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A STRONG CONVERGENCE THEOREM BY THE HYBRID
METHOD FOR A NEW CLASS OF NONLINEAR OPERATORS
IN A BANACH SPACE AND APPLICATIONS

WATARU TAKAHASHI* AND JEN-CHIH YAO!

ABSTRACT. In this paper, we first introduce a new class of nonlinear opera-
tors which covers strict pseudo-contractions and generalized hybrid mappings in
Hilbert spaces and the sunny generalized nonexpansive retractions and the sunny
generalized resolvents of maximal monotone operators in Banach spaces. Then,
using the hybrid method, we prove a strong convergence theorem for the new
class in a Banach space. Using the result, we obtain well-known and new strong
convergence theorems in a Hilbert space and a Banach space.

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty, closed and convex subset
of H. Let k be a real number with 0 < k < 1. A mapping U : C — H is called a
k-strict pseudo-contraction [6] if

Uz — Uy|* < ||lz — y|* + kllz — Uz — (y — Uy)|®
for all z,y € C. If U is a k-strict pseudo-contraction and F(U) # (), then
Uz = ql* < [l = ql* + kl|lz — Uz|?
for all z € C and g € F(U). From this,
Uz —z||* + ||z — gl + 2{Uzx — 2,2 — q) < ||z — q||* + kllz — Uz
Therefore, we have that
(1.1) 2x —Uz,z —q) > (1 —k)||z — Uz|?

for all x € C' and g € F(U). We also know that there exists such a mapping in a
Banach space. Let E be a smooth, strictly convex and reflexive Banach space and
let £* be the dual space of E. Let B C E* x E be a maximal monotone operator.
For each r > 0 and x € E, Ibaraki and Takahashi [10] considered the set

Jrx:={z€E:xe€z+rBJ(2)},

where J is the duality mapping on E. We know from [10] that J.z consists of one
point. Such J, is called the sunny generalized resolvent of B and is denoted by

Jo=I+rBJ)™!
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and the following property: for any # € E and ¢ € (BJ)"'0={2 € E:0 € BJz},
2(x — Jyx, JJx — Jgq) > 0.

Then we get

20z — Jyx, JJpx — Jr + Jxr — Jq) >0
and hence
(1.2) 2z — Jyx, Jo — Jq) > 2(x — Jyx, Jx — JJ,x)

= d)(xv J?"x) + ¢(J7«$, .’L'),

where ¢(z,y) = ||z]|* — 2(x, Jy) + ||ly||? for all z,y € E.
On the other hand, in 2003, Nakajo and Takahashi [22] proved the following
theorem by using the hybrid method:

Theorem 1.1 ([22]). Let C be a nonempty, closed and convexr subset of a Hilbert
space H and let T be a nonexpansive mapping of C into itself such that F(T) # (.
Let xo =z € C and let {x,,} be a sequence given by

Yn = anTp + (1 — ap) Ty,
Cn={2€C:lyn—2ll < llzn — 2]I},
Qn={2€C:(xy—2z,x—x,) >0},
Uuns1 = Po,ng,x, Yn €N U{0},

where Pc,nq,, 15 the metric projection from H onto Cp, N Qy and {ay,} is chosen so
that 0 < ay, < a < 1. Then {xn} converges strongly to Ppryx, where Pr(r) is the
metric projection from H onto F(T).

In this paper, motivated by (1.1) and (1.2), we first introduce a new class of
nonlinear operators which covers strict pseudo-contractions and generalized hybrid
mappings in Hilbert spaces and the sunny generalized nonexpansive retractions and
the sunny generalized resolvents of maximal monotone operators in Banach spaces.
Then, using the hybrid method, we prove a strong convergence theorem for the new
class in a Banach space. Using the result, we obtain well-known and new strong
convergence theorems in a Hilbert space and a Banach space.

2. PRELIMINARIES

Let E be a Banach space with || - ||. When {z,} is a sequence in F, we denote
the strong convergence of {z,} to x € E by z,, — x and the weak convergence by
xy, — x. We denote the value of z* at = by (x,z*). Then the duality mapping J on
E defined by

Jr = {a" € B : (z,2") = ||z[* = [|2"|*}

for all z € E. By the Hahn-Banach theorem, Jx is nonempty; see [28] for more
details. The modulus § of convexity of E is defined by

. z+y
o) = inf {1 =25y < 1yl < -yl 2 o)
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for all e with 0 < e < 2. A Banach space is said to be uniformly convez if §(e) > 0
for all e > 0. Let U = {z € E : ||z|| = 1}. The norm of E is said to be Gateauz
differentiable if for each z,y € U, the limit

o et tyl
t—0 t
exists. In the case, F is called smooth. It is said to be Fréchet differntiable if for
any x € U, the limit (2.1) is attained uniformly for all y € U. It is also said to be
uniformly smooth if the limit (2.1) is attained uniformly for all z,y € U.
We also know the following properties (see [8,25,28,29] for more details):

(1) Jx # 0 for each x € E.

(2) J is a monotone operator.

(3) If E is strictly convex, then J is one-to-one.

(4) If E is reflexive, then J is a mapping of E onto E*.

(5) If E is smooth, then J is .

(6) E is uniformly convex if and only if E* is uniformly smooth.

(7) If E is uniformly smooth, then J is norm-to-norm uniformly continuous on
bounded sets of E.

Let E be a smooth Banach space and let ¢ : E x E — [0,00) be the mapping
defined by

¢(x,y) = [lz]* = 2(x, Jy) + |yl

for all (z,y) € E X E; see, for example, [1]. In a Hilbert space H, we have that
¢(z,y) = lz —ylI*, Vz,yeH.

We have that

(22) qb(ﬂ?,y) :¢($,z)+¢(z,y)+2<:c—z,Jz—Jy)
for all z,y,2z € E. We also have
(2.3) 20w =y, Ju = Ju) = ¢(x,v) + ¢(y, u) — d(x, u) — d(y, v)

for all z,y,u,v € E. By the fact that (||z| — ||y|)? < ¢(z,y) for all z,y € E, we
can see that ¢(z,y) > 0 for all z,y € E. If E is additionally assumed to be strictly
convex, then

o(z,y) =0z =y.
Let E be a smooth, strictly convex and reflexive Banach space and let ¢, : E*xX E* —
[0,00) be the mapping defined by

¢x(a”,y") = [l |* = 2007y 2) + Iy |12
for all (x*,y*) € E* x E*. It is easy to see that

for all z,y € E.

The following lemma was proved by Kamimura and Takahashi [13]:

Lemma 2.1 ([13]). Let E be smooth and uniformly convex Banach space and let
{zn} and {y,} be sequences in E such that either {x,} or {y,} is bounded. If
limy, 00 &(Tn, yn) = 0, then limy, o0 || — ynl| = 0.
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Let C be a nonempty and closed subset of a smooth Banach space E and let T'
be a mapping from C into E. A mapping T is called nonexpansive if

[Tz =Tyl <[l —yl, Ve,yeC.

We denote by F(T') the set of fixed points of T. A mapping T : C' — FE is called
generalized nonexpansive [10] if F(T) # () and

(Tz,y) < ¢(x,y), V(z,y) € Cx F(T).
A point p in C is said to be a generalized asymptotic fixed point of T if C' contains a
sequence {z,} such that Jx, = Jp and lim (x, — Tz,) = 0. We denote the set of
n—0o0

generalized asymptotic fixed points of T by F' (T'). Let D be a nonempty and closed
subset of a Banach space F. A mapping R : F — D is said to be sunny if

R(Rz +t(x — Rx)) = Rz, VYxe€ E, ¥t >0.

A mapping R : E — D is said to be a retraction or a projection if Rx = x for all
x € D. A nonempty and closed subset D of a smooth Banach space E is said to be
a generalized nonexpansive retract (resp. sunny generalized nonexpansive retract)
of E if there exists a generalized nonexpansive retraction (resp. sunny generalized
nonexpansive retraction) from F onto D; see also [3,7,9,23,24] for sunny retractions.

Let E be a smooth, strictly convex and reflexive Banach space and let B C Ex E*
be a set-valued mapping with the graph G(B) = {(z,z*) : 2* € Bz} and the domain
D(B) ={z € E: Bz # (}. Then the mapping B is monotone if

(x —y, 2" —y*) >0, Vx,ye€ D(B), 2" € Bz, y* € By.

It is also said to be mazimal monotone if B is monotone and its graph is not
properly contained in the graph of any other monotone operator. It is known that
if B C E x E* is maximal monotone, then B~10 is closed and convex.

Let E be as above and let B C E* x E be a maximal monotone operator. For
each r > 0 and z € E, consider the set

Jyx:={z€E:x€z+rBJz}.

Then J,z consists of one point; see [5,10,27]. Such J, is called the sunny generalized
resolvent of B and is denoted by

J.=I+rBJ)"L.

The Yosida approximation of B is also denoted by B, = (I — J,)/r. It is shown
in [10] that (JJ,z, B,x) € B for x € E; see Ibaraki and Takahashi [9,10] for more
details.

Ibaraki and Takahashi [10] also proved some properties of J, and (B.J)~10.

Proposition 2.2 ([10]). Let E be a reflexive and strictly convex Banach space with
a Fréchet differntiable norm and let B C E* x E be a mazimal monotone operator

with B~10 # 0. Then the followings hold:

1) D(J,) = E, r> 0.
(BJ)~'0=F(J,), ¥Yr>D0.
(BJ)~10 is closed.

2)

3)

4) J,. is generalized nonexpansive for each r > 0.

5) (x — Jp, JJyx — Jq) >0, VzeE, qe(BJ) 0.
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Using (2.3) and (5) in Proposion 2.2, we get that for all x € E and y € (BJ) ™10,
(2.4) o(z, Jrz) + ¢(Jrz,y) < (z,y).

They also proved the following lemmas:

Lemma 2.3 ([10]). Let C' be a nonempty closed sunny generalized nonexpansive
retract of a smooth and strictly convexr Banach space E. Then the sunny generalized
nonexpansive retraction from E onto C is uniquely determined.

Lemma 2.4 ([10]). Let C be a nonempty and closed subset of a smooth and strictly
conver Banach space E such that there exists a sunny generalized nonexpansive
retraction R from E onto C' and let (x,z) € E x C. Then the following hold:

(1) z = Rx if and only if (x — z,Jy — Jz) <0 for ally € C;
(2) ¢(Rz,z) + ¢(x, Rx) < ¢(x, 2).
In 2007, Kohsaka and Takahashi [15] proved the following results:

Theorem 2.5 ([15]). Let E be a smooth, strictly convex and reflexive Banach space
and let C' be a nonempty and closed subset of E. Then the following are equivalent:

(1) C is a sunny generalized nonexpansive retract of E;
(2) C is a generalized nonexpansive retract of E;
(3) JC is closed and convez.

Proposition 2.6 ([15]). Let E be a smooth, strictly conver and reflexive Banach
space and let C' be a monempty closed sunny generalized nonexpansive retract of
E. Let R be the sunny generalized nonexpansive retraction from E onto C' and let
(x,z) € E x C. Then the following are equivalent:
(1) z=Rx ;
(2) ¢(x, z) = mingec ¢(x,y).
In the case when a smooth, strictly convex and reflexive Banach space F is a

Hilbert space H, we know that the sunny generalized nonexpansive retraction R¢
from E onto C' is the metric projection Pg from H onto C.

Let E be a smooth Banach space, let C' be a nonempty and closed subset of F
and let n and s be real numbers with n € (—o0,1) and s € [0, 00), respectively. A
mapping T : C — E with F(T) # () is called (7, s)-generalized nonexpansive if, for
any x € C' and q € F(T),

where J is the duality mapping on E. In particular, if s = 0 in (2.5), then the
mapping T is as follows:

2w —Tz,Jx —Jq) > (1 —n)p(Tx,x)

for all x € C and ¢ € F(T). Such (n,0)-generalized nonexpansive mappings are
important.

Examples.
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(1) Let H be a Hilbert space, let C' be a nonempty and closed subset of H and
let k be a real number with 0 < k < 1. If U is a k-strict pseudo-contraction and
F(U) # 0, then U is (k,0)-generalized nonexpansive; see Introduction.

(2) Let H be a Hilbert space and let C' be a nonempty, closed and convex subset
of H. A mapping U : C' — H is called generalized hybrid [14] if there exist a, f € R
such that

(26)  allUz —Uy|* + (1 - a)llz = Uy|* < B|Uz — y|* + (1 - B)llz — y|I?

for all ,y € C. Such a mapping U is called («, )-generalized hybrid. If U is
generalized hybrid and F(U) # (), then U is (0,0)-generalized nonexpansive. In
fact, setting x = u € F(U) and y = = € C in (2.6), we have that

allu = Uzl* + (1 = a)|lu = Uz|* < Bllu—z[* + (1 = B)|lu — 2|
and hence ||[Uz — u||* < ||z — u||?. From this, we have that
e —u,x — Uz) > ||z — Uzl|?

for all x € C and w € F(U). This means that U is (0,0)-generalized nonexpan-
sive. Notice that the class of generalized hybrid mappings covers several well-known
mappings. For example, a (1,0)-generalized hybrid mapping is nonexpansive. It is
nonspreading [16,17] for « = 2 and § =1, i.e.,

2 Tw = Ty|]? < [ Tx — y|]? + | Ty — 2, Va,y e C.
It is also hybrid [31] for a = % and g = %, ie.,
81 Tw — Ty|2 < |l — ylI? + T2 — ylI2 + | Ty — 2|2, Va,y € C.
In general, nonspreading and hybrid mappings are not continuous; see [12].

(3) Let H be a Hilbert space and let C' be a nonempty and closed subset of H.
Let a > 0. A mapping A : C — H is called a-inverse strongly monotone if

(2.7) (z —y, Az — Ay) > af| Az — Ay

for all z,y € C; see [4,21,30,33] for more details. Let A : C — H be an a-
inverse strongly monotone mapping with A=10 # (. Then 1 — 2a € (—o0,1) and
I-A:C— Hisa (1—2a,0)-generalized nonexpansive mapping. In fact, setting
U=1- A and taking y = 2 € F(U) = A~'0 in (2.7), we have that

(x —z,0—Uz) > allz —Uz||>, VxeC, zc F(U).
This implies that
20r —z,x—Uz) > (1 — (1 —2a))|z—Uz||?, VeeC, zc FU)

and hence U =1 — A is (1 — 2a, 0)-generalized nonexpansive.

(4) Let E be a smooth, strictly convex and reflexive Banach space and let D
be a nonempty, closed and convex subset of E. Let Rp be the sunny generalized
nonexpansive retraction of £ onto D. Then Rp is (0, 1)-generalized nonexpansive.
In fact, since Rp is the sunny generalized nonexpansive retraction of £ onto D, we
have that, for any x € ¥ and ¢ € D,

2(x — Rpx, JRpx — Jq) > 0.
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Then we get
2(x — Rpz,JRpx — Jx + Jx — Jq) > 0
and hence
2(x — Rpz,Jr — Jq) > 2(x — Rpx, Jx — JRpx)
= ¢(z, Rpz) + ¢(Rpz, x).

This means that R¢ is (0, 1)-generalized nonexpansive . Furthermore, since

¢(z, Rpzx) + ¢(Rpz,x) > ¢(Rpx,x),

Rp is also (0,0)-generalized nonexpansive.

(5) Let E be a smooth, strictly convex and reflexive Banach space and let C' be
a nonempty and closed subset of E. A mapping U : C — F is called generalized
nonexpansive [10] if

(2.8) d(Ux,z) < ¢(z,2) Veel, ze F(U).

See [2,19,20,26] for related mappings. If U is generalized nonexpansive and F'(U) #
(), then U is (0, 0)-generalized nonexpansive. In fact, we have that, for x € C' and
ze€ F(U),

o(Ux, z) < ¢(x, z)
and hence
p(Uzx,x) + ¢(x,2) + 2(Ux — x, Jx — Jz) < ¢(x, z).
Therefore, we have that
o(Ux,z) <2(x —Ux,Jx — Jz)

for all x € C' and ¢ € F(U). This implies that U is (0, 0)-generalized nonexpansive.

(6) Let E be a uniformly convex and uniformly smooth Banach space and let
B C E* x E be a maximal monotone operator. For each r > 0 and = € F, consider
the sunny generalized resolvent J, [10], i.e.,

Jy= I +rBJ)"t

Then the sunny generalized resolvent J, with B~10 # () is (0, 1)-generalized nonex-
pansive. In fact, as in Introductin, we have that, for any € E and ¢ € (BJ)™10,

2x — Jyx, JJpx — Jq) > 0.
Then we get

20z — Jyx, Jo — Jq) > 2(x — Jyx, Jr — JJ,x)
= ¢(z, Jrx) + ¢(Jrx, ).

This means that J, is (0, 1)-generalized nonexpansive. Furthermore, since
o(z, Jrx) + ¢(Jrw, x) > $(Jrx, 2),

J is also (0, 0)-generalized nonexpansive.
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3. MAIN RESULT

In this section, we prove a strong convergence theorem by the hybrid method for
new nonlinear operators in a Banach space. Before proving the result, we prove the
following lemma.

Lemma 3.1. Let E be a smooth, strictly convex and reflexive Banach space and
let C' be a nonempty and closed subset of E such that JC is closed and convex. Let
n € (—oo,1) and s € [0,00). If T : C — E is a (n,0)-generalized nonexpansive
mapping such that F(T) # 0, then F(T) is closed and JF(T) is closed and convez.
In particular, if T is (n, s)-generalized nonexpansive, then F(T) is closed and JF(T)
s closed and conver.

Proof. We first prove that F(T) is closed. Let {x,} C F(T) with z,, — x. Since T
is (n, 0)-generalized nonexpansive,

2o — T, Jx — Jan) > (1 - n)é(Te, z)

for all n € N. Since z,, — x and hence z,, — z, we have ¢(T'z,z) = 0. Since F is
stictly convex, it follows that = € F/(T). This implies that F'(T") is closed.

We next show that JF(T) is closed. Let {z}} C JF(T) such that z} — z* for
some z* € E*. Since JC is closed, there exist € C' and {x,} C F(T) such that
x* = Jx and x}, = Jx, for all n € N. Since T is (1, 0)-generalized nonexpansive,

2w —Tx,Jr — Jx,) > (1 —n)d(Tz, x)
for all n € N. This implies that
2(‘7: - Tl',l'* - :I"7)"<L> 2 (1 - U)¢(T$a :1:)

From z} — z*, we have ¢(T'z,z) = 0 and hence z* = Jz € JF(T). This implies
that JF(T') is closed.

We finally show that JF(T') is convex. Let z*,y* € JF(T') and let a € (0,1) and
B =1—a. Then we have z,y € F(T) such that z* = Jx and y* = Jy. Since T is
(n,0)-generalized nonexpansive,

2w — Tz, Jx — Jp) > (1 —n)p(Tz,z), VeeC, pe F(T).
Usiing (2.3), we have that
¢(z,p) + ¢(Tw, x) — ¢(Tw,p) = (1 = n)p(Tx, x)
and hence

¢(z,p) + n¢(T'z,z) > ¢(Tx, p).
Using this, we have that

H(TT N adz + BJy), J Haz + BJy))
= |TJ Yoz + BJy)||? — 2T T Yadz + BJy), az + BJy)
+ 1T adz + BIy)|1* + allz|® + Bllyl? — (allz|® + Blyl*)
= ap(TJ HaJz + BJy),z) + BH(TT HaJz + BJy),y)
+ e + BIy|* = (el + Bllyl?)
< aldp(J Hadz + BJy), ) +nd(TJ aJx + BJy), ] HaJz + BJy))
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+ B((J ez + BJy),y) + ne(TT (adx + BJy), ] (aJz + SJy))
+lladz + BIy|* — (allz]® + Bllyl*)
= a{l|aJz + BJy||* — 2(J Hadz + BJy), Jz) + ||z|*}
+ B{lladz + BTyl — 2(T (aJx + BJy), Jy) + |lylI*}
+no(TJ  adJz + BJy), ] Hadz + BJy))
+ ladz + BIy|I* — (allz|® + Bllyl*)
=2||aJz + BJy|* — 2(J HaJz + BJy), aJz + BJy)
+no(TJ Yadz + BJy), J Y aJz + BJy))
— 2tz + BIy|2 - 2z + BTy
+no(TT Y aJz + BJy), J oz + BJy))
=nop(TJ HaJx + BJy), T (aJz + BJYy)).
Then we have
(1 =n)o(TJ (aJz + BJy), J oz + BJy)) <O0.
Since 1 —n > 0, we have TJ ! (aJz + BJy) = J Y (aJx + BJy) and hence
aJx+ BJy e JE(T).

Therefore, JF(T') is convex. If T'is (7, s)-generalized nonexpansive, then 7T is (7, 0)-
generalized nonexpansive and hence F(T') is closed and JF'(T) is closed and convex.
This completes the proof. O

As a direct consequence of Theorem 2.5 and Lemma 3.1, we obtain the following
result; see also [11].

Proposition 3.2. Let E be a smooth, strictly convexr and reflexive Banach space
and C be a nonempty and closed subset of E such that JC is closed and conver.
Let n € (—o0,1). If T : C — E is a (n,0)-generalized nonexpansive mapping such
that F(T) # 0, then F(T) is a sunny generalized nonexpansive retract of E.

Theorem 3.3. Let E be a uniformly convex and uniformly smooth Banach space
and let C' be a nonempty and closed subset of & such that JC' is closed and convez.
Let n € (—o0,1) and let T : C — E be a (n,0)-generalized nonexpansive map-
ping such that F(T) # 0 and assume that F(T) = F(T). Let {x,} be a sequence
generated by xg = x € C' and

Up = anTy + (1 — o) Ty,

H,={2€C:2(xy —up, Jx, —Jz) > (1 —n)p(un, zy)},
Wy ={2€C:{(x—xn,Jz— Jz,) <0},

Tpntl = RHannl’, VYneN U {0},

where Ry, nw, 15 the sunny generalized nonexpansive retraction from E onto Hy N
Wy, and {a,} C [0,1) satisfies limsup,,_,o an < 1. Then {x,} converges strongly
to Rp(ryz, where Rp(ry is the sunny generalized mnonexpansive retraction from E
onto F(T).
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Proof. We first show that F'(T) is a sunny generalized nonexpansive retract of E.
From Lemma 3.1, we have that F(T) is closed and JF(T) is closed and convex.
Using Theorem 2.5, we have that F(T') is a sunny generalized nonexpansive retract
of E.

For each n € N U {0}, it is easy to see that H, and W, are closed since J is
norm-to-weak™® continuous. We also have that

JW, ={z* e C*: (x — xp, 2" — Ja,) <0}

and

JHy, ={z" € C" : 2(xy, — un, Jxp, — 2%) > (1 — ) Pp(un, x,)}
for all n € N U {0}. Since E is smooth, strictly convex and reflexive, J is a single-
valued bijection and hence

J(H, N W) = JH, N JW,.

Thus JH,,, JW,, and J(H, N W,) are closed and convex for all n € N U {0}.
We show that H, N W,, is nonempty. We have that

O(up, xn) = ||lapzy, + (1 — 04n)T:/UnH2 — 2apxy + (1 — an)Txy, Jx,) + HmnH2
aonnH2 +(1- ozn)HTan2 — 2aprn + (1 — an)Txy, Jo,) + ||:13n||2

IN

= apl|zn|? = 200 (@0, JT2) + ||z ||
+(1- an)HTanz — (1= an)(Tay, Jog) + (1 - an)||93n||2
an®d(xn, n) + (1 — an)d(Tzy, )
= (1 —an)o(Tzy, ).
Let w € F(T). Since T is (n,0)-generalized nonexpansive, we have that
2xy — up,Jry — Jw) = 2(1 — an)(xn — Txp, J, — Jw)
(3.1) > (1= an)(1—n)¢(Tn, zs)
> (1= n)¢(un, zn).

Thus, we have w € H,, and hence F(T) C H, for all n € N U {0}.

Next we show by induction that F(T') C H, N W, for all n € N U {0}. From
Wy = C, we have F(T) C Hyo N Wy. Suppose that F(T') C Hy N Wy, for some k € N.
From zp41 = Ry,nw,x, we have that

(x — 241, Jz — Japs1) <0, Vze H,NWy

and hence
(x — xpg1, Jw — Jxp1) <0, Vze F(T).

This implies w € Wy41. Hence w € Hy4q1 N Wy41. Thus we obtain F(T') C H,NW,
for all n € N U {0}. This implies that {z,} is well defined.
We show that ILm ¢(z, xy) exists. Note that for each n € N U{0}, z,, € W), and

(x —xp,Jz— Jxy) <0, VzeW,.
By Lemma 2.4, we have x,, = Ry, x. Using Lemma 2.4 again, we have

o(z,xn) = ¢z, Ry, x) < ¢(x,z) — ¢(Rw, x, 2) < ¢(x,2), Vze F(T).
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Thus {¢(z,zy)} is bounded and hence {z,} is bounded. Since z, = R,z and
Tnt1 = Ry, nw,,x € H, N W, C W,, it follows from Proposition 2.6 that

d(z,xn) < d(x,2n41), Yn e NU{0}.
Thus {¢(x,z,)} is nondecreasing and hence lim,, o ¢(z, x,,) exists.
We show that lim,, o ||un — 2, || = 0. Consider
A(Tns Tnt1) = ¢(Bw, T, Tnt1)
< ¢(z, 2pt1) — d(z, Rw, x)
= ¢(z, Tp41) — O(, Tp).
Therefore, limy, o0 ¢(xp, Tp+1) = 0. From Lemma 2.1, we have

(3.2) lim ||z, — Zp41| = 0.

n—oo

Since F is uniformly smooth, we have that

(3.3) 1im |Jzp — Jxpt1]] = 0.

From xp+1 = Ry, nw,z € Hy, we also have

(3.4) 2xy — Up, JTy — JTpy1) > (1 —0)P(un, xp).

Furthermore, we claim that {z, — u,} is bounded. For showing that {x, — u,} is
bounded, we may prove that {u,} is bounded. Since

2xy, — up, Jrn — J2) > (1 — n)p(un, zy)
for z € F(T), we have from (2.3) that
O(Tn, 2) + (un, Tn) — P(un, 2) = (1 = n)(un, zn)
and hence
N(tn, Tn) + G(Tn, 2) > d(un, 2).
In the case of n < 0, we have ¢(xy, 2) > ¢(un, 2). So, we have that, for z € F(T),
(lunll = 1121)* < ¢(un, 2) < ¢(n, 2) < (lzall + 21D
Using this, we have that ||u,|| — [|z]|] < ||zn|| + ||z]| and hence
[unll < llzall + W20 + (2] < lznll + 2[[2]-
Then, we have that {u,} is bounded. In the case of n withh 0 < n < 1, we have
N (Un, Tn) + G(Tn; 2) = G(un, 2).
So, we have that, for z € F(T),

(lunll = 1121)? < é(un, 2)

¢
¢ (un, ) + né(un, Tn)

IN \/\

< (lunll + 12102 + 9 (llunll + llzall)?
< (llunll + 1121l + Viilllunll + llza]))*:

From this, we have that

unll = 12011 < Nzl + 120 + Vadlluall + [lzall)
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and hence

(1= vn)llunll < (1 + v/n) [zl + 2]/]-
Then, we have that

1+./7 2
funll € T ] + -
—Vn —V

This implies that {u,} is bounded. Since ||Jz, — Jzp4+1]| — 0 from (3.3) and
{zn — uy} is bounded, we get from (3.4) that

(3.5) lim ¢(up,z,) = 0.

n—oo

[12]]-

Therefore, we get from Lemma 2.1 that
(3.6) lim |uy, — 2, =0.

n—oo
Since uy, = apzy + (1 — ay)Tzy,, we have that
2n — unll = (1 — an)l|lzn — Tan|.
We have from (3.6) and limsup,,_,,, an < 1 that
(3.7) lim |z, — Tz,| = 0.

n—oo
Since {Jx,} is bounded, there exists {zy,} C {z,} such that Jz,, — 2*. Since
J(C) is closed and convex, we have z* € J(C) and hence J~'z* € C. From (3.7),
we have that J~!2* € F(T). Putting z = J~12*, we have z € F(T).
We next show that z = Rpyz. Let u = Rpryz. From zy41 = Ry,nw,x and
uwe F(T) C H, N W,, we have
¢(@, 2np1) < O, u).
From Jz,, — Jz, we have
o(@,2) = |2 = 2(w, J2) + |2
< liminf (||lz]* - 2(z, Jzp,) + [l2n, |?)
1—00

= liminf ¢(z,zp,)
1—00
< limsup ¢(x, p,)

1—00
< ¢(z,u).
From the definition of u, we have v = z. Thus we obtain z* = Jz = Ju and hence
Jr, =z =Jz = Ju.
We finally show that x,, — z. From (2.2), we have that

d(z,2n) = d(2,2) + ¢z, 2p) + 2(z — x, Jx — Jx,), Yn € NU{0}.
Since x, = Ry, x and z € F(T) C Wy, ¢(z,x,) < ¢(z,z) and hence

limsup ¢(z,zy,) = limsup {¢(z,x) + ¢(x,zy) + 2(z — x, Jx — Jzy,)}

n—oo

n—oo

<limsup {¢(z,2) + ¢(x, 2) + 2(z — x, Jo — Jx,)}

=¢(z,z) + oz, 2) + 2(z — z, Jor — Jz)
= ¢(z,2) =0.
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Thus lim ¢(z,z,) =0 and hence lim ||z — z,|| = 0. This complete the proof. [
n—00 n—00

4. APPLICATIONS

In this section, using Theorem 3.3, we can obtain well-known and new strong
convergence theorems in a Hilbert space and a Banach space. Let H be a Hilbert
space and let C' be a nonempty, closed and convex subset of H. A mapping U :
C — H is called demiclosed if, for a sequence {z,} in C such that x,, — p and
Zn — Uxy — 0, p = Up holds. In the case when a smooth, strictly convex and
reflexive Banach space E is a Hilbert space, we know that F'(U) = F(U) is equivalent
to the demiclosedness of U.

We know the following lemmas obtained by Marino and Xu [18] and Kocourek,
Takahashi and Yao [14]; see also [32,34].

Lemma 4.1 ([18,32]). Let H be a Hilbert space and let C be a nonempty, closed
and convex subset of H. Let k be a real number with 0 <k <1 andletU :C — H
be a k-strict pseudo-contraction. If x, — z and x, — Uz, — 0, then z € F(U).

Lemma 4.2 ([14,34]). Let H be a Hilbert space, let C' be a nonempty, closed and
convex subset of H and let U : C — H be generalized hybrid. If xz, — z and
zyp — Uxy — 0, then z € F(U).

The followng is a strong convergence theorem for strict pseudo-contractions in a
Hilbert space.

Theorem 4.3. Let H be a Hilbert space and let C' be a nonempty, closed and convex
subset of H. Let k € [0,1) and let T be a k-strict pseudo-contraction of C into H.
Assume that F(T) # 0. Let o = x € C. Let {x,} be a sequence generated by

Up = apny + (1 — an) Ty,

H,=1{2€C:2xy —up,vp — 2) > (1 —k)|lun — 2?3,
W, ={2€C:{(x—xy,z—x,) <0},

ZTnt1 = Py, aw,z, Yn e N U{0},

where Pr, w, is the metric projection from H onto H, N W, and {a,} C [0,1)
satisfies limsup,,_, o an < 1. Then {x,} converges strongly to Prryx, where Pr(ry
is the metric projection from E onto F(T).

Proof. Since T is a k-strict pseudo-contraction of C into H such that F(T') # ), from
(1) in Examples, T is (k,0)-generalized nonexpansive. Furthermore, from Lemma
4.1, T is demiclosed. Therefore, we have the desired result from Theorem 3.3. [

The followng is a strong convergence theorem for generalized hybrid mappings in
a Hilbert space.

Theorem 4.4. Let H be a Hilbert space and let C be a nonempty, closed and
convex subset of H. Let T be a generalized hybrid mapping of C into H. Assume
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that F(T) # 0. Let o =x € C. Let {x,,} be a sequence generated by

Up = Ay + (1 — ap) Ty,
Hy={2€C: flun — 2] < llow — 2|},
W,=4{2€C:{x—x,,z—x,) <0},
Tptl = PHannx, VYneN U {0},

where P, ~w, is the metric projection from H onto H, N W, and {ca,} C [0,1)
satisfies imsup,,_, o, a < 1. Then {z,} converges strongly to Pp(p)yw, where Pr(r)
is the metric projection from E onto F(T).

Proof. Since T is a generalized hybrid mapping of C into H such that F(T) # 0,
from (2) in Examples, T is (0,0)-generalized nonexpansive. Furthermore, from
Lemma 4.2, T is demiclosed. Since T is (0,0)-generalized nonexpansive, we also
have that the inequality 2(x,, — uy, Jz, — Jz) > (1 — n)d(un, ) in Theorem 3.3 is
as
2y — Un, Ty — 2) > ||Un — |2

Using (2.3), we have that |u, — z||?> < ||z, — 2||*> and hence |lu, — 2| < ||zn — 2|
Therefore, we have the desired result from Theorem 3.3. Il

The followng is a strong convergence theorem for inverse strongly monotone map-
pings in a Hilbert space.

Theorem 4.5. Let H be a Hilbert space and let C be a nonempty, closed and convex
subset of H. Let p € (0,00). Let B be a p-inverse strongly monotone mapping of
C into H and let T = I — B. Assume that B~'0 = {z € C : Bz = 0} # 0. Let
xo=x € C. Let {x,} be a sequence generated by

Up = Ty + (1 — ap) Tz,
H,={2€C:{xy—un,vn —2) > pllun — x| %},
W,={2€C:{(x—xn,2z—z,) <0},
Tn+1 = Py, aw,x, VYneNU {0},
where P, ~w, is the metric projection from H onto H, N W, and {ay,} C [0,1)

satisfies limsup,, . an < 1. Then {x,} converges strongly to Pz, where Pp(r)
is the metric projection from E onto F(T).

Proof. Since B is a pu-inverse strongly monotone mapping of C' into H such that
B~10 # 0, from (3) in Examples, T = I — B is (1 — 24, 0)-generalized nonexpansive.
So, the inequality 2(z,, — uy, Jx, — Jz) > (1 — n)P(un, ) in Theorem 3.3 is as
2(@n — Un, Tn — 2) 2 (1= (1= 20))[[un — @nl|?
and hence (z,, — Up, Tp, — 2) > pl|uy — 2, |, Furthermore, T is demiclosed. In fact,
since
I—2uB=1-2u(I—~T)=(1—-2u)I+2uT
and [ —2p B is nonexpansive from [30], we have that (1—2a)I+2aT is nonexpansive.
So, for a sequence {x,} in C such that x,, — z and z,, — Tx,, — 0, we have that

T — (L =2p)I 4+ 2uT)zy, = 2u(I — T)xy, — 0.
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Since (1 — 2u)I 4 2uT is nonexpansive, it is demiclosed; see [30]. Then, we have
z € F((1 —2u)I 4+ 2uT) = F(T). This implies that 7" is demiclosed. Therefore, we
have the desired result from Theorem 3.3. O

Theorem 4.6. Let E be a uniformly convex and uniformly smooth Banach space
and let C' be a nonempty and closed subset of & such that JC' is closed and convez.
Let T : C — FE be a generalized nonexpansive mapping such that F(T) # 0 and
assume that F(T) = F(T). Let xg = x € C and let {x,} be a sequence generated by

Up = ATy + (1 — ap) Ty,
Hy,={z€C:¢(un,z) < ¢(zn,2)},
Wp={2€C:{(x—x,,Jz— Jx,) <0},
Tptl = RHannl‘, VneNU {0},

where {a,} C [0,1) satisfies limsup,, ,., on < 1. Then {x,} converges strongly to
Rp(ryx, where Rp(7) is the sunny generalized nonexpansive retraction from E onto
F(T).

Proof. Since T : C' — E is generalized nonexpansive, from (5) in Examples, it is
(0, 0)-generalized nonexpansive. So, 2(zy, — up, Jrn, — J2) > (1 — n)P(up, zy) in
Theorem 3.3 is as

2(xy, — Up, Jxy — J2) > d(Un, p).
Using (2.3), we have that ¢(uy, z) < ¢(xy, z). Therefore, we have the desired result
from Theorem 3.3. O

Corollary 4.7. Let E be a uniformly convex and uniformly smooth Banach space
and let B C E* x E be a maximal monotone operator with (BJ)™10 # () and let
Jr = (I+rBJ)"! forallr > 0. Letxo = z € E and let {x,} be a sequence generated
by

Up = anTy + (1 — o) Jran,

Hn = {Z SO ¢(Un,Z) S QS(JIn,Z)}?

Wy={z€FE:{(x—xyJz—Jx,) <0},

Tptl = RHannx, VYn eN U {O},
where {a,} C [0,1) satisfies limsup,, ,., an < 1. Then {x,} converges strongly to
R(py-10z, where R(p -1 is the sunny generalized nonexpansive retraction from E
onto (BJ)~10.

Proof. Since J,. : E — FE is (0,0)-generalized nonexpansive. As in the proof of
Theorem 4.6, the inequality 2(z,, — uy, Jz, — Jz) > (1 — n)d(upn, zy) in Theorem
3.3 is as
O(tun, 2) < ¢(xn, 2).

Furthermore, we have F' (J») = F(J;). In fact, assume that Jz, — Jp and z, —
Jrxyp — 0. Since E is uniformly smooth, we have that ||Jz, — JJ,z,|| — 0. It is
clear that JJ,.x, — Jp. Since J, is the sunny generalized resolvent of B, we have
that

(xn — Jpxn — (p — Jrp), JJrxy, — JJpp) > 0.
Therefore, (p — J,p, Jp — JJ,p) < 0. This implies that

é(p, Jrp) + ¢(Jrp,p) <0
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and hence p = J,p. Then, we have F(J,) = F(J,). Therefore, we have the desired
result from Theorem 3.3. g
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