) = inf{ I/ (Ty, Ty, z) : x: [Ty, To] — R"

(1.2) is an a.c. function satisfying z(T1) =y, z(T2) = z}.

It is easy to see that —oo < Uf(T1,Ts,y,2) < oo for each f € A, each y,z € R"
and all numbers 77,15 satisfying 17 < T5.

A function z(-) defined on unbounded interval with the values in a finite—
dimensional Euclidean space is called absolutely continuous (a. c.) if it is abso-
lutely continuous on any bounded subinterval of its domain.

Let f € A. For any a.c. function v : [0,00) — R™ we set

(1.3) J(v) = liminf 771170, T, v).
T—o0
The real number

(1.4) pu(f) =inf{J(v): v:[0,00) — R" is an a.c. function}
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is called the minimal long-run average cost growth rate of f.
Clearly, —oo < u(f) < oo. By Theorems 3.6.1 and 3.6.2 of [30],
(15) U0, T,2.y) = Tu(f) + ' (2) = 7/ (v) + 67 (2,y)

for all 2,4 € R™ and all T € (0,00), where 7/ : R* — R! is a continuous function
and

(1.6) (T,z,y) — 0%:(% y) € R! is a continuous nonnegative function
defined for all 7' > 0 and all z,y € R",
o (x) = inf{liminf[I7 (0, T, v) — u(f)T] : v:[0,00) — R"
T—o00

(1.7) is an a.c. function satisfying v(0) = z}, x € R"
and
(1.8) for every T' > 0, every x € R" there is y € R" satisfying 0;(37, y) = 0.
An a.c. function z : [0,00) — R™ is called (f)-good if the function
T — I7(0,T,z) — u(f)T, T € (0,00)
is bounded.

By Theorem 3.6.3 of [30], for each f € A and each z € R" there exists an (f)-good
function v : [0, 00) — R™ satisfying v(0) = z.
In the sequel we use the following result (Proposition 4.1.1 of [30]).

Proposition 1.1. For any a.c. function z : [0,00) — R™ either I5(0,T,z) —
Tu(f) = o0 as T — oo or

sup{|17(0, T, ) = Tu(f)| : T € (0,00)} < o
Moreover any (f)-good function x : [0,00) — R™ is bounded.

We denote d(z, B) = inf{|z —y| : y € B} for z € R" and B C R" and denote by
dist(A, B) the distance in the Hausdorff metric for two sets A C R" and B C R".
For every bounded a. c. function z : [0,00) — R™ define

Q(x) ={y € R"™: there exists a sequence {¢;};°; C (0,0
=1

(1.9) for which ¢t; — oo, x(t;) = y as i — oo}

We say that an integrand f € A has an asymptotic turnpike property, or briefly
(ATP), if Q(ve) = Q(v1) for all (f)-good functions v; : [0,00) — R™, i =1,2.

By Theorem 3.1.1 of [30], there exists a set F C A which is a countable intersec-
tion of open everywhere dense subsets of A such that each integrand f € F posseses
(ATP). In other words, (ATP) holds for a typical (generic) integrand f € A.

By Proposition 1.1 for each integrand f € A which posseses (ATP) there exists
a compact set H(f) C R™ such that Q(v) = H(f) for each (f)-good function
v :[0,00) — R™. In this case we say that the set H(f) is the turnpike of f.

The following turnpike result was obtained in [27]. For its proof see also Theorem
3.1.4 of [30].
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Theorem 1.2. Assume that an integrand f € A has the asymptotic turnpike prop-
erty and that My, My,e > 0. Then there exist a neighborhood U of f in A and
numbers [, S > 0 and integers L,Qs« > 1 such that for each g € U, each pair of

numbers Ty > 0, To > T + L+ 1Q and each a.c. function v : [Ty, Ts] — R™ which
satisfies
”U(TZ)‘ S Ml, 1= 1,2,
[g(Tl, TQ, ’U) < Ug(Tl, TQ, U(Tl), 'U(TQ)) + M()

the inequality |v(t)| < S holds for allt € [Th,Ts] and there exist sequences of numbers
{bi}?:p {Ci}?zl C [T1,Ts] such that

QSQ*, OSCi—bigl, izl,...,Q
and that

dist(H(f),{v(t): t € [T, T+ L]}) <e
for each T € [T1,T> — L] \ U?Zl[bi,ci].

Denote by M the set of all functions f € C'(R?") which satisfy the following
assumptions:

df ou; € CHR*™) fori=1,...,n;
the matrix (8 f/0u;0u;)(x,u), i,j = 1,...,n is positive definite for all (z,u) € R*";
f(z,u) > max{y(|z]), ¥(|u])|u|} —a for all (x,u) € R™ x R™;

there exist a number ¢y > 1 and monotone increasing functions ¢; : [0, 00) — [0, c0),
1 =0,1,2 such that

¢o(t)/t — 00 as t — oo,

f(@,u) = dolcolul) = ¢1(|x]), z,u € R”,
max{|0f/0xi(x, u)l, [0f /Oui(z,u)[} < ¢2(|x])(1 4 do(lul)),
x,u € R" i=1,

It is easy to see that M C A.

In [29] we established the following result which shows that for an integrand
f € M, (ATP) implies the turnpike property described above with the turnpike
H(f) (for its proof see also Theorem 5.1.1 of [30]).

S, n.

Theorem 1.3. Assume that an integrand f € M has the asymptotic turnpike
property and that e, K > 0. Then there exist a neighborhood U of f in A and
numbers M > K, lg > 1 >0, § > 0 such that for each g € U, each T > 2ly and each
a.c. function v : [0,T] — R™ which satisfies

[v(0)], |v(T)| < K, 19(0,T,v) < U9(0,T,v(0),v(T)) + o
the inequality |v(t)| < M holds for all t € [0,T] and
(1.10) dist(H(f),{v(t): te[r,7+I]}) <e

for each T € [lo, T — ly]. Moreover, if d(v(0), H(f)) <0, then (1.10) holds for each
T€[0,T —1lo] and if d(v(T),H(f)) <9, then (1.10) holds for each T € [lo, T —I].



118 ALEXANDER J. ZASLAVSKI

Let k£ > 1 be an integer. Denote by Ay, the set of all integrands f € ANC*(R?™).
For any p = (p1,...,p2n) € {0,...,k}?" set |p| = Z?ﬁlpl For each f € CF(R?")
and each p = (p1,...,pon) € {0,...,k}?" satisfying |p| < k define

DPf =Pl f /oyt .yl

Here Df = f.
For the set Ay we consider the uniformity which is determined by the following
base:

Er(N,e,N\) ={(f,9) € Ax x A : |DPf(z,u) — DPg(z,u)| <e
for all u,z € R" satisfying |z|, |u| < N
and each p € {0,...,k}*" satisfying |p| < k}
N{(£9) € Aw x A = (If (@, 0)] + D(lg(a,u)| +1)7H € AT

for all z,u € R" satisfying |z| < N},

where N,e > 0 and A > 1. It is known (see Chapter 5 of [30]) that the uniform
space Ay is metrizable and complete.

Set Ag = A, My = M. For each integer k > 1 set My = M N Ag.

Let k > 0 be an integer. Denote by M, the closure of M;, in A;, and consider
the topological subspace M), C A;, equipped with the relative topology.

Denote by £ the set of all f € M N C?(R?") such that

Of Jou; € C*(R*™) fori=1,...,n.

For any k € {0,1,2} denote by L the closure of £ in the space Aj and consider
the topological subspace L C Ay equipped with the relative topology.

In [29] we established the following generic turnpike result which shows that
most integrands possess the turnpike property described above (for its proof see
also Theorem 5.1.2 of [30]).

Theorem 1.4. Let 9 be one of the following spaces:
Li, k=0,1,2, My, ¢ > 0.

Then there exists a set F C M which is a countable intersection of open everywhere
dense subsets of M such that each f € F has (ATP) and the following property.

For each €, K > 0 there exist a neighborhood U of f in A and numbers M > K,
lo >1>0,0d >0 such that for each g € U, each T > 2y and each a.c. function
v:[0,T] — R™ which satisfies

[v(0)], |v(T)| < K, 1900, T,v) < UY(0,T,v(0),v(T)) +
the inequality |v(t)| < M holds for all t € [0,T] and
(1.11) dist(H(f),{v(t) : ter,7+1}) <e

for each T € [lo, T — ly]. Moreover, if d(v(0),H(f)) <0, then (1.11) holds for each
T €[0,T —1lo] and if d(v(T),H(f)) <9, then (1.11) holds for each T € [lo, T —I].
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Note that in [29,30] the result stated above was proved in the case when 91 in any
of the spaces M,, ¢ > 0. In the case when 9 is in any of the spaces £,, ¢ =0,1,2
Theorem 1.4 is proved with the same proof.

Our paper is organized as follows. Turnpike properties for problems (P,) and
(P3) are considered in Section 2. Section 3 contains preliminaries. In Section 4
we discuss the structure of approximate solutions of Lagrange problems (FP;) and
(P3) in the regions close to the endpoint of time intervals. In Section 5 we begin
to study Bolza problems (P;) and (P5) and state a boundedness result (Theorem
5.1) and turnpike results (Theorems 5.3-5.6). Section 6 contains results on the the
structure of approximate solutions of Bolza problems (P;) and (Ps) in the regions
close to the endpoints of time intervals (Theorems 6.2-6.9). Auxiliary results are
collected in Section 7. Theorem 5.1 is proved in Section 8. The proofs of Theorems
5.3, 5.4 and 5.6 are given in Sections 9, 10 and 11 respectively. In Section 12 we
prove auxiliary results for Theorems 6.2 and 6.3 which are proved in Sections 13
and 14 respectively. Section 15 contains auxiliary results for Theorems 6.5 and 6.8
which are proved in Section 16.

2. TURNPIKE RESULTS FOR PROBLEMS (FP2) AND (P3)

Theorems 1.2-1.4 establish the turnpike property for the problems (P;). In this
section we obtain their analogs for the problems (FP»2) and (P3).
For f € A, x € R™ and a real number T > 0 set

UNT, z) = inf{I/(0,T,v) : v: [0,T] = R"
(2.1) is an a.c. function satisfying v(0) = x},

(2.2) UN(T) = inf{I7(0,T,v): v: [0,T] = R" is an a.c. function}.
The following result plays an important role in our study.

Theorem 2.1. Let f € A and let My, My, c > 0. Then there exist a neighborhood
U of f in A and S > 0 such that for each g € U, each Ty € [0,00) and each
Ty € [Th + ¢,00) the following properties hold:

(i) if an a. c. function v : [Th,T5] — R" satisfies

()| < My, i = 1,2, I9(T1, To,v) < U9(T1, To, v(T3), v(Ts)) + Mo,
then
(2.3) lu(t)| < S, t e [Ty, Ts];
(ii) if an a. c. function v : [Th,To] — R™ satisfies
lo(Th)| < My, I9(Th, T,v) < UI(Ty — T1,v(Th)) + Mo,

then (2.3) holds;
(iii) if an a. c. function v : [T1,Ts] — R™ satisfies

Ig(Tl,TQ,’U) < Ug(TQ — Tl) + Mo,
then (2.8) holds.
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The properties (i) and (ii) were established in [28]. See also Theorem 1.2.3 of [30].
The property (iii) is proved analogously to the properties (i) and (ii).
Theorems 1.2 and 2.1 imply the following turnpike result.

Theorem 2.2. Assume that an integrand f € A has the asymptotic turnpike prop-
erty and that My, My,e > 0. Then there exist a neighborhood U of f in A, numbers
[,S > 0 and integers L, Q. > 1 such that for each g € U, each T > L+1Q and each
a.c. function v : [0,T] — R™ which satisfies at least one of the following conditions:

[v(0)], |v(T)| < My, I9(0,T,v) <UY0,T,v(0),v(T)) + Mo;
|v(0)| < My, I9(0,T,v) < UY(T,v(0)) + Mo;
(0, T,v) <UYT) + My

the inequality |v(t)| < S holds for allt € [0,T] and there exist sequences of numbers
{bi}?zl, {Ci}?zl C [0,T] such that

Q<Quw0<c—-b<li=1...,Q
and that

dist(H(f),{v(t): te|r,7+L]}) <e
for each 7 € [0,T — L] \ UZ-Qzl[bi,ci].

Theorems 1.3 and 2.1 imply the following result.

Theorem 2.3. Assume that an integrand f € M has the asymptotic turnpike
property and that e, K > 0. Then there exist a neighborhood U of f in A and
numbers M > K, lg > 1 >0, § > 0 such that for each g € U, each T > 2ly and each
a.c. function v : [0,T] — R™ which satisfies at least one of the two conditions

[v(0)| < K, 19(0,T,v) < UY(T,v(0)) + 6;
9(0,T,v) <UYT)+ 0o
the inequality |v(t)| < M holds for all t € [0,T] and that
(2.4) dist(H(f),{v(t) : ter,7+1]}) <e
for each T € [lo, T — lp]. Moreover, if d(v(0), H(f)) < d, then (2.4) holds for each
T €[0,T —1lo] and if d(v(T),H(f)) <9, then (2.4) holds for each T € [lp,T —].
Theorems 1.4 and 2.1 imply the following result.

Theorem 2.4. Let 9 be one of the following spaces:
Lka k:O)1)2> Ml]? q >0

and let the set F C M be as guaranteed by Theorem 1.4. Assume that f € F and
that €, K > 0. Then there exist a neighborhood U of f in A and numbers M > K,
lo >1>0,0d >0 such that for each g € U, each T > 2y and each a.c. function
v:[0,T] — R™ which satisfies at least one of the two conditions

lv(0)| < K, 19(0,T,v) < UY(T,v(0)) + d;
(0, T,v) <UYT)+ 46
the inequality |v(t)| < M holds for all t € [0,T) and that
(2.5) dist(H(f),{v(t): te[r,7+1]}) <e
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for each T € [lg, T — ly]. Moreover, if d(v(0), H(f)) < ¢, then (2.5) holds for each
7€ [0, T —lo] and if d(v(T), H(f)) < 9, then (2.5) holds for each T € [lo, T —1].
3. PRELIMINARIES
For each f € A define
(3.1) flx,y) = f(z,~y), z,y € R"™.

It is clear that for each f € A, f € A, if f € M, then f € M, the mapping
f — f, f € Ais continuous. This implies that f € M for each f € M. It is easy
to see that for each integer k > 1, f € Ay, for all f € Ay, for each integer k > 0,
f € My, for all f € M, and that the mapping f — f, f € Ay is continuous. This
implies that for each integer k > 0, f € M, for each f € M. Evidently, f € L for
all f € £ and for any k € {0,1,2} andanyfeﬁk,feﬁk

Let f € A. For any T > 0 and any a. c. function v : [0,7] — R", put

(3.2) 5(t) = (T — 1), t € [0,T].

Clearly, for each T'> 0 and each a. c. function v : [0,7] — R",

T T T
(3.3) /0 F(o(t), 9 (8))dt = /O Fo(T — 1),/ (T — t))dt = /0 F(o(t), o' (£))dt

The next result easily follows from (3.3).

Proposition 3.1. Let fe A, T >0, M >0 andv; : [0,T] — R", i = 1,2 be an a.
c. functions. Then

17(0,T,v1) < I7(0,T,v0) + M if and only if I7(0, T, v1) < I7(0, T, 53) + M.
For each f € A, each x € R™ and each real number T > 0 set
Uy(T,x) = inf{I7(0,T,v) : v: [0,T] = R"
(3.4) is an a.c. function satisfying v(T') = z},
Proposition 3.1 implies the following result.

Proposition 3.2. Let f € A, T > 0,M > 0 and v : [0,T] — R" be an a. c.
function. Then

if I1(0, T, v) < UN(T) + M, then I7(0,T,v) < U/ (T) + M;
if I7(0, T, v) < UY(0,T,v(0),v(T)) + M,
then I1(0,T,v) < UY(0,T,5(0),5(T)) + M;
if 170, T,v) < Up(T,v(T)) + M, then I7(0,T,v) < U'(T,5(0)) + M;
if 17(0,T,v) < U/(T,0(0)) + M, then I7(0,T,5) < U(T,5(T)) + M.

The next result follows from Proposition 3.2, Theorem 2.1 and the continuity of
the mapping f — f, f € A.
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Proposition 3.3. Let f € A and let M1, Ms,c > 0. Then there exist a neighborhood
U of fin A and S > 0 such that for each g € U, each T > ¢ and each a. c. function
v:[0,T] — R™ which satisfies

1900, T,v) < Uy(T,v(T)) + Ma, |v(T)| < M,
the inequality |v(t)| < S holds for all t € [0,T].
The following result was proved in [36].

Proposition 3.4. Assume that f € A has (ATP). Then f has (ATP) and H(f) =
H(f).

The following result is proved in [30] (see Chapter 4, Proposition 4.2.1).
Proposition 3.5. Let f € A. Then 7/ (z) — oo as |z| — cc.

Let f € A. Define
(3.5) D(f) ={z € R": n/(x) < n/(y) for all y € R"}.

Since the function 7/ is continuous it follows from Proposition 3.5 that the set D(f)
is nonempty, bounded and closed.

For each 71 € R', 7 > 71, each 71,79 € |11, 7] satisfying 1 < ro and each a.c.
function u : [11, 2] — R" set

(3.6) T (ry,ro,u) = I (r1, ro, u) — 78 (u(r)) + 7f (u(ra)) — (ro — r1) ().
In view of (1.2), (1.5), (1.6) and (3.6),

Ff(rl,rg,u) > ( for each 71 € RY, 7 > 71, each rq,7s € [T1, T2]

(3.7) satisfying 1 < rg and each a.c. function w : [11, 2] — R".

Proposition 3.6 (Theorem 3.6.3 of [30]). Let f € A. For every x € R™ there exists
an (f)-good function v : [0,00) — R™ such that v(0) = x and T/ (Ty, Ty, v) = 0 for
each Ty > 0 and each Ty > T}.

Let f € A. An a. c. function v : [0,00) — R" is called (f)-perfect if
(T, Ty,v) = 0 for all Ty > 0 and all Ty > Tj.
Propositions 3.5 and 1.1 imply the following result.

Proposition 3.7. Let f € A and v : [0,00) — R™ be an (f)-perfect function. Then
the function v is bounded and (f)-good.

4. STRUCTURE OF SOLUTIONS OF LAGRANGE PROBLEMS NEAR THE ENDPOINTS

For each f € A and each z € R"™ denote by P(f,x) the set of all (f)-perfect
functions v : [0,00) — R" such that v(0) = z. In view of Proposition 3.6 this set is
nonempty.

Let f € A and x € R". By Proposition 3.7 any function belonging to P(f,z) is
bounded and (f)-good. The following results were obtained in [36].

Proposition 4.1. Let f € A and D be a nonempty bounded subset of R". Then
there exist a number S > 0 and a neighborhood U of f in A such that for each
x € D, each g € U and each v € P(g,x), |v(t)| < S for allt > 0.
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Theorem 4.2. Suppose that an integrand f € M has the asymptotic turnpike
property. Let e, M,79 > 0. Then there exist a meighborhood U of f in A and
numbers 0 € (0,€) and Ty > 19 such that for each g € U, each T > Ty and each a.c.
function v : [0,T] — R"™ which satisfies

10(0)] < M, I90, T, v) < U(T,v(0)) + &

there exists an a. c. function w € U{P(f,z) : 2 € D(f)} such that [v(T —t) —
w(t)| < e for all t € [0, 7).

Theorem 4.3. Suppose that an integrand f € M has the asymptotic turnpike
property. Let e, M,79 > 0. Then there exist a meighborhood U of f in A and
numbers 0 € (0,€) and Ty > 19 such that for each g € U, each T > Ty and each a.c.
function v : [0,T] — R"™ which satisfies

lw(T)| < M, 1900, T,v) < Uy(T,v(T))+ 6
there exists an a. c. function w € U{P(f,z): z € D(f)} such that |v(t) —w(t)| <
e for all t € [0, 7).

Theorem 4.4. Suppose that an integrand f € M has the asymptotic turnpike
property. Let e,79 > 0. Then there exist a neighborhood U of f in A and numbers
5 € (0,¢€) and Ty > 70 such that for each g € U, each T > Ty and each a.c. function
v :[0,T] — R™ which satisfies

19(0,T,v) < UT) + 6

there exist a. c. functions

w1 € U{P(f,2): 2 €D(f)} and we € U{P(f,2): 2 € D(f)}
such that |v(t) —wi(t)] < e and [v(T —t) —wa(t)| < € for all t € [0, 1]
Theorem 4.5. Let 9 be one of the following spaces:
Li, k=0,1,2, M, ¢> 3.

Then there exists a set F C M which is a countable intersection of open everywhere
dense subsets of M such that for each f € F there exist a unique pair of points

zf, 25 € R" satisfying D(f) = {2y} and D(f) = {25}, a unique (f)-perfect function

vy 1 [0,00) — R" satisfying vy(0) = 2y and a unique (f)-perfect function vy :
[0,00) = R" satisfying v§(0) = 25 and such that the following assertion holds.
Let e, M,79 > 0. Then there exist a neighborhood U of f in A and numbers

d € (0,€) and Ty > 19 such that for each g € U, each T > Ty and each a.c. function
v:[0,7] = R™,

if [v(0)] < M, 1900, T,v) < UI(T,v(0)) + 9, then

[v(T —t) —vp(t)| < e for all t € [0, 7],
if [o(T)] < M, 19(0,,0) < Uy(T, o(T)) + 5, then
|v(t) —vs(t)] < € forallt € [0, 0],
if 1900, T,v) < UY(T) + 0, then
[v(T —t) —vp(t)] < € and |v(t) —vg(t)] < € for all t € [0, 7).
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5. TURNPIKE PROPERTIES OF BOLZA PROBLEMS

Denote my mes(E) the Lebesgue measure of a Lebesgue measurable set E C R.
Let a; > 0. Denote by 2(R") the set of all lower semicontinuous functions h : R™ —
R' which are bounded on bounded subsets of R™ and satisfy

(5.1) h(z) > —ay for all z € R™.

For simplicity we set 20 = 2(R™). We equip the set 2 with the uniformity which is
determined by the following base:

E(N, 6) = {(hl,h2> e A x2A: |h1(z) — h2(2)| <e
(5.2) for each z € R" satisfying |z| < N},

where N, e > 0. It is not difficult to see that the uniform space 2 is metrizable and
complete. We consider the following Bolza variational problems

(Py) (T, T, v) + h(v(T)) — min, v(T1) =y,
v: [Th,T5] — R" is an a. c. function,
(P5) Ig(ThTQaU) + h(v(TQ)) + §<’U(T1)) — min,

v: [Th,T5] — R" is an a. c. function,
where g € A, b, €2, y € R" and —oo < T} < Ty < 00. Set

(g, h,y, Th, Tz) = nf{1?(T1, T, v) + h(v(T2)) :

(5.3) v: [T1,T»] — R" is an a. c. function, v(T1) = y},
o(g,h,& T, To) = inf{19(T1, T2, v) + h(v(T2)) + &(v(T1)) :
(5.4) v: [Th1,T3] — R" is an a. c. function},
9(g,¢,2,T1,T2) = nf{17(T1, Ty, v) + §(v(T1)) :
(5.5) v: [T1,T»] — R" is an a. c. function, v(Ts) = z},
a(g,h, &y, 2,Th, Ty) = inf{19(T1, T>,v) + h(v(Ta)) + £(v(Th)) :
(5.6) v: [T1,T»] — R"™ is an a. c. function, v(T1) =y, v(Tz) = z}.

We begin with the following uniform boundedness result which is proved in Sec-
tion 8.

Theorem 5.1. Let f € A, hy,hy € 2 and let My, Ms,c > 0. Then there exist a
neighborhood U of f in A, a neighborhood V; of h; in A, i = 1,2 and S > 0 such
that for each g € U, each & € Vi, i = 1,2 each Ty € [0,00) and each Ty € [T+ ¢, 0)
the following properties hold:

(i) if an a. c. function v : [Th,T5] — R" satisfies

[v(T1)| < My,
Ig(T17T27U) + gl(U(TQ)) < O'(g,fl,’U(Tl),Tl,TQ) + M27
then
(5.7) w(t)| < S, t € [T, T):
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(ii) if an a. c. function v : [T1,Ts] — R"™ satisfies

(T, To,v) + &1 (v(T2)) + &(v(Th)) < o(g, &, 62, T, To) + Mo
then (5.7) holds.

Relation (3.3) implies the following result.

Proposition 5.2. Letge A, h e A, T >0,M >0, v:[0,7] — R" be an a. c.
function and v(t) = v(T —t), t € [0,T]. Then the following assertions hold:

190, T, v) + h(v(T)) + £(v(0)) < o(g,h,£,0,T) + M
if and only if 19(0,T,7) + £(6(T)) + h(5(0)) < 0(7, €, h,0,T) + M;

1900, T,v) + h(v(T)) < o(g, h,v(0),0,T) + M
if and only if 19(0,T,v) + h(v(0)) < o(g, h,o(T ) 0,7)+ M,

9(0,T,v) + h(v(0)) < a(g, h,v(T),0,T) + M
if and only if 19(0,T,v) + h(v(T)) < o(g, h,v(0),0,T) + M.
Let f € A have (ATP). By Theorem 2.1, there exist a neighborhood Uy of f in
A and Sy > 0 such that the following properties hold:
(P1) for each g € Uy, each T' > 1 and each a. c. function w : [0,7] — R"
satisfying
0, T,u) <UYNT)+1
we have
u(®)] < Sy, t € [0,T];
(P2) for each g € Uy, each T > 1 and each a. c. function u : [0,7] — R"
satisfying
d(u(0), H(f)) <1,
90, T,u) <UYT,u(0)) + 1
we have
lu(t)| < Sy, t €[0,T].
The following turnpike results for Bolza variational problems show that the turn-

pike phenomenon, for approximate solutions on large intervals, is stable under small
perturbations of the objective functions.

Theorem 5.3. Assume that an integrand f € A has the asymptotic turnpike prop-
erty and that My, My, My, e > 0. Then there exist a neighborhood U of f in A,
numbers [, S > 0 and integers L, Q. > 1 such that for each g € U, each T > L+I1Q,
each h,& € AU satisfying

|h(2)], |£(2)] < My for all z € R"™ such that |z| < Sf

and each a.c. function v : [0,T] — R™ which satisfies at least one of the following
conditions:

(a)
[v(0)] < Mo,

Ig(O7T7 )+h(( ))S (gvh7v(0)707T)+M1§
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(b)
19(0, T, v) + h(v(T)) + £(v(0)) < (g, h,§,0,T) + M
the inequality |v(t)| < S holds for allt € [0,T] and there exist sequences of numbers
{b:}_,, {ei}l_, C[0,T] such that
< Q:, 0, —b; <Il,1=1,...,q
and that
dist(H(f),{v(t): te[r, 7+ L]}) <e
for each 7 € [0,T — L] \ UL [b;, ¢;].
Theorem 5.3 is proved in Section 9.
The next result is proved in Section 10.

Theorem 5.4. Assume that an integrand f € M has the asymptotic turnpike
property and that €, My > 0. Then there exist a neighborhood U of f in A and
numbers My > My, Iy > 1 >0, 6 > 0 such that for each g € U, each T > 2l +1
and each a.c. function v :[0,T] — R™ which satisfies
[w(0)], [v(T)] < Mo,
190, T,v) <U90,T,v(0),v(T))) + My
and
9(S,S +11,v) <UIS, S+ 1l1,v(S),v(S+11))+ 6
for each S € [0,T — 1], the inequality |v(t)| < My holds for all t € [0,T) and that
there exist
T € [0,l1], Ty € [T— ll,T]
such that for all T € [T, 7 — ],

dist(H(f),{v(t): te[r,7+1]}) <e.
Moreover, if d(v(0), H(f)) <0, then 71 =0 nd if d(v(T),H(f)) <9, then o =T.
Theorems 2.1 and 5.4 imply the following result.

Theorem 5.5. Assume that an integrand f € M has the asymptotic turnpike
property and that €, My, M1 > 0. Then there exist a neighborhood U of f in A and
numbers Mo > My, My, Iy > 1 >0, § > 0 such that for each g € U, each T > 211 +1
and each a.c. function v : [0,T] — R™ which satisfies at least one of the following
conditions below:
[w(0)], [v(T)] < M,
Ig(Ov T7 U) < Ug(oa Tv U(O)? U(T)) + Ml;
[v(0)| < Mo, I9(0,T,v) < U(T,v(0)) + My;

Ig(O’Tv U) S UQ(T) + Ml

and
9(S,S + 11,v) <UIS,S + 11,v(S),v(S+11)) + 6

for each S € [0,T — l1], the inequality |v(t)| < My holds for all t € [0,T) and that
there exist

1 € [0,[1], To € [T— ll,T]
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such that for all T € [T, 70 — ],
dist(H(f),{v(t): te[r,7+1]}) <e.
Moreover, if d(v(0), H(f)) <9, then 7y =0 and if d(v(T), H(f)) <9, then p, =T.
The next result is proved in Section 11.

Theorem 5.6. Assume that an integrand f € M has the asymptotic turnpike
property and that €, My, M1, My > 0. Then there exist a neighborhood U of f in A
and numbers S > 0, L > 1 > 0, 6 > 0 such that for each g € U, each h,& € 2A
satisfying
|h(2)], |£(2)| < My for all z € R" such that |z| < Sy,
each T > 2L + 1 and each a.c. function v : [0,T] — R™ which satisfies at least one
of the following conditions below:
(a) [v(0)] < Mo, 190, T, v) + h(u(T)) < o(g, h,v(0),0,T) + M
(b)
19(07 Ta U) + h(U(T)) + 5(0(0)) < 0(97 ha 57 07 T) + Ml
and such that for each 7 € [0,T — L],
the inequality |v(t)| < S holds for all t € [0,T] and that there exist
7 €[0,L], 2 € [T —L,T]
such that for all T € [T, 170 — ],
dist(H(f),{v(t): t € [r,7+1]}) <e.
Moreover, if d(v(0), H(f)) <9, then 71 =0 and if d(v(T), H(f)) <9, then 7o =T.

6. STRUCTURE OF SOLUTIONS OF BOLZA PROBLEMS NEAR THE ENDPOINTS

For each nonempty set X and each n: X — R! define
inf(n) = inf{n(z) : z € X}.

Let f € M have the asymptotic turnpike property and let h,& € 2. Proposition
3.5 and (5.1) imply the following result.

Proposition 6.1. The function ©f + h is lower semicontinuous, for every M > 0
the set
{x e R": (¢! +h)(x) < M}
is bounded, inf(nf 4+ h) is finite and the function wf + h has a point of minimum.
The next result is proved in Section 13.

Theorem 6.2. Suppose that an integrand f € M has the asymptotic turnpike
property and that h € A. Let ¢, M, Lo > 0. Then there exist a neighborhood U of f
in A, a neighborhood V of h in A and numbers § € (0,€) and Ty > Ly such that for
each T > Ty, each g € U, each & €V and each a.c. function v : [0,T] — R"™ which
satisfies
[v(0)] < M,
1900, T,v) + £ (v(T)) < o(g,£,v(0),0,T) + 6
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there exists an (f)-perfect function w : [0,00) — R™ such that
(7f + h)(w(0)) = inf(x] + h),
|o(T —t) —w(t)| <€ for all t € [0, Lg).
The proof of the following result is given in Section 14.

Theorem 6.3. Suppose that an integrand f € M has the asymptotic turnpike
property and that hi,ho € A. Let €, Lo > 0. Then there exist a neighborhood U of
f in A, a neighborhood V; of hi, i = 1,2 in A and numbers § € (0,¢) and Ty > Ly
such that for each T > Ty, each g € U, each & € Vi, i = 1,2 and each a.c. function
v:[0,T] — R™ which satisfies

19(0, T, v) + &(v(T)) + £2(0(0)) < 0(9,81,62,0,T) +0

there exists an (f)-perfect function wy : [0,00) — R™ and an (f)-perfect function
wy : [0,00) = R"such that

(7! + ho) (w1 (0)) = inf(xf + hy),
(wf + 1) (w2(0)) = inf(xf + hy),
[u(t) —wi(t)| <€ for all t € [0, Lo).
[o(T —t) —ws(t)] < € for all t € [0, Ly).
Theorem 6.4. Let h € 2 and 2N be one of the following spaces:
Ly, k=0,1,2, My, q> 3.

Then there exists a set F C M which is a countable intersection of open everywhere
dense subsets of M such that for each f € F there exist a unique pair of points
zp, 25 € R" satisfying

{ze R": (x/ +h)(z) =inf(x! +h)} = {z¢},

{zeR": (af +h)(2) = inf(x! + h)} = {27},
a unique (f)-perfect function vy : [0,00) — R" satisfying v;(0) = 2y and a unique
(f)-perfect function vy : [0,00) — R" satisfying vp(0) = 27 and such that the

following assertion holds.

Let e, M, 79 > 0. Then there exist a neighborhood U of f in A, a neighborhood V
of h in A and numbers § € (0,¢€) and Ty > 19 such that for each g € U, each & €V,
each T > Ty and each a.c. function v:[0,T] — R",

if [v(0)| < M, I9(0,T,v) + £(v(T)) < 0(9,£,v(0),0,T) + 6, then
[v(T —t) —vp(t)] < € for all t € [0,7];
if |[v(T)] < M, 19(0,T,v) + £(v(0)) < a(g,&,0v(T),0,T) + 9, then
lv(t) — ve(t)| < € for all t € [0, o).

Theorem 6.4 follows from the continuity of the mapping f — f, f € Ay, k =
0,1,..., Proposition 5.2 and the following result which is proved in Section 16.
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Theorem 6.5. Let h € A and 9 be one of the following spaces:
Li, k=0,1,2, M, ¢ > 3.

Then there exists a set F C I which is a countable intersection of open everywhere
dense subsets of M such that for each f € F there exist a unique point zy € R"
satisfying
{zeR": («/ +h)(2) =inf(x! +h)} = {zf}

and a unique (f)-perfect function vy : [0,00) = R™ satisfying v(0) = z¢ and such
that the following assertion holds.

Let e, M, 79 > 0. Then there exist a neighborhood U of [ in A, a neighborhood V
of h in A and numbers 6 € (0,€) and Ty > 19 such that for each g € U, each £ €V,
each T > Ty and each a.c. function v : [0,T] — R™ such that

[(T)] < M, 100, T,v) + £(v(0)) < 0(g,&0(T),0,T) + 96
the inequality [v(t) — vy (t)| < € holds for all t € [0, o).
Theorems 5.1 and 6.4 imply the following result.

Theorem 6.6. Let hy, ho € 2 and MM be one of the following spaces:
Li, k=0,1,2, My, q> 3.

Then there exists a set F C M which is a countable intersection of open everywhere
dense subsets of M such that for each f € F there exist a unique pair of points
zp,zf € R" satisfying

{ze R": (n/ +h1)(2) = inf(x! + 1)} = {2},
( ]

{zeR": (n/ +hy)(2) =inf(x! + ho)} = {25}
a unique (f)-perfect function vy : [0,00) — R"™ satisfying vs(0) = z¢ and a unique
(f)-perfect function vp @ [0,00) = R" satisfying v§(0) = z5 and such that the
following assertion holds.

Let e, M, 79 > 0. Then there exist a neighborhood U of f in A, a neighborhood V;
of hi, i = 1,2 in A and numbers 6 € (0,€) and Ty > 19 such that for each g € U,
each & € V;, i = 1,2, each T > Ty and each a.c. function v : [0,T] — R™ which
satisfies

~—  ~—

19(0,T,v) + & (v(T)) + &(v(0)) < 0(g,1,62,,0,T) + 6,
for allt € [0,70], |[v(T —1t) — vf(t)\ <€ |u(t) —vp(t)| < e

In the next theorems 91 is one of the following spaces:
Ly, k=0,1,2, My, ¢>3
and the spaces M x A and M x A x A are equipped with the product topology.

Theorem 6.7. There exists a set F C I x A which is a countable intersection of
open everywhere dense subsets of M x A such that for each (f,h) € F there exist a
unique pair of points zyn, z5, € R" satisfying

{ze R": (! +1)(2) =inf(x! + 1)} = {zs1},
{zeR": (x/ + h)(2) = inf(nf +h)} = {27,
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a unique (f)-perfect function vy : [0,00) — R"™ satisfying vsn(0) = zfp and a
unique (f)-perfect function vg, : [0,00) — R" satisfying v, (0) = 27, and such
that the following assertion holds.

Let ¢, M, 79 > 0. Then there exist a neighborhood U of (f,h) in M x A and
numbers 6 € (0,€) and Ty > 79 such that for each (g,§) € U, each T > Ty and each
a.c. functionv:[0,T] — R",

if ()] < M, 1900, T,v) + £(v(T)) < 0(g,€,v(0),0,T) + 6, then
(T —t) — vy (t)| < e for all t € [0, 10];
if [o(T)] < M, I9(0,T,v) + §(v(0)) < (g,& v(T),0,T) + 6, then
[v(t) —ven(t)] < e forallt € 0,70

Theorem 6.7 follows from the continuity of the mapping f — f, f € Ay, k =

0,1,..., Proposition 5.2 and the following result which is proved in Section 16.

Theorem 6.8. There exists a set F C 9 x A which is a countable intersection of
open everywhere dense subsets of MM x A such that for each (f,h) € F there exist a
unique point zy, € R" satisfying

{ze R": («/ +h)(2) =inf(n! +h)} = {21}
and a unique (f)-perfect function vy, @ [0,00) — R™ satisfying vy p(0) = 25 and
such that the following assertion holds.

Let e, M, 79 > 0. Then there exist a neighborhood U of (f,h) in M x A and
numbers § € (0,¢€) and Ty > 19 such that for each (g,&) € U, each T > Ty and each
a.c. function v : [0,T] — R™ which satisfies

[w(T)] < M, I9(0,T,v) + £(v(0)) < a(g,&,0(T),0,T) + 0
the inequality |v(t) — vy p(t)| < € holds for all t € [0, 79].

Theorems 5.1 and 6.8 imply the following result.

Theorem 6.9. Let the set F C M x A be as guaranteed by Theorem 6.7 and let
g:{(f,hl,hg) EMxAxA:
(fihi) € F,i=1,2}.

Then G is a countable intersection of open everywhere dense subsets of 9 x A x A
such that for each (f,hi,ha2) € G there exist a unique pair of points zy1,2z«2 € R"
satisfying

{ze R": (xf + hy)(2) = inf(xf + o)} = {21},

{zeR": (7f +h1)(z) = inf(x! + h1)} = {22},
a unique (f)-perfect function vy : [0,00) — R" satisfying v1(0) = 2.1 and a unique
(f)-perfect function vy : [0,00) — R™ satisfying v2(0) = 2.2 and such that the
following assertion holds.

Let e, M, 79 > 0. Then there exist a neighborhood U of (f,h1,ha) in M x A x A
and numbers 6 € (0,€) and Ty > 19 such that for each (g,&1,&2) € U, each T > Ty
and each a.c. function v :[0,T] — R™ satisfying

1900, T,v) + &1(v(T)) + &2(v(0)) < 0(g,61,62,0,T) +6
for all t € 0,79], [v(t) —vi(t)] <€, [0(T —t) —vo(t)| < e
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7. AUXILIARY RESULTS
Lemma 7.1 (Lemma 4.2.8 of [30]). Let f € A possess (ATP). Then

sup{n/(z): z € H(f)} =0.
Proposition 7.2 (Theorem 4.1.1 of [30]). Assume that f € A has (ATP). Then f
is a continuity point of the mapping g — (u(g),79) € R x C(R™), g € A, where
C(R") is the space of all continuous functions ¢ : R™ — R with the topology of the
uniform convergence on bounded sets.

Proposition 7.3 (Theorem 1.2.2 of [30]). For each f € A there exists a neighbor-
hood U of f in A and a number M > 0 such that for each g € U and each (g)-good
function x : [0,00) — R™ the relation limsup,_, . |x(t)| < M holds.

Proposition 7.4 (Proposition 1.3.5 of [30]). Assume that f € A, M1 >0,0<T} <
Ty < 0o and that x; : [T1,T2] — R™, i = 1,2,... is a sequence of a.c. functions
such that If(Tl,Tg, x;) < My for all integers i > 1. Then there exist a subsequence
{xi 132, and an a.c. function x : [T1,T5] — R™ such that If<T1,T2,J}) < My,
i, (t) — 2(t) as k — oo uniformly on [T1,To] and ] — o' as k — oo weakly in
LY(R™ (T, T3)).

Corollary 7.5 (Corollary 1.3.1 of [30]). For each f € A, each pair of numbers

11,15 satisfying 0 < T7 < Ts and each z1,z9 € R"™ there is an a.c. function
x: [Ty, To] = R"™ such that x(T}) = 2, i = 1,2 and I7(T1, Ty, ) = UT(Ty, T, 21, 22).

Corollary 7.6. For each f € A, each pair of numbers Ty, Ty satisfying 0 < Ty < Ty
and each z € R™ there is an a.c. function x : [T1,T5] — R™ such that x(T1) = z
and I7(Ty, Ty, x) = U/ (Ty — Ty, 2).

Corollary 7.7. For each f € A and each pair of numbers Ty, Ty satisfying 0 < T1 <
T, there is an a.c. function  : [Ty, To] — R™ such that I (Ty, Ty, z) = Uf(Ty — T1).

Lemma 7.8 (Proposition 1.3.8 of [30]). Let f € A, 0 < ¢1 < ¢2 < oo and let
D,e > 0. Then there exists a neighborhood V' of f in A such that for each g € V,
each Th, Ty > 0 satisfying To — Ty € [c1,c2] and each a.c. function x : [T1,To] —
R™ satisfying min{I9(Ty, Ty, x), I/(Ty,Ts,x)} < D the inequality |I7(Ty, Ty, x) —
Ig(Tl,TQ,[EN <e€ holds.

Lemma 7.9 (Lemma 5.2.4 of [30]). Let f € M have (ATP) and let ¢ > 0. Then

there exists a number ¢ > 8 such that for each hi,hy € H(f) there exists an a.c.
function v : [0,q] — R™ which satisfies

v(0) = h1, v(g) = ha, T/ (0,q,v) < e
Proposition 7.10 (Proposition 8 of [33]). Let g € M possess (ATP) and v :
[0,00) = R"™ be an a.c. function such that sup{|v(t)|: t € [0,00)} < o0,
19(0,T,v) =U90,T,v(0),v(T)) for all T > 0.
Then the function v is (g)-perfect.
Proposition 7.11 (Theorem 1.2 of [31]). Let g € L and vy1,vs : [0,00) — R"™ be

0
(g)-perfect functions such that v1(0) = v2(0). If there exist t1,t2 € [0, oo) such that
(t1,t2) # (0,0) and vi(t1) = va(ta), then vi(t) = va(t) for allt € [0, 00
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The following lemma is a particular case of Lemma 3.3 of [31].

Lemma 7.12. Let f € A have (ATP) and h € H(f). Then there exists an a.c.
function v : RY — H(f) such that v(0) = h and T/ (=T, T,v) =0 for all T > 0.

The following lemma is a particular case of Lemma 5.1 of [31].

Lemma 7.13. Let f € L, v1,v9 : [0,00) — R™ be (f)-perfect functions, 0 < Ty < Ty
and let v1(t) = vao(t) for all t € [T1,Ts]. Then vi(t) = va(t) for all t € [0,00).
Lemma 7.14 ([36]). Let f € A have (ATP) and Sop > 0. Then there exist Ko > 0

and a neighborhood U of f in A such that for each g € U and each x € R™ satisfying
|x| > Kg the inequality w9(x) > Sy holds.

Lemma 7.15 ([36]). Let f € M have (ATP) and let ¢ > 0. Then there exist
numbers ¢ > 8 and § > 0 such that for each hyi, he € R™ satisfying d(h;, H(f)) <6,
i =1,2 and each T > q there exists an a.c. function v :[0,T] — R™ which satisfies
v(0) = hy, v(T) = hg, T(0,T,v) <e.

8. PROOF OF THEOREM 5.1

By Theorem 2.1, there exist a neighborhood U; of f in A and S; > 0 such that
for each g € Uy, each T} € [0,00) and each Ty € [T + ¢, 00) the following properties
hold:

(i) if an a. c. function v : [T, Tz] — R™ satisfies

(1) < My, I9(T1, To,v) < U9(T2 — T, v(Th)) + 1,
then |v(t)| < S for all t € [T7,T3];

(ii) if an a. c. function v : [T1, T3] — R" satisfies

Ig(T17T27U) < UQ(T2 - TI) + 17

then |v(t)] < Sp for all t € [T, Tb].

In view of (5.2), there exist a neighborhood V; of h;, i = 1,2 in 2 and Ss > 0
such that for all § € V;, i = 1,2 and each z € R" satisfying |z| < Si,
(8.1) |€i(2)] < Sa, i =1,2.

By Theorem 2.1, there exist a neighborhood 4 C U; of f in A and S > S; + So
such that for each g € U, each T} € [0,00) and each T € [T} + ¢, 00) the following
properties hold:

(iii) if an a. c. function v : [Th,T5] — R™ satisfies

lo(Th)| < My,
Ig(Tl,TQ, ’U) < Ug(T2 —1Ti, ’U(Tl)) + 1+ My + 255 + 2aq,
then |v(t)| < S for all ¢t € [T, T3];

if an a. c. function v : [T1,Ts] — R" satisfies

Ig(Tl,TQ,’U) < Ug(T2 — Tl) + 14+ My + 255 + 2a7,
then |v(t)| < S for all ¢t € [T, T3].

Assume that

(8.2) geEU, & eV, i=1,2, Ty €[0,00), To >T1 +¢
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and an a. c. function v : [T}, Ty] — R™ satisfies

(8.3) lo(T1)| < My,
(84) (11, Ts,v) 4+ &1(v(T2)) < o(g, &1, v(T1), T, T2) + Mo

(8.5) (T, T3, v) + & (v(T2)) + &(v(Th)) < 0(g,61,82,T1,T2) + Ma.

There exists an a. c¢. function u : [T, T>] — R™ such that:
if (8.3) and (8.4) hold, then

w(Tr) = v(Th),

(8.6) I9(Ty, Ta, u) < U(Ty — Tr,u(Th)) + 1;
if (8.5) holds, then
(8.7) 19(Ty, To,u) < U9(Tp — T}) + 1.
It follows from (8.2), (8.4), (8.6), (8.7) and property (i) that
(8.8) lu(t)| < S1, t € [Th, Ty
By (8.2), (8.8) and the choice of V;, i = 1,2 (see (8.1)),
(8.9) [§1(w(T2))], [E2(u(Th))| < So.
Assume that (8.3) and (8.4) hold. In view of (5.1), (8.2), (8.4), (8.6) and (8.9),
(T, Ty,v) —ap < I9(Th, Ta,v) + & (v(Th))

S M2 + U(gaglvv(Tl)aTlvT2) S M2 + Ig(T17T27u) +§1(U(T2))

< My + 89 +Ig(T1,T2,U) < My + 859 + Ug(TQ — Tl,U(Tl)) +1,

(810) Ig(Tl,TQ,’U) < Ug(T2 — Tl,’l)(Tl)) + 1+ My + SQ +aq.

Property (iii), (8.2), (8.3) and (8.10) imply that |v(¢)| < S, t € [T1,T3].
Assume that (8.5) holds. In view of (5.1), (8.2), (8.5), (8.7) and (8.9),

I9(T1,Ty,v) — 2a1 < I9(T1, To,v) + & (v(T2)) + Ea(v(T1))
< My +0(g,&1,82,Th, To) < Mo+ I9(Th, To, u) + &1 (u(T3)) + &2(u(Th))

< Mo+ 28y + I9(Th, Ta,u) < Mo+ 25 + U9(To — T1) + 1,

(8.11) I9(Ty, Ty, v) < UI(Ty — T1) 4+ 1 + My + 255 + 2a;.

Property (iii), (8.2) and (8.11) imply that |v(t)] < S, ¢t € [T1,T3]. Theorem 5.1 is
proved.
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9. PROOF OF THEOREM 5.3

By Theorems 1.2 and 2.1, there exist a neighborhood Uy C Uy of f in A and
Ly > 1 such that the following property holds:

(i) for each g € Uy, each T > Ly and each a. c. function w : [0,7] — R™ which
satisfies

u(0)] < Mo, I9(0,T,u) < U(T,u(0)) + 1
there exists Sy € [0, Lo] such that d(u(Sp), H(f)) < 1.
By Theorem 2.2, there exist a neighborhood U C Uy of f in A and numbers
1,8 > 1 and integers L > 1, Q). > Lo such that the following property holds:
(ii) for each g € U, each T' > L + 1Q. and each a.c. function v : [0,7] — R"
which satisfies at least one of the following conditions:
|U(0)| < M07 IQ(O,T,’U) < Ug(Ta U(O)) + M2 + Ml + ai;
Ig(O,T,’U) < Ug(T) + 2Ms + 2M7 + 2a4
the inequality |v(¢)| < S holds for all ¢ € [0, T] and there exist sequences of numbers
(b3, {ei}2, € [0,T) such that
QSQ*J OSCl_bZSZJ izla"’an

dist(H(f),{v(t): t € [r,7+ L]}) <eforeach 7 €[0,T — L]\ UZQZI[bi,ci].
Assume that

(9.1) geU, T>L+1Q, h, & e,

(9.2) |h(2)|, |£(2)] < My for all z € R"™ such that |z| < S

and v : [0,7] — R" is an a. c. function which satisfies at least one of the conditions
(a), (b). By Corollaries 7.6 and 7.7, there exists an a. c. function u : [0,7] — R"
such that if condition (a) holds, then

(9-3) u(0) = v(0),
(9.4) (0, T,u) = UY(T, v(0))
and if condition (b) holds, then
(9.5) 1900, T, u) = UY(T).
If condition (b) holds, then (9.1), (9.5) and property (P1) imply that
(9.6) lu(t)| <S¢, t €10,T).
Assume that condition (a) holds. We show that
W(T)| < 8.
By condition (a), property (i) and (9.1)-(9.5), there exists Sy € [0, Lg] such that
(9.7) d(u(So), H(F)) < 1.

Property (P2) applied to the function u(t + Sp), t € [0, — So], (9.1), (9.4) and
(9.7) imply that

(9.8) lu(t)| < Sy, t € [So, T].
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Together with (9.6) this implies that in both cases
(9.9) u(T)| < 5.
If condition (a) holds, then by (5.1), (9.1)-(9.4) and (9.9),
1900, T,v) — a1 < 19(0,T,v) + h(v(T))
< Mi +0o(g,h,v(0),0,T) < My + 19(0, T, u) + h(u(T))
< Ms + My + 1900, T,u) < My + My + U9(T,v(0)),

(9.10) 1900, T,v) <UYT,v(0)) + My + My + ay.
If condition (b) holds, then by (5.1), (9.1), (9.2), (9.5) and (9.6),
90, T,v) —2a1 < I9(0,T,v) + h(v(T)) + £(v(0))
< Mi+0(g,h,§,0,T) < My + 1900, T, u) + h(u(T)) + £(u(0))
<2Ms + My + I9(0,T,u) < 2Ms + My + UY(T),

(9.11) 9(0,T,v) <UYT) + 2Ms + M; + 2a;.
Property (ii), (9.1), (9.10) and (9.11) imply that he inequality |v(¢)| < S holds for
all t € [0,T] and there exist sequences of numbers
{bi}i_1, {citioy € [0, 7]
such that ¢ < Qy, 0<¢; —b; <1, i=1,...,q and that
dist(H(f),{v(t): te[r,7+ L]}) <e
for each 7 € [0, — L] \ UL, [b;, ¢;]. This completes the proof of Theorem 5.3.

10. PROOF OF THEOREM 5.4

By Theorem 1.3, there exist a neighborhood U; of f in A and numbers [y > [ > 0,
0 > 0 such that the following property holds:
(i) for each g € Uy, each T' > 2y and each a.c. function v : [0,7] — R™ which
satisfies
d(v(0), H(f)) <6, d(v(T), H(f)) <0,
1900, T, v) < U%(0, T, v(0),v(T)) + &
the inequality dist(H(f),{v(t): t € [r,7 +1]}) < € holds for each 7 € [0,T —].
By Theorem 1.2, there exist a neighborhood U C U; of f in A and numbers
My > My, ly > 2lo + 1 such that the following property holds:
(i) for each g € U, each T > Iy and each a.c. function v : [0,7] — R" which
satisfies
[v(0)], |v(T)| < My, I9(0,T,v) < U?0,T,v(0),v(T)) + My
the inequality |v(¢)| < M;j holds for all ¢ € [0,7] and there exists a set £ C [0,T]
which is a finite union of closed subintervals of [0, T] such that mes(E) < Iy and for
each t € [0,T]\ E, d(v(t), H(f)) < 0.
Set

(10.7) Iy = 8o+ 2.
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Assume that

(10.8) gEU, T >2 +1

and that an a.c. function v : [0,7] — R" satisfies

(10.9) [w(0)], [o(T)| < Mo,

(10.10) 9(0,T,v) <UY0,T,v(0),v(T)) + My

and that for each S € [0,T — 4],

(10.11) I9(S, S+ l1,v) <UIS, S+ 11,v(S),v(S+11)) + 6.
Property (ii) and (10.7)-(10.10) imply that

(10.12) w(t)| < My, t € [0,T]

and that that the following property holds: 3
(iii) for each 7 € [0,T — lp] there exists t € [, 7 + lp] such that

d(v(t), H(f)) < 6.

Set
r = inf{t € [0,7] : d(o(t), H(f)) < 6},

(10.13) o = sup{t € [0,T] : d(v(t), H(f)) < d}.
Property (ii), (10.7), (10.8) and (10.13) imply that
(10.14) dv(m),H(f)) <46, i1 =1,2,
(10.15) 1 < lo, 70 > T — Iy,
(10.16) o —11 > T — 2y > 201 — 2l > 12y + 4.

Assume that
(10.17) S e [7’1,7’2—[].
There are the following cases:
(10.18) S —2ly <711, S+1+2ly > m;
(10.19) S —2ly <1, S+1+2ly < 1;
(10.20) S—2ly>1, S+1+2l>
(10.21) S—2ly>1, S+1+2l <7

If (10.18) holds, then in view of (10.16),
12l~o+4§7'2—7'1 <S+l+2[~0—(5—2[0)=4l~0+l,

a contradiction. Therefore (10.18) does not hold.

If (10.19) holds, then we set S1 = 7i, property (iii) implies that there exists
Sy €[S+ 141y, S + 1+ 2l such that d(v(Sy), H(f)) < § and in view of (10.14),
(10.17) and (10.19),

(10.22) d(v(S;), H(f)) <8, i=1,2,
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(10.23) Ao+ 141 <141y <Sy— 81 <1+4lp.
If (10.%0) holds, then we set Sy = 73, property (iii) implies that there exists S; €
[S — 21y, S — lp] such that d(v(S1), H(f)) < ¢ and in view of (10.14), (10.17) and
(10.20), relation (10.22) is true and
lo+1< 82— 81 <1+ 4.
If (10.21) holds, then property (iii) implies that there exist
Sy €[S =2y, S —1lp), Sy €[S+1+1y,S+1+ 2l

such that (10.22) holds. Thus in all the cases Si,S2 € [11,72] and (10.22) and
(10.23) are true.

By (10.7), (10.11) and (10.23),
(10.24) 19(Sy, Sa,v) < UY(S1, S2,v(S1),v(S2)) + 9.

It follows from (10.8), (10.17), (10.22)-(10.24), the choice of S1, S2 and property (i)
that dist(H(f),{v(t): t € [S,S +1]}) < e. Theorem 5.4 is proved.

11. PROOF OF THEOREM 5.6

By Theorem 5.4, there exist a neighborhood U of f in A and numbers Iy > [ > 0,
d € (0, 1] such that the following property holds:

(i) for each g € Uy, each T' > 23 4+ [ and each a.c. function v : [0, 7] — R™ which
satisfies

d(v(0), H(f)) <6, d(v(T), H(f)) <0,
9(0,T,v) <UY0,T,v(0),v(T)) + My
and such that for each S € [0,T — l4],
19(S, 8 + 1, v) < UI(S, S + 11, 0(S),v(S + 1)) + 6
the inequality

(11.1) dist(H(f),{v(t): te[r,7+1]}) <e
holds for all 7 € [0,T —].

By Theorem 5.3, there exist a neighborhood Y C U; of f in A and numbers
S >0, Ly > 2l; + 1 such that the following property holds:

(ii) for each g € U, each h,§ € A satisfying

(11.2) |h(2)], |£(2)] < Ma for all z € R"™ such that |z| < Sy,

each T' > Ly and each a.c. function v : [0,7] — R™ which satisfies at least one of
the following conditions:

| /\

[v(0)] < Mo,
1900, T, v) + h(v(T)) < o(g, h,v(0),0,T) + My;
190, T, v) + h(v(T)) + £(v(0)) < o(g,,€,0,T) + M,
the inequality |v(¢)| < S holds for all ¢ € [0,T] and there exist a set E C [0,T]

which is a finite union of closed subintervals of [0, 7] such that mes(E) < Ly and
for each t € [0,T]\ E, d(v(t), H(f)) <.
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Set
(11.3) L = 4L,
Assume that g € U, h,§ € A, (11.2) and (11.4) hold, T > 2L + [ and that an a.
c. function v : [0,T] — R™ satisfies at least one of conditions (a), (b) and that for
each 7 € [0,T — L],
(11.5) (r, 7+ L,v) <U9(r,7+ L,v(r),v(r + L)) + 6.
By property (ii), conditions (a),(b) and (11.2)-(11.4) , |v(t)| < S, t € [0,T] and
there exist

(11.6) T1 € [0, Lo], Ty € [T— Lo,T]
such that
(11.17) d(v(r;), H(f)) <, i = 1,2.

If d(v(0), H(f)) <6, then 7y = 0 and if d(v(T), H(f)) < §, then o = T'. Property
(i), conditions (a), (b), (11.3), (11.4), (11.6) and (11.7) imply that for each 7 €
[T1, 72 — ], (11.1) is true. Theorem 5.6 is proved.

12. AN AUXILIARY RESULT FOR THEOREM 6.2 AND 6.3

Suppose that an integrand f € M has the asymptotic turnpike property and that
h € 2. Set

(12.1) D(f,h) ={z € R": () +h)(2) = inf(x/ + h)}.

Lemma 12.1. Let € € (0,1) and Ty > 0. Then there exists 6 € (0,¢€) such that for
each a.c. function u : [0,Ty] — R™ which satisfies

(74 + h)(w(0)) < inf(xf 4 h) 43, T7(0, Tp,u) <&
there exists an (f)-perfect function w : [0,00) — R"™ such that
(7! + h)(w(0)) = inf(xf + R), |u(t) — w(t)] < e for all t € [0, Ty].

Proof. Assume that the lemma does not hold. Then there exist a sequence {05}, C
(0,1) and a sequence of a. c. functions wy : [0,Tp] — R"™, k= 1,2,... such that

(12.2) lim 0 =0
k—o0
and that for each integer £ > 1 and each
(12.3) weWP(f,z): z€ D(f,h)},
we have
(12.4) (! + 1) (u(0)) < inf(x/ + h) + 6, T7(0, To, up) < 6,
(12.5) sup{|ux(t) — w(t)| : ¢t €[0,Tp]} > e.

By (12.2), (12.4) and Proposition 6.1, extracting a subsequence and re-indexing if
necessary we may assume without loss of generality that the sequence {uy(0)}22,
converges and

(12.6) Jlim ui(0) € D, h).
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Let k > 1 be an integer. By Proposition 3.6, there exists an (f)-good and (f)-perfect
function yy : [0,00) — R™ such that

(12.7) Yk(0) = uk(To).
In view of (12.7) there exists an a. c. function vy : [0,00) — R™ such that
(12.8) Uk(t) = uk(t), t e [O,To], Uk;(t) = yk(t — TO), t e (To, OO)

Since the function yy is (f)-perfect it follows from (12.4) and (12.8) that for any
T >0,

In view of Propositions 1.1 and 3.5, the function vy is (f)-good. By Proposition
7.3, there exists a number S7 > 0 such that

(12.10) limsup |vg(t)| < S for all integers k > 1.
t—o0

It follows from (8.23), (12.6), (12.9) and Theorem 2.1 that
(12.11) sup{sup{|ug(t)|: t €[0,Tp]}: k=1,2,...} < 0.
By (3.6) and (12.4), for each natural number k,
I7(0, Ty, ug) = T7(0, Ty, ur) + Tou(f) + 7/ (ur(0)) — 7f (up(Tp))

(12.12) < O + Top(f) + 7/ (ur(0)) — 7/ (ug(T0)).

By (12.11), (12.12) and the continuity of 7/, the sequence {I/(0,Tp,u)}32, is
bounded. By Proposition 7.4, extracting subsequences we can show the existence
of a subsequence {u;, }7°, and an a.c. function u : [0,7p] — R™ such that

(12.13) 170, Tp, u) < liéninf 17(0, Ty, ug,),
—00
(12.14) ui, (t) = u(t) as k — oo uniformly on [0, Tp].
In view of (12.6) and (12.14),
(12.15) u(0) € D(f, h).

By (3.6), (12.2), (12.4), (12.13), (12.14) and the continuity of 7/,
I7(0,Ty,w) = I (0, Ty, u) — 7/ (u(0)) + 7/ (w(Th)) — Tou(f)
< liminf I7(0, Ty, u;, ) — klim 7w (u;, (0)) + klim 7 (u;, (To)) — Tou(f)
— 00 — 00

k—o0
= tim [ (0, To, ) — 7 (w5 0)) + 7 g, (T0)) — Topu( )]

< Tims f Y < T 0.

< h&gff (0,Th,ui,) < klggoézk 0
Together with (3.7) this implies that I'/ (0, Ty, u) = 0. Combined with Proposition
3.6 this implies that there exists an (f)-perfect function @ : [0,00) — R™ such that
(12.16) u(t) = u(t), t €0, T).
It follows from (12.15) and (12.16) that
(12.17) aweU{P(f,z): zeD(f,h)}.
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By (12.14) and (12.16), for all sufficiently large natural numbers &,
sup{[ui, (t) —a(t)| - t €[0,To]} < ¢/2.

Together with (12.17) this contradicts (12.5) which holds for any integer & > 1 and
any function w satisfying (12.3). The contradiction we have reached proves Lemma
12.1. U

13. PROOF OF THEOREM 6.2

By Lemma 12.1, there exist dg € (0, €) such that the following property holds:
(i) for each a.c. function u : [0, Ly] — R™ which satisfies

(x4 1) (u(0)) < inf((xf + h) + 860, T7(0, 70, u) < 46,

there exists a (f)-perfect function w : [0, 00) — R™ such that
(7f 4+ B)(w(0)) = inf((x] + h), Ju(t) — w(t)| < e for all ¢ € [0, Ly).

By Lemma 7.15, there exist a number ¢ > 8 and d; € (0,dp) such that the
following property holds:
(ii) for each z1, 20 € R™ satisfying d(z;, H(f)) < 01, i = 1,2 and each T' > ¢ there
exists an a.c. function w : [0,7] — R™ which satisfies
u(0) = 21, u(T) = 22, Ff(O,T,u) < dp.

By Propositions 3.6 and 6.1, there exists an ( f)-perfect function wy : [0,00) — R"
such that

(13.1) (7 + h)(w,(0)) = inf(x! + h).
Proposition 4.1 implies that

(13.2) sup{|ws(t)| : t € [0,00)} < 0.

It follows from (ATP) and (13.2) that there exists Sy > 0 such that
(13.3) d(w«(t), H(f)) < 61 for all t > S.

By Theorem 5.6, there exist a neighborhood U; of f in A, a neighborhood V; of h
in 2 and numbers L; > 13 > 0, S; >0, § € (0,61) such that the following property
holds:

(iii) for each g € Uy, each &€ € Vi, each T" > 2L; + [; and each a.c. function
v :[0,T] — R™ which satisfies |v(0)| < M,

1900, T, v) + £(v(T)) < 0(9,€,0(0),0,T) + 0
we have |[v(t)| < Sy, t € [0,T], dist(H(f),{v(t) : t € [r,7 + 11]}) < & for each
T E [Ll,T — L1 — ll]

Fix
(13.4) To > 4(Ly + Lo + g+ So).

By Lemma 7.8 there exists a neighborhood & C U; of f in A such that the
following property holds:

(iv) for each g € U, each 7 > 0 and each a.c. function w : [7,7+So+ Lo+ L1+q] —
R™ satisfying

min{If(T,T+SO + Lo+ L1+ q,u), 191,74+ So+ Lo+ L1+ q,u)}



STRUCTURE OF APPROXIMATE SOLUTIONS OF VARIATIONAL PROBLEMS 141

< a1+ q+ 8+ |7 (w.(0))| +sup{|x/ (2)| : z € R" and |2| < S}
Hu(H)|(So + Lo + Ly + q) + |h(w,(0))]
we have

\I7 (1,7 + So + Lo + L1+ q,u) — I9(1,7 + So + Lo + L1 + q,u)| < &.

Clearly, there exists a neighborhood V C Vi of h in 2 such that the following
property holds:
(v) for each £ € V,

€(2) = h(2)| < do
for all z € R™ such that |z| < 51 + |w«(0)].
Assume that

(13.5) geU, eV, T>1Ty

and that an a. c. function v : [0,7] — R" satisfies

(13.6) [v(0)] < M

(13.7) 1900, T,v) + £(v(T)) < 0(9,&,v(0),0,T) + 6.
Property (iii) and (13.4)-(13.7) imply that

(13.8) d(v(t),H(f)) <61, t € [L1,T — L],
(13.9) lv(t)| < S1, t€0,T].

In view of (13.3),

(13.10) d(w«(So + Lo), H(f)) < 61.

By (13.4), (13.5) and (13.8),

(13.11) dw(T —So—Lo—q—L1),H(f)) < 4.

Property (ii), (13.4), (13.5), (13.10) and (13.11) imply that there exists an a. c.
function w; : [So + Lo, So + Lo + ¢ + L1] — R™ such that

(13.12) /(S + Lo, So + Lo + g + L1, wy) < &,

(1313) w1(50+L0) = U]*(SO+L0), w1(50+L0+q+L1) = ’U(T—S()—Lo—q—Ll).
Set
(13.14) wa(t) = wi(t), t € [0,S0 + Lo],

(13.15) wa(t) = wy (), t € (So+ Lo, So+ Lo+ q + L.

Clearly, wo : [0,S0 + Lo + ¢+ Li] — R" is an a. c. function. By (13.12), (13.14),
(13.15) and the choice of wy,

17 (0, 80 + Lo + ¢ + L1, ws)
(13.16) = T7(0, S0 + Lo,ws) + 7 (So + Lo, So + Lo +q + Li,w1) < b.
Set
(13.17) Wo(t) = wa(T — 1), t € [T = (So + Lo + ¢+ L1),T].
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It follows from (13.13), (13.15) and (13.17) that
(13.18) wo(T — (So+ Lo+ q+ L1)) =v(T —So — Lo — L1 — q).
By (13.7) and (13.18),

I9(T — So— Lo — L1 — q,T,v) + &(v(T))

(13.19) < I9(T — Sy — Lo — L1 — q,T, @) + £(@s(T)) + 6.
It follows from (3.3), (3.6) and (3.13)-(3.17) that
(T —So— Lo — L1 — ¢, T, @2) = I7(0, S0 + Lo + L1 + g, w2)
=170, S0 + Lo + L1 + ¢, ws) + 7/ (w2(0))
— (wy(So + Lo + L1 + q)) + (So + Lo + L1 + q)p(f)
< 5o + 7 (wa(0)) — 7/ (wa(So + Lo + L + ) + (So + Lo + L1 + @)l f)
(13.20) = 6o+ 7/ (w,(0)) — 7f (v(T = So — Lo — L1 — q)) + (So + Lo + L1 + @) u(f).
In view of (13.9) and (13.20),
I'(T —Sy—Lo— L1 —q,T, @)

(13.21)

< 8o + ! (w(0) | + sup{[n/ ()] : = € R", |2] < 1} + (So + Lo + Li + 9)lu(/)]
Property (iv), (13.5) and (13.21) imply that
(13.22) |[I/(T — Sy — Lo — Ly — q, T, @) — I9(T — So — Lo — L1 — q, T, @2)| < d.
By (13.14) and (13.17),

(13.23) Wa(T) = w2(0) = w4 (0).
Property (v), (13.5) and (13.23) imply that
(13.24) Ih(@2(T)) — £(@(T))| < do.

It follows from (13.19), (13.20) and (13.22)-(13.24) that
IQ(T — SU - LO - Ll - anvv) + g(U(T))
< IN(T — Sy — Lo — Ly — q, T, @2) + h(w2(T)) + 35

< 8o + 7 (wa(0)) — 7/ (W(T — So — Lo — L1 — q))

(13.25) +(S() + Lo+ L1+ q),u,(f) + h(w*(())) + 3dp.
Property (v) and (13.9) imply that
(13.26) £(o(T)) — h(o(T))| < do.

By (5.1), (13.9) and (13.25),

I9(T — Sy — Lo — L1 — ¢, T,v) < a1 + 48 + |7/ (w.(0))] + [h(w.(0))]
(1327)  +sup{lrf(2)]: 2 € R, |2 < Si}+ (S0 + Lo+ L1 + q)u(f)].
Property (iv), (13.5) and (13.27) imply that
(13.28) |[I9(T — So — Lo — Ly — ¢, T, v) — I/ (T — Sy — Lo — Ly — q, T, v)| < d.



STRUCTURE OF APPROXIMATE SOLUTIONS OF VARIATIONAL PROBLEMS 143
It follows from (13.25), (13.26) and (13.28) that
(T — Sy — Lo — Ly — q,T,v) + h(v(T))
<I9(T — 8y — Lo — L1 — q,T,v) + £(v(T)) + 28

< 680 + 7 (w.(0)) — 7/ (v(T = So — Lo — L1 — q))

(13.29) +(So + Lo + L1 + q)u(f) + h(ws(0)).
Set
(13.30) o(t) = o(T —t), t € 0, 7).

By (3.3), (13.29) and (13.30),
17(0, Sy + Lo + L1 + ¢,3) + h(5(0))
=I1(T—8Sy—Lo— L1 —q,T,v) + h(v(T))
< 630 + 7/ (w.(0)) — 7/ (v(T — So — Lo — L1 — )

(13.31) +(So + Lo + L1 + q)p(f) + h(ws(0)).
In view of (3.6) and (13.31),

17(0,S0 + Lo + L1 + ¢,9) + 7/ (9(0)) + h(3(0))

—7 (0(T — Sy — Lo — L1 — q)) + (So + Lo + L1 + q)u(f)
< 660 + 7 (we(0)) — 7f (W(T = Sy — Lo — Ly — q))
+(So+ Lo + L1 + q)p(f) + h(w«(0))
and
(13.32) /(0,80 + Lo + L1 + ¢,9) + (xf + h)(©(0)) < 680 + (7/ + h)(w,.(0)).
By (3.6), (3.7), (13.1) and (13.32),
17(0, Lo, 9) < /(0,80 + Lo + L1 + ¢,7) < 665,

(7l + ) ([©(0)) < 660 + (7 + 1) (w,(0)) = inf(xf + ) + 6.

The inequalities above and property (i) imply that there exists a ( f)-perfect function
w : [0,00) — R™ such that

(13.33) (rf + 1) (w(0)) = inf((x! + h)
and
(13.34) [0(t) —w(t)| < e for all t € [0, Lo].

By (13.30) and (13.34), for all ¢t € [0, Lo], |w(t) — v(T — t)| < e. Theorem 6.2 is
proved.
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14. PROOF OF THEOREM 6.3
Theorem 6.2 and Proposition 5.2 imply the following result.

Theorem 14.1. Suppose that an integrand f € M has the asymptotic turnpike
property and that h € A. Let e, M, Ly > 0. Then there exist a neighborhood U of f
in A, a neighborhood V of h in 2 and numbers § € (0,¢€) and Ty > Loy such that for
each T > Ty, each g € U, each & € V and each a.c. function v : [0,T] — R™ which
satisfies

[o(T)] < M
1900, T,v) + £(v(0)) < (g, 5, (T),0,T)+9
there exists an (f)-perfect function w : |0, oo) — R"™ such that
(n + h)(w(0)) = inf (! + 1),
|u(t) —w(t)| <€ forall t € [0, Ly).
Theorem 6.3 easily follows from Theorems 5.1, 6.2 and 14.1.

15. AUXILIARY RESULTS FOR THEOREMS 6.5 AND 6.8

Let 9t be one of the following spaces: Ly, L1, Eg, My, ¢ > 3 is an integer. If
M = M,, where ¢ > 3 is an integer, then we set M = Mg if M = L, where

q € {0,1,2}, then we set M = L. Denote by Ej the set of all f € M which has
(ATP).

Lemma 15.1 ([36]). The set Ey is an everywhere dense subset of 9.

This lemma was proved on page 170 of [30]. The following result was proved in
Section 3 of Chapter 2 of [3] (see also Proposition 3.7.1 of [30]).

Lemma 15.2. Let Q be a closed subset of R®. Then there exists a bounded nonnega-
tie function ¢ € C°(R®) such that Q@ = {x € R® : ¢(x) = 0} and for each sequence
of monnegative integers pi,...,ps, the function 8|p‘¢/6:):7131 .02 o R — R is
bounded, where |p| =7 pi.

For each h € 2 denote by Ej the set of all f € Ey such that there exists a a
unique (f)-perfect function v : [0,00) — R™ such that

(mf + h)(v(0)) = inf(x! + h).
Lemma 15.3. Let f € Ey, h € ,
(15.1) inf{(xf + h)(z): z € H(f)} > inf(xf + h)
and let V be a neighborhood of f in 9. Then V N Ej, # (.
Proof. Let zg € R™ satisfy
(15.2) (nf + h)(z0) = inf(xf + h).

By Proposition 3.6, there exists an (f)-good and (f)-perfect function v : [0, 00) —
R" for which

(15.3) v(0) = zo.
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In view of (ATP),
(15.4) Qv) = H(f).

Together with (15.1) and (15.3) this implies that there exists € > 0 such that for all
sufficiently large positive numbers ¢,

(7 + h)(20) + € < (xF + h)(v(t)).

Therefore there is a number 75 > 0 such that

(15.5) (7 + h)(v(19)) = (xf + h)(20),
(15.6) (7 + h)(v(t)) > (7f + h)(20) for all t > 7.
We may assume without loss of generality that 79 = 0. Then
(15.7) (! + h)(v(t)) > (xf + h)(2) for all t > 0.

Since the function v is (f)-perfect it follows from (3.6), (15.3), (15.4) and Lemma
7.1 that

(15.8) 1iTHi>ngf[If(0, T,v) =Tu(f)] = 1iTlgiogf[7rf(U(0)) — ! (o(T))] = 7! ().

By Lemma 15.2 and (15.4), there exists a bounded nonnegative function ¢ €
C*°(R") such that the function dPlp/02" ... dxh» © R® — R' is bounded, for
each sequence of nonnegative integers p1, ..., p,, where |p| = Z?:l p; and

(15.9) {reR": ¢(x) =0} =H(f)U{v(t): t€[0,00)}.

For any r € (0,1) define a function f,. : R* x R* — R! by

fr(@,y) = fa,y) +ro(x), v,y € R".
Arguing as in the proof of Lemma 10.3 of [36] we can show that for any r € (0, 1),
freM,

pu(fr) = p(f), fr € Eo, H(f:) = H(f)
and f, € Ej,. Clearly, f, — f as r — 0% in 9. Therefore V N E}, # (. Lemma 15.3

is proved. O
Lemma 15.4. Let f € Ey, h € 2,
(15.10) inf{(7/ + h)(z): z € H(f)} = inf(x/ + h)

and let V be a neighborhood of f in 9. Then V N Ej, # (.
Proof. There exists zg € R" satisfying

(15.11) 20 € H(f), (7! + h)(z) = inf(xf + h).
For each A > 1 define
(15.12) N, y) = Af(z,y) + 20 = Da, z,y € R

(a was used in A(ii)). i
It is clear that for each A > 1, f®) € M and f® — f as A — 17 in M. Thus
there is A\g > 1 such that

(15.13) FN eV for all X e (1, ).
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Fix
(15.14) A€ (1, Ao).

By (15.12), an a. c. function v : [0,00) — R™ is (f)-good if and only if it is

(fM)-good. This implies that ) has (ATP) and
(15.15) H(fY) = H(f), fY € Ey.
By (15.12),

(15.16) ™ (2) = Ml (2)¥z € R™.
If

inf{(x/™ + h)(2) : z € H(f)} > inf(x" + h),

then by Lemma 15.3, V N E, # 0.
Assume that

(15.17) inf{(n/” + h)(2) : 2 € H(f)} = inf(x +h).
By (15.17), there exists z; € R"™ satisfying
(15.18) a1 e Hf), (7™ 4+ h)(z1) = inf(x" + h).

There exists a real-valued function £ € C*°(R™) such that the set {x € R" : &(x) #
0} is bounded,

(15.19) &(x) <0 for all x € R",

(15.20) 0> &(z1), £&(2) > &(21) for all z € R™\ {1}

For each x = (x1,...,zy) € R" set V&(z) = (0§/0x1(x), .. .,0¢/0x,(x)) and denote
by (-,-) the inner product in R".
For any r € (0,1) define a function fﬁ)‘) : R" x R" — R! by

(15.21) II@,y) = fV(@,y) — r(VE(2),y), z,y € R".

Arguing as in the proof of Lemma 10.3 of [36] we can show that there exists r¢g €
(0,1) such that for every r € (0,79), N e M. In view of (15.21), fyg’\) — fW in
9 as r — 0. Thus there exists r € (0,73) such that

fNev.

Arguing as in the proof of Lemma 10.3 of [36] we can show that frg’\) € Fp and
complete the proof of Lemma 15.4. U

Lemmas 15.3 and 15.4 imply the following result.

Lemma 15.5. For every h € 2, the set Ey, is an everywhere dense subset of IN.
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16. PROOFS OF THEOREMS 6.5 AND 6.8

Let h € 2 and let 9t be one of the following spaces: Lo, L1, L2, Mgy, ¢ > 3
is an integer. If M = Mq, where ¢ > 3 is an integer, then we set M = My; if
M = L,, where ¢ € {0,1,2}, then we set M = L. Denote by Ej, the set of all
f € M which has (ATP) and for which there exists a unique (f)-perfect function

vgp :[0,00) = R"™ such that
(16.1) (7f + h) (v 4(0)) = inf(xf + h).

Let f € Ep and k > 1 be an integer. By Proposition 7.3, there exist an open
neighborhood U(f) of f in A and a number M(f) > 0 such that the following
property holds:

(i) for each g € U(f) and each (g)-good function z : [0,00) — R",

limsup |z(t)| < M(f).
t—o0

By Theorem 14.1, there exist an open neighborhood U(f, h, k) CU(f) of f in A,
an open neighborhood V(f, h, k) of h in 2 and numbers L(f, h, k) > k, §(f,h, k) €
(0, k1) such that the following properties hold:
(ii) for each g € U(f, h,k), each & € V(f, h,k), each T > L(f, h, k) and each a.c.
function w : [0, 7] — R™ which satisfies
[u(T)| < M(f) +k,

19(0,T,v) + £(v(0)) < 5(g,&,0(T),0,T) + 6(f, h, k)
we have |u(t) — v p(t)| < k™! for all t € [0, k).
Assume that

(16.2) g EUL, k), €€ V(f,h, k),

z € R" satisfies

(16.3) (79 4+ &)(2) <inf(n9+ &)+ (f, h, k)
and that u : [0,00) — R"™ is an (g)-perfect function satisfying
(16.4) u(0) = 2.

Property (i) implies that there exists Ty > L(f, h, k) such that
(16.5) lu(t)| < M(f) for all t > Tp.

Fix

(16.6) T>T

and let an a. c. function w : [0,7] — R"™ satisfy

(16.7) w(T) = u(T).

In view of (16.5)-(16.7),

(16.8) u(T)| < M(f).

Since the function w is (g)-perfect it follows from (3.6), (3.7), (16.3), (16.4) and
(16.7) that

190, T, w) 4 &(w(0))
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Tu(g) + 77 (w(0)) + £(w(0)) — m(u(T))
Tp(g) = m(w(T)) + (79 + )(u(0)) = 6(f, h, k)
=I19(0,T,u) + &£(u(0)) — 6(f, h, k).
Since the relation above holds for any function w : [0,7] — R™ satisfying (16.7) we
conclude that

(16.9) 90, T,u) + £(u(0)) <6(f, h, k) +0(g,&u(T),0,T).

Property (ii), (16.2), (16.5), (16.6) and (16.9) imply that |u(t)—vs,(¢)| < k=1 for all t €
[0, k]. Thus we have shown that the following property holds:

(iii) for each g € U(f, h,k), each & € V(f, h,k) and each (g)-perfect function
u : [0,00) — R™ satisfying (79 + £)(u(0)) < inf(79 + &) + o(f, h, k) we have |u(t) —
vpn(t) < k71 forall t € [0, k]

Completion of the proof of Theorem 6.5

Define

(16.10) F =2 U{U(f,hk): fe By, k>ptnin.

In view of the construction and Lemma 15.5, F is a countable intersection of open
everywhere dense subsets of 9.

Let f € F, ¢,70,M > 0. Assume that vj,ve : [0,00) — R™ are (f)-perfect
functions satisfying

(16.11) (7 + h)(v;(0)) = inf(xf +h), i =1,2
which exists by Proposition 3.6.

Let a natural number p satisfy p > 79, M and 2p~! < e. By (16.10), for each
integer ¢ > p, there exist f, € £} and a natural number k;, > ¢ such that

= Tu(g) +19(0, T, w) + 77 (w(0)) — 7 (w(T)) + {(w(0))
>
>

(16.12) F €Uy b ko).
By (16.2), (16.11) and the property (iii), for i = 1,2, and all integers ¢ > p,
(16.13) vi(t) —vg,n (1) <kt < g7t t €0,k

This implies that |vi(t) — ve(t)] < 2¢7! for all t € [0,q] and any integer ¢ > p.
Therefore vy(t) = wva(t) for all ¢ € [0,00) and there exists a unique (f)-perfect
function vy : [0,00) — R™ such that

(16.14) (7 + h)(v.(0)) = inf(x/ + h).

Clearly, v1 = v2 = v.. By (16.3) and the equality above,

(16.15) [0(t) = vp, w (0] <7, t € [0, ).

Let

(16.16) To = L(fp, by kp), g €U(fp, hykp), € € V(fp, by kyp)

and T > Tp. Assume that an a. c. function v : [0, 7] — R™ satisfies
o(T)| < M,

(16.17) 1900, T, v) + £(v(0)) < 5(g9,&,v(T),0,T) + 6(fp, hy kp)-
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By (16.6), (16.17) and the property (ii),
(16.18) [v(t) — g, n(t)] < k;l <p!forallte 0,k

By (16.15) and (16.18), |v(t) — v«(t)] < 2p~! < € for all t € [0,p]. Theorem 6.5 is
proved.

Completion of the proof of Theorem 6.8

Define

(16.19) F =52y ULU(f, hk) x V(f, h, k) : h e, fe By, k>phn (MM xA).

In view of the construction, Lemma 15.5 and (16.19), F is a countable intersection
of open everywhere dense subsets of 97T x 2.

Let (f,h) € F, €,70,M > 0. Assume that v1,vs : [0,00) — R" are (f)-perfect
functions satisfying

(16.20) (mf + h)(v;(0)) = inf(xf +h), i =1,2

which exists by Proposition 3.6.
Let a natural number p satisfy p > 79, M and 2p~! < e. By (16.19), for each
integer ¢ > p, there exist hy € 2, f; € Ejp, and a natural number k, > ¢ such that

(16.21) (f,h) € U(fq, hg, kq) X V(fq: hg, kq).
By (16.20), (16.21) and the property (iii), for ¢ = 1,2, and all integers q > p,
(16.22) 0i(t) — vp, 0, (8] < kgt < g7t t €0, k).

This implies that ]vl(t) —va(t)] < 2¢7 ! for all t € [0,q] and any integer ¢ > p.
Therefore v1(t) = wva(t) for all ¢ € [0,00) and there exists a unique (f)-perfect
function v, : [0,00) — R™ such that

(7 + h)(v.(0)) = inf(x/ + h).
Clearly, v1 = v2 = v,. By (16.22) and the equality above,

(16.23) [02(8) = 0g, (O] < 7 t € [0,

Let

(16.24) To = L(fp: hp, kp),

(1625) g S u(fpa hp7 kp)a g S V(fpa hp7 kp)

and T > Tp. Assume that an a. c. function v : [0, 7] — R™ satisfies
[o(T)] < M,

(1626)  T9(0,7,0) + E(0(0)) < 59, & v(T),0,T) + (. by by

By (16.24)-((16.26) and the property (ii),
[v(t) — v, n, ()] < kgl <p~!forall t €0, kp).

By the relation above and (16.23), |v(t)—v.«(t)| < 2p~! < € for all ¢ € [0, p]. Theorem
6.8 is proved.
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